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THE COSMICAL CONSTANT AND THE RECESSION OF THE 
NEBULAE. 


By Sir ARTHUR STANLEY EDDINGTON. . 


In macroscopic relativity theory energy, momentum and pressure are 
represented by curvature of space-time; in quantum mechanics they are repre- 
sented in terms of wave functions. We do not suppose that either the curvature 
or the waves have an objective existence. It is idle to inquire whether, when 
we measure energy, we are really measuring the bending of space-time in a fifth 
dimension or the frequency of oscillation of a sub-aetherial fluid. Macroscopic 
relativity and quantum mechanics are alternative methods of analysing our 
observational experience. Usually the two methods have different fields of 
application, and the problems treated by one method would be outside the scope 
of the other method. But they have a common meeting point; and I shall 
here consider a problem which can be solved rigorously by both methods. The 
problem is—to find the state of equilibrium of a radiationless self-contained 
system of a very large number of particles, positive and negative. 

In macroscopic relativity theory this is a familiar problem which was 
first solved by Einstein. A self-contained static system is called an “ Hinstein 
universe.” More precisely the system here treated is an Einstein universe 
with zero pressure; because the absence of radiation implies that the tempera- 
ture is absolute zero. In quantum mechanics a radiationless steady system is 
said to be in its “ ground state.” We have therefore to determine the con- 
ditions to be satisfied by a system of N particles treated (a) as an Einstein 
universe with zero pressure, and (b) as a quantised system in its ground state. 

The two answers must agree. But the interesting point is that the rela- 
tivity solution will be expressed in terms of the gravitational constant « and 
the cosmical constant A, whereas the quantum solution will be expressed in 
terms of Planck’s constant h and other microscopic constants. Thus a com- 
parison of the two solutions will give us a hitherto unrecognized relation 
between the natural constants. 

Surely the determination of this relation is the pre-eminent problem in 
the unification of macroscopic and microscopic theory—the unification of rela- 
tivity theory and quantum theory. I shall not be able to give here sufficient 

oe 





+ A lecture given at the Harvard Tercentfiary Conference of Arts #nd Sciences, 
Friday afternoon, September 4. Received by the Editors September 3, 1936. 
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-detail for you to check the accuracy of y solution. But I will put before you 
the principal considerations involved ; sad if when you come to read the full 
solution ? you are dissatisfied-with fhe mathematics, or even (as I have heard 
whispered) find my treatment obscure, I cannot doubt that you will react in 
the normal manner of a mathematical physicist who finds an outstanding but ` 
obviously soluble problem within his reach—that is to say, you will not rest 
till you have solved it to your own satisfaction. 

It is essential tó bear in mind that the curvature and.the waves are 
alternatwes. We may represent a portion of the energy of a system ‘either by 
curvature or by waves; but we must not include it twice over in the same 
formula by representing it both ways. Thus, if we use wave functions to 
represent part of the energy tensor, these wave functions will occupy a space 
whose curvature corresponds to the rest of the energy, tensor. In particular, 
if we represent the whole energy tensor by waves, the waves will occupy a flat 
space. For the solution (b) of the problem enunciated we apply wave repre- 
sentation to the whole energy tensor of the system; the waves will accordingly 
be in flat space. 

Thus our first step is to project the spherical Einstein universe into a flat 
space. For technical reasons it'is necessary to use stereographic projection, 
which has the property that each element of volume remains isotropic after 
the projection. The uniform distribution of density in spherical space projects 
into a distribution concentrated towards the centre of projection.and fading off 
to zero at infinity. This resembles the distribution of electron density in an 
‘atom. In the atom the density is concentrated towards the centre by the 
controlling force of the “ self-consistent field”; here the controlling force is 
supplied by a projection factor which has the same effect mathematically. As 
in an atom, we must analyse the distribution into orthogonal wave functions 
representing possible steady states of a particle. Then, since the system is in 
the ground state the particles will occupy the’ N states of lowest energy. 

‘It will not be necessary to investigate the individual wave functions in 
detail. We fix attention on two of them, namely the state of lowest energy 
or K state, and the highest occupied state or limit state. The K state corre- 
sponds to uniform distribution in spherical space: it is easy to caleulate the 
wave function of the projected distribution and so determiné the pressure and 
energy (ei) corresponding to it. The only other result that we require is a 
very general property of systems in a ground state, namely that when N is 

* large the mean energy per particle is % of the limit energy (e2), so that 


° 
2 Eddington, Relativity Theory of ‘Protons and Electrons, Chapter XIV. 
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We already begin to see how things are going to ‘work out. The value 
of N found from the recession of the spiral nebulae is of order 107°. The limit 
state will therefore correspond to extremely high quantum number and its 
energy will be enormously greater than that of the K state. Actually it is 
found that «s/e, is of order VN or 10%. 

. We might have begun the problem of unification of relativity and quantum 
theory by asking ourselves: What is there in common between curvature and 
periodicity (or frequency) which makes it possible to represent energy some- 
times by curvature and sometimes by periodicity? In the simple case of a 
spherical distribution there is an obvious correspondence of curvature and 
periodicity—the periodicity being that associated with “going round the 
world.” If there were only one particle in the universe, relativity theory 
would calculate its energy from the curvature (obtaining the well-known result 


YorRc*/x), and quantum theory would calculate it approximately è by treating. 


the circumference of space 27R as the wave length of the wave function 
(obtaining the result hc/2rR). The two results violently disagree, the ratio 
being about 101%; but this is not surprising, seeing that there is more than 
one particle in the actual universe in which À and « are measured. Even when 
we divide the curvature result by V = 10", since it corresponds to the energy 
of N particles each of which should have the energy he/2rR due to the 
periodicity of its wave function, there remains a huge discrepancy. I think 
that this discrepancy may have frightened those who have tried tentatively to 
find a connection between the two ways of expressing the energy. The recon- 
ciliation lies in the fact that the periodicity 2rR corresponds to the K state 


of uniform distribution. Only four particles (2 positive and 2 negative) can , 


occupy this state; and the average energy per particle is €/«, or about 10°, 
times larger. The exclusion effect thus completely alters the order of magni- 
tude, and boosts the average energy up to a value which turns out to be 
intermediate between the energies of constitution Mpc’, miec” of protons and 
electrons. 

In elementary quantum theory the system that is being described—the 
object system—is always treated as an independent addition to the rest of the 
universe. If the quantum physicist ever remembers that there is a “rest of 
the universe,” he regards it as an ideal background which will not interfere 


with his problem. When he writes down the ordinary wave equation for say, À 


3 The exact calculation by the method of gtereographic projection already deseribad 
yields a result of the same order of magnitude. 
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rtwo electrons, EEN does he suppose the other electrons in the universe are - 

doing? Does he suppose them non-existertb i: ge so, it will be difficult for the 
practical physicist to verify the equatton,#f aie, he must first destroy the whole’ 
untverse except two particles. It is clear tha: 





the condition that the elementary 
wave equation shall describe the actual performance of two electrons is, not 
that the rest of the universe shall be annihilated, but that it shall be arranged 
in some standard manner. Writers on quantum theory never tell us what 
standard arrangement is intended; but we can infer it from the assumptions 
which they commonly make. The rest. of the universe must form an im- 
permeable background with no vacant levels to swallow up unexpectedly the 
two object particles. Nor must any of its particles compete with the object : 
particles for the energy levels in the added system. This means that the rest” 
of the universe must form a system in the ground state with all the levels - 
filled up to a certain limit energy. On top of this comes the added system— 

on top, because, the lower levels being filled, there is no room to add particles 

except at the top. The limit energy of the background is the threshold energy 

for the particles of the added system. The particles of the added system have 

therefore a minimum energy. This is the energy which we recognize as the 

rest energy or proper mass of the particles. 

It must be understood that this arrangement of the rest of the matter of 
the universe as a system in the ground state, i.e. as an Einstein universe, is 
not a hypothesis about the actual state of things. (In fact we have reason to 
believe that the universe is now rather far removed from the Hinstein state. ) 
It is the arrangement postulated, when we apply the elementary field-free 
equations“of” ‘quantum theory and expect the behaviour indicated by those 
equations to be exactly fulfilled. Of course, we do not really expect a simple 
equation to describe what will happen in actual conditions; in actual con- 
ditions there are all sorts of perturbing’ causes—additional protons and elec- 
trons, positrons. photons, electromagnetic and gravitational fields—to be taken 
into account. = ¿when the rest of the universe is not causing perturbations 
of this kind it müsrestill be accounted for; and it must then form a completely 
filled series of states velow the threshold energy, providing an impermeable 
foundation for the added system and not otherwise interfering with it. In 
this way its interference with the object particles is limited to forcing their 
energies up to the threshold level; that i is to say, it is responsible for the proper 
mass or inertia of the object particles. To use the terminology of relativity 
theory, the rest of the matter of the universe provides a pure inertial field. 
Any detiation of the rest of the universe from this standard arrangement 
must be explicitly described as an atidition.to the fixed background, and in- 


e 
d LS 


. 
THE COSMICAL CONSTANT AND THE RECESSION OF THE NEBULAE. 5 + ad 


LA 


cluded as such in the added system. Usually these additions are described as 
fields. For example, a temperature kii of the background is described 
as a, field of radiation; and exchan ® of energy between the object particles 
and the excited background are uescribed as exchanges between the object 
particles and a field of radiation incorporated in the added system. In this 
way we contrive formally to keep the background unchanged, and aloof from 
what is happening in the added system. 

It will be seen that our investigation here links on to Dirac’s theory of 
the positron, provided that certain rather obvious amendments of the latter 
theory are made. The absence of an electron from a sub-threshold level is 
represented as the addition of a positron to the fixed background. This is 
virtually Dirac’s theory, except that to provide the sub-threshold levels he 
invented ad hoc an infinite quantity of matter undetectable so long as it was 
uniform. But it is premature to invent unrecognized matter, when there are 
10" particles of recognized matter pathetically appealing to the quantum 
physicist not to neglect them! We emphatically reject this demand for new 
matter. Other points on which the present theory differs from Dirac’s are: 
(1) The number of sub-threshold levels is not infinite, and we shall presently 
find the precise number; (2) The levels are filled equally with protons and 
electrons, so that we avoid Dirac’s arbitrary suppression of au infinite negative 
charge; (3) There is no differential treatment of protons ar * ‘electrons, so 
that negatrons are admitted equally with positrons. _ 

"We have seen that the rest energy mc? of a particle in the added system 
is the limit energy e» Every particle included in the object system means one 
particle fewer in the “rest of the universe.’ We can withdraw enough 
particles to build any system ordinarily studied without making any sensible 
impression on the huge number N. But cosmical problems form an exception. 
When we treat the whole universe as our object system, the particles cannot 
all come from the topmost levels of energy; and the total energy is Ne not Neo, 
i.e. %Nme? instead of Nmc®. The deficit %Nmce* is the amount by which 
the rest energy of the N particles is less than the sum of the rest energies 
of thé particles taken singly. The ordinary name for such a deficit is gravita- 
tional potential energy. Thus %Nmc? is the negative gravitational energy 
of the matter forming an Einstein universe. Gravitational energy is a kind 
of negative exclusion effect—due to our having included the maximum ex- 
clusion energy in the standard mass of the proton or electron.” It should be, ° 
understood that we are not putting forward a new explanation of gravitation ; 

we accepted at the outset the relativity regresentation of gravitational fields 

by curvature of space-time. But we have since united relativity and quantum 
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theory; and we now come across the same thing again, but viewed from the 
topsy-turvy outlook ôf elementary quanggm theory. 
* Let us now proceed to the result he calculation. It is comptised in 
the formula 
2 k AN nes 
( ) | V% À em 


The source of the factor 5 will be evident from what has already been said. 
‘The factor 1369 is introduced when we take cognizance of the charge and 
spin of the elementary particles. Perhaps it is simplest to describe it as an 
averaging factor. Two kinds of particles of unequal mass are present; and 
for the purposes of the present calculation the equivalent single mass-is, not 
the arithmetic mean, but a more complicated function of the two masses which 
(for the particular mass-ratio concerned) is 2% gg of the arithmetic mean. 

The cosmical constant A is connected with the total mass 14N (my + me) 
of the matter in the Einstein universe by the well-known formula 4 


(3) Le = YN (mp + Me) r/c: 


Thus we can, if we like, eliminate N in (2) and introduce in its place. 
We have then the promised relation between the macroscopic constants x, A 
and the microscopic constants h, mp, me, obtained by solving the same problem 
. in two ways. | 
Since a knowledge of N is in practice equivalent to a knowledge of À 
we look on N as a deputy cosmical constant. To distinguish it, we shall call 
it the cosmical number. Its value can be found from (2) with considerable 
accuracy, using the observational values of the constants on the right-hand 
side. We obtain N = 3-145 .10°°. An instructive way of expressing it is 


YN — 135-82 .275, 


This suggested to me that the exact value of N might be 2-186 .2%%6. I have 
since been able to show that this is the total number of independent quadruple 
‘ wave functions of the Dirac type; and an argument from epistemological con- 
siderations leaves, I think, no doubt that the principles which we follow in 
dissecting the sub-stratum of phenomena into elementary particles are such as 
to yield this total. I feel satisfied therefore that the cosmical number is 
precisely 2.136.278, This number includes both electrons and protons (posi- 
trons and negatrons counting negatively in the total). I cannot say definitely 


- A í 4 
*This formula is given by the familiar method of solution, referred to above as 


method (a). . 
e € . 
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that the aggregation of some of the particles into atomic nuclei will not-intro- 
duce any modification. It should howeter be remembered that we are primarily 
interested in the number of particles, not in the actual universe, but in the 
ideal universe postulated in those elementary equations which contain the 
definitions of my, h, ete. + 

Now let us turn to the extra-galactic nebulae. From (2) and (3) we 
obtain the cosmical constant and‘ hence by the Friedman-Lemaître theory the 
limiting speed” of recession of the nebulae. We have in fact made two in- 
dependent determinations, since the value of N has been found in two ways. `» 
In the method which I have described at length, we employ the observed: values 
of «,.h, ci mp. The second method is bolder and employs no observational 
data, so'far as W- is concerned. It takes advantage of the fact that we lay 
down the conditions to be fulfilled by a fragment of that ‘maze of inter- 
relatedness which we call the physical universe, to qualify for the status of an 
independent elementary particle; and in laying down these conditions we 
(inadvertently) fix the total number of these particles. 

From these determinations of the cosmical constant the limiting speed 
of recession of the spiral nebulae is— 


432 kilometres per second per megaparsec. 


We must allow some deduction for the gravitational attraction of the nebulae 
on one another, so that we may expect to observe a recession of 400 km. per sec. 
per mp., or perhaps rather less. The observed value is usually given as 
500 km. per sec. per mp., which is in as close agreement as could be expected. 
As a result of this new approach to the problem it is necessary to make 
two changes in the usual theory of the expanding universe. The mass Me of 
an Einstein universe is given in terms of the cosmical constant by the equation 
Me = Yore?/xrX%. Confining attention to the case of zero pressure, it has been 
usual to distinguish three possibilities, according as the actual mass M of the 
universe is greater than, equal to, or less than Me. In the present theory there 
is only one case M = M, to be considered. It happens that this is the choice 
on which I have plunged in my earlier writings, though admittedly I was 
guided solely by aesthetic considerations; but now the ambiguity left by 
relativity theory is definitely settled by quantum theory. Relativity theory 
gave us no reason to suppose that a collection of particles at zero temperature 
can form an equilibrium configuration ; but quantum theory, appealing to the e 
exclusion principle, assures us that they have an equilibrium configuration, 
namely the ground state. Thus universe€ with M -< Me, which have no 
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equilibrium configuration, are excludedeby quaxtum theory. In the Friedman- 
Lemaitre theory, it was probably not intended to deny that the universe must 
in any case have a ground state; but this state was pictured as a kind of 
“white dwarf” universe in a condition of density outside the scope of the 
usual cosmical equations. The present calculation shows that, on the contrary, 
the density of the ground state is of order 10778. ‘ 

The second change is in regard to the interpretation of the cosmical con- 
stant. It -was formerly supposed. that À determined a cosmical ‘curvature 
Guv = Agpy, Which exists in entirely empty space. It is now clear that Gy is 
zero in definitely empty space (i.e. space in which the probability that a particle 
or photon is present is zero). Definitely empty space is a rather inconvenient 
abstraction; but we may express the result in a more concrete way by saying 
that in the space between the galaxies, where the density is much less than 
the average density of matter in the universe, the curvature is less than Agpy. 
I cannot enter fully into the reasons for this change of view; but the following 
hint will perhaps suffice. We had to catechize the quantum physicist, who 
writes down a wave equation for two or three particles, as to what he had done 
with the rest of the universe. Similarly when the cosmologist treats the curva- 
ture of a vacuum, we have to ask what he has done with the particles removed. 
In order that we may represent material bodies or vacua as formed by aggre- 
gating or dispersing particles (without creation or annihilation of particles) 
we describe them as modifications of an initial standard probability distribu- 
tion. In current quantum theory this standard probability distribution (which 
must not be confused with the standard distribution as an Einstein universe 
referred to earlier) is known as the a priori probability; and the wave func- - 
tions represent the modifying factor required to transform it into the actual 
distribution. Since the standard distribution itself is not represented by wave 
functions, its energy, etc. must be represented by curvature. The cosmical 
curvature “corresponds to this standard or a priori probability ` distribution, 
and not to a vacuum. 
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THE RELATIVISTIC PROBLEM OF SEVERAL BODIES.: 


By TULLIO Luvi-Crvrra, 


1. À key stone of classical mechanics is Newton’s third law or law of 
reaction. - An immediate consequence of it is that, for every body, the motion 
of the centre of mass goes on as if this fictitious point were a real particle, 
acted on all forces external to the body. We may therefore disregard, as far 
as the motion of this point only is concerned, any interior action between the 
material elements of the body itself. 

No analogous statement holds in general relativity. You may still, like 
in the old mechanics, write down, for every infinitesimal element, the equations 
of motion corresponding to given physical circumstances. Then, having in 
view a set of elements, say a natural body, you may form as usual a linear 
combination of the individual equations, thus introducing the motion of the 
centre of mass; but in this combination internal forces.are no longer. elimi- 
nated. This indicates that, in general relativity and especially in attacking 
on astronomical point of view the problem of several bodies, the abstraction 
of material ‘points (infinitesimal sizes, finite masses) does not offer the same 
convenience, nor even the same legitimacy, as usual. 

Indeed we would meet essential difficulties in searching to pass to the 
limit too early. The natural way is to start from the general relativistic 
field-equations, which control the ds? and the motion oF a continuous crowd 
of material particles. 


2. Suppose that, in a given four-dimensional domain of- variables, +° 
(timelike), v, x’, 2° (spacelike) codrdinates, there exist a metrics and a flow 
(vector-field). Mathematically we have then a differential form 


3 
(1) . ds? = Singindxidax* ; 
rm 


a timelike unit world-vector 4, whose orne and covariant components 
are respectively de 


J 


f s +8" $ eran 4 f - t 
(2) At = dæt/ds, — M = Zaga (i =0,1, BI 


1A lecture given at the Harvard Tercentenary Conference of Arts ands Sciences, 
Friday forenoon, -September 4, 1936. Received by the Editors September 3, 1936. 
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verifying—with the usual notations of the absolute differ 
identities : . g 


3 3 i 
(35 Zu = Bargain" = 1; 


and besides a scalar density «(«°, xt, x?, 4°) fixing at any i 
tion of energy and therefore also, save for a constant factc 

Field and motion appear accordingly to involve 18 
independent variables: the ten g, the four À and e. As 
by one algebraic relation (3), we want essentially a systen 
conditions. 3 

If we suppose that only gravitation has to be taken int 
cal stresses behave as if the moving matter be incoherent, an 
tensor reduces then to the form l 


(4) | Tir = Eik l 


With this tensor, Einstein’s gravitational equations and th 
sequences afford us the required conditions. Indeed, with \ 
the ten gravitational equations 


(1) Gir — 4G gir = — kT ix 


imply the conservation principles, namely the fact that tl 
of the tensor Tis must vanish, which is expressed by 


3 
DT ixl* = 0 
o 


Substituting for Tix their values (4), we get 


(8) Na (de/ds + e div) + epi =0, 
where 

3 
(6) Pi = Didier! | 


are the covariant components of the vector p (geodesic cu 
line, i.e. trajectory, passing through the point).? Equ 
firstly that, everywhere matter is present, that is e£ 0, t 
desic, in as much as their vector of curvature must vanish. 


2 Compare e.g. my Absolute Differential Calculus (Blackie, 
1927), pp. 135 and 362. : i 
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is in any case orthogonal to 4% therefôre multiplying (5). by Aê and summing, 


it results, owing to (3), . Ss, Oo 
(I) de/ds + «div ^ = 0, n . 


which is the equation of Con ay ‘for our gravitational flow. The system (5) 
reduces then simply to 
(II) | ep, = 0 (i= 0, 1, 2, 3), 


stating, for e540,.the geodesic property of every trajectory. On the other 
hand, in empty space (e = 0) trajectories have no physical meaning; they are 
indeterminate, the counterpart of it being that the equations (II) are auto- 
matically satisfied for «= 0. o | 

The four-dimensional equation of continuity (III) gives rise, in a very 
simple and general manner, to the relativistic correction of the ordinary 
principle of invariableness of gravitational mass throughout the motion. 
Indeed (III) is the mathematical expression of the fact that fedV (aV 
elementary hypervolume) extended to a portion of the fourfold variety 
(2°, q, 2,'¢*), having the metrical determination (1), is an (integral) in- 
variant of the flow along the geodesic lines. On the other hand the ds? is a 
differential invariant of the same motion, or analytically of the differential 
system Di = 0 defining the geodesic lines. We have accordingly, along every 
world-line, l E 
(7) ` edV/ds = const. 


Now-the four-dimensional extension dV may be split up in the product 
dV = V— g de'de'da?da? = V g/g da V— g da*de*de’, 


g and g’ maaa respectively the determinants of ds? and of its spacial 
part (ds?) ae%o. As | | 
eV — g dr'drx? da 


is the energy, or, except for a constant factor, the ordinary gravitational mass 
dm carried by the moving element, and, with obvious notation, 


g/g =g", 
the preceding eatuation (7) takes the form 


1 da? f : 
(8) V7 dm Pr dmMmo> (dm, constant along the motion) 
zi r e ` e 
reducing for pseudoeuclidean space to 
Ld ® 
. 
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where * 8 means the velocity of the moving particle (2° performing the function 
of time) ; and the constant dm, its ordinary or rest-mass. 

In conclusion the mathematical aspect of the most general relativistic 
problem of the motion of gravitating media consists of 14 partial differential 
equations between as many unknown functions. As such general media do 
not exclude the case of separate bodies, « being 0 outside, we have at the same 
time ne: sketched even the relativistic problem of several bodies. 


3. This rigorous position has been and probably will be successful only 
in a few cases. Firstly in the celebrated Hinstein-Schwarzschild one-centre 
problem, in which the ds?, for the space exterior to the centre, may be inferred 
from, (I) through symmetry requirements, Geodesic principle (reduced then 
to ordinary differential equations) determines afterwards the motion of an 
infinitesimal body in this gravitational field. 

Secondly, in the more recent investigations concerning the expanding 
universe, where some exact solutions have been detected, again in the hypothesis 
of spherical symmetry (around our immediate surrounding) .*, 

. Some other exact solutions, especially for static ds’, have been determined, 
but their circumstances are not realized, or at least have not hitherto been 
found realized, in any astronomical question. 


4. In order to attack, according to relativity, the usual problems of 
celestial mechanics, besides the Hinstein-Schwarzschild one-centre problem, only 
approximation’s procedures have been tried, and seem to be at present availa- 
ble. They have been ifitiated by Einstein himself, who integrated, through 
retarded potentials, the field-equations (I), retaining only linear terms. This 
has led, among others, to ascertain the existence of gravitational waves. ` 

Almost at the same time the integration by successive approximations of 
the general equations of moving and gravitating matter has been outlined by 
J. Droste® in a thorough but extremely concise paper. The orders of magni- 


. 2 It is not out of place to remark that, for the sake of motion, gravitational mass 

suffers an alteration (8’), which is exactly inverse of that experienced by inertial mass. 

*Sources of reference, emphasizing the mathematical point of view, are: G. C. 
MeVittie, Monthly Notices of R. A. K., vol. 93 (1938), pp. 325-339; J. L. Synge, 
Proceedings of the National Academy of Sciences, vol. 20 (1934), pp. 635-640; C. 
Tolotti, Rendiconti dell? Accademia dei Lincei, vol. 21 (1935), pp. 326-331, 488-492, 
571-575. | | 

8“ Näherungsweise Integration der Feldgleichungen der Gravitation,’ Sitzungsber. 
der Preuss. Ak. der Wiss., 1916, pp. 688696. 

e“ The field of moving centres in Einstein’s theory of gravitation,” Ak. van Vet. 
te Amsterdam, vol. 19 (1926), pp. 447-455. è 
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tude are here previously estabfished with reference to usual conditions of our 
planetary system; and the process of talculation is showr, for the problem of 
* several, say n + 1 bodies, with some useful remarks intended to simplify the 
laborious task of obtaining, up to the first, order, the relativistic corrections 
in the ordinary differential equations: _ 

This task has been absolved by the late De Sitter in his comprehensive 
researches “On Hinstein’s theory of gravitation and its astronomical con- 
sequences.” 7 | 

In the Newtonian theory, as mentioned at the beginning, the motion of 
the centre of mass P, of the h-th body Cy is influenced by the attraction of 
_ the other bodies, not of On itself. To get the surrogate of this, even only in 
the approximate relativistic scheme, is not a simple straightforward matter. 
De Sitter’s.survey duly explains the spirit of Einstein’s theory, and carefully 
prepares explicit formulae for eventual astronomical applications. One point 
however, the contribution of every body to the motion of its material elements, 
is sketched too hastily. The contributions are not ignored: on the contrary; 
but the admissions permitting to reduce them to a minimum (of residual 
constant parameters) are not patiently stated, and even less followed step 
by step. : 

Thus it happened that De Sitter was led to the conviction that the self- 
contributions would only require a slight modification of the constant values 
of masses, after which no other influences remain in the final equations. 
| I have recognized after accurate discussion, about which I shall say a few 
words later on, that the final ignoration .of self-contributions is indeed realiza- 
ble for the problem of the two bodies, but not for three or more. 

As a matter of fact it may be added that, while the wide ‘interest of 
De Sitter’s work has been soon acknowledged, authoritative voices asked early ® 
for a more cogent investigation concerning what, in Newtonian language, would 
be the residual effects of interior forces on the general motion of a body. 

This reserve brought substantially to the diffuse belief ° that De Sitter’s 
formulae are certainly suitable to govern. the events of an infinitesimal body, 
in the field of any others in given motion, but not, without caution, to predict 
the mutual influences of a system of celestial bodies. 


7 Monthly Notices of the R. À. S., especially second paper, vol. 67 (December 1916), 
pp. 155-183. i 

8 Compare especially M. Brillouin, dE Gravitation Einsteinienne. Statique. Points 
singuliers. Le point matériel,” Comptes Rendus, T. 175 (1922), pp. 1008-1012. 

° This point of view is adopted e: g. in the excellent book of Prof. J. Chazy, 
La théorie de la relativité et la mécanique céleste, Paris, Gauthier-Villars,.T. 2 (1930). 
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5. It is now time to account for thé several*admissions, which engble firstly 
the approximate integration of field-equations (I), i.e. the determination of 
the ds; and afterwards the construction of the equations of the motion of 
the centres of mass Po, Pi,- © +, Px of the bodies, with the aim of getting rid 
of any other unknown function of 2° (time) and to reach finally ordinary 
differential equations as in the classical problem of n + 1 bodies. 

The adopted criteria of simplification are of four kinds and may be 
summed up as follows: f 

À:) Neglect of quantities of order. higher than one, in a well defined sense, 
suggested by the circumstances of our planetary system. Accordingly we shall 
have to do with velocities of material bodies small in comparison to the velocity 
of light: order 10, as for the earth. For astronomical purposes it will be 
obviously sufficient to secure the relativistic corrections up to 107°, and we shall 
assume this as our need of accuracy: attributing the first order to terms having 
such a small rate to some other standard term in the same equation or relation. 
We shall generally put, for the ordinary velocity v, | 


v/c = B: 


and say accordingly that 8 has the order 1/2. In as much the adopted variables 
are: «°, which means (nearly) ct (¢ ordinary time); and æt (i > 0), which 
represent (nearly) cartesian codrdinates, we may consider for every material 
particle: dxt/dx° a dimensionless quantity of order 1/2, or ~ 8, ~ meaning 
“of the same order as . . .” 

Furthermore, f (x°, z+, °, 2°) being a function which varies with 2° only 
because of motion of material bodies, éf/éx° is of order 1/2 higher than 
af/axt (i > 0). | 

Last but not least comes the behaviour of 


8 
ds? = Dingindaidak, 
o 


In empty space the coefficients reduce to the g° of the Einstein-Minkowski 

form dx” — (de® + dx” + da). 
Putting 

(9) Jin = 9 ik — yik (i, k = 0, 1, 2,3), 


all yi, are to be treated as small quantities of the first order at least; yo: (i > 0) 
- even of order not beneath 3/2, this arising from the precision with which 
could.be ascertained the isotropy, of light propagation through sky, notwith- 
standing the presence of celestial bodies. : 

e e 


1 
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An important complement of, these qualitative preliminaries is to avoid 
superfluous calculations. Aïming te assure the correctness up to the terms 


_of order one in the final equations of motion, it is required, as first remarked 


by Einstein himself and easy to verify, to procure only the lowest terms of the 
ya, excepting for yoo which is required up to the second order inclusive. 


6. Even in the classical mechanics, the problem of several bodies may be 
reduced to ordinary differential equations only using, besides exact conse- 
quences of the mechanical laws, the circumstance (generally, if not always 
verified) that the dimensions of the bodies are very small in comparison with 
the mutual distances. The precise assumption, allowing an autonomous treat- 
ment of the motion of the centres of mass, is that, D being the largest dimen- 
sion of any one of the given bodies, and R a lowest bound for mutual distances 
between points of different bodies, during the motion, not necessarily D/R, but 


Ay). (D/E)? is completely negligible. 


As relativity includes ordinary mechanics as limiting case, the same condition 
Az) will certainly be required in.order to disentangle the motion of the centres 
of mass. And we shall accordingly associate As) to A1). 

There is however an important feature of the ordinary conception, which 
is lost in applying Az) to general relativity. In Newtonian mechanics nothing 
prevents us to suppose the dimension D of the bodies to become smaller and 
smaller, their mass remaining finite. On the contrary the relativistic de- 
termination of the gi in astronomical problems needs, just in the first 
approximation, the introduction, for every body Cz, of its own potential, pre- 
cisely in some point Pr inside Cr, namely 


wao 
F r(P”, Pr)? 

where w” represents the density of the body in its point P’, and r(P’, Px) the 
distance between P” and Pr. Such a value (> mi/D, mx being the mass of Ci) 
tends clearly to infinity by lessening the dimensions of On and maintaining 
finite its mass my. It is therefore a wise policy to avoid such difficulties, 
placing ourselves in the circumstances of celestial bodies, for which (D/E)? 

may be safely neglected in seeking after first order effects of relativity. 
On the other hand it is well to bear in mind that a still greater approxima- 


tion could not be attainable (as is, on the contrary, the case in ordinary? 


mechanics) by considering bodies of infinitesimal sizes and finite magses: we 


are then exposed, as just mentioned, to the incongruence of something be- 


coming infinite. : Š 
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7. The admissions A,) and A,) aré undoubtedly esser 
to perform calculations; they lead espetially -to the kno 
preposed accuracy, of the ds?, whose coefficients result as dep 
velocities and accelerations of all moving elements. It is 
plying geodesic principle, to write down, for any one of : 
equations of motion. Such equations of course do not 
ordinary differential system. Truly they concern generic p 
media (our n + 1 bodies) and belong to the much more c 
differential domain. | | 

The further reduction to ordinary equations resemblin 
mechanics is spontaneously suggested by the last, where, 
motion of centres of mass P» is rigorously controlled by a 
differential equations. O 

The obvicus suggestion is to combine the functional eq 
at, which define the acceleration of any.material element, 
the acceleration of the various centres of mass Pr (h == 0, 
will consist of Newtonian terms + relativistic corrections. 
corrections, even in the reduced form which follows from A; 
upon the motion, not only of the P;’s, but in general also o 
bodies Cn. To remove such a priori unknown ‘influences, 
must be added. Fortunately, as the disturbing bodily inf 
in the relativistic corrections (order 10-8), it may be anti 
suppositions (verified within one or a few hundredths) w 
the required first-order accuracy, as far as 10-? of a first o 
a negligible amount. 

The hypothesis, in virtue of which one maade in eli 
tional residua, are two: one, As), of kinematical and 
structural contents. 


8. As) We shall admit that the motion of every l 
roughly a pure translation. Roughly.means here that, if | 
sents the velocity of P» and Bra + AB; the velocity of any 
same body Ci, the oscillations are not relevant; more preci: 
absolute values 


| abs |/ ISa] 


enever goes beyond a few hundredths. ‘Tt is certainly so for 
our Earth especially the speed due to rotation at the | 
1/60th “of the translational one; net to speak of eventual € 


timerates are in comparison absolutely negligible. 
e 
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An obvious consequence of As) is "that, in the same order of approxima- 
tion, the bodies behave as rigid ones; therefore not only configurations and 
densities are preserved, but moreover the Newtonian potential of any body Ci, 
will have, in interior points P} of the same body, invariable values. Accord- 
ingly we shall be allowed to treat (in the relativistic corrections) as independent 
of æ° expressions like ` 
bi : pd’ 


(10) 7 Wr = Ch T(P, Pr) Pr) 2 


- where f is the constant of gravitation, w, as before, the material density. 

Except for a.constant homogeneity factor (converting the integral into a 
pure number), 2 is obviously the value of the ae of the k-th body in its 
centre of mass Ph. 

Similarly every Cr will — almost. (always within a few hundredth) 
unchanged, during the motion, the energy of its own Newtonian distribution, 
as well—with a far greater accuracy assured by (8’)—its mass mx. Therefore 
‘we are enabled to men as true‘constants the dimensionless first order 
quantities 


(11) m -i $ f ee) ae Son nae ie 


9. The wrs, just spoken of, though constant with respect to the time 2°, 
are functions of the interior point P}, and will thus admit in this point partial 
‘derivatives, in general not all zero. Accordingly, in the Lagrangian function 
_ belonging to the point Pr, @, cannot be treated as constant, for, in constructing 
the equations of motion, the æys must be derived just with respect to the 
coürdinates of Pa. Such a complication ‘disappears as soon as the vector 
gradp, @n, proportional to Newtonian force, vanishes in Pa. This is obviously 
the case if the body admits geometrical and material ‘symmetry around: < one 
of its points, which is then of course the centre of mass Pr. ° i 

But it is not necessary that gradp, ®1 is rigorously zero. It suffices for 
us that this vector might be neglected in the valuation of relativistic cor- 
rection. As an essential part of it arises, for every Pa, from the external 
force due to the other bodies besides Cx, the practical conclusion that in our 
first order approximation w, may be treated as a true constant (independent 
as well of +°, as of the position of P;) requires only that: 


Az) The Newtonian attraction of the body Cx on its centre of mass Pr 
amounts at most to some hundredth of the attraction exerted, on the same 
point Pr, by all other bodies of the system. eThis will be our fourth and last 
admission. By the cumulative aid of the four, we are at last enabled to 

2 ? S 

e 
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recognize that the motion of the Ps finds its reduced mathematical trans- 
lation in a system ‘of ordinary differential equations of the same total order 
- às the Newtonian problem of the n + 1 bodies. The w’s and ys are to be 
treated as intrinsic constants of the bodies, well defined in every concrete case 
of stars or planets. They possess however, as already remarked, the singular : 
character of tending to infinity with the concentration of matter, namely 
when size decreases, mass remaining finite. This behaviour has no analogue 
in the ordinary mechanics, but had been noticed in pre-maxwellian and 
maxwellian electromagnetism and was only recently removed by the new Born’s 
theory. 


‘10. It is not possible, nor would it be suitable to entertain the present 
audience with the rather long developments leading to an explicit form of the 
Lagrangian function L» which furnishes in the usual way the three equations 
of the motion of the point Pa. I must confine myself to report in synthetical 
way the final result, to be interpreted as if the surrounding astronomical space 
be rigorously euclidean; the space-codrdinates st, «?, së, be cartesian with 
reference to a whatever galilean frame; the time-codrdinate 4° means ct, as 
previously stated. 

Of course a choice of variables of this kind must be rooted in the very 
‘nature of the space-time metrics. I beg you to give me credit that it is 
. really so. 

To approach the end I introduce the Newtonian SR or by c?, 
of the n bodies other than Cy, putting 


on | -%3 ga TP By? 


where my denotes the ordinary rest-mass of the body Cv, and 3’ means that in 
the sum the term corresponding to the value h of the index v must be omitted. 
The codrdinates of the point P, being at (i= 1,2,3) and dut or Bay: their 
derivatives dæit/da° with respont to x°, I shall denote by Ba the vector- 
velocity, by 


NE 
(13) i B? = Dit? 
1 
the square velocity of Pr, and by 
= Er ++ yn 


the Lagrangian function of its (absolute) motion in the Newtonian problem 
of n + 1 bodies. This function is exactly the classical one, excepted for the 
e e- 
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substitution of 4° = ci to t, which is nothing but a change of unit. It implies 
division by c? of the Newtonian funcfion. of force, as-shoWn by the expression 
(12) of y, which has thus automatically acquired the advantage of beirtg 
(like 8) dimensionless. 

Coming now to the relativistic correction to Ns, it will be convenient to 
split it up into two parts D: and S.. The first goes up to Droste and 
De Kitter™® (and for that reason I use the letter D) and results from rela- 
tivistie influences except self-contributions, of which the two authors had got 
rid of with excessive ease, 

Professor M. Brillouin had happily proposed to name effacing-principle 
(principe d’effacement) the systematic ignoration of self-contribution, ignora- 
tion which holds rigorously in Newtonian mechanics, because of equality 
between action and reaction. In default of this, self-influences must be duly 
calculated. What, within our approximation, comes out in this way forms 
the term S». The explicit expression of Dy is 


Dy == — yn? + EN Ron 
a +iÿ AFP wy (re + HF Aa X BI) 


Les 7 à" my TP, Pr), 
where X means scalar product and the dash in the operator 0”/0’x alludes 
to the circumstance that the derivation does not affect the point Pr, concerning 
on the contrary all others Py (v5<h). ; 
The self-contribution Sn omitting an ‘additional constant which does not 
affect the Lagrangian equations of motion, has the form 


Sh = = TENA ps £ PP) (nv + RW») | 
(16) 
= — 32 D nbn? — fe WP, BY) EB v) ny — ITY 


mm and © being certain gravitational parameters of the h-th body, which (as 
already emphasized) play the rôle of (small) constants. By comparing 8Sa 
with N» we see that S, is built up by exactly the same inertial and gravita- 
tional terms as Va, each affected by a small coefficient w or 7. The presence 


10 To be remarked however that De Sitter had in view our planetary system, and 
had accordingly abridged the final expressions of the components of the pertyrbative 
forces, treating the masses m, (> > 0) as infinit€simal in comparison to my 

11 Loc. cit. ante, p. 5. 

. : ë 
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of Oz in Lr has thus barely the effect of altering the inertial and gravitational 
masses of the bodies. The equality. for each body of these two masses is in- 
Herent to the Newtonian term N+, but does no more necessarily hold for the 
self-terms Sn. Therefore the S;’s will in general produce genuine perturba- 
tions of exactly the same order as those already signalled by De Sitter and 
synthetically collected in our Dz. 

There is however an important case, the simplest one of the two bodies 
(n = 1), in which a slight alteration of the two masses mo and m, suffices to 
reestablish the effacing-principle through elimination of the Sy’s. To see this 
clearly, let me begin by the remark that a Lagrangian function: whatever and 
particularly our 

` Ln = Nnr t Dit Or 


may be multiplied by any constant factor without altering the variational 
equations (equations of motion) arising from it. 

We shall employ a factor of the form 1 + er en being a small constant of 
the first order. Such a multiplication does not alter, up to the second order, 
quantities already of second order, like Dr or Sn. We may accordingly assume 
as Lagrangian function of the motion of Ps instead of In, 


LE, = Ni + Nr + Di + Sr 


with the a ba of opportunely disposing of the first order constants er 
(h=0,1,:-:,n). 

In the case of two bodies the sums in the expressions (12) and (16) of 
yn and Sr reduce to a single term, bearing, we may say, the index h +1, with 
the obvious agreement of identifying indices differing by 2 (or a multiple 
of 2). If furthermore we denote the mutual distance r (Pa, Pin) simply by r, 

we may then write 


Na = 48:2 er Je Mhi À 


y 


aaoi — À ™ (us + 20) (bh = 0,1) 


from which, adopting a = 303. and putting 


(17) Ma = Min (1— Nhl + Th) : 
which is equivalent to EN 
(17) m*, = ma(1—m + Tra), 
we get 


s 4 , ee f m* nex: à 
In = (1 + 8@1)Nn + Dr + Si = LB: t E + Dr. 
e e 
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In the third term D; would still appear the old rest-masses mo, ma, but it is 
allowed to replace them by the modified masses m*,, gince the differences 
m*, — mx are of the first order and D; already of the second. j 

Suppressing asterisks, now useless, because only modified masses subsists, 
we have finally, for the absolute motion of. centres of mass in the problem of 
the two bodies the Lagrangian functions 


(18) Hem 2 > sd 


where Na — 46r? + yn and Da has the expression (15). 

. On the contrary, in the problem of three or more bodies, the self-term 
Sn may not be removed by the simple expedient of such slight mass modifica- 
tions. At any rate we do not forget the overwhelming circumstance that, even 
in classical mechanics, the general solution of the problem: of several bodies 
is not known as soon as the bodies are three or more, whilst the two bodies 
problem had been integrated since Newton himself. 

Therefore, though looking only at first order relativistic corrections, the 
situation is quite different in the general case and in the two bodies problem. 
For the former only partial investigations may be devised: with the aid of some 
further exact or approximate hypothesis, and so we have meanwhile not at- 
tempted to go beyond the precise establishment of differential equations. 

-For n = 1 (two bodies) it follows from the elements of celestial mechanics 
that only quadratures are needed to obtain first order corrections for the 
troubled motion, defined by the Lagrangian function (18). It is simply a 
matter of technical skill to deduce the final formulae in not too tedious a way, 
thus preparing and discussing possible astronomical tests. I shall briefly 
sketch and illustrate numerical results on a next occasion. 


UNIVERSITY or ROME. 


In a discussion on the general lines of this paper, which took place October 
7 in Princeton, Professor Einstein expressed a preliminary doubt concerning the 
representation (4) of the Ta. This expression corresponds to incoherent 
matter, thus disregarding any kind of interior action, normally not at all 
negligible within matter in bulk. 

Professor Einstein remarked that, in order to draw consequences con- 
cerning celestial bodies, which behave like concrete aggregates and not as 
cosmical dust, it seems necessary to introducgin the T'4,’s, besides ex, which 
is the relativistic translation of purely kinetic stresses, some further term 
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concerning material stresses, capable of ‘keeping’a body together. . The simplest 
way to do so is to atid in the righthand side of (4) a second term — pgin, 
which, for p> 0, means (speaking the language of classical mechanics) 
nothing but an isotropic pressure. Such a pressure, resulting from interior 
actions, has certainly no Newtonian-effect on the motions of the centres of mass 
of the single bodies. It is not self-evident that the influence of pressure is 
still zero for the relativistic (first order) correction of these motions. 

With the feeling that it must be so, I have omitted from the beginning 
the term — pgi in the T'i, taking only later advantage of the circumstance 
that the bodies to be considered have, almost sensibly, the characteristics of. 
ordinary solids. : 

_ Having now extended the analysis of the question, in order to account 
for p at every step, I just noted that no modification is needed to the con- 
clusions of the preceding investigation, obtaining thus the expected mathe- 
matical support to my early dropping of the term in p, which, however, I 
willingly recognize, does not appear satisfactory from relativistic point of view. 
INSTITUTE FOR ADVANCED STUDY, 
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FINITE OVA. . 


; - By A. R. Poors. 


In the following discussion the term finite ovum or simply ovum is used 
to denote a system consisting of a finite set of distinct elements and a com- 
mutative and associative binary rule of combination. The rule of combination 
is called multiplication and the customary terminology of products and powers 
is employed. If the ovum has n elements it is said to be of order n. For each 
ovum of order n there exists a set of n(n + 1)/2 relations, the multiplication 
table of the ovum. Two ova of order n are distinct when they are not simply 
isomorphic.? In ovum theory such terms as zero element, identity element, 
irreducible element, divisor of an element, proper divisor, associate elements, 
sub-ovum, have the same significance as they have in ring or field theory. 


Powers of elements in-an ovum. In the chain of elements obtained by 
taking successive integral powers : 


Uis Ui’, Us? : g wt oo 


of an element u; of an ovum, let the p-th power be the first one which gives 
an element previously occurring in the chain, and suppose 


UP = UW," 
Let p— r = s, so that 
Witt! = UT. 
There are four possibilities. 
(1) r=1, =1 


(2) r>1, s=1 
(3) r=1, s>1 
(4) r>1, s > 1. 


We shall refer to r as the index and s. as the period of the element ui. If (1) 
is true w; is called an idempotent element and evidently all powers of u; are 
_ equal to u;. If (2) is true we shall call u; an element of type A. Then 


Vi, u?, a coeur 
| e 

1 Received September 1, 1936. 

? Van der Waerden, Moderne Algebra, vol. 1, p. 29. 
° , 
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are distinct and ba ° 


. uit, = uit. 


Hence all powers greater than r of u, are equal to u”. If ui" == ue we shall 
call ux the index element of u;. The element w is an idempotent element and 
is moreover the only idempotent element occurring in the chain of powers of 


wi. The elements | | 
COR (¢=1,:--,r-—1) 


are elements of type A with indices less than r. If (3) is true we shall call 
u; an element of type B. In this case 


| Us Ut 7, Us 
are distinct, and | 
| . Ugs! == Ug. 
Evidently 
f wt = ut. (t21) 
and in particular 
ee ea w = 


so we see that u; is an idempotent element and if 
wis = Uk 


we call uw, the period element of ui, It is easily shown that ux is the only 
idempotent element occurring in the chain of powers of u; and moreover that 
every element 

uit, (t < s) 


is an element of type B and has the same period element as u;. If (4) is true 
we shall call u; an element of type C. In this case 


Wi; Ws", ess Ui", R Uqr tet 
© are distinct and 


ARLES TP 
whence for an integer p= r and h any integer 


UPS — yP, 
The elements 
Ubi, W? vee ut 


form the unrepeated part of the &hain of powers of w:, the elements 


i . 
e e 
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ut os ct .T+8-1 
Us oui = 


form the repeated part of the chain. Let m be the least integer such that 
ms Èr. Then u;"# is an idempotent element and if 


US = Up 


then us is called the period element of u:i. The element w is the only idem- 
potent element occurring in the chain of powers of u; and it can easily «be 
shown that of the elements occurring in the unrepeated part of the chain 
those being powers of u; which are multiples of s are type A elements and the 
others are of type C, while those other than the period element in the repeated 
part of the chain are type B elements. 

We see that each non-idempotent element in an ovum has one and only 
one idempotent element in its chain of powers. We shall call it the idempotent 
element of the non-idempotent element. i 

As an immediate consequence of the preceding we can state 


THEOREM 1. Every ovum contains at least one idempotent element. 


Homomorphisms® in ova containing. non-idempotent elements. In an 
ovum which contains at least one non-idempotent element, consider the corre- 
spondence formed by letting each idempotent element correspond to itself and 
each non-idempotent element correspond to its idempotent element. Then as 
such a correspondence is preserved under multiplication we can state 


Tasoxau 2. Any ovum which contains at least one non-idempotent ele- 
ment is homomorphic to the sub-ovum formed by tts idempotent elements. 


Associate elements in ova. The following ae on associate elements 
in ova are easily verified. 


THEOREM 3. In any ovum no two idempotent elements can be associated. 


THEOREM 4. In any ovum no two non-idempotent elements which have 
not the same.idempotent element can be associated. 


Trrorem 5. In any ovum a non-idempotent element can not be asso- 
ciated to an idempatent element which is.not its idempotent element. 


THEOREM 6. In any ovum no type A or type C element can be associated * 


5 Van der Waerden, Moderne Algebra, p. 32. - 
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to its idempotent element, but every type B element is associated to its idem- 
potent element. . a if 


THEOREM 7. In any ovum no type A or type C Hs can be associated 
to an idempotent element or to an element of type B. 


THEOREM 8. In any ovum two type B elements are associated if and only 
if they have the same period element. 


THEOREM 9. In any ovum two type A elements, two type C elements, 
or an element of type A and an element of type C, can not be associated if they 
do not have the same index. 


Reduced ova. An ovum in which no pair of elements are associated to one 
another is called a reduced ovum. From Theorem 6 it follows that a reduced 
ovum can contain no elements of type B and consequently no elements of 
type C, and thus contains only elements of type A and idempotent elements 
We give in detail the proof of the converse of this, namely 


THEOREM 10. Every ovum which contains only idempotent elements and 
elements of type A is reduced. 


Theorems 3, 4, 7, and 9 show that this result will follow if we prove that 
in an ovum which contains only idempotent elements and elements of type A, 
no two type A elements which have the same index element and the same index 
can be associated. To do this we make use of the following lemmas which are 
easily verified. 


LEMMA 1. In any ovum if au; is a ty ype A element with index semani 
Uw and um is another idempotent element such that 


Um = Um 
then 
Uilm = Um.' 


LEMMA 2. In any ovum, if u; and uj are two type A elements with the 
same index element uz and the same index, then none of the relations 


Uuk = Ui 
Uzuk = Uj 
Uuj = Uj 
. e uUi? == Uj 
are possible. 
6 e 
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Returning to the main theôrem, lef u; and u; be two type A elements with 
index element ux and index r, in an évum 0 which contains only idempotent 


elements and elements of type A. Then . 
(1) Ujuy = Uk 

(2) | G Ujug = Uns 

Assume 

(3) Wi ~ Uj.t 


Then there exists in 0 an element whose product with u; is equal to uj, and 
by Lemma 2 this element is neither ui, uj, or Ux. There must therefore exist 
in 0 another element say u: which is such that 


(4) Uj = Uj. 


There must also exist in 0 an element whose product with u; is equal to wi. 
From Lemma 2 this element is neither ui, Uj, or up. We show that it cannot 
be wr Assuming 

(5) Ur = Uj 


and combining this with (4), we have 


(6) | , Uj? == Uj - 
(7) | : Wilby? = Ui. 
Now : 

U1? = Uy 


would imply from (6) | 
Uju = U; 
in contradiction to (5), so that under assumption (5) w? cannot equal ur 


From Lemma 2 and (6) and (7) it follows that u: cannot equal any of 
Ui, Uj, OT Uy. Hence if (5) holds 0 must contain another element um such that 


(8) ur = Um 
(9) UjUm = Us 
(10) ` Um = Ui. 


From (8) Um is either the index element of u; or is a type A element having 
the same index element as w. Hence for s sufficiently large (i.e. s= 1 if P 
Um is idempotent, s = ¢ where ¢ is the index of um if um is a type A element) 


* u, is associated to je 


28 A. R. POOLE. 


(11) Lim? = Um. À 

From (9)-and (10)+«we have zt, 

(12) UjUm? = Uj Une? = UjUm = Uj, 
and ‘ 

(13) Un = Uum" = Uum = Ui. 


Multiplying both sides of (4) by un gives 
UU Um! = UjUm? 
which on employing (11) and (12) gives: 
i = Uj 


in contradiction to (13). Thus (5) is impossible; so 0 must contain besides 
Ui, Uj, Un, and U; an element un which is such that 


(14) UjUn == Ui. 
From (4) and (14) ý 
l Uinti == Ui 
UjUn ty == Uj. 


From Lemma 2, ww can equal neither uw, ui, nor uy; from (4) it cannot equal 
u and from (14) it cannot equal un. Hence 0 contains another element up 
which is such that | 


(15) Unur = Up 
(16) UWiUp = Ui 
(17) UjUip = Uj. 


We show now that of the three elements un, tp, and u: no one can be the index 
element of any other, no pair of them can have the same index element and no 
one of them has index element ux. For if up is the index element of un or 
if um is the index element of up or if un and up both have the same index 
element, for t sufficiently large (t 21 if up is an idempotent element or t 
greater than or equal to the index of up if up is a type A element) 


(18) Untpt == Up’. 


ə Moreover from (16) and (17) we have 


e 
(19) ; - WiUy? = Ui 
(20) ° Up! = Uj 
and from (14) 
6 a 
(3 


_FINITE OVA. 29 
jun t= Wilp? 
which using (18) and (19) gives ` | . 
Ujug = Uy | 


-in contradiction to (20). Similarly up cannot be the index element of 4, 
uz cannot be the index element of up and up and w cannot have the same index 
element. Also if uw, and w had the same index element, up would be that 
index element or would have the same index element by (15), in contradiction 
to what we have just shown. If u, were the index element of u: or u: were 
the index element of un we would have. 


Untht = Un 
or nn: 
Uni = U1 

in contradiction to (15). 
To show that no one of wi, Un or Up has index Sawant ux, we first assume that 
Uy has index element us, so that for t greater than or equal to the index of up 


whence from (1) _ 
| Willy! = Ux 


in contradiction to (19); hence up cannot have uy as its index element. 
Assume that u: has index element ug; then by the above Um does not have index . 
element ur, and does not have index elemerit up. So ün is either an idempotent 
element or there exists in 0 another element ug which is the index element 
of un. If Un is an idempotent element, from (14) and Theorem 2, follows 


(21) Un = Ut 
otherwise for un a type A element, from (14) and Theorem 2 


(22) Ua = Ur. 
From (15) for any integer s 

à Un US = Up 
and for s sufficiently large 
(23) Un = Up 


if un is an idempotent element, otherwise - ane 
e 
(24) Ugur = Ups. 
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For tin an idempotent element combining (21) and (23) gives 


(25) | Ug? = Ux 


and for un a type A element combining (22) and (24) we get (25). But (25) 
indicates that u, is the index element of up which we have proved impossible. © 
“Hence w and similarly un cannot have w as its index element. We have now 
shown that assumption (3) implies that 0 contains besides the three elements 
Ui, Uj, and ux, at least three more elements ur, un, and up, and that these six 
elements satisfy the seven relations ' 


(1) Uruk = Uk 
(2) UjUx = Up 
(4) Uit = Uj 
(14) Uj Un = Ui 
(45) Un = Up 
(16) Willy = Ui 
(17) Ujug = Uj. 


Moreover of the three elements ur, un, and up, no one can be the index element 
of any other, no pair of them can have the same index element, and no one 
` of them can have index element w. Now let uz denote the index element of 
u, if ur is a type A element, and let ur denote wz itself if u: is idempotent. 
Let uy and up have similar significance with respect to un and up. Then from 

(15) and Theorem 2 follows 

(26) à Urun = Up. 


Multiplying both sides of (26) by uz gives 


(27) upu == Up 
which by Lemma 1 gives 
(28) Upu: = Up. 


From (16) for any integer ¢ 
Up U4 = Ui 


‘ which for ¢ sufficiently large gives 


(29) Upu; = Ui. 
Similarly from (17) 
(30) Up; = Uj. 


e 
From (4) multiplying both sides by up 
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UjUillp = U;UP 
which on employing (28) and (30) yields . 
Urup = Uj; 


in contradiction to (29). Thus assumption (3) leads to a contradiction so 
that we conclude that in an ovum which contains only idempotent elements 
and elements of type A no type A elements having the same index element and 
‘the same index can be-associated. Thus the proof of Theorem 10 is now 
‘complete. 

Further results for reduced ova which are easily verified are: 


THEOREM 11. À reduced ovum must contain a zero element. 


Tueormm 12. If a reduced ovum has an identity element, that element 
is an irreducible element. i 


COROLLARY 1. A reduced ovum O containing an identity element has a 
reduced sub ovum of order n — 1, consisting of all the elements of O except 
the identity. 


COROLLARY 2. From a reduced ovum O of order n mark set (Ur, U2"** Un), 

we can form a reduced ovum of order n + 1 containing an identity element, 

` by adjoining to the mark set of O an element un, and to the multiplication 
table of O the relations 


Wrst = Uni 
Uns Ui = Willner = Wi. (4=1,2,3---n). 


TEOREM 13. <A reduced ovum has at least one irreducible element which 
is not an identity element. 


COROLLARY 1. Every reduced ovum of order n has at least one reduced 
sub ovum of order n — 1. : 


This corollary shows that from all possible distinct ova of order n — 1 we can 
obtain all possible distinct ova of order n by adjoining to the ova of order 
n— 1 another idempotent or type A element making multiplication of this 
element with itself and with the original elements commutative and associative, 
and examining the ova thus formed to see which are simply isomorphic to one 
another. 


L 2 
° | 
Ova formed from groups. We consider now those ova which contain no 
. À 
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type A or type C elements but at least one element of type B. For convenience 
we call these ova of type 2. ; 

* If Gis a finite abelian group of order n > 1 and à is its identity element 
every element a of G has the property 


a — À 
whence ; 
ar =a 


and so @ is an ovum of type 2 with only one idempotent element the identity. 


` Conversely an ovum © of type 2 containing only one idempotent element is a 


group. More generally we can state - 


THEOREM 14. Every ovum O of type 2 is either a group, or consists of 
sub ova which have-no element in common and each of which is a group. Hach 
of these groups consists of an idempotent element and of all the type B ele- 
ments which have this idempotent element for period element. 


‘In a group every element divides every other element so that every element 


is associated to every other element. From Theorems 3 and 6 it follows that 
an ovum in which every element is associated to every other element can have 
only one idempotent element and type B elements and is therefore a group. 
Hence we have 


THEOREM 15. A sufficient condition that an ovum be a finite gr oup is 
that every element be associated to every other element. 


. It must be noted that the condition given in this theorem for finite abelian 


groups is not as strong as that given by Van Der Waerden in his postulates 
for groups.’ His postulate 5 not only demands that every element be asso- 
ciated to every other element, but that every element divide itself. 

- From Theorem 15 we know that all type 2 ova of ‘order n can be obtained 
by compounding groups of order = n, only those combinations of groups being 
taken the sum of whose orders is equal to n. The commutative and associative 
laws must be satisfied and the ova must be tested for distinctness. Of interest 
in the question of forming type 2 ova from groups is | 


THEOREM 16. From a finite abelian group of order n — 1 we can obtain 


e two and only two ova of order n, by the adjunction of an idempotent element. 
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THE INTEGERS REPRESENTED BY SETS OF POSITIVE TERNARY 
QUADRATIC NON-CLASSIC FORMS.* ; , 


By 0. K. Saczun. 


Introduction. A. A. Albert? has shown for the classic case that all in- 
tegers which are not represented by a set of positive ternary quadratic forms 
lie in certain arithmetic progressions. In this paper analogous results are 
obtained for the non-classic forms by methods similar to Albert’s. The problem 
is solved by determining under what conditions there exist solutions of a 
Diophantine equation of certain form. 


1. Proper representation by sets. Consider the positive ternary quadratic 
non-classie form 


(1) F(x, y, 2) = az? + by? + ce? + ryz + sax + tey 
a > 0, b > 0, c> 0,7, s, ¢ not all even, 4be — 1? > 0. 


The determinant of the form 2f (x, y, z) is 
| Rd = 2(4abe + rst — ar? — bs? — ct). 


Since the determinant 2d is an invariant of the form under unitary trans- 
formation we shall define the set S(d) as the set of all forms (1) having the 
‘same invariant d. The set %(d) is said to represent an integer m, if there 
exist integers x, y, z and a form f of invariant d such that m = f(x, y, z). 
If the g.c.d. of x, y,z is unity, then the representation is called proper. 


2. Necessary and sufficient conditions for proper representation. Suppose 
that an integer a is properly represented by a set 3(d). It is well known ë 
that if an integer æ is properly represented by some form, there exists an 
equivalent form f having a as the coefficient of z”. Since classic ‘forms are 
non-equivalent to non-classic forms and since equivalent forms represent the 
same integers, there exists a positive non-classic form with coefficients a, b, c, 
r, s, t such that : 


(8) d + ar? + bs? + ct? — rst = 4abc, 4be-— r? > 0 (r,s, ¢ not all even). 
Conversely, if (3) holds then the integer a is properly represented by 3(d). 


1 Received January 22, 1934; revised October 15, 1936. 

2A. A. Albert, “The integers represented by sets of ternary quadratic forms,” 
American Journal of Mathematics, vol. 55 (1933), pp. 274-292. . 

8L., E. Dickson, Studies in the theory of numbers, 1930. . University of Chicago 
Press, p. 12. | 
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Lemma. An integer a is properly represented by a set X(d), if and only 
af there exist integers b, c, r, s, t such that (3) holds. 


Suppose that (3) is true for given integers a and d. The binary quadratic 
form (y, 2) = by? + ryz + cz? has discriminant — A = 17° — dbc < 0 and 
is a positive form, since b > 0. By (8), evidently 








(4) $(s, —t) = bs? + ct? — rst = 4abe — av? — d = ad — d. 


Let sı =g. c.d. (s,¢). Then, on writing s = 5180, t= Sto, bi = ¢ (So, — to), 
we have 
(5) > (s, — t) = sb. 


Since properly represents the positive integer b,, there exists an equivalent 
binary +. of discriminant — A such that 


di (tr; 21) = by? + Ti1Y181 + 61417. 
Therefore there exist integers which satisfy 
(6) A = 4b,¢, — n. 


But, by (4), bısı? == aA — d, and consequently (6) implies the existence of 
integers b1, C1, r1, 8, such that 


(7) d + ar? = b,(4ac, — s?) > 0. 


By (6) and (4), r°=—A= 7? (mod 4); so that, since sı = g. c. d. (s, t), 
not both r, and s, are even. Evidently (7%) implies (3); so by the lemma we | 
obtain the following theorem.* 


THEOREM 1. A positive integer a is represented properly by a set X(d), 
if and only if there exist positive integers b, c, r, s, with r, s not both even, 
such that 
(8) d + ar? + bs? = 4abe. 

COROLLARY 1. If equation (8) holds with s odd, then r is of arbitrary 
parity. 

-COROLLARY 2. In equation (8) r, s, c may be replaced respectively by 
Rbo + r, Zau + s, au? + bu? + c + rv + su where u, v are arbitrary integers. 

When (8) is true, evidently 
(9) d+a(r+s)?-+ (b +a)s? + c(2a)? — (r + s)s(Ra) = 4a(b + ace. 


*This theorem and its proof are valid for sets of classic forms and from them 
essential simplifications of Alberigs proofs are optainable. 
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Since (9) is an equation of tie same ‘form as (3), the proof of Theorem 1 
shows that integers bu ©, 11, si exist, such that. (7) is true and 
vy? = (r + s)? (mod 4). But since s is odd, we have 7, ==r + 1 (mod 2), 
whence Corollary 1 follows. 
Writing r, = 200 -+ r, sı = Bau + s, cı = au? + bu? +c¢-+. rv + su, we 
note that 
d + arn? + bs? = dabc: 


reduces to (8); which verifies Corollary 2. 


3. Necessary and sufficient condition for representation. Suppose that 
the positive integers a and d are expressed in their unique forms a = 4, 
d == 49A, where À is odd, M is without square factor, and A is not divisible by 4. 


THEOREM 2. A positive integer a is represented by a set %(d) of non- 
classic forms, if, and only if, there exist positive integers b, c, r, s such that 
(10) A4 + Mr? + bs? — AMbe, where s is odd whenever 1 < g, while, if 1 & g, 
at least one of r and s is odd. 


If a is represented by 3(d), there exists a form f and integers £, 7, € such 
that f(é n, 6) —=LM. Let 0 =g. c.d. (67,0), E= Oén 7=Om, E= 08. 
Then 41X M = 06°F (sm, é). Evidently 8 is a divisor of 24a, and on writing 
2A = 2110, we note that 41? is properly represented by 3(4). By 
Theorem 1, 

(11) 49A + 4AP Mr? + bs? == 4- 4AP Mbe. 

If s is odd, on setting 1, = 2"Aor we have 

(12) 49A + Mr? + bs? == 0 (mod 4Mb). 

Otherwise, let s = 2%s,, where s, is odd and o > 0. We then obtain 
49h + AP MT + 4°bs,? = 0 mod (4° 4"Mb). 

If o > h then, either g = h, whence 


(13) A + M (Aor)? + 6(2%"s,)? = 0 (mod 4Mb), 

or g > h, so that o = h, and | 

(14) AIA + M (Aor)? + bs: = 0 (mod 4H/b). 

If o Sh, then g = o and, writing re = 2 Agr, we have 

(15) 49-CA + Mr? + bs,” = 0 (mod 44/b). 

But, if A + Mr,? + bs? = 0 (mod 4Mb), we may take 7o = 2p in view of ” 
Corollary 1, Theorem 1. Hence 6 = 48 and . 


414 + Mp? + Bs? = 0 (mod 4MB). 
2 
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Therefore, (12), (13), (14), (15) imply the existence of integers 5+, ri, st, ct, 
such that . a 


(16) A+ Mr + bts? = 4Mbtet, where st is even in case g = h, while other- 


wise st is odd. Hence, if g >1, (16) holds with st odd; while for g S1, 
(16) holds with at least one of 7t and st odd. 
Conversely, if the conditions (16) hold for st odd, we may write r == 2917, 
b = 49b! ; therefore 
49A +. Mr? + bst = 4Mbc!. 


Thus by Theorem 1, M is properly represented by =(d). But when s! is even, 
g=hsSl, and 1* is odd. Setting s = st, we have 


49A + ME p bis? — AMD, 


Therefore 4*M is properly represented by %(d). By definition then, there 
exists a form f, for st odd such that f,(1,0,0) = M, while for s! even, a 
form f, exists such that f.(1,0,0) = 41M. But f,(24,0,0) = 4\2M and 
fe(2*"A, 0,0) == 42M, so a is therefore represented by X(d). 


4, Reduction of the general case to a problem for integers without square 
factors. 


Lemma 1. Let Ka be any integer without square factor with K odd, and 
let d be any integer. There exist solutions b, c, r, s of 


K?d + Kar? + bs? — 4Kabe 
if and only if there exist solutions b+, ct, rt, st of 

Kd + ar! + bts? = 4adte?. 
Furthermore, s and st are of the same parity. 


Lemma 2. Let p be an odd prime not dividing a such that etther the 
Legendre symbol (— ad/p) = + 1, or d is divisible by p. There exist solu- 


tions of 
pd + ar? + bs? = 4abe 


if and only if s, s! are of the same parity and. 


d + ar” + bts” = 4ab'ct 
e is solvable. 


Lamma 8. Let p be an odd prime such (ad/p) =—1. Then 
pd + ar? + bs? = 4abe 
e ° 
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is satisfied if and only if either. . 
pd + part + bis = 4pabiot ` à 


or . 


d + ar? + bts! == 4ab*ct 
‘hold with st of the same parity as s. 


| For the proof of Lemma 1, let the g. c.d. (b, K) = £, then K = BK), 
b = Bb;, s = Ks. By Corollary 2 of Theorem 1, r may be taken divisible 
by Ko. Hence 

K?d + Kar? + bs? = 0 (mod 4K Kab), 


and, on writing Kob, = b+, we have 
(17) Kd + ar? + b's” = 0 (mod 4a"). 


Conversely, if (17) holds, let the g.c.d. (bt, K) =K, and K = K.K, 
bt == Koba. By Corollary 2, Theorem 1, r may be chosen divisible by K, so 
that (17) holds modulo 4ab'K. Thus, setting s = Kost, b — bK, and multi- 
plying (17) by K, we obtain 


Kd + Kar? + bs? = 0 (mod 4Kab). 


Evidently s==s' (mod 2), and, hence, Lemma 1 follows. 
We prove Lemmas 2 and 8 simultaneously. In case b is not divisible by p, 
we may, by Corollary 2, Theorem 1, take 1 == pr, and s = ps, so that 


(18) d + ar? + bs? = 0 (mod 4ab). 


But if b = pb,, then r — pr,, and 


(19) pd + par? + bı? = 0 (mod 4pabı). 
Tf bı == pbz, then 
(20) d + ar,? + ba? = 0 (mod 4ab;). 


If b, is not divisible by p, then in view of Corollary 2, Theorem 1, rı may be 
chosen so that d+ ar? = 0 (mod p), whenever either p divides d or 
(—ad/p) =+ 1. Then (19) holds modulo 4p?ab,; therefore, 


(21) d + ar? + bs? = 0 (mod 4ab). 
Conversely, if any of (18), (20), (21) hold, then on multiplying by p? we j 
obtain À A . 
ped + ar? + bis? = 0 (mod dub). 
. © s 
t] 
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If (19) holds, then, on multiplying by p, we have 
l pd + ar + b= 0 (mod 4ab). 


Evidently s == s, (mod 2); hence the lemmas are verified. 

Now express A of Theorem 2 in its unique form A — °D where y is odd 
and D is without square factor. Let p=-g.c.d. (M, y), M = pili, y = py 
By Lemma 1, condition (10) holds if and only if it also holds for A and M 
replaced by y1?uD and M, respectively. Now let the ged (m, D) = po, 
B= po, D = mD, and let P be the product of all primes p dividing yipo 
such that (— MımDı/p) =— 1. Then, by Lemma 2, condition (10) holds 
if and only if it also holds with A, M replaced by P?,D:, M respectively. 
Finally, by Lemma 3, (10) holds if and only if it holds either for the pair 
pıDı, M, or for PpD, PMG. 


Turorms 8. Let a == 4X M, d= 4%?D, where À, y are odd, M and D' 
each without square factor. Further suppose m = g. c. d. (M, D, y), 
topi = E. c. d. (M, y), M = poils, D = woDi, y = koyo and let P be 
the product of all primes p dividing poy: for which (— MimD:/p) = — 1. 
Then a is represented by Z(d) if and only if there exist integers b, c, r, 8 
such that either 


mD, + Myr? + bs? = 4Mbe or PmD, + PM? + bs? = 4PM, be 
with s odd, if l< g, and with r, s not both even, if l È g. 
5. A sufficient condition. 


THEOREM 4. If m > Lor if Dı has a factor prime to M, then a is repre- 
sented by 3(d) where M, and D, are defined as in Theorem 3. 


For the proof, let A == 2tq8, N = êin each be an integer without square 
factor, such that g is prime to N, and pô is odd. 
First, suppose g is odd and define 


(23) Pn = [Bq]n + [B(w +1) —1], 


such that B = 828 and (w/q) = — (— 1/9). Since B and q are relatively prime, 
Bt = 1 (mod q), by Fermat’s theorem. Consequently Dn = w 56 0 (mod q), 
Dn = — 1 (mod B), and the bracketed expressions in (23) are relatively prime. 
By Dirichlet’s theorem 5 on primes in arithmetic progression p, represents 


5P, G. L. Dirichlet, Abhandlungen der Königlichen Akademie der Wissenschaften, 
Berlin, 1837, pp. 108-110. 
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an infinitude of primes. If, for n = m, pm is an odd prime, write pm = p. 
We can now compute the Legendre symbol (— NA/p) = (— 2**4q6p/p). 
First, (2/p) = +1 and (—1/p) Hs since p==—-1 (mod8). Also 
(n/p) = (6/p) = +1, since p=— 1 (mod 9a). But p=w (mod q) and 
hence 

(QD) = (PRE (w/q) =— 1. 


Therefore, (—NA/p) = + 1, and (— QA/p) = + 1, where NQ = 1 (mod p). 
Consequently, there exists an odd integer r such that 1? = — QA (mod p). 
As a result 

(24) A + Nr? = 0 (mod p). 


Writing s = 1, c = 20[gm + Bt?(w+1)], we have p = 4M c — 2. 
Now, suppose q = 2. Then A = 26 and N = y; hence we write 
Pn = Buôn + 4uô — 1. 


By Dirichlet’s theorem pn is an odd prime p, by proper choice of n. Evidently 
p= 3 (mod 8) and p == — 1 (mod u8), and, therefore, (—1/p) = (2/p) = —1, 
(u8/p) = +1. Thus the Legendre symbol (— NA/p) = + 1, so there exists 
an odd integer r such that 


(25) A + Nr? = 0 (mod p). 


But p = 4Mc — s*, where c = 6(2n +1) and s =1. 
Now if m > 1 in Theorem 3, or if there exists some factor of D, which 
~is prime to M,, then (24) and (25) imply ae is satisfied with s odd. 
Therefore a is represented by X(d). 


6. Necessary and sufficient conditions for proper representation. 


Tæeorem 5. Suppose AD is without square factor. There exist integers 
b, c, r, 8, with s odd, such that 


(26) D + ADr? + bs? = 4ADbe 


if and only if there exists an odd integer q > 1 which divides D and is such 
that (—A/q) =—1. 


Suppose (26) holds and let g—g.c.d.(s,D), s=q%, D = qD, 
m==4AD.¢—qs°. Evidently m is prime to D, and hence, by (26), 


(27) 1 + Ar? =0 (mod m). 
Therefore, if m > 1, the Jacobi symbol (— A/m) = +1. Writing A = 2ta, 
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where a is odd and à is either 0 or 1, we observe that (2/m) == (2/q) when 
i= 1, since m = — q (mod 8). Also, (—1/m) = — (—1/q) and 
+ (0/m) = (1) mA (mya) 
pes (— 1) (a-1) /2 (g+1)/2 +(a-1)/2+(a-1)/2 (a-1)/2, («/q) Jie + (a/q), 
since m = — qso? (mod 4a). Consequently, 
(4/9) =— (—A/m) =— 1. 


If m = 1, we have 44.Doc = qs? + 1 and, therefore, (— g/ax) == + 1, since 
(980)*==—q (mod«). But (—1/q) =—1, since q == — 1 (mod 4), and 
hence, . ; 
(— a/q) = (— Tynen {g-1)/2 +(a-1)/2 (— g/a) = 1. 
If i—1, evidently g=—1(mod8) and (2/q) —1. Therefore, again 
(— 4/9) =—1. 

Conversely, if D = qDo, q odd, (— A/q) = — 1, we form the expression 
(28) Pn = 8ADon — q. 


By Dirichlet’s theorem, for some value of n, pa is a prime p. But, since 
==—g (mod 84), we have (—1/p) =— (—1/q), (2/p) = (2/q) and 
(a/p) = (a/q). Therefore, the Legendre symbol 


(— AD,?/p) =— (4/9) = +1, 
and so there exists an integer r, such that 
(29) Do + ADor? = 0 (mod p), D + ADr? =0 (mod gp). 
Setting : = en, s =q, evidently gp == 44 De — $°, and hence (29) implies (26). 


Tuxorem 6. If AD is without square factor, D —%25, 8 odd and 
As=1 (mod 4) or A=83 (mod 8), then there exist integers b, c, 7, s such 
that r is odd, s even, and 


(30) D + AD? + bs? = 4ADbc. 
For the proof when A ==3 (mod 8), let 
Pr = ADn + A8 — À. 


Evidently AD is relatively prime to A8 — 2; hence, by Dirichlet’s theorem, there 


is some value of n for which pẹ is a prime p. Since p==— 2 (mod A), we find 
(—A/p) = (— 1) eer 4H A (_ 2/4) = $1. 
e . 
ê 
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Therefore, there exists an odd integer r, such that 


1+ Ar? =t 0 (mod p). . 
But, since A == 3 (mod 8), 
(31) D + ADr? = 0 (mod 8p). 


Now, with c= 3n + 1, s = 4, evidently p = 44Dc—s?, and therefore (31) 
implies (30). | 

When A = 1 (mod 4), let pa = 2ADn + AD — 1. For some value of n, 
by Dirichlet’s theorem, pn is a prime p. Since p==1(mod4) and 
p=— 1 (mod A), we have (—A/p) — + 1. ` Therefore, there exists an odd 
integer r, such that 


(32) 1+ Ar?==0 (mod p), D + ADr?==0 (mod 4p). 


On setting c = 2n + 1, s =2, we note that 4p = 4Mc—s?, and therefore 
(32) implies (80). 


THEOREM 7. Let AD be without square factor and let there exist integers 
b, c, r, s with r odd and s even, such that 


(33) D + ADr? + bs? — 4A Dbe. 


Then À is odd, and if D is odd, A = 3 (mod 4) and there exists a factor q > 1 
dividing D, such that (—A/q) =— 1. If D is even and A =? (mod8), 
there exists a factor q > 1 dividing D, such that (— A/q) =— 1. 


Let D = 26, § odd, i— 0 or 1, s = 2s,, Mo = ADe — 58,2, and suppose 
g=g.c.d.(8, Mo), 8 = qo, Mo— qm, Sı = 9S. Then 44De—s? = 4gm, 
where m is relatively prime to à and by (33), 


(34) 218 (1 + Ar?) = 0 (mod 4m). 


Write m == 2x, where » is odd. Since m is prime to 4, evidently, for » > 1, 
1+ Ar?==0 (mod u) and (— A/p) =+ 1. Since A==3 (mod 4), (A/u) 
== (—1) 40/2. (u/A),and (— 1/4) =— 1. Since m = ?u=— q (mod A), 
we have 


(u/A) = (21/4) (m/A) : 
= (— 1) PP (— 1/4) (24/4) (— 4/4) = — (274) (— 4/4). 
Hence, a 


(— 4/9) = — (2/4) (—1) MDP (—4/p) (— Au) = — (25/43. 
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But, if A = 7 (mod 8), then (2/4) = +1; and if i—0, A ==3 (mod 8), 
then, by (34), m is odd, since 8 (1+ Ar*) =4(modR). Therefore, 
(21/A) = + 1 and (— 4/q) =—1. 

i Lastly, if u = 1, then 2/ = 2t 48c — so, so that — 24g = (qso)? (mod À) ; 
and, therefore, (— 2/g/A) — +1. But, since A = 3 (mod 4), 


(— 4/9) = (~ 1/49) (— D2 (q/4) = — (~ g/4) =— (3/4) =— 1. 


7. Summary. By Theorem 4, equations (22) are satisfied, except, possi- 
bly, when y, = 1 and M, = AD,. But, by Theorem 5, the second of equations 
(22), with s odd, holds for every M, == AD, when P>1. Therefore, 
equations (22) can be satisfied with s odd in all cases except when M = AD 
and (—A/p) =-+1 for every odd prime p dividing d. By Theorem 6, 
equations (22) can be satisfied with s even for M — AD whenever A is odd 
and incongruent to 7 modulo 8. Theorem 7 implies that, when A = (mod 8), 
if equations (22) are not satisfied with s odd, then they also fail to hold for 
s even. Hence, by Theorem 3, we obtain the final theorem. 


THEOREM 8. Express any positive integers a and d in their unique forms 
a = £M, d = 49?) 


where ày is odd, M and D are without square factor. If 1 =g, the set 3(d) 
of positive non-classic ternaries represents all integers a except those for which 
M = AD, A= T (mod 8) and (— A/p) = + 1 for every odd prime p di- 
viding d. If 1 < g, the set 3(d) represents all integers a except those for 
which M = AD and (— A/p) = + 1 for every odd prime p dividing d. 


COROLLARY. Every set X(d) represents no nteger of the form 
49D(8dm—1). No set of forms %(d) represents all positive integers. 


This last result offers new proof of the well known fact that no positive 
ternary represents all positive integers. 
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IDEAL WARING THEOREM, FOR THE POLYNOMIAL 
m(x — x) /6 — m(x — x)/2 + xt 


By Arvin SUGAR. 


This paper is numbered in sequel to a previous paper by the author * in 
which there was obtained the second known universal Waring theorem for a 
polynomial with a parameter.’ 


THEOREM. very positive integer is a sum of m+3 values of 
P(x) = m(z*—2)/6 + x for non-negative integers x, where m = 16. 


Since the completion of that paper, Dickson * has proved the ideal uni- 
versal Waring theorem for n-th powers, for n > 6. This is, then, the third 
universal Waring theorem for a polynomial with a parameter. In this paper 
we shall add a fourth theorem to this list. And, furthermore, this result, as 
were the three preceding, is also an ideal result. 


5. A universal Waring theorem obtained by a transformation. If we 
subject 


(13) f(x) = m(a*— 2) /6 — m(2* —2)/2 + x, x integral and = 0, 
to the transformation v = y + 1, we get 


(14) F(a) =P(y) +1. 


From (14) and the above theorem, we can immediately conclude that every 
positive integer N > m + 3 is a sum of m + 3 values of f(x), when m = 16. 
Since every integer = m + 8 is surely a sum of m + 3 values (0 and 1 being 
values of f(x)), we have proved the first part of the following theorem. 


THEOREM 8. Every positive integer is a sum of m + 3 values of (13) 
for m 216 and is a sum of nine values for 1S m S 6.5 


4 


1 Presented to the Society, August 31, 1936. Received by the Editors, October 19, 
1936. 

2 American Journal of Mathematics, vol. 58 (1936), pp. 783-790. 

* The first theorem of this kind was proved by Cauchy, Oeuvres (2), vol. 6, pp. 
320-353, dnd had been stated earlier by Fermat. It was only recently that James 
conjectured the existence of similar theorems for cubic polynomials, American Journal 
of Mathematics, vol. 56 (1934), p. 305. 

+ American Journal of Mathematics, vol. 58 (1936), pp. 530-535. 

It is known that nine values of P(x) sufficg for 1S m6. See Dickson, *frans- 
actions of the American Mathematical Society, vol. 36 (1934), p. 739, Theorem 12. 
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This theorem, however, is not an jdeal Waring theorem. But, fortunately, 
we can obtain the ideal Waring theorem for this polynomial. 

Since the constant O, of Theorem 1 was taken more than 10 greater than 
the Dickson-Baker-Webber constant, we have 


Tarore! 9. For m7, every integer = 10m" is a sum of nine or 
ten values of (13) according as the congruence m = 6 (mod 9) does not or 
does hold. | 


6. The ideal for f(x). We list a set of the first twelve values of f(x): 


0, 1,2, a = m + 3, b = 4m + 4,¢=10m + 5, d = 20m + 6,e—35m + 7, 
f= 56m +8, g— 84m +9, h= 120m + 10, i= 165m + 11. 


The ideal g(f) is the smallest value of s for which it is true that every 
positive integer is a sum of s values of f. We can prove | 


B(f) = [(m + 1)/2] +3 S g(f). 


For, we see that the integer 
4m + 4 | 
| ns. (RIT 
requires at least [(m + 1)/2] + 3 values of f(x) when m= 5. Our next 
step will be to prove g(f) S B(f) (whence g(f) —B(f)) by proving that 
every positive integer is a sum of B(f) values of f(x). 





% Ascension theory. If we replace x by y +1 in (14) we get the 
following identity in y: 
(15) fy +1) = Ply) +1 
If we write 


d(a) = f(a +1) — f(a), 
we see by (15) that the equality 
(16) d(a-+-1) =F (a) 
holds identically in a, where F(a), as we recall, was defined to be 


P(a+1) —P(a). 


° From (15) it also follows that 


(17) | f(a+2) =Pta+1)+1>P(a+1). 
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Now from the analogue for f(x) of Théorem 2, and these two relations, (16) 
and (17), we see that we can use the féllowing theorems in making ascensions 
with the polynomial f(x). PA 


THEOREM 10. Let every integer n, c <n = g, be a sum of k — 1 values 
of f(x), and let a be an integer 2 0 for which F(a) <g—e. Then every 
integer N,c< NSg+ Plat 1), ts a sum of k values of f(x). 


THEOREM 11. Let every integer n,c<nSec+pm+tg, be a sum of 
k values of f(a), and let t be a real number = 1 which satisfies the inequality 
F(8t+1) <pm-+q. Then every integer N, 


c< NS (9/2) 6/2 m 
is a sum of k + s values of f(x). 
8. Two Lemmas. 


Lemma 5. Every positive integer = 20m + 6 is a sum of B==B(f) , 
values of f for m= 1%. | 


Lemma 6. Every integer between 20m + 6 and 21%m + 82 is a sum of 
B values of f for m = 86. 


In proving Lemma 5 we proceed by a method analogous to that employed 
in obtaining Lemma 2 and get the following set of numbers, so constructed 
that between each consecutive pair, B values suffice. | 


3a = 8m +9, b—4m +4, à + b— 5m +7, 2a +b = 6m + 10, 
6a + m — Y = Ym +11, 6a + m— 6 = m + 12, 3a + b = Ym + 18, 
RO = 8m + 8, a + 2b — 9m + 11, c = 10m + 5, a+ c= lim + 8, 
2a -+ e = 12m + 11, da + 2b + m—8 = 13m + 12, 8a +c = 18m -+ 14, 
b+c—1l4m+9, atb+to=i1dm+12, 3a + 8b + m—8 = 16m + 13, 
4b = 16m 4+- 16, 8a + 2b + m—17 = 17m + 15, 3a + b+c— 17m +18, 
RD + c = 18m -+ 18, 8a + © + m— 15 = 19m + 14, a + 2b + c= 19m + 16, 
d = 20m + 6. 


In order to prove Lemma 6 we construct the following set of intervals, 
over each of which [ (m — 1)/2] values suffice. They will overlap for m = 36. 
Hence for m = 36 we can conclude that every integer n; 


(18) 20m +5 < n E Bg + 12, . 


is a sum of [(m — 1)/2] values of f. 
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(d = 20m + 6, 21m + 8), (5b = 20m + 20, Zim + 9), (a+d 
= 21m + 9, 22me+ 4), (5a + 4b°= 21m + 31, 22m + 12), (Ra + d 
t 92m + 12, 28m +5), (6a + 4b = 22m + 34, 23m + 13). 


We note that the interval (18) has been so selected that an ascension is 
unnecessary ; for, in virtue of Theorems 10 and 11 (since Theorems 10 and 11 
for f(x) are identical with Theorems 2 and 4 for P(z)), we see that the 
ascension made in establishing Lemma 3 from (6) is valid here. And in the 
future, whenever an ascension is necessary we shall be careful to select our 
interval and the number of values which suffice over this interval in such a 
way that a new ascension will not be necessary i.e. in such a way that a 
corresponding, ascension of the previous paper will suffice. 


9. The major ascensions. The following intervals have been so con- 
structed that every integer lying in anyone of them is a sum of B — 11 values 
of f. These intervals will overlap for m = 36. Hence B— 11 values will 
suffice from 165m + 11 to 171m + 14. 


(i= 165m + 11, 166m—6), (cte+h—165m + 22, 166m + 1), 
(b + 3e + f — 165m + 33, 166m + 8), (a + 4d + g = 165m + 36, 
166m + 9), (a + 4c + 2d + g = 165m + 44, 166m + 13), (a+b + 2c + 4e 
= 165m + 45, 166m + 14), (a + i = 166m + 14, 167m — 5), 
(a+ c+ e-+ h= 166m + 25, 167m +2), (a+b + 3e + f= 166m + 36, 
16%m+9), (2a+4d+9—166m+439, 16%m+10), (2a + b + d + 4e 
== 166m + 44, 167m + 13), (a + b + 8c + 2d + e + f= 166m + 49, 
16%m + 16), (a + 4c + d+ 3e = 166m +50, 16%m + 17), (2a + à 
= 16%m + 17, 168m — 4), (2a + c+ e + h= 167m + 28, 168m + 3), ° 
(2a +b + 3e + f= 16%m + 39, 168m + 10), (3a + 4d + g = 16%m + 42, 
168m + 11), (3a + b + d + 4e — 16%m + 47, 168m + 14), 
(8a + 4c + 2d + g = 167m + 50, 168m + 15), (3a + b + 2c + 4e 
= 167m + 51, 168m + 16), (2a +b + 3c + 24 + 6 + f= 167m + 52, 
168m + 17), (2a + 4c + d + 3e = 16%m + 53, 168m + 18), 
(2g = 168m + 18, 169m — 1), (3a + c + e + h = 168m + 31, 
169m + 4), (2b + 2c + f +g = 168m + 35, 169m + 8), (a + 2b 
+ 2c + d+ et g= 168m + 48, 169m + 12), (a + 204+ 4c + e + g 
— 168m + 47, 169m +14), (4a+ b + d + 4e — 168m + 50, 169m + 15), 
(b + i = 169m + 15, 170m — 4), (b + c+ e+ h = 169m + 26, 
170m + 3), (2b + 3e + f = 169m + 37, 170m + 10), (a + 2b + d + 4e 
= 169m + 45, 170m + 14), (2b + 3c + 2d + e + f = 169m + 50, 
170m + 17), (b + c + 6d + e = 169m + 52, 170m + 18), (a + b + 
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= 170m +18, 171m —3), (a+b c+ e+h=170m +29, 171m +4), 
(a + 2b + 3e + f = 170m + 40, 1Ÿ1m + 11), Ga +5 +20 + 8d +9 
= 170m -+ 47, 171m + 14). 


Now, from the first ascension of the previous paper and from Lemmas 5 
and 6, we have the following theorem. 


THEOREM 12. Hvery positive integer is a sum of B values of (13) for 
36 Sm < 1950. 


We again follow the procedure of the previous paper, and beginning from 
an arbitrary point, construct a set of intervals such that 


p—r—a—["t*]_+ 


values will suffice over each, where we take 





(19) r= (R—A—e—21)/2, and positive, 
and e is 0 or 1 according as R — À — 1 is even or odd. 
We begin with f(A + 1) = Em + A + 1, and our first interval is 
(Apa (B+ 1)m+A4A—2r). 
The rest of the intervals are 
(20) ((R+t—1)m+ 3B + 3t—8, (R+ t)m + R-+t—2r), 


(21) ((R+t)m4+R+4t—2, (R+t+1)m4R+t—4r—23), 
(t=1,---, 10). 
In constructing the intervals (20) and (21) we take for the initial point 
of (20) the integer (R+é—1)a. The value for r in (19) was obtained by 
requiring that r be the greatest integer satisfying 
(2) -T(4,t) = (R4+t)m+R+4t—2r= f(A +1) +t, 
(t=1,:: -, 10), 
uniformly in ¢ Substituting the value for r from (19) in T(À,t) (the end 
point of (20)), we get 


T(4,t)—=f(A+1) ++ (10—t)2 +6 


Hence T (4, ¢) is a sum of 12 values of f(s} (of which one value will be zero 
if R— A — 1 is even). From this we obtain the interval (21) in the usual way. 
: à ` 
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An inspection gives us the information that these intervals will overlap for 


m = Q(A) —an—24 1 (444) =, 


Expressing.r in terms of A, we have 


Lemma 7. Form Z Q(A), À 26, every integer n, 
km+A+1S505 (B + 10)m + À + 81, 
is a sum of [(m + 1)/2] —r values of f(x). 
The analogues to statements (8,), (82), and (Sz) for the polynomial 


‘now under consideration are: 


(Sı) For Q(4) Sm < Q(A +1) every integer > f(4 + 1) is a sum 
of B values, provided A = 10. 

(S2) For m È Q(A), B values will suffice from f(A + 1) to f(4 +2), 
when A = 10. 

(S) For m = Q(A), every integer n, f(11) SnSjf(A +2), will be 
a sum of B values. 


As before (S’,) is obtained from (S’,), and (91) and (93) are sufficient 
to prove the following theorem. 


TurorEM 18. Every integer = f(11) ts a sum of B values of f(x) for 
m = Q(10) = 639. 


In proving (8’:) we proceed as we did before. From Lemma ? and the 
ascension that established (5), we have that every integer N, 


(28) F(A +1) SN S cum = 3 (10) 0/2)", 
is a sum of B values of f(x) for m= Q(A). It is evident that 
(24) 10m S cm, for Q(A) Sm S M = (10e). 
For A = 10 (henceforth we shall require A Æ 10) we have that 


3 
(25) « r> ao 
From (41) we see that 
° a 
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6r oe __10-*A® 
(26) t aG Joa 2 > " 
` and from (42) we see that | j 
(27) 10% > 10-142 > Q(A +1). 


Therefore M > Q(A +1) from (23), (24), (25), ne and (0) and we 
have proved (91). It is evident that - 


com > Mm > mQ(A) > f(A +2), 


and therefore by (23) we have established (S’2). | 
From Lemmas 5 and 6 and Theorems 12 and 13 we get 


THEOREM 14. Every positive integer is a sum of [(m + 1)/2] +8 
values of m(x—x)/6—m(x?—x)/8 + x for non-negative integers x, where 
m = 36. . 





We embody the results of Theorems 8 and, 14 in a final, recapitulative 
theorem. 


THEOREM 15. Every positive integer is @ sum of {(m + 1)/2] + 3, 
m+ 8, or 9 values of m(x*— 2x) /6 — m (1? — x) /2 + x for non-negative 
integers x according as m = 36, 35 = m = 16, or 6=m = t; 
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PROOF OF A THEOREM OF LEHMER. 


By Pauz M. HUMMEL. 


1. Introduction. Galois first proved the theorem that if the partial 
quotients of a convergent, purely periodic binary continued fraction were 
inverted (their order reversed), the new continued fraction converged to a 
number belonging to the same quadratic field as the original. The like is not 
usually true for continued fractions of higher order as may be seen by taking 
almost any example at random. Lehmer? gave a generalization of Galois’ 
theorem for the ternary continued fraction but remarked that his method of 
proof could not handle the general, or n-ary, case. The purpose of this article 
is to give a short elementary proof of Lehmer’s theorem for the n-ary con- 
tinued fraction. 


2. Continued fractions of order n. The n-ary continued fraction is 
defined as follows: let (a,’,%,",- - +, a?) be any n — 1 real numbers; by an 
n-ary continued fraction representation of this set we shall mean the (n — 1)- 
uple sequence of numbers 


t E =1). 7 Pose Does m 1... l)e... 
(prs psy + PaP; pa’, Pas t Pa ; j Pe, Pr” O pe Se e) 


obtained from the recursion formulas 


cé = p + Vat, 


ay? = pe + wea) fart), (i= 2,--+-,n—1), 


(1) 


where the p,‘” are chosen by some definite law of selection. 
The set of numbers (pr, px”, © +, pe?) is called the k-th partial 
quotient set and is denoted for brevity by px. Similarly 


tlt - 
Tp = (TK, Tk + “y Tp) 


is called the k-th complete quotient set. 
In order to apply matric methods, the complete quotients are replaced by 


e homogeneous notation. Thus we set 


Received July 23, 1936. e . 
2 D, N. Lehmer, Bulletin of the American Mathematical Society (1931), pp. 565-570. 
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pD mp D u, + (i=1, 7 -,n— 1). 


A i e a 
The defining equations (1) are then replaced by the equivalent ones 


== (n) 
Ux Usa ; 
Ug == p PrP uM, (ii, -:,n—1). 


These equations may be considered as a unimodular transformation whose 
matrix is 


0 0 0: 1 
1 0 0-2 
Tr = 0 1 0. > pr” . 


0 0 O0::- per 
Since the matrix of a product of transformations is the product of the 
matrices, it follows that 


| WO = È Aïn qu o, (r= 1,- -.,n), 
where the matrix 


Mu (AP) = Tale Te 


k-n+s 


Since My, — MrT ra, we obtain the new set of recursion formulas 
ARAP + AD then bot APE, (rl in), 


with initial values, (A ) =Z. 
The set of numbers (4/4, Ax” / Ag: + +, Ax™/Ax’) is by definition, 
the k-th convergent set. In case the jim (Ax /Ax’), (i =2,: + +, n), exists, 


the expansion is said to be aen aa it is readily shown è that these 
limits are x,” respectively. 

In case the partial quotient sets ultimately become periodic, the repre- 
sentation is said to be periodic. Let 


(2) (P15° "3 Pins: t 5 Pur) 
be a periodic n-ary continued fraction of period h with 1 non-recurring partial 
quotient sets. We define 
~~ (Prs) = TaT nt + Tin 
‘3 See O. Perron, Mathematische Annalen, vol.®64 (1907), pp. 2-76, or my Disserta- 


tion, The Ohio State University (1935). 
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to be the period matrix of the continwed fraction. The characteristic equation 
of, P will also be called the characteristic equation of the continued fraction. 
it is easily shown * that if the continued fraction is convergent, the 2, belong 
to the algebraic field defined by the characteristic equation. 


3. Linear continued fractions. If the partial quotients contained in 
the period of a periodic continued fraction are representable in terms of a linear 
parameter, the continued fraction is called linear.® Thus (2) is a linear con- 
tinued fraction provided 


pi? = dite + bi, “G=1,: ++ ,n—1;k=14+1,---+,1+h). 
An interesting property of this type of continued fraction is given by 


Lerers TuEorEMm.® The characteristic equation of a linear n-ary con- 
tinued fraction is unaltered by inverting the par tial quotient sets contained 
in the period. i 


To prove the theorem, we define an auxiliary matrix A as follows: the first 
row of A = the first column of A = (dy, d+: * , Gn1, 0); the last row of 
A = the last column of A =.(0, &ı, a2, ` +, @n-1) 3; while the remaining ele- 
ments of A are determined by the formula 


(3) Gr, 3-1 == Or-1,8 + Ds-s,r-; . (r = 20M 1; s=3,- mace, n), 


where Dj; = (a:b; — ajbi). Thus each row is determined in terms.of the 
preceding row and the D’s. 

We will first show that the matrix 4i is symmetri ic. PERENNE rand s 
in (8) gives, (sincé Di; = — Dj) ` ' 


îi 


(4) | a Bs-1,r = Gs,r-1 + Ds-1,r-1 


The left members of (3) and (4) will be sas if Gras = Os,r-a, Fr. is, the 
r-th row will equal the 7-th column provided the (r—1)-st row equals the 
(r—1)-st column and since the first row equals the first column, A is 
symmetric. : 
We next show that the determinant of A, | A |, which is a polynomial in 
the a; and the b;, is not identically zero.. This is sane de seen by taking all 
the a; and b; except a. equal to zero. This gives 


*See Perron or my Dissertation, loc. cit. 
5 So named by Lehmer, loc. cit. 
o Lehmer, loc. cit., proved the-tlæorem for. n= 3 and 4 butistated that he tad not 
yet found a general proof. 
: . 
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t 0 0e--0 0 
0 0 Qe---0 ay 2 
0 0 O0-:: 0 . 
Aes seas . 
0 0 m---0 off 
0 @ 0 -:-0 0 
Whence | A | = + a", which proves the assertion. 


Now consider tke matric product S,—AT,". (TT = T-transpose). 
Written at length, this is ` 


da ag © = a 0 01i 0c 0 


@z Qos ~“ * * an Ay 0 Oo 1 0 
a= 0 0 o |, 

Uni Ans, °° * On-1.n-1 An-2 Le À Da eS 

0 : ay -° t Uno An-1 1 pi pr” he ProD 


where, of course, px“? == dit, + bi We will show that S is symmetric. It is 
apparent that the first row of Sy = the first column of Se = (0, ta, @2,°**, Ana). 
For (r, s = 2,- --,n) the elements ers of Sy are 


273 == Or, 3-1 + Gr (s-rty + bs-1), 
and hence ; 


rg — Csr = Ur,s-1 — Us,r-1 + Dr-1,8-13 


which in view of (3) and the fact that A is symmetric, is equal to zero. 
Therefore Sw is symmetric so that 


(5): ATS — Trå, (k=141,--+,14+h). 


Now let the partiel quotients in the period of (2) be inverted. The new 
period matrix is 
PE = TaT ina 0° Pia. 
Multiplying on the right by the auxiliary matrix A gives 
P*A = Tin Lo Tue (T4) = Tier ATANG Tiss (Ti A) TT 
and by repeated use of (5), we obtain P*4 — APT, Whence 
(P* —AI)A = A(PT— M), 
where À is an indeterminate. Taking determinants gives 


[PEA | A} ASP ul. 
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Since | À | is a polynomial in the a and 6; which is not identically zero, 
it may be divided aut, giving . 


(Pau | Pr, 


and this relation holds identically when the a;, bi, and À are considered as 
independent indeterminates. Hence the characteristic function of PT, and 
therefore P, is the same as that of P*. This proves the theorem. 


4. Conclusions. There are two other obvious types of continued frac- 
tions for which the characteristic equation is invariant under inversion of the 
partial quotients. First, those in which the partial quotient sets read the same 

‘backward and forward. Second, those which have just two sets of partial 
quotients in the period. This latter statement is true because of the well 
known matric theorem that the characteristic equation of a product of matrices 
is invariant under any cyclic permutation of the matrices. It also follows 
indirectly from Lehmer’s theorem. . 

Whether there are types other than the three listed for which the char- 
acteristic equation is invariant under inversion is not known. 
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REPRESENTATION OF LARGE INTEGERS BY CUBIC : 
POLYNOMIALS. 


> By Mary HABERZETLE. 


By use of the prime number theory we are able to prove the following 
theorem regarding the representation of all sufficiently large integers. Com- 
plete proof of this theorem and the lemmas is to be found in my dissertation 
at the University of Chicago. Only the theorem is proved here. 

Consider the ternary forms: 


A=a?+ a+ a, B=n? p t? + 2e, Ca + a? + bas, 
D — T? + Qu + 223", A E au T? + Rx? + 32537, F a wy? + 22" + Ars, 
G = ay? + 92 +67, H = m? + Pr + 52,7. 


Denote a general one of these by f = hiv? + haz? + haw”. 


THEOREM. Let m = 1, 2, 8, 4, or 5, and let t be a given positive integer 
prime to 6 or 80. For t prime to 6, let hi, he, ha be' given by any one of the 
forms, A,B,- +--+, G, and ce t prime to 80, let hi, he, hg be given by any 
one of the ee ms, A By! -,H. Then all sufficiently large integers are repre- 
sented by 


i 3 
n = ma? + tb? + > hi (cs + di). 
4-1 r 
We make use of two lemmas. 


Lemma 1. If pisa prime = 2 (mod 3), and if m is any integer not 
divisible by p, every integer not divisible by p is congruent modulo p” to the 
product of a cube by m. 


A proof of Lemma 1 has been given by L. E. Dickson.? 


Lemma 2. If t is a positive els prime to 6, bes integer = 23°¢ is 

represented by ty? + 6f, where y = 0 and f—A,---,G. If tisa positive 

o prime to 30, pereg integer = 23°t is repr esonted by ty? + 6f, where 
= 0 andf=A,---,H. 


1 Received August 10, 1986; revised October 29, 1936. 

ZL. E. Dickson, “Simpler proofs of Waring’s theorem on cubes, with various 
generalizations,” Transactions of the American Mathematical Society, vol. 30 (1928), 
p. 2. 
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Proof of Theorem. Let w = 2(he + he + hg), and let r be the real ninth 
root of (w + m + ét)/(w + m + nt) s where é is a positive number such that 
m + ét = 6, and where 0 <y < é Thenr > 1. It is known that the number 
of primes = 2 (mod 3) which exceed x and are SS rv increases indefinitely 
with x. Choose as a the first radical in (1). Then for all sufficiently large 
integers n, there exist at least ten primes p such that | 


(1) [m/(w +m + é) J” < pS [n/(w +m +t)”, p=? (mod 3). 


The product of the ten primes exceeds [n/(w + m + ét) ]*°/? and hence ex- 
ceeds n if n > (w + m+ ét). Hence, not all ten are divisors of n. In 
what follows, let p be a prime > m, not dividing n, and satisfying (1). By’ 
Lemma 1, there exist integers a and M satisfying 


n = ma? (mod p°), n — ma = pM, 0<a< p. 
By (1), : 
(w+ m+ nt) p? Sn < (w + m + ét) p. 
Therefore, 
(w + m + nt) p — mp < n— ma = pM, 
PU <n< (w+ m é)p. 


f Cancellation of the factor p? gives 
(w + qt) p < M < (w4 m + ét) ps. 
Write M = N + wp*, Then 
itp? < N < (m + £t) p° S 6p". 


For n sufficiently large, np? = 23%. Then N > 23%. By Lemma 2, N can be 
represented by ty? + 6f, f = hat? + hows? + hsv’, y 20. Then 


n = ma + t(py)* + 6fy? + wp? ; 
= ma + (py)? + E hel (p + t)? + (pP a1)? ), 


If any | z: | 2 p°, NZ 6p, contrary to the above that N < 6p°. Therefore, 
‘each cube is = 0. This proves the theorem. ; 
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GROUPS OF ORDER 64 WHOSE SQUARES GENERATE THE 
FOUR GROUP 


re By G. A. Mrzumr. 


1. General theorems. When the squares of the operators of a group 
generate the four group its order is obviously of the form 2” and the number 
of these groups whose commutator subgroup is of order 2 is known to be 
%m/2—12 when m > 2 is even and 7(m—-1)/2-—-9 when m.> 8 is odd. 
The order of the commutator subgroup of ‘such a group cannot exceed 4 
since the quotient group with respect to the subgroup generated by the 
squares is abelian. When the order of this commutator subgroup is 4 it is 
the four group and-it appears in the central of the group. The determination 
of all the groups which have the four group both for the group of their squares 
and also for their. commutator subgroup presents many difficulties which remain 
unsolved. The order of such a group is at least 32 and it is known that there 
are 9. such groups of this order? The present article is devoted to the de- 
termination of some general properties of these, groups by means of which 
all such groups of order 64 can be readily determined. These properties seem 
to exhibit a better method for the determination of all the groups of order 64 
than the one used in an earlier volume of the present journal,’ 

Let @ represent a group which has the four group both for the group of 
its squares and also for its. commutator subgroup. When the order of G is 32 
then it contains an abelian subgroup of order 16 and each of its other opera- 
tors has four conjugates. Hence none of these operators appears in an abelian 
subgroup of order 16. Whenever the order of G exceeds 32 then every one 
of its operators appears in such a subgroup. This theorem applies to all the 
groups which have the, four group as the group generated by their squares 
since this four group is then in the central of the group and the corresponding 
quotient group is the abelian group of type 1”. To prove the theorem in ques- 
tion let s represent any operator of the group and consider the subgroup 
composed of the operators. which are commutative with s. This subgroup is 
at least of order 16. If it is of this order it includes the central.of G and 


1 Received July 18, 1936. 


3G. A. Miller, Proceedings of the National Agademy of Sciences, vol. 22 (1936), 
pp. 112-115. 


8 G. A. Miller, vol. 52 (1930), pp. 617:636. 
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hence it is abelian. If it is of largér order it includes an abelian subgroup 
of order 16 which tontains s. s 
° When G is of order 64 all of its operators appear in five subgroups of 
order 16 which have the group of the squares in common and satisfy the con- 
dition that no two of them have any other common operator. This results 
from the fact that the abelian group of order 16 and of type 1* has the property 
that all of its operators appear in five subgroups and hence every two of these 
subgroups have only the identity in common. When the order of G exceeds 64 
it contains a subgroup of order 64 which satisfies the given conditions. The 
first of these five subgroups can be chosen arbitrarily and the second can then 
be any of those which has only the group of the squares in common with the 
first. To prove that these five subgroups can be so chosen that at least two of 
them are abelian it is only necessary to prove that we can use for the second 
an abelian group after the first has been so chosen that it is abelian. When the 
first of these is contained in an abelian subgroup of index 2 this is obvious. 

When the first of these subgroups is not contained in an abelian subgroup 
of index 2 we may consider the abelian subgroup of order 16 which includes 
_an operator not contained in the first of these subgroups. If this second abelian 
subgroup has only four operators in common with the first no further proof 
is necessary. If it has eight operators in common with it the two generate a 
group of order 32 whose central is of order 8 and which involves exactly three 
abelian subgroups of order 16. The abelian subgroup of order 16 which con- 
- tains an operator which is not found in this subgroup of order 32 has 8 
operators in common with this subgroup of order 32. These common opera- 
tors may be assumed to include the group of the squares of G. If they do not 
constitute the central of this subgroup of order 32 the first abelian subgroup 
of order 16 can clearly be so chosen as to have only four operators in common 
with the second. . 

In the other possible case G involves an abelian subgroup of index 2 since 
its central is of order 8, in view of the theorem which will be proved in $ 8 
that a necessary and sufficient condition that a group of order 64 whose com- 
mutator subgroup is the four group contains an abelian subgroup of index 2 
is that its central is of order 8. This proves the following theorem: Every 
group of order 2”, m > 5, which has the four group for the group of its 
squares contains two abelian subgroups of order 16 which have only this four 
group in common. 


2. Groups of order 64 whigh contain only five abelian subgroups of order 


16. Unless the contrary is stated it will always be assumed in what follows 
La 
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that both the commutator subgroup andethe group of the squares of G'is the 
four group. When G is of order 64 it*is generated by the two abelian sub- 
groups of order 16 noted at the close of the preceding paragraph. Suppose 
that every operator of G which is not contained in the subgroup generated — 
by its squares has four conjugates and hence that no two'abelian subgroups 
of order 16 have more than four common operators. In this case G contains 
five and only five abelian subgroups of order 16 and these subgroups include 
all the operators of G and every two of them have only the group of the squares 
in common. It should be noted that G contains also other sets of five sub- 
groups of order 16 such that they involve all the operators of G and that. no 
two of them have any operators in common besides those which appear in the 
commutator subgroup but each of these sets includes non-abelian subgroups 
of order 16. 

There is obviously one and only one such G in which the two generating 
abelian subgroups are both of type 14. This contains 36 operators of order 4 
and each of its three other abelian subgroups of order 16 is of type 2?. There 
is also one and only one such G which is generated by two abelian subgroups 
of types 14 and 2, 1? respectively. It also contains 36 operators of order 4 and 
two of its other abelian subgroups of order 16 are of type 2,1? while the 
remaining one is of typé 2. When one of the generating abelian subgroups 
is of type 1* it is not possible that each of the others is of type 2? since some 
of the remaining operators are clearly of order 2. Hence there are two and 
only two such groups of order 64 in which a pair of generating abelian sub- 
groups of order 16 includes the group of type 1+. 

Suppose now that G contains no-abelian subgroup of type 1* but that at 
least one of its abelian ‘subgroups is of type 2, 12. Since not all of its remain- 
ing operators could be of order 4 it results that such a G contains at least two 
abelian subgroups of type 2,1? and hence it is generated by two such sub- 
groups. When the operators of order 4 in these two subgroups have a common 
square and operators of order 2 contained therein transform each other into 
themselves multiplied by this square there results a G which involves 52 
operators of order 4. Its other three abelian subgroups of order 16 are there- 
-fore of type 2% When they transform each other into themselves multiplied 
by a different square thére results a G which involves 44 operators of order 4. 
Two of its other three abelian subgroups of order 16 are of type 2,1? and 
their operators of order 4 have the same square but this square is not the same 
as the square of the operators of order 4 in the two given generating abelian 
subgroups of order 16. ` ` . 

When G contains 60 opérators of order 4 badh of its five abelian subgroups 

. 2 
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of order 16 is of typé 2°. An operatox of one of two such generating subgroups 
could not transform all the operatorseof the other into their inverses since G 
would then contain more than three. operators of order 2. For the same reason 
an operator, of one of these subgroups must transform at least one operator 
of order 4 in the other into its inverse. It must therefore transform four of 
these operators into their inverses and the other two sets of four into them- 
selves multiplied by the common square of the other set of four. Hence the 
transformation is completely determined and there is one and only one such 
group of order 64. Hence there, are five and only five groups of order 64 
which separately satisfy the conditions that both their commutator subgroup 
and the group generated by their squares is the four group and that each of 
their other operators has four conjugates. 


3. Groups which contain an abelian subgroup of index 2. When G is 
the direct product of a group of order 32 which has the four group both for 
the group of its squares and for its commutator subgroup it contains an 
abelian subgroup of index 2 but the 9 groups which satisfy this condition will 
be excluded from the considerations of the present section. Hence we shall 
not consider here the case when this abelian subgroup is of type 1°. It was 
noted above that a necessary and sufficient condition that G contains an abelian 
subgroup of index 2 is that its central is of order 8. The necessity of this 
condition results directly from the fact that the order of the commutator sub- 
group of G is 4. Moreover, when the central of G is 8 and it contains a 
non-abelian subgroup of index 2 this subgroup has a commutator subgroup 
of order 2 and hence some of the operators of G which are ‘not found in this 
subgroup are commutative with 16 of its operators. In all the other groups 
considered in the present article the central is therefore identical with the 

` commutator subgroup. | = 

The abelian subgroup of index 2 contained in @ is characteristic since 
it is the only abelian subgroup of index 2 contained in G. When it is of type 
2, 18 then its central is of type 2,1 and hence there is one and only one such 

< group. It contains 40 operators of order 4 When the abelian subgroup of 
index 2 is of type 2°, 1 the central of G is again of type 2, 1 and two co-sets 
with respect to it are similar and involve only operators of order 4. The third 
co-set involves operators which have the same square as those of: the central. 
There are two groups when the operators of this co-set are transformed into 
themselves multiplied by the square of an operator of order 4 in the central. 
One of these contains 40 operators of order 4 and 24 of these have a common 
‘square while the other contains"56 operators of order 4 composed of 8, 24, 24 
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operators respectively which have a common square. A third group results 
when the operators of the said co-set are transformed into themselves multi- 
plied by an operator of order 2 which is not the square of an ‘operator of 
order 4 in the central. This involves 48: operators of order 4. Hence, ex- 
cluding direct products, there are four groups of order 64 which involve an 
abelian subgroup of index 2 and have the four growp both ae ee commutator 
subgroup and. also ae the gr oup of thew d'u | i 


4. Bons properties of the remaining -groups. . In. each of the remaining 
groups every pair of generating abelian subgroups of order 16 which have only 
the central. of G in common must satisfy the condition that at least four 
operators of each of these subgroups have two and only two conjugates under 
the other since not every operator which is not in the central of G. can have 
four conjugates. If one of these two subgroups has only four such operators 
the other will also contain only four such operators and the operators of G 
which have two conjugdtes will generate an abelian subgroup of order 16 
involving 12 such operators. Each of these two generating abelian subgroups 
will then cohtain’8 operators which have four conjugates under the other and 
G involves exactly seven abelian ‘subgroups of order 16. In the second possible 
‘case each of these two generating abelian subgroups contains 8 operators which 
have only four conjugates under the other. As four of these must give rise 
to a commutator which differs from the commutator to which the other four 
give rise each of these generating subgroup then contains 4 and only 4 opera- 
tors which have eight conjugates under the other. The operators which have 
only two conjugates under Gin this case generate G and such à G contains 
exactly nine abélian subgroups of order 16. 

In order to simplify the considerations which follow it is desirable to note 
that with the exception ‘of the groups which involve 60 operators of order 4 
_ each of the remaining groups contains a pair of génerating abelian subgroups 
of order 16 such that at least one of them is of type 2,1°. To prove this 
theorem it is only necessaty to prove that such a G contains at least one 
abelian subgroup of type 2, 12 which involves the commutator subgroup. For 
if another abelian subgroup of order 16 would have eight operators in common 
with this one the two would generate à group of ordèr 32 whose commutator 
subgroup would be of order 2. An abelian subgroup of order 16 containing 
an operator not found in this subgroup of ordet 32 would therefore have only 
the commutators of G iii common with the given group of type 2,17. If G 
did not contain such'a group its operators of omler 2 which are not found in its 
central would appear in one or more subgroups of type 1‘ Hence it is only 
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necessary to prove that if G contaifis a subgroup of this type it must also 
contain one of type 2, F. 

If G contains two subgroups of type 14 which have only the central of G 
in common then each of its four abelian subgroups of order 16 which has only 
the central in common with one of them contains four different operators from 
one of the three co-sets of G with respect to this subgroup, viz., from one which 
involves 12 operators of order 4. It therefore results that G involves an 
abelian subgroup of type 2,12. If it contains only one subgroup of type 1* 
` then not all of the remaining operators can be of order 4 and hence there is 
again a subgroup of type 2, 1°. It therefore follows that every group of order 
64 which does not involve 60 operators of order 4 but has the four group for 
its commutator subgroup and also for the group of its squares contains the 
. abelian subgroup of type 2, 1? unless each of its operators which is not in its 
central has four distinct conjugates. 


5. Groups in which the operators which have two conjugates generate an 
abelian subgroup of order 16. The operators of two of the co-sets of G with 
respect to one of a pair of generating abelian subgroups have four conjugates 
under this subgroup while the operators of the third of these co-sets have only 
two conjugates under the same subgroup but half of these operators have four 
conjugates under G. The four abelian groups of order 16 which have only 
the central in common with the given group of this order have eight operators 
in common in pairs. Four of these belong to one of the co-sets with respect 
to the given abelian subgroup of order 16 but their operators belonging to 
the other two of these co-sets are distinct. If one of the two generating abelian 
subgroups of order 16 is of type 2, 1? and the second is of type 1* the resulting 
G contains 82 operators of order 4 and the three additional ‘abelian subgroups 
which have only the central in common with the first are of type 2,1% This 
Gis also generated, by two abelian subgroups of type 1* and hence there is 
only one such group. 

When G involves an abelian subgroup of type 1* but no such subgroup 
which has only the central in common with it, it contains 48 operators of 
order 4 and these have only two distinct squares in sets of 24. Hence there 
are two and only two groups which come under the present heading and in 
which the operators having two conjugates generate the abelian group of type 
1*. When the operators which have two conjugates generate the abelian group. 
of type 2, 1° and G involves a second abelian subgroup of this type which has 
8 operators in common with At, these 8 operators may constitute the group of 
type 1° or the group of type 2, 1. In the former case there are two groups 
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which involve separately 48 operators of erdèr 4. In one of these 32 operators 
of order 4 have the same square while ifi the other at most 24 operators have 
this property. When the 8 operators of the abelian group of order 16 and of* 
type 2, 1° which is generated by the operators which have two conjugates and 
appear in the given abelian subgroup of type 2,1? constitute the group of 
type 2,1 it may be assumed that at least one of the four generating abelian 
subgroups of order 16 which have only the central in common with the given 
one of type 2, 1? is either of type 1* or of type 2, 1°. 

‘ When the first of these two conditions is satisfied there are two groups 
involving 82 and 40 operators of order 4 respectively. When this condition 
is not satisfied none of the remaining four generating abelian subgroup in - 
question is of type 1* but at least one of them is of type 2,12. There are three 
such groups involving 40, 48, 48 operators of order 4 respectively. Only one 
of the last two involves 32 operators which have a common square. Hence 
there are 7 such distinct groups of order 64 which satisfy the condition that 
the operators which have two conjugates generate the abelian group of type 
2, 17, and 2 in which these operators generate the abelian group of type 1*. 
It remains to determine those in which these operators generate the abelian 
group of type 2? and hence the given subgroup of type 2, 1? involves four 
operators of order 4 which have two conjugates under the group, and all the 
operators which have two conjugates are of this order. There are three such 
groups involving 40, 48, 56 operators of order 4 respectively. Since a group 
in which the operators which have two conjugates generate an abelian group 
of order 16 could not contain 60 operators of order 4 there are 12 and only 
12 groups of order 64 which have the four group both for their commutator 
subgroup and for the group of their squares and satisfy the condition that 
their operators which have two conjugates generate an abelian subgroup of 
order 16. ' ; 


6. Groups which are generated by their operators which have two con- 
jugates. Since the four group is assumed to be the central of ‘each of these 
groups each of a pair of generating abelian subgroups of order 16 involves 
8 operators which have two and only two conjugates under the other. There 
are 8 other operators in G which have two and only two conjugates while the 
remaining 86 operators of G have four conjugates. For each of the 9 abelian 
subgroups of order 16 contained in @ there are 4 others which have four 
operators in common with it and 4 others which have eight such common 
operators. We shall first determine all these groups which involve at least 
one abelian subgroup of type 14. E 
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There is one and only one growp in which a pair of generating abelian 
subgroups of order 16 is composed of ‘groups of type 14. .It contains 28 opera: 
“tors of order 4. Two sets of 12 of these operators have a common square but 
the squares of one set are not the same as those of the other. The remaining 
4 have the third commutator of order 2 for their common square. When G 
contains at least one abelian subgroup of type 1* there is a pair of generating 
abelian subgroups of order 16 which includes it. We proceed to determine 
those groups which involve one such subgroup but not a pair of such generating 
subgroups. Two of the co-sets of the group with respect to this subgroup of 
type 1* are conjugate. If we multiply the operators of these co-sets successively 
by operators of order 4 whose squares appear therein there result two con- 
jugate groups of order 64 involving 36 operators of order 4 but if we multiply 
the operators of these co-sets by an operator of order 4 having a different 
square there résults a group of order 64 which has 44 operators of this order. 
Hence there arè three such groups of order 64 which ‘involve separately 9 
abelian subgroups of order 16 and include such a subgroup of type 14. 

It remains to determine the groups which do not contain an abelian sub- 
group of type 14. Near the close of § 2 it was noted that there is one and 
only one group of order 64 which contains 60 operators of order 4 and in 
which every operator of this order has four conjugates. Hach of the other 
groups determined above involves less than 60 operators of order 4. Any 
additional groups which belong to the category of groups considered in the 
present article and involve 60 operators of order 4 must therefore come under 
the present section. We proceed fo determine these groups. 

“A pair of abelian generating subgroups of order 16 in such a group which 
have only the central in common must satisfy the conditions that each of them 
is of type 2? and that each involves two independent generators such that one 
of them is commutative with one of the other having a different square and 
transforms the second of the other into its inverse. As the co-set which in-, 
volves the former of these generators involves operators of order 4 having two 
distinct- squares the group of order 32 ‘thus obtained is completely determined. 
A second independent generator of | the former of these subgroups can be 
chosen in ‘two essentially different ways and hence there are two such groups 
which involve 60 operators of order 4. In one of these 36 operators of order 4 
have the same square while in the other at most 28 of these operators satisfy 
this condition. Hence there are thr ee and only three groups of order 64 which 
satisfy the conditions that they separately involve 60 operators of or der 4 and 
have the four group both for éhe group of their squares and for thew com- 
mutator subgroup. Only Ie of these three groups belong to the present 
section. ° 
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Since the remaining groups which belong to the present section cannot 
involve an abelian subgroup of type 1f and cannot involve 60 operators of 
order 4 they must involve an abelian subgroup of type 2, 1° and the four other 
abelian subgroups which have only the central in common with this subgroup 
are of one or more of the following two types: 2, 1°; 2%. Suppose first that G 
is generated by two such subgroups of type 2,1? whose operators of order 4 
have the same square. Not all of their operators of order 2 can be commutative 
since these groups are supposed to contain no abelian subgroup of type 1*. 
There are two such groups in which all the operators of one of these sub- 
groups are transformed into their inverses by an operator of the other. One 
of these contains 44 operators of order 4 while the other contains 52 such 
operators. Each of these groups contains four other abelian subgroups of 
type 2,1? and the operators of order 4 in these have the same square as in 
the two given generating subgroups of this type. 

Suppose that G is generated by two abelian subgroups of type 2, 1? whose 
operators of order 4 have the same squares and that one of these subgroups 
again contains an operator which is commutative with the operators of order 2 
in the other but which does not transform into their inverses the operators of 
order 4 in this other. There are three such groups. Two of these involve 
44. operators of order 4 while the third involves 52 such operators. The last 
of these groups can easily be distinguished from the one noted in the preceding 
paragraph which contains the same number of operators of order 4 by the 
fact that the latter contains 36 such operators having a common square while 
the former contains at most 28 such operators. To distinguish the three given 
. groups involving 44 operators of order 4 it may be noted that in one of these 
there are at most 20 operators of order 4 which have a common square while 
in each of the others there are 28 such operators. The latter can easily be 
distinguished by the fact that in one of them all the operators of order 4 in 
the abelian subgroups of type 2, 1° have a common square while in the other 
these operators have two different squares. 

We have now determined the five groups which are generated by two 
abelian subgroups of type 2,1? such that one of these subgroups contains 
operators which are commutative with the operators of order 2 in the other 
but not with its operators of order 4 and that the operators of order 4 in 
these generating subgroups have a common square. If the two generating 
abelian subgroups of order 16 satisfy these conditions with the exception that 
operators of order 4 of the one are commutative with operators of order 4 
of the other there result two additional groups. One of these can readily be 
distinguished from those which precede by the fact that it involves 36 opera- 
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tors of order 4. The second involves 44 such operators but only four abelian 
subgroups of type 2, 1? while the preceding group which contains 44 operators 
‘of order 4 involve a larger number of such subgroups. Hence there are seven 
and only seven groups of order 64 which separately satisfy the three conditions 
that both the group of their squares and their commutator subgroup is the 
four group, that each of them is generated by its operators which have two 
conjugates and also by two abelian subgroups of type 2,1? whose operators of 
order 4 have a common square. 

If a group is generated by two abelian subgroups of type 2,1? whose 
squares are different but not by two such subgroups whose squares are the same 
it may be assumed that these two squares are fixed. There is one such group 
in which all the operators of order 2 in. one of these generating subgroups are 
invariant under 8 operators of the other. This group contains 52 operators 
of order 4 and four abelian subgroups of type 2, 1° but those whose operators 
of order 4 have the same square have more than 4 common operators. There 
is also one such group in which there are operators of order 4 in one of these 
subgroups which are commutative with 8 operators of the other. This group 
also contains 52 operators of order 4 and four abelian subgroups of type 2, 1°. 
These appear in two sets of two each such that these operators of order 4 have 
a common square but each such pair has 8 operators in common. 

It remains to consider the groups which separately involve no two gen- 
erating abelian subgroups of type 2, 1? but involve at least one subgroup of this 
type. There is one such group. It contains 52 operators of order 4 and two 
abelian subgroups of type 2, 1? but these have eight operators in common and 
hence they do not generate G. Each of its remaining seven abelian subgroups | 
of order 16 contained therein is of type 2°. | 
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NECESSARY AND SUFFICIENT CONDITIONS FOR GENERATING 
CERTAIN SIMPLE -GROUPS BY TWO OPERATORS 
OF PERIODS TWO AND THREE: 


By ABRAHAM SINKov. 


1. Introduction. Necessary and sufficient conditions for generating the 
simple groups of order 60, 168, and 660 by two operators of periods two and 
three are already known.’ Professsor G. A. Miller * has shown that no such 
definition is possible for the simple group of order 360. The purpose of the 
present study is to determine necessary and sufficient conditions for the two 
remaining simple groups Gso4 and Groo2, whose orders do not exceed 1092. 

In addition to the above-mentioned groups, Gates has been studied by 
K. E. Bisshopp * who showed that there are only two abstractly distinct ways 
in which this group may be generated by’ two operators of periods-two and 
three. However, each:of his abstract definitions ‘required nine distinct re- 
strictions upon the generators to insure sufficiency and apparently no attempt 
was madé to study their independence. It will be shown in the present study 
that five conditions are sufficient to define the group completely in either case. 


2. General relations. The various definitions which will be obtained in this 
study will all be based on the relations S* = T? = (ST)* (SATAST)r — 1, 
which we shall designate (2,3,n; p). However, instead of employing the 
generators S and T, we shall introduce the following substitution : * 


LG" sare 
Q—(ST}S T=P*Q.-: 


1 Received April 22, 1936. 
2H. R. Brahana, “ Pairs of generators for the known simple groups whose orders 
are less than one million,” Annals of Mathematics, vol. 31 (1930), pp. 543-544. This 
paper will hereafter be réferred to as “ Pairs of generators.” 
3G. A. Miller, Bulletin of the American Mathematical Society, vol. 7 (1900-1901), 
p. 426. í 
.“ Bulletin of the American Mathematical Society, vol. 87 (1931), p. 99. 

i ‘5 This same substitution for (ST) — 1 was used by Professor- Brahana in his paper 
“Certain perfect groups generated by two operators of periods two and three,” American 
Journal of Mathematics, vol. 50 (1928), p.-849.- Bhis paper will hereafter be referred 
to as “ Certain perfect groups.” 56 te RE Ur | 
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Since Q = S1(S2TST)S, its perioduis the same as that of the commutator 
of a and T. Hence the relations (2,%,n; p) will be replaced by 


Pr = Q = (QP) = (OP) ml. 
The set of relations (2, m, n; p), i. e. 
8” = T? == (ST)” = (SHT ST)? =1 
is intimately connected with the relations 
A” = B" = 0 = (AB)? = (BC)? = (CAY = (ABC)? = 1 


which have been studied by Dr. H. S. M. Coxeter. He has designated the 
group defined by these relations G™»*™? and has shown that if any one of the 
numbers m, n, p is even (say p) then G™®™? contains as a subgroup of index 
two the group defined by (2, m, n; p/2). Should two of the numbers be odd 
(say n and p) then, by putting Q —C?; P = A, he is enabled to express the 
relations G#? in the form 


Pr = Q? = (Q292 P)? EA (QP?)™ 
= {(QP?) (m-1)/2 P} = {Q2 (QP?) (m-1)/2}2 asi 


These relations are not all independent; in fact any one of the last three may 
be considered redundant. Putting m = 3, we may write 


Goin = (2,38, n; p); (QPP P)? =1, 


and observe that either one of the relations (QP°)? = 1, (QP?) = 1 may be 
replaced by (Q‘**)/? P?)? == 1, 

For convenience in some of the tnt which will be required 
throughout this paper, we will now establish some consequences of the relations 
(2,8, n; p). 

QP?Q = PQP- = P- P3Q 2. Pe 


hence 
QP°Q = PQP (1) 
P?QPQ* =P. PQP . Qe oe PQOP?Q™ 
= Q . P°2QPQ* - Q mae Qe $ P?QPQ* $ Q 
= QP. PQ - P = Q*P3Q>P 
whence 


‘(P?QPQ%)?=1 and also (PQP2Q*)? = 1. -(2) 


e These results, which have beer® communicated to me by Dr. Coxeter, have not yet 
been submitted for publication. 
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From (1) : 
QP = P2g-7PQ*= P: si PQ : i 
— POPQ : . 
P°Q: + P = Le P+QP4Q 2e QP 
(QP*)* = 1. . | | (4) 
From (2) f 


PQ? - PQP- PPQ = 1 
P-P? -PQP-Q=1 
(QP?) =1. = (5) 


These results lead to some new properties in connection with the in- 
dependence of the relations defining G®*? (n, p odd). We have from (2) 


QPQeY? P= PQ-192] P“qQ> = PQ . Qo Upet) 72) p-1 5 Q+. 


If we assume (Q@Y/?P)?-=1, the right member becomes P2QPQ%21/2, 
Hence P?:QPQ?Y. P? = QPQ2/, If now, the period of P is an odd 
number, this leads to 


QPQeY? Ris PQPQ (p-1)/2P — PQP . Qever . PQ (pr1)/2. Qe 72) 
= QP°2Q z Qe? Qien/IPAg lon) a QP 
whence Q? = 1. 
Therefore, the relations (2, 3, n) ; (QP)? = 1 imply Q? = 1 and give 
a complete definition of G*™? provided n and p are both odd. These relations 
are independent whenever n > 5, p > 5. 
In the same way, starting with the operator QPQ%®/2P?, it can be shown 
that the relations (2,3,n; p); (Q@®/*P?)* = 1 imply (Q@YP)? = 1. 


3. The simple group of order 504. We proceed first to determine the 
number of different ways in which Go, may be generated by two operators of 
periods two and three.” The 63 operators of period two are all conjugate ê and 
it is therefore sufficient to consider only one of them, say 


T = (1, 3) (2, 6) (4, 5) (7,8) 


as a possible generator. The largest subgroup of G within which T is invariant 
' is abelian, of order eight and type (1,1,1). It is generated by T and the two 
operators 


TThe general procedure to be followed has been outlined by Professor Brahana in 
“Pairs of generators,” pp. 542, 543. 

8 The properties of Gs and Gio. which are made use of here as well as the method 
of representing these groups as permutation groups are given in Diekson’s Linear 
Groups with an Haposition of the Galois Field Theogy (1901), chap. XII. 
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T = (1, 4) (2, 8) (3, 5) (6,7); a T” = (1, 7) (2, 5) (3, 8) (4,6). 
(J 


Under this subgroup, the 56 operators of period three aré divided up into seven 
sets of conjugate operators; the members of each set satisfy with T the same 
abstract relations. We give below one operator from each set and note the 
period of its product with T. 
| | Period of ST 
Si = (2, 5, 3) (4, 7, 6) (1, 9, 8) D 
S: = (8, 6, 4) (5, 1, 7) (2, 9, 8) 
Sz = (4, 7, 5) (6, 2, 1) (3, 9, 8) 
Ss < (5, 1, 6) (%, 3, 2) (4, 9, 8) 
Ss = (6, 2, 7) (1, 4, 3) (5, 9, 8) 
Se = (7, 3, 1) (2, 5, 4) (6, 9, 8) 
S: = (1, 4, 2) (3, 6, 5) (7, 9, 8) 


wees wo ww wo 


The permutation D = (1, 2,4) (8, 6,5) which corresponds to the trans- 
' formation Z’ == Z? transforms Goo: into itself according to an outer auto- 
morphism. It is commutative with T and transforms S, into S2, Sa into Sa. 
Hence the relations satisfied by T with S, are the same as those satisfied by T 
with either 8: or Sa Similarly D transforms S, into Se, Ss into Ss. Hence 
these three operators satisfy the same relations with T. Since T and 9, 
‘ generate a dihedral group of order 6, it follows that there are only two posssible 
definitions for Gso. 

Now, it has already been shown by Professor Brahana ° that the relations 
(2, 8,7; 9); (QSP?2)? = 1 are sufficient to define Go. It follows from the last 
result in Art. 2 that these relations imply (Q%P)?—1. Hence Goo. == G*"9, 
This result enables us to set down at once a complete definition for both cases. 


THEOREM. Two operators of periods two and three generate Gsos of ‘and 
only if they satisfy one of the following sets of independent relations 


A: (23,7); (P) =1 
B: (2,3,9); (Q*P)}?—1. 


It can be shown that the condition (QP)? = 1 in A may be replaced by 
(Q°P?)* = 1. Hence the relations used by Professor Brahana to define Gsos 
are not independent. 


4. The simple group of order 1092. The 91 operators of period two con- 
0 A 2 Fy ane 4 s 
9 Certain perfect groups,” p.354. 
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tained in Grose are all conjugate and it is again sufficient to consider only one 
of them. We choose it to be ! 


T = (1,12) (2, 11) (8,10)(4, 9) (5, 8) (6, 7). 


The largest subgroup of G within which T is invariant is the dihedral group 
of order 12 generated by 


(1, 4, 8, 12, 9, 10) (2, 8, 6, 11, 5, 7) 
and : 
_ (1, 12) (2, 6) (8, 4) (7, 11) (9, 10) (18, 14). 


Under this subgroup the:180 remaining operators of period three are divided 
up into 16 conjugate sets. Of these, two contain only six distinct operators 
each; the remaining 14 sets each contain 12 operators. As in the case of Gsoa, 
we give below one member of each of these sets together with the period of its 
product with T. 


Period of ST 


Sı = (1, 13, 19) (2, 3, 6) (4, 9, 11) (5, 12, 7) 6 
8.—8,? 6 

— (2, 10, 4) (11, 18, 5) (8, 6, 7) (8, 12, 9) 6 
Ia = 8° 6 
Ss = (3, 10, 12) (4, 6, 13) (5, 11, 8) (14, 9, 7) 3 
Se = I5? 3 
Sr = (2, 11, 14) (3, 4, 8) (š, 9, 10) (6, 13, 7) R 
Ss = (1, 18, 12) (9, 4, 14) (3, 8, 6) (5, 10, 7) 2 
Sp = (2, 8, 9) (4, 14, 13) (5, 10, 6) (7, 12, 11) 7 
So = (2, 7,8) (3, 10, 11) (5, 18, 9) (6, 12, 14) 13 
Su = (2, 8, 4) (6, 9, 11) (7, 12, , 14) (8, 10, 13) Y 
Si = Sn? 7 
Sis = (2, 14, 5) (3, 9, ne 7,11) (8, 10, 12) 7 
Sis = B13” vd 
Sis = (1, 10, 6) (3, 8, 9) is 11, 12) (7, 18, 14) Y 
Sig = (1, 10, 4) (8, 6, 14) (5; 12, 8) (9, 18, 11) 13 


Since no group satisfying the relations (2,3,6) is simple,!° it is obvious 
that none of the first eight of the above operators when coupled with T will 


generate the entire group. S,» and Sj, satisfy with T the same defining rela- 
tions as do S;, and S813, respectively. 


So is transformed into Ss by the substitution . 


#G. À. Miller, nest Journal, vol. 33 (1901- 1902), p. 76. 
TE 
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(1, 2) (3, 5) (4, 7) (6, 9) (8,:10) (11, 12) (13, 14) 
which is commutative with 7. Similarly 810 is transformed into Sig by 
(1, 7, 10, 5, 9, 11, 12, 6, 3, 8, 4, 2) 


which is also commutative with T. Hence there remain only Ss, S10 S11 and 
Sis to be considered. The periods of the commutators of 82, Si: and Si, with 
T are respectively 13, 6,7. Hence there are four distinct definitions for Grose. 

It has already been proved that the relations (2, 3,7; 6) and (2,8,7; 7) 
are sufficient #4 to determine Goss. We pass then to the definition in terms 
of (2,3,7; 13). That these four relations are not sufficient to define G:652 
follows from the fact that Professor Brahana has shown that the simple group 
of order 9828 can also be generated by two operators satisfying the same 
relations.1* It becomes necessary then to consider a fifth condition, and it 
will appear in what follows that the new relation (Q?P*)* —1 is sufficient 
to define Grooe. Indeed, it will be shown to be sufficiently strong to make the 
condition Q% == 1 redundant. 

We first consider some consequences of the initial relations (2, 3,7); 
(Q?P*)§ = 1. In order to facilitate the verification of the manipulation which 
follows, a number has occasionally been written to the right to indicate the 
particular relation in Art. 2 which is being used in the process of simplification. 

QPR PQP? = QSP°QSP* - Qr1P4. Ps 
= Q°P5Q?P%- PQP®QP®. 


But PQOP*QP* — PQP - P*QP*-P (1), (4) 
— QPSQ"1P = QP : PQ . P 
= Q : POP*Q- Q7 = PQI (3) 


QPR PQP? = Q(Q2P*)*Q> Sa 
Q*®P8Qs = P5QP5, 
Now PQP? = P3 (QP*) P’ is of period two. Hence Q°P* is also of period two. 
Therefore 
QE = PQP = P7Q- Qt- QP | (1) 
— QPQ7P? 7 Qt . P?Q>PQ 
Q == PQ :P-+ . P AGP 0 s P — P? r PAQPA . QP?Q-+P? (2), (1) 
u P2 . QP207 3 QP20-*P? a P?Q?P? 


1 = QOP°Q°P?Q-° — QP?Q - Q°P?Q-* (1) 
= P- QPQ'P?- Q5 = Pga PAQA (2) 
(TPY = 1. 





* L 2 
n“ Certain perfect groups,” p. 354; A. Sinkov, Bulletin of the American Mathe- 
matical Society, vol. 41 (1935), P; 239. 
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It now follows from. the results at the end of Art. 2 that Q=} = 1 is a 
consequence of the initial relations. Ité¢then results from Dr. Coxeter’s work 
that (QP?) = 1 and that the group in question is either G#71 or a quotient 
group of it. 

With the aid of these further relations, it becomes a-simple matter to 
prove that the conditions (2, 3,7); (Q?P°)3 — 1 define G:092. The procedure 
and the notation are the same as those used by Professor Brahana * in his 
study of (2, 3,7; 6). 

Every combination of P and Q is reducible to an operator in some one 
of the 156 co-sets obtainable from those listed below. 


a=1 e = QP i= QP: 
b = QP f= PP j= QP 

c= QP’ g = QP: k = QP? 
d= QP h = Q2P5 1— Q°P4. 


The representation of P and Q as permutations of these 156 symbols is as 
follows: 
= (Milo ` ` Ay) (bbb: bi): (hh: - h2) 
P == (abbisticdc:) (azefcraghi) (asjkgisthadio) 
(aajolzlinkodsio) (aseskakserastr) (Geb sf,€ofs0247) 
(astod5kals610)r) (drodshslagokie)s) (@rtahog1C2f 2612) 
(bifrbirdretistsd ) (bok11€1141191084h10) (bseojagoliotrhe) 
(bskejolofocsde) (bed, Cofelsfroks) (bohatslr9 5108) 
(Biohisdogatatik) (Cufalitilsf19C11) (eshif slof. 12ħs610) 
(esisfsf 119110997) (dskok1od11938911) (€sbisPrrleestrots) 
(fsfroltcgekegsha) (a) (be). 
As a corollary to this definition of Giose we will now determine the order 
of G18 == (2, 3, 7); (QP)? =1. We shall prove first that these conditions 
imply (Q?P°)® = 1. 


POQ?PQ? — PQ . QP3Q . Q"1P5Q 


= POPIQ: QP PQ? = QPQ*P° (3), (5) 
= Q?P®- PQP - Q?P? = Q?P*Q - P3Q - Pe (3) 
= PPQP 


whence (PQ?PQ?)? = 1. From this result, we have 
PSQ?P5 = Q?PQOUPQ? | 
Q?P5Q2PSQ? — QPRP! . Q° Le Q:PQ"PQ"POTP 
(QP) = Q (QP) =Q. . ‘ 


_ 18“ Certain perfect groups,” pp. 352, 353. 
es 
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that is, (QPP?) is transformed into its inverse by Q*: It is therefore com- 
mutative with Q and, ds a result (QP5)$— (QP); (OP) EL 4 
- We see then that Grose is a factor group of G®™18, obtained by adjoining 
the additional restriction * (Q?P°)* = 1.. The varie subgroup which gives 
rise to Gioge as a-quotient group is the group eee by the complete set 
of conjugates involving (Q?P*)*. i 
Now (Q?P°)® is invariant under transformation by Q and is therefore 
.equal to (P°Q?)*. It is also invariant under transformation’ by P. For, 
P(P°Q?) P> = (Q?P*%)*. Therefore (Q?P°)* is invariant in G*718, and the 
order of this perfect group is consequently 2184. 
A complete definition for Giose-in terms of (2, 8,13; 7) can be readily 
obtained from the definition based on (2, 3,7; 13). We have already seen that 
Grosz may be defined by 


O: PT Qi = (QP*)* — (QP*)* — (QP)? = (QEPO) = 1. 


Let us now introduce the substitution P? — Q; Q — P? and let us require that 


P —1. Then P= a = Q". The defining relations become 

D: Pi Qt (GP) = (GP = (GP)? = (PP = 1, 
in which the ee by P and Q in C have been interchanged. Since 
the additional condition (Q?P%)* 1 has been replaced by (Q*P*)*=1 it 


follows that G1os2 is completely defined by (2, 8,18); (Q°P*)3 =1. We have 
then the following necessary and sufficient condition: 


THEOREM. Two operators of periods 2 and 3 generate the simple group 
of order 1092 if and only if they satisfy one of the following sets of in- 
dependent relations 
A: (2,3,7; 6) 

B: (2,3,%3 7) 
C: (2,8,7); (OP) =1 
(2,3,183); (QP — 1. 


oS 


5. The simple group of order 5616. It is easily verified by direct cal- 
culation with the generating permutations given by Bisshopp that the period 
of the commutator of § and T is four for one pair of generators (the pair for 
which $— R1$R) and six for the other (S— RSE”). Hence Ges is a 
factor group of (2, 3,13; 4) and (2,3,18; 6). We consider first the case 
Q* = 1 and proceed to show that one further restriction on P and Q is sufficient 


1 Dr. Coxeter has found that this additional restriction is equivalent to (OBA }"= 
where the operators A, B, and C are the generators of @®®13 in his definition. 


[2 
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to define Go. This additional satiny is-QPTQPT = P*Q?P"Q? which im- 
plies (QP°)*=1. For,. ' ` 


QPTOPT = n QP- Pugepn. Pr QP“QSP+ 
QPRP = QP PQ? = aes = (PQ?) 70 (PQ?) ` 


This in turn implies (QP#)#—1. For, 
QP? = QP5: PS = PRQSPS — P7 ( PQ?) Pe. 


The period of QP’ is also four since QP" = QP- - PY = PPQP. The 
proof of sufficiency will consist in showing that the five relations chosen can 
be used to establish all of the conditions given by Bisshopp. The reduction 
of these conditions to expressions involving P and Q will be omitted as that 
involves no particular difficulty. The following reductions will Free be 
found useful in simplifying the process. 


S— PQ? 
ST = PQP” 
(ST): = P:Q2P°QP2Q 
TST = gregor 
(1) (PIQPN)s = 1 . 
(PQP) 2. — PoP? PQP» 
= Q PH. QEP”. QP 
E Va Q?PQ? $ PLQ: P Q 
= PPQ 
= (PQ) *P*Q*(P*Q) 


(2) QPY QRP QPR PHQ? viik P3Q3P2QP+0S PS0??? 
` L QPRP QPR . PYQPPHQ? . P'OP°QP#QP" = 1 (5) 
QOPHQ?P*Q3P? . QP°0P° x QSP1QP10 =] : (5) 


QPROP* . QSPSQSP5. Q2P5Q = Í 
Q . PugePpug?p x Q peses Qt = 1 


(8) (QPP?) = 1 
j (QP#Q°P*)8 == QP: QP? - giir 
= OPPO P*Q' Pt - PHY? - P5Q (5) 
— QP QI P+O? ë P&Q?P7Q? . Q? 
a= QPRP. . QP* . PQP*®Q® 
y= (POPEQ*) QP (POPR) 
6 
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(#) PQ PQP’ oes PQPP 
POP A QP: y Q PEQEP’? = | (3) 
P:Q:- FQ: Ps: Q2PHQs- Pe — 1 
P5QPSQP" = ps == 1 
(5’) PPO?PPY?PYOP®Q we. POPQ?P™O 
QP*Q2PSQPLOPSQ2PE = 1 
QP? 3 PQ? P? FS P?Q Š QP OP®Q?P™ eis 1 (5) 
PHQSP1QP1 - QPY°QPLQP . Pug?eP — 1 
PUQ?PUQP - Q*P4- QPL = 1 
PQPI- OPQ : POPL — 1 
.PHQSP1QS Fy Pp} = 1 
Ps — 1 
(6’)35 PQ? PPQ PYQPY = QPTQP°Q 
P5QRPPQ PHQ? è Pugs e: PQ PQ == 1 
PQP? Q? , POS š P2QPSOSPSQ = 1 
P? R POPE y P5QPSO5PSQ m 1 
P°QP°Q - PSQSPSQ = 1 
Q*P*- QSPLQ®: PQ — 1 
Q—1. | 
It follows then that Gsc1 is completely defined by the relations 
(2, 8,13; 4); QPTOPT = PEPO. 
In the same manner as above, it can be demonstrated that one additional 
restriction Q?P°Q? = P205P? adjoined to (2,3,13; 6) is sufficient to define 
Gss The manipulation is considerably more involved but the procedure is 


essentially the same. 
We have then the following theorem: 


Two operators of periods two and three generate Gein tf and only if they 
satisfy one of the following sets of relations 
A: (2,8,13;4); QPTQPT = PRPO? 
B: (2,3,13;6); QPR? = PQRP. 


The author wishes to express here his extreme indebtedness to Dr. Coxeter 
for the many valuable suggestions and criticisms received in the course of this 
research. 


WASHINGTON, D. C. 


1 N.B. There is a typographical error in the statement of this relation. The 
right member should be S(ST):S (87) 38°. 
¢ e 
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HYPERGROUBS.' ` 


By H. S. Watt. 


- A hypergroup is a system in which any two elements a, b can be combined 
to form the product ab, which is a complex of n not necessarily distinct 
elements of the system. Here n is a fixed integer = 1. If n= 1 the hyper- 
group reduces to an ordinary group. If [ab], called the bracket product, 
is the set of all the distinct elements of ab, the totality of elements a such 
that [ax] and [va] are single elements for every x forms a group with respect 
to the bracket product. This group is called the nucleus. A hypergroup in 
which the nucleus is not vacuous is related to the Mischgruppe of Loewy and 
Baer (cf. § 3), and is called a hypergroup of type M. 

This paper is in three parts. Part I contains a postulational basis for 
abstract hypergroups. In Part II there is a discussion of isomorphism and 
automorphism for hypergroups, and the notion of conjugate sets in groups 
is extended to hypergroups of type M. Part III contains a study of special 
hypergroups, principally multiplicative systems derived from groups. 


PART I. 
ABSTRACT HYPERGROUPS. 


1. Postulational basis and definitions. A hypergroup is a system H of 
distinct elements in which there is defined an operation called multiplication. 
With each hypergroup there is associated an integer n = 1 called the dimension 
of the hypergroup. 


I. The product postulate. If a, b are two elements of H, not necessarily 
distinct, then the product ab is a complex of n uniquely determined elements 
of H. We shall write for convenience 


ab = C3 + co +: : TERA 
izl 


The order in which the elements are written in the “sum” is immaterial, but 
ab is in general different from ba. The n elements of the product ab are not 
necessarily distinct. 
a 
1 Received December 28, 1935; revised July 24, 1936. 
e 7 7? 
e 
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Let A = a + de +: e + ap, A= bi F ba +: e +--+ bg be two complexes 
of elements of H. Then we shall define thẹ product AB to be the complex 


p> g 
È Zubr. 


ist j=l 


II. The associative law. If a, b, c are three elements of H, then 
alte) = (ab)c = apa, 


The M Ee of the last édit have a meaning by the E defini- 
tion of the product of two complexes. ; 


III. The identity postulate. There is at least one element e in H, called 
an identity element, such that for every element a in H the products ae and ea 
both contain the element a at least once. — 


IV. The postulate of the inverse. There is an identity element ¢ in H 
such that corresponding to each element a in H there is at least one element 
a> in-H such that the products aa and aa both contan é at least once. 
The elementa is called an inverse of a. 

Evidently a'hypergroup of dimension unity is a group. 

The bracket product Fab: -.--c] of two or more elements of H will be 

defined to be the complex of all the distinct elements in the product ab : : 
An element a of H such that [ar] and [2a] are single elements for every x 
in H will be called a scalar. The set of all the scalars of H will be called the 
nucleus. A hypergroup in which the nucleus contains at least one element is 
a hypergroup of type M. It will appear. later that a hypergroup of type M is 
closely related to the Mischgruppe of Loewy and Baer. : 

We shall employ the notation .nG (“n-group”) for a. on of 
dimension n; and nGM for an nG of type M. An nG, is an nG containing 
just one identity element, and in which each element a has just one inverse 
a* such that if aa’ or a'a contains e then a’ = at. An nG@,M is an nG, of 
type M. The notation ae K, where a is an ‘element and K is a set of elements, 
signifies that @ is contained in K. i 

Since bea(a*b) it follows that there is an element g a such that 
beas. Likewise, there is an element y € ba? such that be yo: We therefore 
have this result. de 


THEOREM it fa, b are any two i of an na, H, then H contains 
two-elements x and y such that, 
(1) ` beut and L e ya. 
e 
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Suppose that 2, @2,° + +, Uny are J+ 1 different values of æ such that 
beas. Then ’ 
e e btaz ; ; Gir: paces era 


Thus there is at least one of the n elements in the product ba which has more 
than one inverse. 


THEOREM 2. If in Theorem 1 H is an nGa, then there are at most n 
elements « and at most n elements y satisfying (1). 


The upper bound given by this theorem for the number of solutions of 
(1) is actually attainable as will be seen from examples to be given later. 


THurorem 3. Let H be an nG of finite order in which the relation b € ax 
has just one solution x for each pair of elements a, b. Then al the elements 
of H'are scalars. 


Proof. If some product ac contains two or more distinct elements then, 
under the hypothesis, there must be an element d for which the product ad 
contains no elements. But this is contrary to postulate I. 

From this theorem and Theorem 4 below it follows that an nG of finite 
order in which the relation b eax has a unique solution æ for every a and b. 
is an ordinary group with respect to the bracket product. 


THEOREM 4. The nucleus of an nGM is a group with respect to the 
bracket product. 


Proof. Let H contain a scalar clement ô. Then 
[887] = [873] = e 


where e is an identity element. Let v be any element of H, and determine y 
in accordance with Theorem 1 so that æ e Sy, or, since à is a scalar, s = [êy] 
and [8“c}]=—[ey]. Now [Sey] = [8y] = a (say) and hence [882] = [er] = a, 
so that [ex] is a single element of H for every v in H. In like manner we 
find that [we] is a single element of H for every x in H. Suppose now that 
H contains another identity e’. Then [ee’] = e = e. Thus an nGM contains 
a unique identity element e, and e is a scalar. i: 

It follows from the preceding discussion that if à is a scalar, then ẹ®* is a 
scalar; and it is easy to see that è can have but one inverse. 

Let.o, 5 be two scalars, and put [e8] = c. Then- 


[oo] == [oc], i -[e8] — [ote], << [ote] == Ô. 
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Choose y in accordance with Theoreml so that z yo", where x is any assigned 
element of H. Then 


[y8] = [yoe] = [ze] 
is a single element of H. In like manner we find that [cz] is a single element 


of H. Thus c is a scalar. This completes the proof of the theorem. 
An nGM is not necessarily an nG. For consider the following example. 


e a b 
e ete ata b+b 
a a+ a etd e+b 
b b-b eta eta 


This is a 2GM but not a 2G. It is noteworthy that aa = ab, a b. 


2. Properties of hypergroups of type M. Let H bé an nGM and suppose 
that 
(2) ab, = abs =: ss - = Abas, bi Æ bj, ie j. 


Then a ab, = atab, =` = Gada. Now adabna contains n? elements 
of which n are the element bn, repeated n times. Among the remaining 
n(n—1) elements there must be ‘the elements b1, b2,- * *, bn each repeated 
n times. But this is impossible. Hence we have this result. 


THROREM 5. If H is an nGM then the relation (2) is impossible. 


Of course a relation obtained by reversing the orders of the factors in 
(2) is impossible in an nGM. 


THEOREM 6. The only element a of an nGM such that [aa] =a is the 
identity element e. 


Proof. Put ata = e + c + c3 H't- en Then since 


aa=a+a+-:--+t+a—na, aaa = nata, 
we have 


na + (6 + a+: +++ Caja — ne + n(c + Ce +: t Cn). 
Now if a s£ e, then a = c, (say) and ie 
| na + (cs + c4 +++ i en)a = ne + n (es + Ca +" +). 
By repeated application of this argument we shall arrive finally at the equality 


HYPERGROUPS. ; 81 


na + Cna = jg + nen, 
which is impossible if a s4 e. | 


THEOREM 7. -If in an nGM [ab] and [bc] are single scalars, then b is a 
scalar. 


Proof. Determine y and z so that re ya and ze cz Then [zb] and [be] 
are single elements. Since x is arbitrary, b is a scalar. 


COROLLARY. If in an nGM [b’b] = [bb”]— e, the identity, then bisa 
scalar and V = b” = b7, 


THEOREM 8. Let a be an element of an nG,M such that [aa] = e. 
Then [aa] = e. 


Proof. Let x be any element of an nG:M, H. Then by Theorem 1 there 
is an element y in H such that rea*y. Now [aa*] =e, [aay] =y, and 
therefore 


(3) [ax] = y. 
Likewise we find that 
(4) , [ra] =z, 


a single element of H. As special instances of (3) we have 


(5) [aa] = b, [ab] =e, [ac] = 4, 
all single elements of H. Hence [aab] —[bd+] = [ac] = d. Thus 
(6) l [bbo] =e, 


so that b is an element which satisfies the hypothesis of our theorem. 
Put 
bta =at + ta + ts ++, 
bb = e + s2 + 83 He eol H Sn 
ata = e + o + os +: F on 


Then from the first equality (5 ) we obtain btaa = nb-*, or 


(71) e+e: +o t’: Hort (t +t t'ie tja 
i = ne +n (s2 + ss +: +). 


This holds if n > 1. Of course our theorem is granted if n = 1. 
Assume now that the theorem is false. Then there must be an integer k, 
0 < k <n, such that- for every element w satisfying the equation ww = ne; 
e ` 
6 e | 
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ww contains the element e at leastyk times; and such that there is at least 
one value a of w for which aa contains e just k times. Then if the notation 
‘is properly chosen, (7) takes the form 


ke + ora + or +" on + (ta tis i + tina 
== nke + (Snir + Se + Hs), 


where oise, t=h+1,44+2,---,n. But this implies that t; =a", 
i= 2,3," :",n, or, [ba] =a. Determine z so that a te xb"t, apply (4), 
and we get 

[b-a] = [rat] — 2, 


and consequently ata == ne, contrary to the assumption concerning a. 


COROLLARY. If a is an element of an nG,M such that [aa] = e, then 
a is a scalar. | 


This is a consequence of Theorems 7 and 8. 


THEOREM 9. If a,b are elements of an nG,M such that [ab] is a single 
scalar, then a and b are scalars. 


Proof. Determine x so that ae bx; then [ab] = c, [aba] = [cx] = d, 
[aa] = d =e. Hence by the above corollary, a is a scalar. In like manner 
we find that b is a scalar. 

An important consequence of this discussion concerns subhypergroups. 
A subset K of elements of H is a subhypergroup of H if the elements of K 
satisfy the postulates for a hypergroup. We have this theorem. 


THEOREM 10. If the identity e of an nGM H is in K, a subhypergroup 
of H, then K is an nGM whose nucleus is a subgroup of the nucleus of H. 


Proof. Since K contains the scalar e, K is an nGM and e is the identity 
of K. Let a be any scalar of K and a an inverse of a in K. Then 
[aat] = [aa] = e, so that by Theorem 7 a is a scalar of H. 


3. The Mischgruppe of Loewy? and Baer* A Mischgruppe M is a 
system in which the product km is defined when and only when k is in a 
subset K of M called the Kern. The Mischgruppe may be defined by the 
following four postulates. . 


I. The Kern K is an ordinary group. 


‘ 
2 Loewy, Crelle, Bd. 157 (1927), pp. 239-254. 
3 Baer, Siteungsbericht Heidelberger Akad. Wiss. Math-nat. Kl. (1928) (4). 
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IT. If a and b are any two elementg of M then the product ab is defined 
if and only if æ is in K; and when defined, ab is a uniquely determined 
element of M. 5 

III. If a and b are in K, and c is in M, then 


(ab)c = a (be). 


IV. If aisin K and b is in M then ab = b if and only if a is the identity 
element of the group K. 


_. Baer omitted the explicit statement of IV although it is clearly in- 
dependent of I, IT, ITI as the following example shows. 


e a A B GO D # 
e e a A B C D E 
a a e D E O A B 


Given a Michgruppe M which is not of order 2 nor a group. Then there 
is determined (not in general uniquely) a group G with subgroup # such that 
M is simply isomorphic with the set of all distinct cosets 


M: Eg, Ego, Egs, Ega ` + * 3 Eha, Eha, Bhg, + > 


where 91, g2; 9s,’ * * are commutative with E, and hy, ha, hg,* *.* are not com- 
mutative with #. In M’ multiplication is defined by the formula 


(Eg) (Ha) = (Ega). 
This holds if and only if g is commutative with F: Eg = gE. If we put 
(Ea) (Eb) = ZX (Eaxb) 
oink 


then with this definition of multiplication M’ is a hypergroup of type M whose 
nucleus (with respect to the bracket product) is the Kern of the Mischgruppe. 
Conversely, in an nGM let us identify the nucleus with the kern K; and define 
the symbol “o” as follows. Let aob = [ab] if and only if a is in the nucleus. 
Then the system so defined satisfies. postulates I, II, III of the Mischgruppe. 
Postulate TV is not in general satisfied. 

“We have seen that multiplication can be defined between arbitrary ele- 
ments of a Mischgruppe in such a way that the new system so obtained in a 
hypergroup of type M. This can be done in more than one way. For consider 
the Mischgruppe given by the following table: 
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e A B 
e e t A B 
i a a e B A. 


To this there correspond the following two hypergroups of dimension 2. 

© e a A B e ` a A B 
ete ata A+ABH+B ete ata A+AB+B 
ata e+e B+BA+A. ata e+e B+B A+A 
A+tABt+Be+tBa+t+aA AtBA+Be+a e+a 
B+BA+Aa+Ae+B B+AB+A ate e+a. 


whas 
wao 


The first is a 2G,M while the second is not of this character. 


4. The identity groups. Let Ea denote the set of elements of the nucleus 
of an nGM, H, such that [Eaa] — a. It is clear that Fe contains at least one 
element, namely the identity element; and that Æ is a group with respect to 
the ‘bracket product. We shall call Fa the left a-identity group. Similarly, 

i’, is the right a-identity group. It is the subgroup of the nucleus of H such 
that [aa] =a. Ea and E’, may be of different orders. 


THEOREM 11. If H is an nGM, and a any element of H, then Ea is 
contained in aa! and E", is contained in ana, 


Proof. Let $ be an.element of Ha Then [8a] =a, [duo] = [ua]. 
Hence since 8 e Saa it follows that Se aa. Likewise we find that if 8 is in 
Ea then Se aa. 


THEOREM 12. If H is an nG,M, and a any element of H, and we put 


[aa] = Ba + Fos 
[ata] = Eo+ Fe, 


then Fa and F’, contain no scalars. 


Proof. It will suffice to prove that if è is any scalar e aa”? then 8 is in Ha. 
Write ‘ 
aa = e +- ò -+ 8. 


Then taa = nd" + ne + 878, and consequently [8*a] =a so that §* is 
in Fa. Therefore, since Fe is a group, à e Hy, as was to be proved. 


THEOREM 13. In an nG.M let an element à of Hq be repeated just r 
times in aa. Then every element of Ea is repeated just r times in aa. 


® 
a . $ 
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Proof. By hypothesis aa* == r8 + f. where § does not contain ê. Then 
arst = nre HT . 


where T does not contain e. Hence ast = nat, naat = nre + T, so that 
aa? contains e just r times. Now if aa A an element 3% of Ea just 
s times, s 4r, then the preceding argument would show that. aa contains 
e just s times, which is impossible, 


COROLLARY. If in Theorem 13 E, contains an element repeated just 
r times in aa, then for every x there is a y such that ay contains x repeated 
at least r times. | 


Proof. By Theorem 13, aa™ contains e repeated just r times. Hence 
aa*e contains g at least nr times. But this is impossible unless 4x contains 
an element y such that ay contains x at least r times. 


THEOREM 14. If a and b are ont of an nG:M such that 
[ab] = ++. +h +8 (k21). 
where 81, 3, ° 7 +58 ‘na scalars > 5 contains no scalars, then 
Ea = [818] + [8:8] + + bdt], (¢==1,2,:-+,k). 
Proof. It follows from the hypothesis that 
òa = 8a ==: - dx ta eS nb). 

Consequently .[8;8;~] is in Ha. Conversely, let § be in Hy. Then [aa] - == A, 
[dab] = Foi = 6 + & +: + + 8, [87a] =o. Put [818] = = 0. 


Then [cab] = e + T (say), [ab] = 0 +U, and therefore there is a j such 
that o* = 3), [33] = 8), 5 = [8,857], which completes the proof of the 
theorem. 


COROLLARY. If in an nG,M, Ea contains just k HU then if [ab] 
contains one scalar it must contain just k scalars. 


Let Ba denote the set of elements of the nucleus of an nGM which are 
commutative with a. Clearly B is a group with respect to the bracket product; 
and any element which is in two of the groups By, Be, B'a is necessarily in the 
third also. 

If b is in Ba, then 
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[ (0% Hab )a] = [b Ead] = [bab] = a, 
| [a(b7 Hob) |] = [bab] = [bab] = a. 
That is, [672.0] = Ea, [bE b] =H’. In particular we have this result. 
THEOREM 15. In an nGM the elements common to E and E's form an 
invariant subgroup of Ba. 
Let A = Ha + [8E] + [8E] +- > : be a decomposition of the nucleus 
A of an nGM, H, into distinct cosets. Then 
[Aa] = a + [80] + [a] + 
is a decomposition of the complex [Aa] into distinct elements. I£ H is an 
nGM and we put e = à, ai = [8a], then it is easy to show that 
[aia] = [a;”a;], (4, j = 1,2,3,° ++); 
[aate] = [aa], (i = 1, 2, 3, KN -) i 
5. Matrix representation of hypergroups. Let H (a, a, : -,@) be an 
nG of order k. Then there exists a set of k by k matrices in one to one 
correspondence with the elements of H in such a way that when 


tilj = ls, F lsa H À lsn 


then 
Aid; = As, + An + * Aew 
where Ay av, v = 1,2,8, +°, k. 
The matrices Ay may be formed as follows. Let £1, 2o, © +, a be positive 


k k 
integers, and put XY = È zit; X; = aj;X = Ÿ v;a, where the x;/ are positive 
į=1 i=l 


integers of the form 
k 
` tl = È Piritr, (i j= 1,2,3, ::, k), 
p 
in which p/,; = 0 is an integer. The matrices Aj = (piri), j = 1, 2,3, - +, k, 
will be seen to have the required property. For, on the one hand, 
k k 
ec a a a 
r= z1 
k 
= © T'rûr, 
ral 


k + 
where Srm D (Ph + p2-+: +--+ pse)e; while on the other hand, 


k k k 
lil; X = Xi = X trar where mt =X ( È pteuplur) fs. 
r=1 1 ysl 
e 
. 
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Thus we have the matrix equation Ailim As, + As, +: "+ Aen as was to 
be proved. 

The matrix representation is related to “he following more general kind 
of representation suggested to me by Dr. Baer. Let H be a finite or infinite 
nG. Denote by H* the set of all finite subsets of H. If a is an element of H, 
S an element of H*, then denote by fa(S) the set of all the elements x of H 
which are contained in sets sa with s in S. Since n is finite f.(S) is finite, 
and fo(S) is therefore a single-valued function defined for all elements of H* 
and mapping H* into itself. If a and b are two elements of H, then 


fu(fa(8)) = Z fo(8). 


This representation of the hypergroup is analogous to the well-known Cayley 
representation of groups as permutation groups. 


PART II. 
CONJUGATE SETS AND ISOMORPHISM. 


6. Complete sets of conjugates in an nGM. Let A be an nGM with 
nucleus A. Let a, e H, and let 


(8) ; [a] 


be the different elements of H of the form [8%a,8] where ẹ is in A. Any 
element of (8) is called a conjugate of any other element of (8). The set is 
the complete set of conjugates of any one of its members. If b, is any element 
of H not in (8) then the complete set of conjugates of 6, has no elements in 
common with (8). 


THEOREM 16. In an nGM let the nucleus A be of finite order q, and Ba, 
the subgroup of all elements of A commutative with a, of order p. Then the 
number of elements in the complete set of conjugates of a is q/p. 


Proof. Let 81, 8,- ` +, 8, be the elements of Ba, and let à be any element 
of A notin Be. Then 


[8:8], [828]; > -, [68] 


transform a into one and the same element a.54a. Moreover, these are the 
only elements of A which transform a into &. Similarly, there are just p 
elements in A which transform a into as, an element s£ à, &;- + - ; and there 
‘are just p elements which transform a into a», an element A à, ds, Gs,°* * , Om 
Thus q = mp, m == q/p, as was to be proved. 

r e 
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Y. Conjugate subhypergroups. \lf H is an nGM and K a subhypergroup 
of H, then by Theorem 10 if the identity e of H is in K, K is an nGM whose 
‘nucleus X is a subgroup of the nucleus A of H. | 

Let K be any subhypergroup of an nGM H. Let 8 be an element of the 
nucleus A of H. Then 

[KE] = K: 


is a sub-n@ of H conjugate to K. The set of all the conjugates of K is a 
complete set of conjugate subhypergroups. Let A, be the subgroup of all 
elements of A which are commutative with K ; and suppose A is of finite order 
g and A, of order p. Then by an argument similar to that used in proving 
Theorem 16 we find that the number of subhypergroups in the complete set 
of conjugates to which K belongs is q/p. 

_ In case the identity of H is in K we have this theorem. 


THEOREM 17. The elements of the nucleus A of an nGM H which are 
commutative with a sub-nG K, containing the identity of H, form a subgroup 
A, of A(with respect to the bracket product) which contains the nucleus X of 
K as an invariant subgroup. 


Proof. By Theorem 10, X is a subgroup of A. Let o be any element 
of 3; and let ` 


K = 3 + [Se] + Ba] +::: 
be a decomposition of K into mutually exclusive sets. Then 
[o" Ko] = 3 + [Sao] + [Sao] +: =E. 
Hence X is a subgroup of A;. Moreover, if 8, e A,, then since 
[3K] = K, 
it must follow that [8:38] — ZF, so that 3 is an invariant subgroup of A. 


THEOREM 18. If 8 is a scalar and [81K8] = K: is a sub-nG conjugate 
to the sub-nG K of H, then the group of elements of the nucleus A of H which 
are commutative with K, is [8 1A,8] where A, is the group of elements of A 
commutative with K. 

Proof. If [8+8,8] e [87A,8], then 

| 1078,8] 7K 2[878:8] | == [719,788 LR 86 18,9] — [87 £8] = Ko, 
so that this element is commutative with K». Conversely, if [d7 K:d] = Ko, 
deA, then 
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[a8 K8d] = [87 KS], n [8d] K [8a] | =K, 


and therefore [8d8*] is an element 8, of A Thus d= [88,8] e [8*A,8], 
as was to be proved. 


TEORA 19. No sub-nGM of an nGM with ie of finite order whose 
nucleus is a proper subgroup of the ‘nucleus of the main nG can contain 
elements belonging to every one of the complete sets of conjugates. 


Proof. Let H be the nGM, and suppose that such a sub-n@, K, can exist. 
Then the complete set of conjugate subhypergroups to which K belongs would 
contain all the elements of H. Let A, be the group of elements of A, the 
‘ nucleus of H, commutative with K; and let X be the nucleus of K. Then the 
order v of A, is = the order w of 3 by Theorem 17. Let N be the order of A. 
‘Then there are in all N/v subhypergroups in the conjugate set to which K 
‘belongs, and each of these contains w elements in its nucleus. Hence all these 
nuclii together cannot have more than 


14 w/o) — (W/o) —1 + =D — 14 PEN a Woy 4 Mone 


elements, which is impossible inasmuch as these nuclii together must make up A. 


THEOREM 20. The intersection of two or more sub-nGy,’s of an nG, H, 
having a common identity element, is a sub-nG, of H. 


The proof of Theorem 20 will be omitted. 


THEOREM 21. If H is an nG,M with finite or infinite nucleus, and K is 
‘a sub-nG, of H containing the identity of H, then the intersection of the 
complete set of conjugates to which K belongs is a normal sub-nG, of H å. e. 
is commutative with every element of the nucleus of H. 


Proof. Since K is an nG, containing the identity of H, it is easy to see 
that every one of the conjugates of K is an nG, and these have a common 
identity, namely the identity of H. Consequently, by Theorem 20, the inter- 
section of these conjugates is a sub-nG, of H. ` J 

Denote by S the complete set of conjugates of K. Then since the nucleus 
A of H is a group, [8188] = 8 for every Se A. Let T be the intersection of 
the subhypergroups in S. Then clearly [8778] — T, as was to be proved. 

The following theorems are easy to verity. 


THEOREM 22. Let S be a complete set of conjugates in an nGM H. If 
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S generates an nGM K, then K is q normal subhypergroup of H, and every 
other normal subhypergroup which contains an element of S must contain K 


‘as a subhypergroup. 


THEOREM 23. Let S be a complete set of conjugate subhypergroups in an 
nGM H. Then if these generate a subhypergroup K, the latter is a normal 
subhypergroup of H, and every other normal subhypergroup which contains 
one of the hypergroups of S must contain K. 


8. Isomorphism of two hypergroups. Two hypergroups H and H’ of 
dimension n are simply isomorphic if the elements of H and H’ can be put 
in one to one correspondence in such a way that if a and b are two elements 
of H which correspond to elements a’ and b’, respectively, of H’, then the 
elements of the complexes ab and a'b’ are in one to one correspondence. 

If H and H’ are of type M with nuclii A and A’, respectively, then A and 
A’ are simply isomorphic groups. For, in the first place, the identity elements 
are in correspondence. In fact, if b’ in A’ corresponds to the identity element 
e in A, then . 
g oe? [ee] =e, [bv] =v. 


Consequently, by Theorem 6, b’ = e’, the identity element of H’. If a’ in H’ 
corresponds to § in A, then let a’? in H” correspond to 81. Then 


[88-2] — e implies that [d'a] =e’, 
[8-18] = e implies that [aa] = e’. 


Hence by Theorem 7 a’ is a scalar and is therefore in A’. 

Let a in H correspond to a’ in H’. Then the complexes [Aa] and [A’a’] 
contain elements in one to one correspondence. We have proved this when a is 
in A. Hence suppose a is not in A. If [èa] is an element of [Aa] let a’, be 
the corresponding element in H’. Let 8+ in A correspond to ôt in A’. Then 


[878a] = a, [7-a] = 4’, w, = [Fe], 
so that a’, is in [A’a’]. We have this result. 


THEOREM 24. If H and H’ are simply isomorphic nGM’s, and a in H 
corresponds to a’ in H’, then the elements of the complexes [Aa] and [A‘a’] 
are in one to one correspondence, where A and A’ are the nuclit of H and H’, 
respectively. The latter are simply isomorphic groups with respect to the 
bracket product. | 


9. Automorphism. If 4 (7) is any substitution on the elements of 
e 
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an nG H which sets up a simple isomorphism of H with itself, we shall call d 
an automorphism of H. 


THEOREM 25. The set of all the automorphisms of a hypergroup forms 
a: group. 


Proof. Clearly the identity substitution (3) is an automorphism; and 

if d = (2) is an automorphism, then d = (c) is also an automorphism. 
a a’ ; a 

Let dı = a and d = a” be two automorphisms. Then did; = w) 


But since d, is an automorphism, the relation 


(9) yj = Cy + Co -t > +Cn 
requires that 
(10) | did; Ci + Cote +; 


and since d, is an automorphism, the relation (10) requires that 
(11) aiaj = 6” + c” + VASI ab Gal’, 


Thus the relation (9) implies the relation (11), so that did» is an automorphism. 
If H is an nGM with nucleus A, the substitution 


a ; 
y= Coa) è in A, 


is an automorphism of H called an inner automorphism of H. 


THEOREM 26. The set of inner automorphisms of an nGM, H, forms a 
group which is homomorphic with the nucleus of H. This group is an in- 
variant subgroup of the group of automorphisms of H. 


Proof. Let 8; = Os [aa 3) correspond to 8; in A, and let 8:8; = ôr. 
Then 


Vid; = (ican) (araa) p 
os (st) (. Ne 3) = ( | is) = Yr 


Thus the inner automorphisms of H form a group homomorphic with A. 


Now let 
a 
e 
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denote any automorphism of H. Then 


\ 
CIO 
d- (ota) Eein) 


Thus the transform of any inner automorphism of H by any automorphism of 
H is also an inner automorphism of H. The group of inner automorphisms 
is an invariant subgroup of the group of automorphisms. 


, PART III. 
EXAMPLES OF HYPERGROUPS. 
10. Three special examples. Simple examples of 2-groups are as follows. 


Example 1. The integers 1, — 1, 2, — 2 if the rule of combination is 
ordinary multiplication followed by a partition of the product into the sum of 
two elements of the set. This is a 2G.W. 


Example 2. The numbers cos 0, cos 1, cos 2,- - - if the product is defined 
as twice the ordinary product according to the formula 


(cos m) (con n) =cos(m + n) + cos(m—n). 


This is a 2G,M of infinite order. The identity element is cos 0, the only scalar. 
The inverse of cos n is cos n. 


Example 3. The system defined by this multiplication table 


e a b 
e eteatab+b 
a a+aa+be+b 
b bẹ+be+bapa. 


Two other examples were given in § 8. 

11. Double cosets. Let A be an ordinary group of which § and T are 
subgroups; and let (A; 8,7) denote the set of all the distinct double cosets 
SaT where a is in A. It is clear that SaT is completely determined by any 
one of its members. Thus if b is in SaT, then SaT = SET. 

We shall define the product of two elements SaT and SbT of (A;8,T) 
by the formula # 


tIf S, T are not both finite this product contains an infinite number of terms. We 
shall suppose henceforth that § and 7 are finite groups. 
e 
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(te (S07) =| 7 =(SatsbT') 


where the summation runs independently over the elements ¢ of T and sof Se 
The system so defined is a hypergroup. If 1 is the identity element in A, then 
(S1T) is an identity of the hypergroup. An inverse of (SaT) is (Sa?T), 
where a~ is the inverse of ain A. The associative law holds since it holds in A. 

“If H is a hypergroup, then we shall define the transpose, H’, of H as 
follows. Let & of H correspond to h’ of H’ in such a way that when 


Riho = Gy + da -+ ony hah, = b, + ba +: > H 02, 
then | oo 
Wika = Di + Wet +de Ra = di tart Han 


Taxorem 27. The hypergroup (A; T, S) is the transpose of the hyper- 
group (A;8,T). 


Proof. If b is any element of (SaT), then b7 is in (Ta*S), and if b is 
in (Ta*8) then b7 is in (SaT). We let (SaT) of (A; 8,7) correspond to 
(Ta*8) of (A; T, 9). The theorem now follows at once. 

If S = T = 1, the identity of A, then (A; 8, T) reduces to the ordinary 
group A. If T =1, S 1, then (A; 8, T) = (A; 8,1) is simply isomorphic 
with the Mischgruppe of Loewy and Baer, insofar as multiplication is defined 
for the Mischgruppe, provided we use the bracket product. 

Let A be a substitution group on the symbols 1, 2,3,:--,%. In (SaT) 
let there be i; substitutions which carry i into j, and form the matrix (p.j) 
associated with (SaZ’). It is easy to prove the Pleming theorem. , 


THEOREM 28. I f A is a substitution group on the symbols 1, 2,8,°°°,k; 
and a = (Sal), B = (SbT) are two elements of (4:58, T) with us 


aB =y byes H Ya 


where yi = (SuT) ; and a, B’, y's, Ya" pyn are the matrices associated 
with æ, B, Yu vas * +5 Yn respectively, then 


| PE =a shy ate tym 
The matrix associated with (SaT) is the transpose of the matrix asso- 


ciated with (Ta8). 


Two different double cosets may have one and the same associated matrix. 
For example, the double cosets i 


(15) (24), (1542), (14235), (2354), (13425), (13) (254) 


94 E. S. WALL. 


and 
(254), (1425), (15423), (15) (234), (13542), (135) (24) 


both have the associated matrix 


w om on p 
Daodcnae 
DO © ww w 
Worm H Ha 
© © w WY w 


In this example A is the symmetric group of degree 5, 9 = {(123)}, 
T = {(14)}. The two double cosets are `S (15) (24)T and S(254)T, respec- 
tively. This hypergroup contains no scalars and is of dimension 6, and 
order 20. 

If two elements a and b of a hypergroup H have the property that ax — bx 
(va = sb) for every v in H while ta s4 xb (ax Æ bs) for at least one x in H, 


. then a and b are semi-equal elements. In the above example a == S (24) T and 


b = S(34)T are semi-equal: ax = bz, va z4 xb for every z. 

In an ordinary group if three elements a, b, x are selected, an element y 
can be found such that az = by. This is not in general true of a hypergroup. 
In the above example if a = S(45)T, b = 8(12) (45)T, then for every x there 
is a y such that ax = by. Another exceptional pair of elements having this 
property is ST and S(12)T. For semi-equal elements y = v. 


12. Properties of the hypergroup (A; S,T). Let B={S,T} be the 
group generated by S and T, and let C be the group of all elements of A 
which are commutative with B5. If ae B then every element in the double 
coset SaT is in B. Let (4A;8,T), be the subset of elements of (4; 8,7) 
which are double cosets made up-of elements of B. 

THEOREM 29. (A;8,7)o—=(B;8,T) is a sub-hypergroup of (A; 8,7) 
which has the following properties. The product of an element in (A; 8, T)o 
and an element of (A; K,T) not in (A;8,T)o is a complex of elements not 
in (A;S8,T)o; (A;8,7) can have no identity element outside (A;8,T)o: 
no element in (A;8, 7)» can have an inverse outside (A;8,T)o. 


Proof. The last two statements follow from the first. Let (SaT) be in 
(4; 8,7), and (S67) notin (4; 8,T)o Then 


(SaT’) (SbT’) == 3 (SaisbT). 


$C is the “ normalizer ” of B in A. 
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Now if atsh =c is in B, then b ee is in B, contrary to hypothesis. 
Likewise the complex (SbT) (SaT) contains no elements in (4; 8, To. 

If a is in C then every element of (SaT) is in O. Let (4; 8,T); be the 
subset of elements of (A; 8,7) which are double cosets made up of elements 
of C. The following theorem is evident. 


THEOREM 30. (A;8,T)o is a sub-hypergroup of (A;8,T)1; and 
(A;8,7)1 = (C; 8, T) is a sub-hypergroup of (A; S,T). The product of 
an element in (A; S, T)ı and an element outside (A;8,T)1 is a complex of 
elements outside (A; S,T),; no element in (A;8, T)1 can have an inverse 
outside (A; K, T)ar . 


It will be seen that if U is the group of all elements common to S and T, 
then each element of (4; 8, T) is a sum of elements of (A; U, U); and that 
each element of (4; B, B) is a sum of elements of (A;8,T). 

Let p be any element of A, S’=p'Sp, T’—p"Tp. Let a’ = pap, 
where a is in A. Then we have | 


(SaT) (SbT) = %(SatsbT), (SATA (FVT) = 3( 9’ [atso yT’). 
We therefore have this result. 


THEOREM 31. The hypergroups (A; 8, T) and (A; eR pTp}, where 
p is in A, are simply isomorphic hypergroups. 


The totality of all the elements of the hypergroups (A; 8: Ti), 
t, J =1,2,38,---, where S;, T; are conjugates of S,, Tı, respectively, ir A, 
forms a system satisfying postulates I, II § 1, if we define the product of two 
elements by the formula | 


(SiaT';) (SxbT 1) = Z(Siat;&bTr), 
where the summation is taken over the elements”t; of T; and sx of Sy. 


13. Properties of the hypergroup (A; U,U). We have seen that every 
hypergroup (4;8,T) is a set of complexes of elements of a hypergroup 
(A; U,U) where U is the set of elements common to S and T. 


_ THEOREM 82. The hypergroup fo U, U) is of type M and ee à ele- 
ment has a unique inverse. 
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Proof. The element (U1U) is evidently a scalar, so that (A; U, U) is 
of type M. If (U1U) e (UaU) (UDU) then there exists an element we U 
such that 


is awb—=1, but,  (UbU) = (Ua). 


Hence every element has a unique inverse. 
In the product of two elements of (A;U,U) every element is repeated 
n times, where n is the order of U; and 


(UaU) (UbU) = n3 (UaubU) 


where the summation is taken over the elements u of U. The system 
(A;.U,U) made up of the elements of (A; U, U) but with the product 
definition 

(UaU) (UbU) = S(UaubU) 


is a hypergroup of dimension n. 
Example. Let U be of order 2. Then (A;U,U)’ is a 2-group. Let 
(UaU) (Ua*U) = (U1U) + (Uc). 


Clearly c? = 1, so that (UcU) is its own inverse. This shows that the hyper- 
group of Example 3, § 10, cannot be represented as a hypergroup (4; U, UY, 
where U is of order 2. | 

The matrix associated (see $ 11) with (UaU) is the transpose of the 
matrix associated with (UaU). 


14. Cyclic hypergroups. If a hypergroup H is generated by a single 
element a of H, then H will be called a cyclic hypergroup. In a cyclic hyper- 
group the commutative law does not necessarily hold. We may write 


aa = aê, aaa = a, +. ; 


and clearly a"a" — a™", Tt is evident that the set of elements generated by a 
single element of a hypergroup is closed, i.e. satisfies postulate I, §1, but 
I am unable to say whether or not it forms a hypergroup. 

In connection with a cyclic nG one would naturally seek an analog of the 
representation of a cyclic group as the group of rotations of a regular polygon. 


This leads to the notion of cyclomorphism. Let H be any nG, and let d = (o) 
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be a substitution on the elements of g such that ka = Xc; implies that 
ka’ = 3c’; where a — a and c~; (i= 1,2, 3,: +, n), for every a in H, 
and & is an assigned element of H. Then d will be called a cyclomorphism" 
of H relative to k. The set G(k) of all ce of H relative to k: 
is clearly a group. 

If H is cyclic with generator k we may represent it in a certain sense as a 
system of points and directed lines. ` Let each element of H be identified with: 
a certain point in a space ©. From the point & draw directed lines to each 
of the points in the set [X°] which are different from k. Call them 
kı, ko,’ + +, kp. If ky occurs m; times in k? we shall consider the line from 
k to k, as an m,-tuple line. Then from each point k; draw lines to the elements 
in [kk;] which are different from ki, ete. The group G(k) of cyclomorphisms 
of H relative to & is a group of transformations of this configuration of points 
and lines into itself. | 

As an illustration let H = (A; U, U)” where A is the symmetric group 
of degree 5, and U = {(12)}. Then H is of order 33 with the elements 


—U1U, a= U(34)U, D = U(35)U, c— U(45)U, d= (345) 
f—U(354)0 


which are scalars; and the non-scalars 


1=U(13)U, 2=U(14)U, 3=U(15)U, 4= U(134)U, 5 =U (135), 
6 — U (143) U, Y =U (145) U, 8 =U (153) U, 9 = U (154) U, 10 = U (1324) U, 
11 = U(1325)U, 12 — U(1345)U, 13 — U(1354)U, 14 — U(1425)U, 
15 = U(1435)U, 16 — U(1453)U, 17 = U(1534)U, 18 — U(1543)U, 
19 =U (13245)U, 20 — U (13254)U, 21 = U (13425)U, 22 = U (13524) U, 
23 — U (14253) U, 24 — U (14325) U, 25 = U (13) (45) U, 26 — U (14) (35) U, 
27 = U (15) (34)0. | 


This 2G.M may be generated by k = 12; and G(k) is simply isomorphic 
with the group of rotations of a six sided double pyramid into itself. This 
suggests that we represent the elements as points upon this double pyraniid. 
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Hold the solid with the principal axis vertical and, looking downward, 
number the faces of the upper tetrahedron i, iv, iii counterclockwise. Number 
“the faces below these on the lower tetrahedron ii, v, vi, respectively. On face 
i mark the elements 23, 18, e, 12, 26, 22 as shown in the accompanying figure. 





The faces iv and iii have these elements replaced by 20, 1, d, 15, 9, 14 and ` 
10, 16, f, 3, 4, 21, respectively. The face numbered ii is marked with the 

elements 8, a, 7, 18, 19 as shown. The faces v and vi have these elements : 
replaced by 25, b, 27, 2, 24 and 6, c, 5, 17, 11, respectively. The points 

representing 19 and 22, 14 and 24, 11 and 21 are considered as double points. 

Now 12-12 —26-+ 22. Draw arrows from 12 to 26 and to 22. Then 
12-26—18 +24 Draw arrows from 26 to 18 and to 24. Likewise draw 

arrows from 22 to 23 and to 20, and so on until the configuration is complete. 

The six rotations of the solid into itself carry the configuration of points and 

lines into itself. | 


Added in proof. Since this paper was written a paper by M. F. Marty: 
“ Sur les groupes et hypergroupes,” Annales de l'École Normale, (3), vol. 53, 
pp. 83-123, has appeared. Marty applies the special hypergroup [4 ; U, U] 
of $ 13 to a problem in topology. His results do not overlap mine. 
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PRIMARY ABELIAN GROUPS AND THEIR AUTOMORPHISMS.' , 


By REINHOLD BAER. 


The object of this paper is to investigate the relations between auto- 
morphisms and properties of the group itself. To every group of automorphisms 
` corresponds first the group of its fixed elements and secondly the subgroup, 
generated by the “commutators” æ—xf of the elements x of the group 
under the automorphisms f of the given group of automorphisms. This com- 
mutator group of a group of automorphisms A is exactly the smallest sub- 
group $ such that A induces mod § the identical automorphism. Those sub- 
groups of primary Abelian groups which are complete groups of fixed elements 
and those which are complete commutator groups of suitable groups of auto- 
morphisms are characterized by their structure and their situation in the 
whole group. 

Furthermore those automorphisms are studied which map every subgroup 
upon itself. It is proved that the centralizer of the group of all the auto- 
morphisms is essentially formed by these automorphisms. 

Finally some instances of the problem to characterize a group by proper: 
ties of its automorphisms are considered, In this respect the following two 
classes of primary Abelian groups G are enumerated: 

The group of all the automorphisms of @ is Abelian. 

Every automorphism of the lattice of the subgroups of G is induced by an 
automorphism of G. 

The proofs are based on certain decomposition-theorems for primary 
Abelian groups which are enunciated and proved in section 1. 


1. Invariants and decompositions of primary Abelian groups? 
If G is an (additively written primary Abelian) group (of characteristic p), 
then the order of every element x in G is a power p?™ of the prime number p. 
The elements « in G with n(x) Si form a characteristic subgroup 
(G, n(s) =) of G. 
The rank r(G) of the group G is the number of elements in (G, n(x) =1), 
if (G,n(x) = 1) is infinite, and if (G, n(x) = 1) is finite, then (G, n(x) =1) 


1 Presented to the American Mathematical Society, October 31, 1936. Received 
by the Editors September 22, 1936. | 

2 In this section, those concepts and facts of the theory of primary Abelian groups 
are collected which are needed in the course of this paper. 
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contains exactly p"(@ elements. ae G contains r(G) elements, if r(G) is 
infinite. 

Since the orders of the elements of (G,n(x) < i) are bounded, every 
(G,n(z) = i) with positive à is a direct sum of r(@) cyclic groups. 

Denote by p*G the intersection of all the groups p*G (for integral i)4 
and by p®G the uniquely determined greatest subgroup S of G, satisfying 
S == p8. Every. subgroup S of G which satisfies S — pS is a direct summand 
of G and a direct sum of groups of type p%.™ ° 

Put r(G, 74) =r( (pG, n(x) S1)/(p'G, n(x) = 1)) for integral à and 
r(G, 0) =r(pG). Then the structure of G is completely determined by 
these invariants, provided G is a direct sum of cyclic groups and of groups of 
type p®. If in particular G is the direct sum of groups Gp, i. e. 


G= J Gy 


then at most r (G, i) of the groups G, are cyclic groups of order pê and at most 
r(G, œ) of the groups G, are groups of type p®. 
Conversely: If m is a positive integer, then 


GS G+ p°G+ 
4=1 


where G; is a direct sum of r(@,i) cyclic groups of order pt, p®°G a direct 
sum of r(G, œ) groups of type p% and 


r(G@,1) = + -=r(@, m) =r (@, 0) =0. 


A proof of this theorem’ may be given: G = @” + p®G, as has been 
mentioned before, and r(G”, i) =r(G, i) for every finite i, r(G”, œ) = 0. 
There exists for every integer i a subset B; of G” such that the elements pib 
with b in B; form a basis of (p**@”, n(x) = 1) mod (piG’, n(x) S1) (and 
of (pG, n(x) S1) mod (piG,n(x) <1)). The subgroup G; of G”, gen- 
erated by B4, is then a direct sum of r(G,i) cyclic groups of order pt. 

Denote by M the subgroup of G”, generated by the elements in sets By 


3 A proof of this well known theorem may be found e.g. in R. Baer, “Der Kern, 
eine characteristische Untergruppe,” Oomp. Math., vol. 1 (1934), pp. 254-283, Lemma 
in § 5. 

#“p16 consists of all the elements pte for œ in G and it is obvious how to define 
p’G for every ordinal number v by complete transfinite induction. 

$ A group of type poo is generated by elements g,, satisfying »(g,) = 1,29; = Iir 

° Cf. e.g. L. Zippin, “Countable torsion groups,” Annals of aoe vol. 36 
(1935), pp. 86-99. 

7 Similar results and RE may be found in the investigations of H. Prüfer. 
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with m < 4, and let Q” be the set of all elements g in G” such that there exists 
an element + in M, satisfying c= 2’ mod pG”. Then @ is a subgroup of G”, 
G is the direct sum of the groups Got © +, Gm, p©G, G and this direct decom” 
position of G meets the requirements of the above proposition. 

It is an important corollary, derived from the above proof, that the set 
B; is a basis of G; and may be. chosen at random, only restricted by the 
condition that the elements p#-1b with b in B; form a basis of | 


(pG, n(x) S1) mod (»°G, n(x) S1). 


If N is the subgroup of G, generated by the elements in all the sets B; 
of the above construction, then G/N = p(G/N). If the orders of the elements 
in G are not bounded, then it is possible to choose the sets B; in such a way 
that G/N 540. This implies the following theorem: 


G is homomorphic to a group of type p if, and only if, the orders of the 
elements in G are not bounded.’ | 


2. Automorphisms. 

Every single-valued additive function f of the elements of the (additively 
written Abelian) group G with values xf in G is an automorphism of G. The 
set R(G) of all the automorphisms of G is a ring under the well known 
definition of addition and multiplication of automorphisms. 

The proper automorphisms of G (which define a one-one correspondence 
between all the elements of G such that an inverse automorphism exists) form 
a multiplicative group pe): The identity element of P(G) may be de- 
noted by 1. | 


If S is any set of automorphisms of G; g(x) = 5 cix? a polynomial with 
i=0 
integer coefficients, S and T subsets of G, then 


(5, æg(S) =T) is the set of all the elements v in g which are mapped 
by all the automorphism g(s) with s in S upon: elements 
in T; and 

(S, Sg(x) = T) is the'set of all the automorphisms x in S such that g(x) 
maps $ upon a subset of T.’ 


Some particular instances of the correspondence 1° between sets of auto- 


8 Cf. R. Baer, “ Dualisms in Abelian groups,” Bulletin of the American Mathe- 
matical Society. 
° Also (8S, 7Sag(S)) and (§,7=S8g(x)) may be considered. 
` 49 Such.a correspondence has first been introduced by K. Shoda, “ Über den Auto- 
morphismenring bezw. die Automorphismengruppe einer endlichen Abelschen Gruppe,” 
Proceedings of the Imperial Academy oF Japan, vol. 6 a0), `p. 10. 
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morphisms and sets of elements, thus defined, shall be investigated in the course 
of this paper. 
* It is easily verified, that 


to every subgroup 9 of G and to every isomorphism g of G/S upon a sub- 
group T of G there exists one and only one automorphism f of G such that 
S = (G,2f=0) and g is the isomorphism of G/S upon T = Gf, induced 
by f. Conversely every automorphism f induces an isomorphism of 
G/(G, xf = 0) upon Gf. 

Since the automorphisms f and 1 — f determine the one the other com- 
pletely, the above result implies, that the automorphism f of G is completely 
determined by the group (G,æf = x) of the fixed elements and the induced 
isomorphism of G/(G, sf =x) upon G(1—f). 


3. Fixed elements. 

Notation. If © is a subgroup of G, then F(S) is the subgroup of all 
those elements of G which are mapped upon themselves by all the proper 
automorphisms of G which map every element of S upon itself, i. e. 

F(S) = (G,z(P(G), S(1— f) =0) =z). 

Then S = F(S) for every S. 


THEOREM 8.1.4 Suppose that Gis a primary Abelian group of char- 
acteristic p, and that p°G== p°G. Then 


F(0) 0 
if, and only if, 
(a) p =2; 
(b) either r(G, 0) = 1 or there exists an integer m such that 
r(G,m) =1, prG = 0. 


If the conditions (a) and (b) are satisfied, then F(0) is a group of 
order 2 and 


F(0) = (p°G,n(z) S1) or F(0) = (p"™'G, n(x) S1) = p™G, 
Proof. Since vr — — x is a proper automorphism of G, Re = 0 for every 


element æ in F(0). Thus F(0) s40 implies p= 2. 
If g and h are different elements of order 2 in G, then 


Gm A+B+G, 


Cf. R. Baer, “ Types of elements and characteristic subgroups of Abelian groups,” 
Proceedings of the London Mathematical Society, ser. 2, vol. 39 (1935), pp. 481-514, 


in particular Theorem 10. 
e 
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where g is the only element of order 2 in A, A the only element of order 2 in B, 
as has been pointed out in section 1. A and B are either cyclic groups or of 
type 2% and it may therefore be assumed that A is isomorphic with a sub-* 
group of B. Then there exists an automorphism of G which maps every 
element of B + Q’ upon itself and g upon g + h, i.e. g does not belong to 
F(0). The necessity of the conditions is now a consequence of the theorems 
in section 1. 

The conditions are sufficient, since a group of order 2 contains but one 
element 54 0, and since (p'G, n(x) <1) and (p©G,n(x) S1) is mapped 
upon itself by every proper automorphism of G. 


Lemma 3.2. Assume that S is a subgroup of the primary Abelian group 
G of characteristic p. 

(a) If G/S is a cyclic group, then F(8) is the join of S and F(0). 
(b) If G/S is a group of type p®, then 

F(S) =G for p°G—= 0, 

= join of S and F(0) for p°G=Æ0. 

Proof. Note first that S S F(S) and F(0) = F(S). 
If G/S is a cyclic group of order p” with 0 < n, then there exists an ele- 


ment g in G which generates G mod S. Put g* = p"g and m = n(g*). Every 
element of G can be represented in one and only one way in the form 


s-+cg with sin Sand0=c< p". 


Tf not at the same time m = 0 and p = 2, i.e. if 1 + p” is relatively prime 
to p, then a proper automorphism f of G is defined by 


(s+ cg)f=s+e(1+p™)9 
and = (G, cf =). 


If m = 0 and p = 2, then g* = 0 and G@ = ÿ + S where @ is the cyclic group, 
generated by g, since ÿ and § generate G and have only 0 in common. If 8 
contains an element h of order 2”, then an automorphism f of G@ is defined by 


gf =g+h, sf—s for sing 
and S= (G, cf =v). 


If S does not contain an element of order 2”, then r(G,n) =1, 2"G—0, 
i.e. F(0) is generated by 2%%g. An automorphism f of G is defined by 
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gj =—9; zf =sforsing 
and | (G, af = 2) = join of S and F(0). 


Assume now that G/S is a group of type p®. If fis an a. of 
G such that sf = s for every s in 8, then 1 — f maps G and G/S upon a sub- 
group of G of type p% or upon 0. Thus p°G —0 implies G—F(S). 

Assume now that p°G =4 0. 

If there exists a subgroup Z of type p® of G which contains elements =£ 0 
of S, then denote by z (i) a sequence of elements in Z such that pz (i) =2(t—1) 
and n(z(1)) = 1. 2(1) is an element of ©. There exists furthermore a 
sequence g(i) in G such that pg(i) = g(i—1) mod S and n(S + g(1)) — 1. 
À proper automorphism f of G is defined by 


sf=s for sin S,  g(i)f—g(i) +zli), 
‘ since g(1)f = g(1) mod S, 
pg(i)f = pg (i) + pe(i) =g(i—1) +z(i— 1) =g(i—1)f mod 8, 


and since G/S is a group of type p~. Since g(i)f Æ g (i), 8 = (G, cf = +). 
If none of the subgroups of type p% of G contains an element + 0 of S, 
then p©G is a group of type p®, since G/S is of type p®, and consequently 


GS + pre. 


t 


Since by Theorem 3.1, F (0) = (pG, n(x) S 1), the automorphism f, defined 
by sf = s for s in S, zf = — x for z in p™G, satisfies 


(G, ef =x) = join of S and F(0). 


Thus the proof of the Lemma 3. 2 is complete. , Note that in the discussed 
cases F (8) is the group of fixed elements of a single proper automorphism. 


THEOREM 3.3. Assume that © is a subgroup of the primary Abelian 
group G of characteristic p. 

(a) If p°G=A0, then F(S) is the join of S and F(0). 

(b) If p°G—0, then F(S) is the join of W(S) and F(0) where W(S) 
is the subgroup of G, satisfying S = W(S) and W(S)/S = p (G/8) = 


Proof. If f is any proper automorphism of G such that the elements of 


12 Since every characteristic subgroup =~ 0 of a direct sum of irr educible groups 
has the form, required in (a) and (b) respectively, Theorem 11 of the paper, mentioned 
in footnote ** is a consequence of this Theorem. 
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S are fixed elements of f, then 1 — f maps G/S homomorphic upon a subgroup 
of G and maps therefore W(S)/S = p° (G/S) upon a subgroup of p°G. Thus 
W(S) <F(S), if p°G—0. Since p°(G/W(S)) —0, it follows from the 
theorems of the section 1, that every element W(S) +g of order p is con- 
tained in a cyclic direct summand of G/W(S). There exists therefore for 
every element g of @ which is not contained in W(S) a subgroup H of G 
such that W(S) SH, G/H is a cyclic group and g is not contained in H. 
Then it follows from Lemma 3.2, (a) that F(H) is the join of F(0) and H 
and now it is easily seen that F(S) is the join of F(0) and W (8), if p°G— 0. 

If p©G@=£0, then denote by 8’ the join of S and F(0). If g is any 
element of G which is not contained in 8’, then there exists `a greatest. sub- 
group H of G, containing 8’ but not g. G/H is either a cyclic group or a 
group of type p% and it follows from Lemma 3.2 that H =F (H), since 
F(0) = H and this completes the proof. ` 

Since (as pointed out in section 1) G is not homomorphic to a group of 
type p% if, and only if, the orders of the elements of G are bounded, Lemma 
3.2 and Theorem 8. 8 imply the | | 


COROLLARY 3.4. F(8) is for every subgroup S of G the join of S and 
F(0) if, and only if, either p©Gs~ 0 or the orders of the elements of G are 
bounded. m 


COROLLARY '3.5. The subgroup S of the primary Abelian group G with 
p°G = 0 satisfies F(S) =8 if, and only if, F(0) = 8 and p° (G/S) =0. 


4. Commutators. 


Norations. If Sis any group of (proper) automorphisms of the Abelian 
group G, then (G, S) is the subgroup of G, generated by the elements z — zs 
with vin G and s in S. 

If § is any subgroup of G, then (P(G), S) is the set (and therefore the 
group) of all the proper automorphisms f of G such that  — sf is an element 
of S for every v in G. 

CCS) = (G, (P(G),8)) is a subgroup of G, contained in S. 

(G, S) is the cross cut ‘of all the subgroups T of G such that S induces 
the identical automorphism in G/T. ` | 


(GS) = (GT), if SST and (P(G),S8) € (P(G),T), if SET. 
(G, S) = (G, (P(G), (G, 8))), (P(G), 8) = (P (G), (G, (P(@),8))). 
(P(G), G) =P (G), (P (G), 0) =1. 

(&,1) =0. 
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If S is a self conjugate subgroup of P(G), then (G, S) is a characteristic 
subgroup of G, and if S is a characteristic subgroup of G, then (P(G), 8) is 
à self conjugate subgroup of P(G). 


THEOREM. Assume that S is a subgroup of the primary Abelian group G 
of characteristic p. 

(a) If the orders of the elements of G/p°G are not bounded, then 
S=C(8). ' 

(b) If p” is the maximum order of the elements of G/p°G and either 
PÆ or p=2, but 1<r(G,m), then O(S) is the join of p°S and 
(S, n(x) Sm). 

(c) If p= 2, 2” is the maximum order of the elements of G/2°G and 
T(G, m) = 1, then C(8) is the join of 2S, (8, n(x) < m) and 
(S; n(x) Sm, 212 in G). 


Proof. Note first that O(S) = 8 for every S. 
If ais an integer such that r(G, 1) 540; then there exists a cyclic direct 
summand of order pt in G, i.e. 


G=Z74 Z7 


where Z is a cyclic group of order pt, generated by z. If sis any element in § 
such that n(s) < 1, then an automorphism f in (P(G), 8) is defined by 


ef =z for x in Z’, ef—z+s 
and s is an element of C(S). Hence 
(8, n(x) <i) SC(S) for every à with r(G,1) £0. 


If the orders of the elements of G/p°G are not bounded, then there exists 
an infinity of integers i such that r(G,i) 40, since r(G, i) = 1(G/p"G, 1) 
for every finite 4. This provès (a), since S is the join of all the groups 
(S,n(«) <i) with integral i. 

If the orders of the elements of G/p*G are bounded, then there exists a 
maximum order p” of the orders of the elements of G/p°G and r(G, m) s£ 0, 
r(G,1i) = 0 form <i. Then the above result shows that 


(S,n(z) < m)SC(8). 


If s4 0 is an element of p™S, then there exist elements s(i) in p®S such 
that s(0) =s, ps(i) =s(t—1) for 0 <1. The elements s(i) generate a 
direct summand D of § and G, i.e. 
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G—D + D 

and an automorphism f in (P(G), 8) is defined by | ` 

ee for sin D, (4) f —s(i) +s(i—1) for 0 <i, 

since n(s(t—1)) < n(s(i}) and 

ps(i)f = ps(i) + ps(i— 1) =s(i— 1) +s(i— 2) =s(i—1)f for 1 <i. 

s is therefore an element of C(S), i.e. | 
pS <= C(S). 


By section 1 there exists a direct decomposition 


(*) G— G + pee 


of G where G; is a direct sum of r(G, 1) cyclic groups of order pi. If sis an 
element of order p” in S, then 


s=ut+ov+w 
ml 
with u in À Gi, v in Gm and w in p®G, n(w) S m. 
i=l ` 


If n(v) < m, ie. if ps is an element of p®G, then let Z be a cyclic 
direct summand of order p” of G, generated by z, i. e. 


G=Z47 
and an automorphism fin (P(G), 8) is defined by 
ef =v for x in Z’, zf =z +s. 
Consequently s is an element of C (8), i. e. 
(S nls) =m, pre in p°@) = C(S). 


If (in the above representation of the element s in 9) v is an element of 
order p”, then v generates a direct summand » of G, i.e. 


G=t+V 
and, if ps& 2, an automorphism f in (P(G@), 8) is defined by 


of =v for x in F, of =v +s =w +u + 0. 


108 REINHOLD BAER. 


Consequently s is an element of C (S) and 
. (S, n(x) Sm) = C(S), if pR. 

I£ 1<7r(G,m) and n(v) = m, then 

G=v +34 @’ 
where Z is the cyclic group of order p”, generated by z. An automorphism f in 
(P(G@), 8) is then defined by 
cf — x for x in +, af —2 +5, 
since ps is an element of v + G’. Thus s is an element of C(8) and 
(S,n(z) = m) <C(S), if 1<r(G,m). | 

Let finally f be any automorphism in (P(G),S). Then 1—f maps 

= G (cf. (*)!) upon a subgroup of (8, n(x) '< m), p©G upon a subgroup 


of p°S and Gm upon a subgroup of (S, n(x) =m) and that proves (b). If 

p=? and r(G,m) —1, ie. if Gm is a cyclic group of order 2”, generated 

by g, then 
gf—g—b+cg+d 

with b in SG (G, n(x) <m) and d in p®G. Since f is a proper auto- 

morphism of G, 1+ is relatively prime to p—2, ie. c is even and 

2"-1 (gf — g) = 2" Ad is an element of 2G, i.e. Gn is mapped by 1 — f upon 

a subgroup of (S;n(x) = m,2"1x in 2°G) and this completes the proof 

of (e). = i 

If in particular S — G, then the theorem implies the 


COROLLARY. Assume that G is a primary Abelian group of characteristic 
p. Then C(G) = Gif, and only if, 


(1) p=2; 
(2) there exists an integer m such that r(G, m) = 1, G = WG. 


If (1) and (2) are satisfied, then C(G) is the join of ZG and 
(G,n(z) <.m), and G/C(G) is of order 2. 

5. Automorphisms of the lattice of the subgroups. 

If L(G) is the set of all the subgroups of the Abelian group G, then an 
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automorphism f of L(G) is a single valued function of the elements of L(G) 
with values in L(G), satisfying: 


L(G)f=L(@), 
SST if, and only if, Sf S Tf, 


S and Sf contain the same number of elements, 
it S<T, then T/S and (Tf)/(S8f) contain the same number of elements. 
Every automorphism of the lattice L(G) of the subgroups of G is there- 
fore a one-one correspondence between the subgroups of L, mapping 0 upon 0, 
G upon G. | | | 
Every automorphism of G induces an automorphism of L(G), but the 
converse is generally not true, as the following theorem shows. 


THEOREM 5.1. Assume that G is a primary Abelian group of char- 
acteristic p. Then every automorphism of L(G) is induced by an auto- 
morphism of G if, and only if, either G is irreducible, or G is. a direct sum 
of a group of order 2 and of an irreducible group.* 


_ Proof. Since by section 1 irreducible primary groups are cyclic groups 
or groups of type p®, it is well known ** that every automorphism of L(G) is 
induced by an automorphism of G, if G is irreducible. If G = T + W where 
T is of order 2 and W irreducible, then there exists to every cyclic subgroup 
Z of W such that 2W 40 exactly one subgroup Z” of G such that Z’ Z, 
22’ = 22. If W is a cyclic group of order 2, then every permutation of the 
three subgroups of order 2 can be realized by an automorphism of G. If W 
is a cyclic group of order 2? with 1:< 1, w an element of order 2¢ in W,z2r4#0 
an element of T, then all the automorphisms of G have the form zf =z + 7 
with n(#) S1, 2 in W, wf — cw -+ ez where c is an odd number and 
e = 0 or = 1, and therefore every automorphism of L(G) is induced by an 
automorphism of G. If finally W is of type 2%, then every automorphism 
of G maps W upon itself and permutes the elements of order 2 in G which 
are not contained in W and therefore every LS Du of DLG) is induced 
by an automorphism of G. - 


13 The atomon of L(G) preserve the situation of the subgroups of @ 
= situationstreue Abbildung von G@); cf. R. Baer, “Situation der Untergruppen und 

Struktur der Gruppe,” Sitzungs-Berichte Heidelberg Akademie Wissenschaften, Math.- 
Nat. Kl., (2) (1933), pp. 12-17. 
‘7 74The-same. property is possessed by, e.g. the subgroups of the additive group 
of the rational numbers. 

45 Cf. the paper, mentioned in footnote a, 

e 
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Assume now that G = Z’ -+ Z” where Z’ and Z” are cyclic groups, gen- 
„erated by elements 2 and 2” respectively, neither of them of order 2. Then 
there exists an automorphism of L(G) which 


maps the subgroup generated by upon the subgroup generated by 


vg 2 + preng fr 
Z + preg" g + preng + prog 
Z p preg 1. pre Pa 


and all the other cyclic subgroups of G upon themselves. Such an auto- 
morphism of L(G) cannot be induced by an automorphism of G. 

A similar argument shows the existence of automorphisms of L(G) 
which are not induced by automorphisms of G = Z + 2”, if 77 sag Z” are 
both irreducible groups 4 0 and not of order 2. 

If finally G = G + G”, then every automorphism of L(G) is induced 
by an automorphism of Z(G) and therefore it follows from section 1 and the 
above considerations that the conditions of the theorem are necessary. 


THEOREM 5.2. The automorphism f of the primary Abelian group G of 
characteristic p induces the identical automorphism in L(G) if, and only if, 
there exists an integral p-adic number c z 0 mod p such that xf = cx for 
every element x in G.*® 


It suffices to prove the necessity of the condition. If the automorphism f 
of G induces in L(G} the identical automorphism, then f maps every cyclic 
subgroup of G upon itself and therefore 


ef = c(x)æ for every v in G. 
Since f is an automorphism of G, the function c(x) satisfies: 


(e(z +y) — ce(s) )t = (e(y) — e(z + y) )y. 


If the cyclic groups, generated by s and y have no element =£ 0 in common, 
then 
er +y) =c(2) mod p, c(e+ y) = c(y) mod pr 


and consequently 
e(z) = c(y) mod pminimum (ntah niy), 


no j j+k 
181? Slept is an integral p-adic number c, then Depp's = Me ape, if 
i=0 4=0 i=0 
' n(æ) =j S] +4 k, and cæ is therefore uniquely determined. 
L 1 
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Since by section 1 (G, n(x) 7) is a direct sum of cyclic groups, and since f 
induces an automorphism in (G, n(x) 1), there exists by the aboye argument 
to every integer + an integer c; such that 


xf = cw for n(x) Si 
and this completes the proof, since 
Ci == Ci, mod pt, 
6. The centralizer of the group of automorphisms. 


Notations. Z(G) is the centralizer of the group P(G) of all the proper 
automorphisms of G, i.e. the group of all those proper automorphisms of G 
which are permutable with every proper automorphism of G. 

Z*(G@) is the group of all those. proper automorphisms f of G, satisfying: 


Sf = 8 for every subgroup S of G. 
It is a consequence of Theorem 5.2 that 
Z#(G) S Z(G) for every primary Abelian group G. 
THEOREM. Assume that G is a primary Abelian group of characteristic p. 


(I) Z*(G) Z(G) if, and only if, 
(Ia) p=2; | 


(Ib) there exists a (uniquely determined) integer m = m(G) such that : 
L=r(G, co) =7r(G,m), O—7r(G,k) for m< k. 
(II) Assume that G satisfies (Ia) and (Ib). 


(IIa) The proper automorphism f of G belongs to Z(G) if, and only if, 
Sf = 8 for every subgroup S of G, satisfying 


SS (G, n(x) < m(G)) or F(0) S8, 
where m(G) is the invariant of condition (Ib) and F(0) = (2G, n(x) <1) 


is the group of all those elements of G which are fixed elements of every proper 
automorphism of G. 


(IIb) Z(G) is the direct product of Z*(G) and the group W of order 2 
which is ae by the automorphism w of G, satisfying: 
ars } af da ni ppan sonon of the join of (G, n(x) < m(G)) 
and 2°G, where v is the element ~ 0 in F (0). 
Proof. 1. Assume that f belongs to Z(G). ` 
If G =D + @, then denote by g the automorphism of G, satisfying: 
e 
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æg— «for ain D, 
=— x for g in @. 


If u is any element of D, then uf = d + w with din D and w’ in @ and 


ugf—uf—d+v 
—uÿg = dg+ug=d—", 
ie. 2w == 0 and 2uf = 2d is an element of D and consequently: 
(1) If f belongs to Z(G), D is a direct summand of G, then 2Df = 2D. 


2. Assume that f belongs to Z(G) and that r(@,4) 540 for a certain 
integer 4. 
Then there exists by section Í- a decomposition 
G=Z+ 
where Z is a cyclic group, generated by an element z of order pi. If v is an 
element of @ such that n(v) S i, then z + v generates a (cyclic) group Z’ 
such that 
i G=27 +, 
Since, by (1), 2Zf — 22, 2Z’f — 22’, 2G’f = 2G’, there exist integers c, c’ 
such that 
c'22 + Rw = '2 (2 + 0) = 2(2 + 0) f = f + wf = cre + wf, 


and since 2vf is an element of G”, it follows that c’2z2 = c2z and 2c = 2c’ mod p? 
and therefore 2uf == 2cv. Thus it has been proved: 


(2) If f belongs to Z(G), then there exists for every integer à with 

r(G@,%) = 0 an integer c; such that 
xf = ciw for every v in 2(G, n(x) Si). 

8. If f belongs to Z(G) and the orders of the elements of G/p*G are 
not bounded, then there exists an infinity of integers 7 such that r(G,i) 540 
and therefore every element x in 2G is mapped by f upon a multiple of æ, 

If the orders of the elements of G/p*G are bounded, then it follows from 
section 1, that : 

G = G + peg, 

where the orders of the elements in G” are bounded and G” is therefore a direct 
sum of cyclic groups. If p" is the maximum order of the elements in G° and: 
æ an element in p©G such that m < n(x), then x is contained in a direct 
summand § of type p® of p©G. Since Sf = 28f = 28 = S, there exists by 
(1) an integer c(x) such that 


zf—c(x)z and 2¢(q) = 2em mod p”, 
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If g is any element of G, then g = g' + g” with g'in G’ and g” in p®°G and 
Rgf = cmg for n(g”) Sn(g) Sm, 
=c(g”)2g for m<n(g) =n(g”) 
and therefore every element x in 2G is mapped upon a multiple of æ by f. 
Thus it has been proved: 


(8) If f belongs to Z(G), then Sf = S for every subgroup 8 of 2G. 
Note that 2G = G for ps2 and that therefore Theorem 5. 2 implies: 


(8a) If p42, then the automorphism f of G belongs to Z(G) if, and 
only if, Sf = S for every subgroup S of G. 


4, Assume that p = 2 and that f belongs to Z(G). There exists by (3) 
and Theorem 5. 2, an integer 2-adic number c = c(f) such that 2xf — ca for 
every element x in G. 

Put ch = xf — cx and this function h satisfies: 


n(ch) = 1 for every element x in G; 
(x + y)h = ch + yh, since f is an automorphism ; 
sgh = «gf — cag — xfg —cxg — shg for every proper automorphism g of G, 
since f belongs to Z(G). 
If r(G, 1) 40, then there exists by section 1 a decomposition: 


G=Z7+@ 


where Z is a cyclic group, generated by the element z of order 2%. If v is an 
element of G’ such that n(v) Si, then a proper automorphism g of G is 
defined by 

zg =z +v, sg = g for every x in @. 
Since n(zh) 5 1, zh = 25: + 7 with i—1 Ss Si, 7 in @ and therefore 


zhg = ag + 7g = 2 (2z +v) +7 
= zgh = (z + v)h = 252 +7 + vh, 
and this proves: 

(4) If G =Z + G’, where Z is a cyclic group of order 2%, and f belongs 
to Z(G), then there exists an s such that t—1SsSi and ch = 28x for 
every z in G’ with n(x) Si. 

If g is any element of G such that n(g) < i, then g = 2kz + g’ with g 
in @ and n(g’) < i, and consequently: gh = 0 by (4). This proves: 

(5) If p—2, r(G,i) 40, and f belongs to Z(G), then gf = cs for e 
every æ with n(g) < 1. 

If the orders of the elements of G/2°G are not bounded, then there exists 

8 
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an infinity of integers i such that r(G, 1) 540 and therefore (5) and Theorem 
5.2 imply: 
$ (6) If p=? and the orders of the elements of G/2°G are not bounded, 
then the proper automorphism f of G belongs to Z(G) if, and only if, 
Sf = 8 for every subgroup S of G. 


5. Assume now that p = 2, that the orders of the elements of G/2°G are 
bounded and that f belongs to Z(G). ` 
Then there exists by section 1 a decomposition : 


G = G + 2¢ 
where the orders of the elements in G’ are bounded and Q” is therefore a direct 


sum of cyclic groups. If 2” is the maximum order in G”, then in using the 
notation, introduced in 4, it follows from (5) that 


af = cx for every element x, contained in the join of 2©G and (G, n(x) < m). 
G=Z+T+G, 
where G” < (G,n(x) <m), T either 0 or a direct sum of cyclic groups of 
order 2” and Z a cyclic group, generated by an element z of order 2". Then 
zh = 282+ 7 with z in T+ G’+ 2°E and m—1Sssim 
and (4) implies: 
th = Rex for every element x in T + G” +- 2°G. 
If T Æ 0, then reasons of symmetry imply that z’ == 0 and therefore: 
(7) If r(G, m) = 1, 2°G = 0, then 
af = (c + 28) for every element x in G. 


If 2©G 540, then there exists in 2G an element w of ‘order 2" and 
2%w = wh = 0 implies that s = m and therefore that xf — ca for every x in 
G and thus it follows from (7) and Theorem 5. 2: 

(8) If r(G,m) 1, then f belongs to Z(G) if, and only if, Sf—S 
for every subgroup 8 of G. 

If r(G,m) = 1, but 2°G 54 0, then the above argument shows again that 
s= m, i.e. that 

th = 2’ with 7 in G + 2G. 


If g is any automorphism of G, then 
eg = jz + 2* with j an odd integer and n(z*) =m, z* in G” + 2G. 
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Then 
zgh = (jz + z*)k = zk + 2*h = 7, since n(2h) S1, 
= zhg — 2’g, i.e. l 
zh is an element of F (0). If conversely w is an element of F (0) and the 
proper automorphism b is defined by 
zb = cz + w, 2b = cx for x in G” +2, 


where c is an integer 2-adic number s£ 0 mod 2, then any proper automorphism 
g of G satisfies: i 
zbg = cag + wg = c(kz + 2*) +w with k an odd number and z* in 
(G’ + 2G, n(x) S m), 
== k(ce + w) + cz*, since n(w) S1 by Theorem 3.1, 
== kzb + 2*b = zgb, and 
sbg == cag = «gb for x in @” + 2%G, ie. 


b belongs to Z(G). Thus it has been proved: 
(9) If r(G, m) = 1, 2°G = 0, then the proper automorphism f of G belongs 
to Z(G) if, and only if, there exists an integral 2-adic number c= c(f) 
such that 
xf — c(f)x = 0 for every element v in the join of (G,n(æx) < m) and 24, 
= 0 mod F(0) for every x in G. 

If r(G, m) = 1, 2G = 0, f an automorphism in Z(G), then, as proved 

above, 
ah = 28 + 2’ with 2’ in G”, and m—1<s< m. 

If g is any automorphism of G, then zg = jz + 2* with j odd and z* in @” 
and therefore 
zgh = jh + 2*h = 252 + 2’, since n(z*) < m, n(zh) S1, 

== thy = Pig + zg = 252 + 2’g, since 282 is by Theorem 8. 1 an element 

of F(0), ice. 

z = 2g is an element of F(0). It follows now from Theorem 3.1 that 


n(z) = 1 and 2’ —7r2 for a suitable r and thus it follows from Theorem 5. 2 
that 


(10) If r(G,m) —1, 2©@ = 0, then the proper automorphism f of G 
belongs to Z(G) if, and only if, 


Sf = K for every subgroup S of G. 
6. Theorem 3.1, Theorem 5.2, (9) and (10) imply: 
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(11) If r(G,m) =1, r(G, ©) 1, then the proper automorphism f 
of G belongs to Z(G) if, and only if, 
Sf = J for every subgroup S of G. 


7. Assume now that 1 =r(G, m) =7r(G, œ) and p=2. Then it fol- 
lows from Theorem 3.1 that 


F(0) = (2°G, n(a) <1). 


If f belongs to Z(G) and either F(0) SS or SS (G, n(x) < m), then 
it follows from (9) that 


Sf—S8. 
If conversely the proper automorphism f satisfies : 
Sf — £ for every subgroup S of G such that F(0) = Sor SS (G, n(x) < m), 
then there exists by Theorem 5.2 an integer 2-adic number c such that 
af = cx for every element x in 2G = join of (G,n(x) < m) and 29G. 


If furthermore S == Z + F(0), where Z is a cyclic direct summand of G, 
generated by an element z of order 2”, then Sf = S, i.e. zf — jz + w where 
j is odd and w in F(0). Since 2zf = c2z, it follows that 2cz = 2jz, i.e. 

` jz = (c + e2"")z with e = 0,1. There exists furthermore in 2°G an element 
u of order 21, Since w is an element of (0), since, by Theorem 8.1, 
F(0) = (2G, n(x) S1), and since r(G, œ) = 1, it follows that w = d2™u 
where d = 0 or 1. The cyclic group, generated by z + u, contains F(0) and it 
follows from the assumption, concerning the automorphism f, that 


(2 + u) f =k(z+ u) = kz + ku where k is an odd integer, . 
= 2f + uf = jz + w + cu : 
= (c+ermt)z + (c + d2™)u. 

This implies that 
k = c + egm- mod 2" 
= ¢ + d2™ mod 2” and therefore 
= ç mod 2”, 


Consequently e = 0 and cz = jz and now it follows from (9) that f belongs 
to Z(G). This completes the proof of part (II) of the Theorem. Part (I) 
of the Theorem is a consequence of (3a), (6), (8) and (11). 

Inspection of the automorphisms g, used in demonstrating the proposi- 
tion (3) of the proof, shows that they are of order 2 and that therefore even 
the following statement holds true: 
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(12) If the automorphism f of the primary Abelian group G of char- 
acteristic p belongs to the kernel 7 K(G) of P(G), then Sf = S for every sub- 
group S of 2G. Thus, if p42, K(G) = Z(G). 

If p = 2, but the orders of the elements in G are not bounded, then eie 
exist automorphisms i in Z(G) of infinite order (cf. Theorem 5.2 and the fact 
that there exist integral ?-adie numbers whose multiplicative order is infinite) 
and it follows from a general theorem on kernels +8 that K(G) = Z(G). 


COROLLARY. The group P(G) of all the proper automorphisms of the 
primary Abelian group G is Abelian if, and only if, either G is irreducible or G 
is a direct sum of a group of order 2 and a group of type 2°. 


Remark. There exist Abelian groups without elements of finite order 
whose group of automorphisms is Abelian, e.g. the additive group of the 
rational numbers and its subgroups, the additive group cf the integral p-adic 


numbers. An example of a finite non-commutative group whose group of 


automorphisms is Abelian has been given by Miller. 


Proof. If G is irreducible, then every automorphism of G maps every 
subgroup of G upon itself and belongs therefore to the centralizer of P(G). 
If G==T + G where T is of order 2 and @ of type 2%, then every auto- 
morphism f of G satisfies: Sf = S for every subgroup S of G such that 
F(0) = 8, since G’f=G’ and Tf<T+F(0). It follows therefore from 
the Theorem that Z(G) = P(G), if G satisfies the condition of the Corollary. 

HG—Z+Y + @ where Z and Y are irreducible groups neither of them 
of order 2, then it follows from the Theorem that there exists an automorphism 
f of G which does not belong to Z(G) and this completes the proof.?° 


THE INSTITUTE FoR ADVANCED STUDY, 
Princeton, N.J. 


17 The kernel of the (non-commutative) group Q consists of all the elements æ in Q, 
satisfying «1S == S for every subgroup 8 of Q, i.e. w-lyx = yiye) for every element 
y in Q. Cf. the paper, mentioned in footnote ©. 

18 Cf. Satz 3 of the paper, mentioned in footnote ?. 

1° This proposition has been proved for finite Abelian groups by A. Chatelet, “ Les 
groupes abéliens finis et les modules des points entiers,” Travaux et mémoirs de 
l’Université de Lille, nouv. sér. II, 3. Paris, 1925. 

20In applying similar methods it is not difficult to prove the following proposition: 
If G is a primary Abelian group and Z(G) < P(G), then P(@)/Z(G@) is Abelian if, 
and only if, 

G=U+V 


where U is of order 2 and V a cyclic group of order 2+ with 1 < i. 


POINTWISE PERIODIC HOMEOMORPHISMS." 


By Duane MONTGOMERY. 


1. In considering periodic transformations of locally Euclidean spaces 
there is suggested the question of whether or not there may exist a transforma- 
tion under which each point is periodic but which is such that the periods of 
the points have no finite upper bound. The purpose of this paper is to show 
that such transformations do not exist,.that is to show that any transformation 
under which each point is periodic is itself periodic. The known results on 
transformations of period p therefore apply for some p to any transformation 
under which each point is periodic.” 


2. The space M considered here is a connected metric space each of 
whose points is included in an open set homeomorphic to the interior of a 
solid n-dimensional sphere. If T is any transformation of M into itself T* 
denotes the k-th iterate of T. It is understood that T° =I. A point æ of M 
is periodic if there exists some positive integer k such that T#{(x) =s. The 
smallest positive integer k having this property is called the period of x If 
each point of M is periodic under T, then T is said to be pointwise periodic. 
If there is some positive integer & such that 7* = I, the identity, then T is 
said to be periodic. | 


THEOREM. If T ts a pointwise periodic homeomorphism of M into itself 
then T is periodic. 


The proof is based on a lemma. It is convenient to make use of the 
integer valued function p(s) defined to be the period of æ under T. This 
function is defined everywhere in M and is lower semi-continuous. Let K be 


the set of points where p(x) has an infinite least upper bound. The set K is 
closed. 


1 Received May 1, 1936. 

?The principal contributions to the theory of periodic transformations have been 
made by Brouwer, Kerékjártó, Eilenberg, Newman, and P. A. Smith. 

The author wishes to say that he has benefited from conversations with Leo Zippin 
on the topic of this note. 


, * Metric spaces were first used by Fréchet. See his Les Hspaces Abstraits. See 
also Kuratowski, Topologie I. 
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Lemma. On every connected open set R in M—K, p(x) is bounded. 


Since p(x) is lower semi-continuous and since M is locally complete, p(x)° 
must be continuous on a set O which is everywhere dense in @;* C is an open 
set because p(x) is integer valued. In the vicinity of a point of C p(x) must 
be constant. There therefore exists a connected open set H in R such that 
p(z) is constant and equal to an integer k everywhere in H. If H is not all 
of R let b be a point of E on the boundary of H. There is a neighborhood 
U(b) in R and an integer N such that for any point v in U (b), p(x) is at 
most V. This is due to the fact that p(x) has a finite least upper bound at b. 
Now consider the transformation S== T*. Let 


H, =X S[H + U(b)]. 


This set is transformed homeomorphically into itself by S. Furthermore 5 is 
periodic of period at most N!, and for every v in H, S(x) =a. Since H; is 
connected it can be concluded from Newman’s results that every point in H, 
is fixed under 8. But this means that if v is any point in Hy, then T* (£) =a, 
so that every point of H, has period at most k. The set H, may, by the same 
process, be enlarged to a set H, (also in E) every point of which has period 
at most k. Continuing in this way by transfinite induction of any order neces- 
sary there is finally obtained a set Ha which coincides with R and every point 
of which has period at most k. This completes the proof of the Lemma. 


3. The proof of the theorem will now be given by means of a reductio 
ad absurdum. Assume that p(x) is unbounded. It follows from this assump- 
tion and from the lemma that M — K is not connected and therefore that K 
is not vacuous. Let æ be a point of K where p(z|K)* is continuous. There 
is an open set H including a such that p(z|K) is constant and equal to some 
integer k everywhere in H: K. Let R be any component of M— K having 
points in H. There is by the lemma an integer N such that every point of R 
has period at most N. Now consider the set 


N! 
W= 3 S8*(Z) 


4=0 


*Kuratowski, loc. cit., p. 189. 

5 Quarterly Journal of Mathematics, vol. 2 (1931), p. 1. 

“This notation is used to indicate the function whose domain of definition is K 
and which is equal to p(w) everywhere on this set. 
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where S = T*. If any point of R- K- H is an inner point of W + K, p(s) is 
bounded at that point. Let c be any point of R-K-H; by the remark just 
‘made c is not an inner point of W + K. Let V be a connected open set which 
is in H and which contains c. The set V — W is not vacuous. The set V — W 
is separated from W by K and each point of K -H is fixed under S, so that 
the transformation S* now to be defined is a homeomorphism of V + W into 
itself. Ifæisin W, S*(x) = S(x) and if æ is in V—W, S*(x) =a. The 
set V + W is connected and locally Euclidean so that Newman’s results may 
again be applied, and it may be concluded that every point of V + W is fixed 
under S*. Therefore every point of W and in particular every point of Æ has 
period at most k. It follows, since R is an arbitrary component of M — K 
having points in H, that every point of (M — K) - H has period at most k. 
But the same is true for every point of H-K. Hence at points of H: K 
p(x) has a finite least upper bound, and this contradicts the definition of K. 
The theorem is now demonstrated. 


SMITH COLLEGE. 


TRANSLATION GROUPS OF THREE-SPACE.* 


By DEANE MONTGOMERY and LEO ZIPPIN. = e 


1. In this paper we seek conditions under which an abelian k-parameter 
group of transformations of an n-dimensional Euclidean space is essentially 
a k-parameter translation? This problem is solved completely in case 
k =n—2 or, in consequence, whenever n = 3. For n > 3 and general k, 
the problem is shown to be equivalent to an interesting question in topological 
product-spaces. 


2. Let V* denote the k-parameter (abelian) group of vectors of Euclidean 
k-dimensional space. The elements of V* will be denoted by u, vw, 
the identity, in particular, by vo Let R denote an arbitrary metric space 
(which will subsequently be specialized). The points of Æ will be denoted by 
L,Y, Z 

We shall say that V* is a group of transformations of R provided that 
with each v there is uniquely associated a single-valued mapping of R into 
itself (a priori, not necessarily covering R) which we shall represent by 


Vt =t, oe CR; 
furthermore these mappings must satisfy the following conditions: 


i) ve =, for all a, 
ii) u(vr) = wa, for all v, where w = u + v, 
iii) ve is continuous in v and v simultaneously, that is if v, —> v, and 
En — T, then Unt, > vtt 


1 


If V denotes an arbitrary subset of V* and X an arbitrary subset of F, 
then VX shall denote the set of all points in R of the form vx, where v is in 
V and x in Z. | 


‘8. Ifa is any point of R, v any element of V*, then for the element 
y = (—v)« it follows from the first two conditions on V* that c= vy. This 
implies that each v “covers” all of R and has, furthermore, a single-valued 


1 Received May 1, 1936. 
2 V, Niemytski has made such a study of one-parameter groups under the hypothesis 
of differentiability. See Comptes Rendus de l’Académie des Sciences de Paris, vol. 199 
(1934), p. 18. Also, “Über Vollständige instabile dynamische Systeme,” Annali di 
,Hatematico (4), vol. 14, pp. 275-286. ` 
# Read “ converges to.” 
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inverse. The continuity condition assures that each V is a homeomorphism 
of R into itself. 

Definition. A group of transformations V* of R is called dispersive if 
with every pair of points z and y of R there is associated a pair of positive 
numbers e and N such that for every point z C S(x, e)* and every v of norm 
greater than N, | v | > N, vz Œ S(ye). 

4, TuroREm 1. If VE is a dispersive group of motions of R and R is 
locally compact, connected, and separable, then R may be represented as the 
topological product of two subspaces Ty and Rx: 

R =T; X Rr, 
where Ty is homeomorphic to V*. 
We shall obtain the proof after a sequence ọf simple lemmas. 
LEMMA 1. If &n—> g and Vatn — y, then | v, | is bounded. 


With each fixed e > 0 there is associated an integer m such that 
tn C S(a,¢) and nt, C S (Y, e), whenever n= m. For the e and N which 
are associated with æ and y by the dispersive character of V* and for the 
corresponding m, we have | vn | <= N whenever n = ñ. 

LEMMA 2. If ux— vx for some point x, then u =v. 

Let w = u — v. Then wr = (u —v)s =v. Let Wn = nw, n=1,2,°°°. 
Clearly waz =T. As a special case of Lemma 1, | Wn» | is bounded. Since 
| Wn | =n | w |, it follows that | w | = 0 and w must be the identity. That 
is, U = v. 

LEMMA 3. If 2: x and Unt, — y, then there is a v such that vn — v 
and y == va. 


Since v, is bounded, by Lemma 1, there is necessarily at least one element 
v and a subsequence v;, such that w;,—v. By the continuity, vit — vx, 80 
_ that ve =y. By Lemma 2, v is uniquely determined. 


CorozLary 1. If V is any closed subset of V* and x any point of R, 
Va is closed. 


COROLLARY 2. If &n—> x and vit, — 2, then Vr — Vo. 


Lemma 4. For fixed æ, Vix is homeomorphic to the space VE. 


The required correspondence between points of V*x and V* is given by 


*8(a,e) denotes the set of points at a distance Se from x. 
s 
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T = vx. 


To each v’, since z is fixed, there corresponds one and only one +. To each 
x of V*a there corresponds at least one v’ such that 2’ = y's and, by Lemma 2, 
this v’ is unique. The correspondence is therefore bi-univalued. That it is 
also bicontinuous is a consequence of Lemma 3 and the continuity ili). 


4. Now let F denote a one-parameter closed subgroup of V*. It follows, 
from definitions, that V is a dispersive group of transformations of R. Con- 
sequently all of the above Lemmas hold for the group V. 


Lemma 5. Let v be any element of V, v: = tv, OS t Se, any constant. 
Then given any e there exists a 8 > 0 such that if (x,y) [= distance from 
x to y] < 8, then (viz, viy) < e 


This is a trivial consequence of the continuity of wa in u and æ simul- 
taneously. 

Since Va is homeomorphic to a straight line, by Lemma 4, it is a con- 
sequence of Lemma 5 that the space R is decomposed into a regular family 
of curves in the sense of H. Whitney. We shall use his work on cross-sections." 
We define a true-section: a set of points Z of R is said to be a true-section 
(with respect to the regular family of curves) provided that 


1) for every y of R the set Z- Vy consists of at most a single point, 

2) if zn is any sequence of points of Z and v» any sequence of elements, 
n==1,2,- + +, such that for some y of R, vnzn—>y then there must exist a 
point z of Z and a subsequence zi, such that Zi, > 2. 


The second of these conditions implies, at once, that Z is closed. For 
if a point z C Z, there is a sequence of points Z» of Z such that zn —> z. Then 
Voën = %, —> 2, and 2) assures us that there is a 2’ C Z and a subsequence 
Zi, such that Lin > 2. Clearly, 2 =z C Z. Condition 2) implies also that 
VZ is closed. For if y is a limit point of VZ then for an appropriate choice 
of points 2, of Z and elements Vn, Un2n —> y. Certainly vi,2:,-> y, for any 
subsequence (tn), m==1,2,---. Then if zı, —> z, for some z of Z, we know 
from Lemma 3 that y = vz for some v. It should be remarked that 2) is 
stronger than the requirement that Z and VZ be closed On the other hand, 
if Z is compact and closed it will obviously satisfy 2). 


FH. Whitney, Annals of Mathematics, vol. 84 (1933), pp. 244-270. As Whitney 
points out in the last paragraph of his paper, cross sections may be obtained quite 
easily when, as here, the curves are given by a one-parameter group. 

° The distinction can be made clear in a simple example. Let Æ be the Euclidean 
plane, V the group of translations parallel to the z-axis and Z the set of points con- 
sisting of the origin of coërdinates together with the points of the hyperbola ay = 1. 
Here Z is not a true-section in the sens? of condition 2. 
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A true section Z is said to be a true section at a point æ provided that 
for all points y sufficiently near to æ the intersection Z: Vy is not vacuous. 
It is said to ‘‘ cover ” a point y provided VZ covers y in the usual sense. It is 
clear that a true section at a point x “ covers” x and also all points sufficiently 
close to æ. Two true-sections Z, and Z, will be said to overlap provided the 
intersection (VZ): (VZ) is not vacuous. A.true-section Z “ contains” 
a true-section Z’ if VZ contains Z’. In case Z contains Z’ in the customary 
sense, Z will be said to extend VAR 


5. Lemma 6. True sections exist at every point x of R. 


Let W denote a Whitney cross-section at the point æ.” In virtue of 
Corollary 2 to Lemma 3, there must exist a positive « such that for all 
y C 8(a,¢), W satisfies the first condition for a true-section. By reason of 
being a Whitney section W, for some # which may be supposed less than e has 
the property that for all y C S(2,e’), W- Vy is not vacuous. Since À is 
supposed locally compact, for some e” < e, S(a,¢”) is compact. Now, | 
Z=W-S8(a,¢’) is a true-section at the point z. 


Lemma 7. Given two overlapping true-sections Z and Z’, there exists a 
true section Z” which “ contains” Z and is an “ extension” of Z’? 


Since Z and VZ’ are closed (see no. 4) it follows that X — 7: VZ’ is 
closed. With each point x of X there is associated a unique element v and 
point x’ of Z’ such that vz = g’. The element v is a continuous function of g. 
For if +, is a sequence of points of X such that x, — 2, let 2’, = vat, be the 
corresponding points of Z’. Since (— Va) t'a — x, it follows from condition 2) 
of no. 4 that a subsequence of the x’, must converge to a point +, and this 
_ point must belong to Z’ which is closed. By Lemma 3, a’ — va, where va —> v. 
Now v as a continuous real-valued function 1° of a closed subset X of a metric 
space Z can be extended to a continuous function over all of Z. The set of 
points vz, where z ranges over Z and » is the associated functional value is 
easily seen to be the desired true section Z”. 


6. We may proceed, finally, to a proof of Theorem 1. With each point æ 
of R we may associate a true section Zs. Hach Zs “ covers” the corresponding. 
‘point « Since R is assumed separable, there will exist a countable sequence 
41,Z2,' + +, of these sets such that they “ cover ” space: i.e. such that VZ,, 


* Loc. cit., p. 256. 

8 This is the only point at which the local compactness of R is used. 
* See definitions in no. 4. 

1° Since V is a one-parameter vector group. 

11 See for example Alexandroff and Hopf, Topologie I, p. 73. 
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n = 1,2,-- +, together cover R. Because R is connected we may assume that 
these sections are ordered in such a way that VZn,, has a non vacuous inter- 


section with 5 YZ, By Lemma 7 there exists a true-section Z which 


4=1 

“extends” Z,, and “contains” Za. By the same lemma there exists a true- 
section Z? which “extends” Z* ahd contains Ze. Proceeding inductively we 
construct a set R, which is the point set sum of the monotonic increasing 
sequence of true-sections Z1, Z2,Z%,- ++. It is immediate: that R, satisfies 
condition 1) of a true-section. Now suppose that y is any point such that 
for a sequence of points zn of R, and a proper choice of elements vn, UnZn—> y. 
Let Zx be a true section in our first sequence which covers y. Then, for 
sufficiently large n, it will also cover all zn. Now Zz is “contained” in Z* 
and Z* must contain almost all zn. But since Z* is a true-section condition 2) 
must be satisfied for it and therefore condition 2) is also satisfied for Ry. 
It follows that R, is a true section. 

It is trivial that R may be expressed as the topological product of V and 
Ri: R= V X R, since each point of R is in the form vz for some unique 
element v and unique point z of R,. Since R, is a closed subset of È, it is 
itself a locally corapact separable metric space. 

Now if k = 1, in our original theorem, the proof is complete. If k > 1, 
let V#-1 be a vector subgroup of V* orthogonal to the original V of the argu- 
ment above. We shall show that it is possible to interpret V* as a dispersive 
- group of motions over R. To this end, let v be an arbitrary element of V4, 
æ be any point of R, and y = vx the corresponding point of R. The point y 
belongs to one and only one Vz where z is a point of R,;. We define a new 
correspondence (essentially a “projection” of the original one) 


Vi VE =Z. 


Here the point z is of the form ty for a unique element ¢ of the group V. 

That these new correspondences satisfy the conditions i) and ili) for a 
group of motions over R, (see no. 2) is clear. That they satisfy ii) follows 
from the obvious fact that (oz) C Vix, where the associated w == u -+ v. 
Since Æ, is a true section this implies that u(vr) = wax, both being points 
of By. We have left to verify that V*", thus interpreted, is dispersive. Let 
x and y denote arbitrary points of E, and let e and N be chosen in accordance 
with the definition in no. 8. Now if there is any point z in S(x,e) and any 
v of. Ve" such that the oz C S(y,e) then, for the appropriate t of V, 
(¢-+v)zC S(y,e). But then, |¢+ {WN and therefore |v| SW since 
v and ¢ are orthogonal. | 
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_If we now choose in V** a closed one-parameter vector group V’, it 
follows by what has already been shown that 


Bı = V’ X Bz 


for some appropriately constructed “ true-section ” R; of R,. By a finite in- 
duction, and because of the associativity of topological products, R = VF X Rr, 
for the corresponding Rx. 

Since V* is k-dimensional and homeomorphic to a subset of R it follows 
that k S dim R. In case dim È == k, it follows from a theorem due to` 
Hurewicz ” that dim Ry = 0. ' 

7. Definition. We shall say that a V* is a k-parameter translation group 
of a Euclidean space En if V* is a group of motions of En and if there is a 


codrdinate system Tı,’ °,%n in En and a generating set of k vectors 
Vas Vas * =, in V* such that to the vector rv;, where r is an arbitrary real 
number, there corresponds the translation: 

a; = 2; + 8;*rx;, (j= 1, 2,- ý *,%). 


THEOREM 2. The following three propositions are equivalent, n being 
arbitrary but fixed: 

A) A dispersive group of motions V* of an En is a k-parameter trans- 
lation group of En for all k; 

B) If En = Ez X Rx, then Ry is homeomorphic to Eh, for all k; 

C) If By = E, X R, then R, is homeomorphic to Eni» 

Proof. That C) implies B) is a consequence of the associativity of topo- 
logical products. That B) implies A) is a consequence of our Theorem 1. For 
from this theorem it follows that En — VE X Rx and, since V* is homeomorphic 
to Ex, B) implies that Rx is homeomorphic to Fn. Since this is the case we 
can introduce a coördinate system into #, having the desired properties. | 

Finally, A) implies C). Suppose we have En =F, X Ry. We may 
regard Æ, as a one-parameter vector group, some point €o corresponding to the 
identity vector and some point e, to the generating vector. Let zọ be an 
arbitrary fixed point in R, Then #, and R, may be interpreted as subspaces 
of En, R, being the set of all points (e,z) where z ranges over R, and Æ, 
being the set of all points (e, zọ) where e ranges over #,. Now corresponding 
to the vector e of E, we have in #; a certain translation; e: e’(e) =g +. 
We can extend this to a motion of all of En, the point (e’,z) going over into 
the point [(e’-+¢),z]. It is quite easy to verify that E, now becomes a 
dispersive group of motions of En. Now, applying A) we get a codrdinate 


1 
12 W., Hurewicz, Annals of Mathematics, vol. 36 (1935), p. 194. 
š e 
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system in Æ, such that the vectors of E, correspond to a change in the first 
coërdinate only. Furthermore any desired change in the first coürdinate can 
be accomplished by a suitable vector e of #,. From this fact we may concludé 
that between the points of Æ, and the codrdinates (Lə, 23,‘ * *, n) there is a 
. bi-univalued and bicontinuous correspondence. 

Given any point (€o z) of R, we ‘associate with it the set of its last n —1 
codrdinates: v2: * `, ne No other point (eo, 2’) of R, can have the same last 
coördinates for otherwise there would exist an element e of E, such that 
[(@ + e), 2/1 coincided with (eo, z) (by suitably changing the first codrdinate). 
But this contradicts the fact that [ (eo + e), 2’] cannot be a point of R, unless 
e is the identity e». On the other hand to any set of codrdinates (#2,- - `, 2n) 
there corresponds the unique point (0,22: : :,æ,) and to this point (e,z) 
of En a unique point (8,2) of A1. That the given correspondence is bi- 
univalued and bicontinuous should now be obvious. 

Regarding C) we may remark that it is easy to establish a number of 
topological properties of R, which tend to corroborate the conjecture that it is 
indeed an Hy, Only in the case that n = 3 are we able to prove this. We 
shall call attention here to the fact, which we shall have occasion to use in a 
moment, that if En = Ex X Er, then Ry is a locally compact separable metric 
space, connected and locally connected. 


8. THEOREM 3. A necessary and sufficient condition that a V* (k =n—2) 
be a k-parameter translation group of En is that it be a disperswe group of 
motions of En. f 


The necessity is quite obvious; we prove the sufficiency. Let æ be any 
point of En and V*g the corresponding closed subset determined by the dis- 
persive group V*. This set is homeomorphic to an Hy. It is clear that if we 
_ adjoin to En the point at infinity, it becomes an n-sphere #*, and V#x becomes 
a k-sphere H*,. Then if k = n— 1, B%, separates E*, into two connected 
sets and if k = n — 2, E*, does not separate E*, (by the Alexander Duality 
Theorem). We can conclude at once that if k = n — 1, V*x separates En and 
if k = n — 2 it does not. Now we know that En can be expressed as Vz X Ri. 
From what we have said it follows that for k — n — 1, each point of Ry sepa- 
tates 2, into two connected sets and from this it follows that Rẹ is homeo- 
morphic to an #,.1* In this case, compare no. 7, our theorem is proved. 

Now if k =n — 2, we see that no point of Rẹ is a cut-point and therefore 
Ry contains simple closed curves.* Let J be any simple closed curve of Rx. 


13 See, e.g, R. L. Moore, “ Foundations of point-set theory,” American Mathe- 
matical Society Colloquium Publications, vol. 13 (1932), p. 103 ff. 
“R. L. Moore, loc. cit., p. 124. ° 
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The set V#J is homeomorphic to the product of a circle by an Eg and it is 
easily seen that regarded as a subset of Æ*, it is the homeomorph of an 
absolute (n—1)-cycle. The cycle in question is obtained from the topologie 
product of a circle and an (n — %)-cube in which the point set corresponding 
to the product of the circle by the (n — 3)-sphere bounding the cube has been 
“identified” with a single point. We conclude, by the Duality Theorem, that 
the set VEJ separates En. Let x’ and y be two points in different components 
of F,-—V*J. If the points x and y of Rx belonging to V#x and V*y’ 
respectively belonged to the same component C of R,—J, it would follow 
that z” and y” belonged to the connected set V*C in En — V*J. The contra- 
diction shows that J separates Ry. That no arc L of J separates Ry is a 
consequence of the Duality Theorem and the fact that V*Z contains no 
absolute (n—1)-cycle. We may conclude that Rx is a “ cylinder-tree”: 15 
i. e. that it is homeomorphic to the point set S, — B where Sa is the 2-sphere 
and B some closed and totally disconnected subset of Sz. Since Fy is obviously 
not compact, it is clear that B is not vacuous. All that remains to show is 
that B cannot contain more than a single point. Now if B contains as many 
as two points, it is clear that S — B-contains some simple closed curve J’ such 
that J’ does not bound any singular 2-cell on S2.—B. In this case the 
corresponding simple closed curve J of Rx cannot bound any singular 2-cell 
of Rx. But it is clear that if J is any simple closed curve of Ry it must 
certainly bound a singular 2-cell C’ in En. Now each point of V*C’ determines 
a unique point of Ry. The set of these points is obviously a continuous image 
of C’ and therefore itself a singular 2-cell which is a subset of Ry. The contra- 
diction completes the demonstration that Rx is homeomorphic to an Es In 
view of no. 7, our theorem is proved for k =n— 2. 

The case k==n is instantly disposed of. In this case En = V” X Ry. 
If æ denotes any point of Ra, V'æ being n-dimensional must contain inner: 
points of En +° and it follows at once that V"# is open. Since it is also closed 
it must coincide with En. The set R, is the single point æ which obviously 
corresponds to the origin of the n-parameter translation group. 

Finally we may state the obvious corollary to this theorem that for n == 3 
any VF (k necessarily Æ n) of motions of En is a k-parameter translation 
group of En if and only if it is dispersive. 


SMITH COLLEGE, ` ‘ 
INSTITUTE ror ADVANCED STUDY. 


18 L, Zippin, American Journal of Mathematics, vol. 52 (1980), pp. 331-350. 


18 K, Menger, Dimensionstheorie, Teubner, 1928. 
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DIFFERENTIAL PROPERTIES OF ABSTRACT TRANSFORMATION 
GROUPS WITH ABSTRACT PARAMETERS: ` 


By A. D. MICHAL and V.. ELCONIN. 


Introduction. Our main object in this paper is to present first-order 
differential equations which are satisfied by and, under specified conditions, 
characterize certain generalizations of abstract differentiable transformation 
groups. Our results clarify the classical theory of Lie, and abstract his first 
fundamental theorem and several related theorems to transformations in 
Banach spaces. A ‘structural function, analogous to the classical structural 
constants, appears in the condition of complete integrability for the funda- 
mental differential equation and is shown to relate this equation to the dif- 
ferential equations of the so-called parameter groups in the same way that the 
structural constants relate the corresponding classical equations. Jacobi’s 
identity is abstracted to Banach spaces and is used to establish an important 
property of the structural function. A differentiable group of matrix trans- 
formations and a group of linear functional transformations are used to 
illustrate the preceding results. Finally, several important unsolved problems 
are indicated, which arise when the differential equations are given and we 
try to determine when, in what domains, and with what group properties solu- 
tions of the equations exist. 

The main definitions are collected in section 1. In section 2 the funda- 
mental differential equation and the associated differential equations of the 
parameter groups are obtained, and conditions are given under which the 
solutions of these equations necessarily have group properties. The structural 
function is studied in section 3. The illustrative groups of transformations 
are in section 4. 


1. Definitions. Let A, D be any non-empty sets? and = any reflexive, 
symmetric, transitive relation, such as logical identity, in A and in D. 


Der. 1.1. A mark T is a transformation of D if Tx is in D for all x 
in D. 


Der. 1.2. I? T is a transformation of D, then T is transitive over D 


+ Presented to the Society, November 30, 1935 and April 11, 1936; received by the 
Editors, June 12, 1936. 
* The sets A, @ will be in Banach spaces after Definition 1.8. 
9 Le 129 
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if for any c in D, s = Ty for some y in D; T is simple over D if Te = Ty 
„implies z = y for any x, y in D ; T is simply transitive over D if it is simple 
and transitive over D. ` 


Der. 1.8. If T, U are transformations of D, then T =U over D if 


(1.1) Tz = Us 

for all z in D ; and TU, the product of T and U, is a transformation of D 
satisfying | 

(1.2) TUx— T(Uzx) 


for all z in D. 


Transformation multiplication is evidently associative. . | 
Let » be in A. Let g’ and «B be in A and Ta a transformation of D 
for all a, Bin A. 


Der. 1.4, If 
(1.3) TpTa = Tap over D 
for all «, 8 in A, then Ta is closed over A, D with respect to aß, and «g is a 
parameter function over A, D of Ta. 

Der. 1.5. If (1.3) holds and 


(1. 4) a(By) = (aB)y 
for all «, 8, y in A, then Ta generates a semi-group over A, D with respect 
to aß. 
Der. 1.6. If , 
(1.5) Tux =% 
for all vin D, then p is a unit in A over D of Ta. 


Der. 1.7. If (1.3), (1.4), (1.5) hold, then Ta generates an integral 
semi-group over A, D with respect to aß, m. 


Der. 1.8. If (1.3), (1.4), (1.5) hold and 
(1. 6) au = a; a =p; aß = «y implies B—y, 
for all a, 8, y in A, then Ta generates a group over A, D with respect to aß, p, a’. 


(1.4) and (1.6) implies that A is a group, in the usual sense, with «8 as 
the group operation, » as unit element, and & as the inverse of a. 
Let T be the set of transformations Ta for a in A. If the conditions in 
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Definitions 1. 5, 1. 7, or 1. 8 are satisfied, then T is respectively the semi-group, 
the integral semi-group, or the group which Te generates, where in each case 
the product of elements in T is that defined in (1.2), Ty is the unit element 
of T in the second and third cases, and Ta is the inverse of Te in the third 
case. Since we are more concerned here with analytic properties of Tax than 
with set-theoretical properties of T, we keep Ta rather than T in evidence. 

The theory of T is equivalent to a theory of a basic function T(a,x) on 
A, D to D, since there is a 1 — 1 correspondence between the elements of T and 
the functions Tax of x. However, we have preferred the transformation sym- 
bolism for several reasons, of which the most practical is the compact repre- 
sentation of iterations of the basic function furnished by transformation 
products. 

Note that in the above definitions a, 8 can be replaced by any two distinct 
marks not already in use without altering the meaning of the defined proposi- 
tions. Marks with this property will be called wmbrals. . 

T£ the range and domains of F(a,y,---,2) are in Banach spaces? 
dey ar F(a, y,° + +,2) will denote the Fréchet differential # of F(x, y,- - -, 2%) 
with increments é 9, * *,€ This form is occasionally ambiguous and we 
use dpe: 7 F(p, o,***,7) Where p,o,-**,7 are umbrals. dF (x, y,- >+, 2) 


is sometimes more conveniently written as F(x,y,- : :,2;£). Successive 

differentiation with respect to the first argument « may accordingly be ex- 

pressed by.the adjunction of a succession of semi-colons and increments. 
Now suppose A, D are domains (open sets) in Banach spaces 3, S. 


Der. 1.9. Ta is continuous in a over A, D or continuous over A, D 
according as Taw is continuous in @ or in a, æ for alla, æ in A, D. ` 


Ta is differentiable in a over A, D or differentiable over A, D according 
as aT ax exists or deel at exists for all «, 2 in A, D. 


Der. 1.10. If Te is differentiable in æ over A, D, then « is essential over 
A, D in Ta if for any function 7(x) on A to 3 


d* Taz = 0 


a 
nla) 
for all a,v in A, D implies y(@) = 0 for all æ in A. 

Der. 1.11. A function F whose range and domains are in Banach 

3 S. Banach, Théorie des Opérations Linéaires (1932). 

+M. Fréchet, Annales Sc. Ec. Norm. Sup., t. 42 (1925), pp. 293-323. See also 


T. H. Hildebrandt and L. M. Graves, Transactions of the American Mathematical Society, 
vol. 29 (1927); A. D. Michal, Annali di Matematica (in press). 
e 
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spaces is definite in one of its arguments with respect to the others if F = 0 
for all values of the latter implies that the former == 0. 


In Definitions 1.9, 1.10, « is an umbral. 


2. The fundamental differential equation. Let A, D be domains in 
Banach spaces 3, S. Let a8, « be in A and let Ta be a transformation of D 
for all a, 8 in A. For brevity below, let «, B, y be in A; én in 3; win D; 
zin S. 


THEOREM 2.1. If 
(i) Tais closed over A, D with respect to aß, - 
(ii) Tais differentiable over A, D and aT x is solvable in z for all a, x, 
(iti) Ê exists in A, differentiable in a, and satisfying 


goa B B 


œ a 
for all a, B, then for all a, x, £ 
(2.1) dT gt = U (Tat; V (Tat, (4, é))); 


where U(a,2), V(x, é), O(a, £) are on D,S to 8; D,3 to S; and on A,% 
to Z respectively, are linear in their second arguments, and U(t, z) is solva- 
ble in z. 


Proof. Let 
dpe at = G(a, x, £) + H(a, 2, z). 
Then 


dD pal’ at = a(2, Tax, de :£) + x(é s Tat, deTat == 0, 


since Tg/aTa = Tg over D. Let P(a«,2,z) be the inverse with respect to z of 
— H(a,a,2). Then, with ô in A, 


dT qa = P (E Tax, o(8, Ta, de :£))- =P (2 Tat, a(s, Te, ds :2)), 


where 8 has been replaced by gô, since the middle member is obviously constant 
in 8. Equation (2.1) now follows, with 
U (2,2) =P(8,2,2), V(r,é) — G(8,2,6), and Qla é) = ae. 
The solvability in z of U(a,z) is evident from that of H (e, 2, 2). 
COROLLARY 2.1. If in addition to the hypotheses of Theorem 2.1, Ta is 


transitive over D and dT ot is solvable in & for all a, x, then V (a, é), Q (a, é), 
and V(x, Q(a,€)) are solvable in £. 
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Proof. The solvability in é of V(x, é) is evident. That of 
U (z, V (z, O(a, €)) ) 


follows from (2.1) and the transitivity of Ta.. The remaining conclusions are 
consequences of Lemma 2.1 below, which can be stated briefly with the aid of 


Der, 2.1. Let F, F, G be Banach spaces. A mark L is a linear trans- 
formation of E to F if La is a linear function on E to F. If L, K are linear 
transformations of # to F and of F to G, then KL is the linear transformation 
of # to G satisfying f 
| KLa = K(Lx) 


for all vin #; if Lx is solvable and L’x is its inverse, then L is solvable and 
the linear transformation I’ on F to # is the inverse of L. 


LEMMA 2.1. If k,n are positive integers, k Sn; EH; is a Banach space 
for +=1,2,---,n+1; fort—1,2,---,n, L; is a linear transformation 
of E, to His. and L'i, the inverse of Li, exists if isk; then Ly is solvable 
of and only if L = LLun: > +L, is solvable. 


Proof. If Ly is solvable, so is L, since the product of solvable linear 
transformations is solvable. If L is solvable, so is Dx, since 


L'y amer Diy Dy,-2 ans LiL Indian ey Dkr 


COROLLARY 2.2. If (i) and (ii) of Theorem 2.1 are satisfied, and for 
all a, B ; 


a(a'B) = a (aß) = 8 


and oR is differentiable in a, then the conclusion of Theorem 2.1 holds. 


Proof. In the proof of Theorem 2. 1, replace z by æg. 

Let a8 = Aga = I8. Then Ag and IL are transformations of A. 

THEOREM 2.2. If | 

(i) A is a group with aß as group operation, u as unit element, and a 
as the inverse of a for all a, 

(ii) aß and « are differentiable in a for all a, B, then aß is differentiable 
in B for all a, B; Ag and IL, generate groups over A, A with respect to aB, p, €’; 
B and a are essential over A,A in Ag and IL respectively; Ag and TL are 
‘simply transitive over A for all a, B. 


Proof. Since of = (f’a’)’ and af,’ are differentiable in a, aB is dif- 
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ferentiable in 8. Ag and IL are closed over A, A with respect to a8; hence 
the second conclusion follows from the group properties of A, as does the 
fourth conclusion. The third conclusion follows from the solvability and dif- 
ferentiability of «8 in « and in £, and from 


Lemma 2.2. If a,b are in Banach spaces H,F'; the functions G(s), 
H(y) are on a neighborhood of ato F and on a neighborhood of b to E; d“G(a) 
and d'H(b) exist; and 


(2. 2) H(G(z))=«, G(H(y))=y 


for all x, y in neighborhoods of a,b; then the linear functions dG (a), H (b) 
‘of p, v are mutually inverse. 


Proof. Let Lu = dG (a), Kv = dH (b). Then differentiating equations 
(2.2) at — a, y = b gives 


KLu =p, LKv =v 
for all », v in F, F. 
Let T, A, H be the sets of the transformations Ta, Ag, IL. 


Der. 2.2. If @@ is a parameter function over A, D of Ta, then Ag, Il 
are respectively the first and second transformations of A associated with Ta. 
If premise (i) of Theorem 2. 2 holds, then A, I are respectively the first and 
second parameter groups associated with T. 


LEMMA 2.3. If Tq is differentiable in « over A, D, a is essential over 
A, D in Ta, the conclusion of Theorem 2.1 holds, and Q(a, £) is solvable in £ 
for all a, then U(x, V (x, €)) is definite in & with respect to x. 


Proof. Suppose the conclusion is false. Then for some £0 in A, 
U(x, V(x, &)) =0 for all z. Let (a) =Q («,¢), where ’(a,&) is the 
inverse with respect to é of Q(«, é). Then „(«) 540, and from (2.1) 
ds Tat = U (Tat, V (Tax, Q(@,n(@))) ) = U (Tax, V (Tat, €)) =9 
for all a, x, contrary to the essentiality of « in Tux. 

THEOREM 2.3. If 


(i) Tais closed over A, D with respect to aß, differentiable over A, D, 
transitive over D for all a, « is essential over A, D in Ta, and aT x is solvable 
in z for all a, z, 


(ii) œ is differentiable in a and such that for all a, B, & 
a(a’B) =a'(aB)—=B, («BY = Ba’, (€Y =a, 
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ý 


and d*a’B exists and is solvable in é, then the conclusion of Theorem 2.1 holds, 
and for all a, B, & n, Q(x, é) is solvable in £ aß is differentiable in a and in 
B, and . i 


(2.8) dap = V (aß, Q(B, 1) ), 
(2.4) dap — u ( (@B)’, 0" ( (aB)’, O(a, (4, €)))); 


where X (a, €)'is the inverse with respect to E of Q(a, £), and 
o(a, £) = dea’, | 


Proof. By Corollary 2.2, the conclusion of Theorem 2.1 follows. From 
(aB) = B'a, (x) = x, and the differentiability of & and «’B in a follows 
the differentiability of a8 in « and in 8. The solvability of Q(«, é) in é follows 
from that of dea’p. Let W (s, £) = U(«,V(#,é)). Then from (2.1) and 
TeTa = Tag over D, 

i (ToT at — Tage) = W (Tage, Q(B, 1) — (8, Bap) ) = 0, 
and from Lemma 2. 3 and the transitivity of Tag over D, 
O(ap, dap) ~2(B,), 
from which (2.3) follows, and hence (2.4) on differentiating «8 = (Bo). 


THEOREM 2.4. If 
(i) Ag ts closed over A, A with respect to aß, differentiable over A, A, 


(ii) œ is differentiable in a and such that for all a, B 
.a(gB) =B,  (aB) = pla’, — (a’)’ =a, 


then equations (2.3), (2.4) hold and B, « are essential over A, A in Ag, Il 
respectively. . 


Proof. From the first part of (i), «(By) = (@8)y. Then from the second 
part of (ii), o’(aB8) = (Ba)a’ = (Bo’)a== 8. Hence «8, af’ are mutually 
inverse in « : (a8’)B = (a8) =a. Similarly a£, «’@ are mutually inverse 
in 8. By Lemma 2.2 and the second part of (i) daß, dap are solvable in 
é, ņ respectively, and hence 8, « are essential over A, A in Ag, Ha respectively. 
Moreover, from the first part of (ii) and the solvability of a product of solvable 
` linear transformations, dea’ B =d” of is solvable in é Hence (i) and (ii) 


. wla, $) 
of Theorem 2. 3 are satisfied, and (2.3), (2.4) hold. 
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COROLLARY 2.3. If 
(i) Ag is differentiable over A, A and generates a group over A, A with 
respect to aß, p, %’, 


(ii) œ is differentiable in a, then the conclusion of Theorem 2.4 holds. 
Proof. (i) and (ii) of Theorem 2.4 are evidently satisfied. 


THEOREM 2.5. If 


(i) forall a,&a: W(x, £), Q(a, £) are in D, A respectively, are linear 
im £, and X (a, £), the inverse of Q(a, £), exists, 


(ii) for all a, B, & 7, & 


(2.5) eae e é)) 
déAga = Q (Aga, Q(B, 7) ) 
(#68) ; { Apa = g, 


(iii) the solution of (2.5) is unique for each x, 


then T is closed over A, D with respect to aß, m is a unit in A over D of Ta, 
and if 


(iv) the solution of (2.6) is unique for each a, 


then Ta generates an integral semi-group over A, D with respect to ap, p. 


Proof. Suppose (i), (ii), (iii). Then from (2.5), (2.6) 


DT ap = W (Leg, 2 ( a8, X (aB, Q(B, 0)))) 
rai W (Lage, Q(B, 7) bL 


since Q’ (8, y) is the inverse with respect to y of Q(B,7). From (2.5) 
OT pT at = W (T eT at, Q(B, n) )- 


Moreover Tau = TauTa = Ta over D. Hence by (iii) the first conclusion fol- 
lows. Now suppose (iv). From (2. 6) 


dł Apya = V (Apy, 2( By, Q (By, Q(y, €)) ) À 
= Q (Agya, Q (y, é) ), 
and 
dy AyAga = Y (AyApa, Q (y, €)). 


Since also Agu = ApAg = Ag over A, (iv) implies AyAg = Agy over A, that is, 
(%8)y = «(By), and the last conclusion follows. 
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Theorems 2.1 and 2.5 together form an abstraction of Lie’s first funda- 
mental theorem." 


3. The structural function T (a, é). The definitions and notations of 
section 2 will apply throughout this section. 

For all a, é, 2, let W(x, £), O(a, é) be in D, A respectively, linear in å, 
and such that d*W (z, £), dO (a, é) exist, continuous in æ and in @ respectively. 
Then it can be shown ° that the functions are totally differentiable in x, é and 
in æ, respectively. Suppose that Q (a, é), the inverse with respect to é of 
O(a, £), exists for all a, £ x. Then Q’(«, £) is linear” in é, differentiable € 
in a, and hence ê totally differentiable in g, é. 

Now if d W (s, £) is continuous in z and Ta is transitive over D and 
satisfies 
(3.1) deTgt =W (Tar, 2(a, E) ) 


for all a, £, x, then, since ded*T ax is symmetric °-in éy, 


VEW (2, Q(g, é) > W (a, Q(a, 1))) al W (a, VEO (a, LE é)) 
or 


(3.2) VEW (a, q; W(x, €)) = W(a,T(a, £n) ), 


where the effect of v: is to subtract from its operand the result of inter- 
changing £ 7 therein, and 


(3. 3) D(a, é 4) = VEO (a, O’(a, é); V (a, 9)) 
is the structural function over A of Ta. 


(3, 2) is equivalent to the condition of complete integrability *° for (3.1) ; 
this condition is therefore necessary for the existence of transitive solutions 
Ta of (8.1) when W (x, é) is continuous in x, and it is also an important part 
of the least restrictive sufficient condition + known to us. 


5S. Lie, Transformationgruppen, vol. I and vol. III. 

SA, D. Michal, Annali di Matematica, loc. cit.; V, Elconin, Thesis (1937). 

7 J. Schauder, Studia Mathematica, vol. 2 (1930), pp. 1-6. See also S. Banach, 
Studia Mathematica, vol. 1 (1929), pp. 223-239. 

8A. D. Michal and V. Elconin, “ Completely onde differential equations in 
abstract spaces.” This memoir on existence theorems will appear in the Acta 
Mathematica. 

? M. Kerner, Annals of Mathematics, vol. 34 (1933), pp. 546-572. 

10 A. D. Michal and V. Elconin, Proceedings of the Nationai Academy of Sciences, 
vol. 21 (1935), pp. 534-536. 

A. D. Michal and V. Elconin, Acta Mathematica, loc. cit. 
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In the same way, if dO (a, é) is continuous in g and Ag is transitive over 
A and satisfies 


(3. 4) dPA ga TE, O° (boa, a(8, 7) ) 
for all a, B, n, then 
(3. 5) | VE (a, 93. V (a, é)) = 0'(a,T(B, é, n))> 


which is equivalent to the condition of complete a for (3.4); if 
moreover (@’)’ = a, dede exists, and 


(3.6) dza = o(a, £), 


then, by differentiating («’)’ =4& : o(a, é), w(a’,&) are mutual inverses with 
respect to é, and it is not difficult to show that if the conditions of pps 
integrability for (3.4) and (3.6) are satisfied so is that of 


(3.7) dzaß = o ( (aB)",&' ( (aB)’, O(a, o(a, €)))). 

Several equations equivalent to (3.3) are sometimes useful; for example 

(3.8) VELO (o, £) —P(a, 2(a,£),2(4,7)), 

an abstraction of Maurer’s equations. Or, differentiating Q (a, Q’(a, é)) = $, 
O(a, VEY (a,n; (a, £))) = VER (a, (a, E) ; O (a,7)), 


and hence í 
(3.9) Tax, é 9) =2(4, VEV (a, 93 V (a, é))), 


or ; 
(3. 10) YEO! (a, 93:2" (a £)) =V (a, T (a, 7). 


THEOREM 3.1. 
(i) The structural function T (a, £, 4) is bilinear and alternating in £, q. 
(ii) If W(a, €) is definite in £ with respect to x and the condition of 
complete integrability for (3.1) is satisfied, then T'(«, é, q) is constant in æ. 
(iii) The condition of complete integrability for (3.4) is satisfied if 
and only if T (a, é n) is constant in a. 
Proof. From (3.8), Ta, £,») is evidently alternating in £é, 7, and addi- 


tive in é and in y. The continuity in é and in y, and hence (i) follows from 
a theorem *? of Banach on the limit of a sequence of additive functions. 


12 S. Banach, Fundamenta Mathematicae, vol. 3 (1922), pp. 133-181. 
3 
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If (8.2) holds, W (s, (a, 7)) is evidently constant in a, hence so is 
D(a, én) if W(x, é) is definite in é with respect to g. 
Since Q(«, é) is uniquely solvable in é, O(a, £) = 0 implies é= 0. Hence 
(iii) follows on comparing (3.5) and (3.10). 


Another important property of T (a, £ y) can be established by means of 
an abstraction of Jacobi’s Identity. 


Let y be in S, 8 in X, and for any function F o on D to § such that 
qd: F (2) exists, continuous in 2, let 


XF (x) = F(a; A(z, €)) 


where A(s, é) is on D,% to S, linear in é, and 4e é) a con- 
tinuous in +. 


Let : 
(Xe X,) F(x) = VEXe(XqF(2)) 
= ViP (z; A(x, £); A(2,7)) +P (2; VEA (2,1; A (2, £))) 
=F (2; VEA (e, q; A(z, £))) 
since dydE (x) is symmetric in y, z. - Then Jacobi’s Identity becomes . 
(3. 11) 3( (Xe, Zn), Xo) F(z) = 0, 
where the summation is over the cyclical permutations of é y, 6; for 
((Xe, Xn), Xo) F(z) equals 
F(a; A(x, 0); VEA (z,n; A(T, é))) 
— F (2; VEA (z; n; A (2, 8)) 3 A (2 8)) 
+F(z; VÉA (x, 0; A(x, n; Ale €)))) 
—F(#; VEA (an; A(z, é; A (e, 8)) Y) 
— F(#3 VEA (e,n; A(a, £); 4(2,6))), 
in which the first and second terms cancel, the sums in (3.11) arising from 


the third and fourth terms cancel, and the sum arising from the fifth term 
equals zero. 


THEOREM 3.2. If 

(G) W(x, £) is definite in £ with respect to x and 

(ii) for all x,y,z, é LAW (x; €) exists, continuous in x, or 
(ili) for all a,n, 0,é deda (a, £) exists, continuous in a, then 


(3. 12) oo BT bx), 6) =o, 
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where the summation is cyclical. 


Proof. Suppose (i), (ii), and A(x,£) = W (x, é) for all z,é. Then 
by (8. 2) 
(Xe, Xp) F(a) =F (£; VEW (0,3 W (2, €))) 


= F(a; W(a, T(aé7))) =x F(z), 


Ta.) 
and hence 


2 ( (Xe, Zn), Xp) F(x) = XF (£) — 0 


by Jacobi’s Identity, where J is the left member of (3.12). If in particular 
F(z) =v, for all x, then XF (£) = W (z, J) = 0, and from (i), J =0. 

Now suppose (iii), S is 3, D is A, and A(a, é) = Q («, ¿) for all a, é. 
Then by (3.10) and Jacobi’s Identity, with F (£) =g : 0’(a,J) = 0. Hence 
J = 0, since 2’(a,&) is uniquely solvable in £. 


4, Illustrative groups. The results in the preceding sections can be 
illustrated by a group of matrix transformations. 

Let S, X be respectively the set of all matrices with m rows, n columns, 
and the set of all matrices with n rows, n columns, where in each set the 
matrix elements are in the field of all complex numbers. For any o = (w:;) 
in § or in 3, let || o | = max | wi; |. When | w || as the norm of w, and the 
usual definitions of matrix addition and multiplication, 8, X are Banach spaces, 
and wa, «8 are bilinear functions on 8, 3 to S and on %, 3 to X respectively. 

Let D be S, A the set of non singular matrices in $, » the identity matrix 
in X, & the inverse matrix of & for all « in A, and let Tae = ze for all &,æ in 
A, D. Clearly Ais a domain. For brevity, let a, 8 be in A; éin 3; 2,zin D. 

Ta generates a group over A, D with respect to af, p, a’. 

T is differentiable over A, D, since for all a, x, é z 


diola = vé + 2a, 


deg exists equal to — œ'éx. This follows from a known theorem,** on noting 

that af, «’é are mutually inverse with respect to é Or it may be deduced 
directly as follows. («+ é)’— a’ = — (a+ £)'éx if || £ | is sufficiently small. 
From the definition of matrix multiplication, | ag | = n | a] || 8 |, and, say 
from Kramer’s Rule, | (x + €)’|| is bounded for all sufficiently small | é |. 
Hence 


(a+ é)’— a | Sn? ](a+é)’] el tl 


13 A. D. Michal and V. Elconin, Acta Mathematica, loc. cit. This theorem asserts 
the differentiability with respect to a parameter of the inverse of a solvable linear 


function itself differentiable in the parameter. , 
` Ld 
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is arbitrarily small for all sufficiently small || é | : œ’ is continuous in «; and 
for any positive number e : | 


[la HE —a + wea’ | =I ((a +8)’ — or} | 
<n (ats/—a | lol lél<elé] 


if || é |] is sufficiently small. Since — a’ée’ is also linear in é, dec! = — aa’, 


With the notations introduced in the proof of Theorem 2. 1, 
U (a, 2) = — 28, V (a, é) = té, Q(a, É) = — dE, 


since B/a — «'ß here. Hence by that theorem 
(4.1) deTax —— (Tan) (— WE) Y — (Tae) aé, 


which may be directly verified. 
For simplicity, let 8——y". With the notations of Theorem 2. 8, 


Q (a, é) = aé, (a, £) = — a&éa’, 


Hence by that theorem 


(4. 2) Pag — (aß) (Bn) = an, 
and / . 
(4. 3) deaB = — (aB){(aB)'a(— o/Ea’) } (aß) — 68, 


which are evidently true. 
With the notations of section 8, 


D(a, é 9) = a V ané = qé — En, 


which is constant in «, and hence the condition of complete integrability for 
(4. 2) is satisfied. This is already evident since the transformation Ag defined . 
by Asa = @@ is transitive over A. For similar reasons, (4.1) and (4.3) are 
completely integrable. Moreover, the solutions of these equations are uniquely 
determined by one-point initial conditions. Thus Ta satisfies 


dT at = (Tar) o’é 
Tur = +. 


(4. 4) { 
Conversely, let Tas now be any solution of (4. 4). Then 
d(T) a = (dt Tax) a — (Tax) (a Eo’) = ((Tav) WE) a’ — (Tax) (o Ee’) = 0. 


Hence for some y in D, (Tex) =y, or Taw = ya for all a, and from 
Tux = follows v =y. Essentially the same device may be used on (4.2), 
(4.3). 
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The above results all hold when the matrix transformation group is 
replaced by a certain group of linear functional transformations of the third 
kind.* Let g be the well-known Banach space of functions °, real and con- 
tinuous over a SoS b, with | e° | = max |as]. Let 3 be the set of all 


ordered pairs (a?,a7) of functions at and a, real and continuous for 
aSao, r<b. Let 


Ca, aa max jelt max | a | 
So, r&b 


(a, a?) + (E, Be) =. (a? $ B5, a? + B); 
and 
| rar, as) = (ras, ra), 


for all (a7, a7), (87,87) in X and all real numbers r. ` Then X is a Banach 
space. Let x, a, B be x7, (a7, av), (8°, B) respectively, and define 


Ta = LAF + war; 
aB — (ap, ap? + a Be + are), 


where in any term an index occurring once as subscript, once as superscript, 
„and not in parentheses, indicates Riemann integration over (a,b) with respect 


v 
to that index; thus o 87 = æB°dp, but r is free in a87. aa, aß are 
T p a Tp P> T 


bilinear functions on S, 3% to S and on à, 3 to X respectively. Let Tas = xa. 
Then Ta, a linear functional transformation of the third kind, generates a 
semi-group over 3, © with respect to «8. Let D be O; A the set of all « in 3 
for which «720 and the Fredholm determinant D[a?/a‘]~0, Iv the 
resolvent kernel of a?/a‘™, and let po ==1, p= 0 foraSo,r Sd. Then 38 
Ta generates a group over A, D with respect ‘to aß, p, a, where p = (n°, p2), 
a’ = (1/a?,Tv/a), The results obtained for the iatis transformation - 
group, and the arguments leading to them, except that employed in the direct 
deduction of dzo” = — g'g’, all hold with the new interpretations of Tax, af. 


5. Conclusion. The main results of this paper express differential proper- 
_ ties of abstract differentiable transformation groups and certain of their 
generalizations. The study of the intimate group structure, which we have 


14 A. D. Michal and T. S. Peterson, Annals of Mathematics, vol. 32 (1931), pp. 
431-450. See also A. D. Michal, American Tournal of Mathematics, vol. 50 (1928), 
pp. 473-517. 

15 A. D. Michal and R. S. Martin, Journal de T Pures et Appl, 
vol. 13 (1934), pp. 69-91. 

18. A, D. Michal and T. S. Peterson, loc. cit. 
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already begun, suggests that the totality of non-trivial differential properties 
is very large. It is at-least reasonable to expect that salient formal group 
properties strongly imply and may sometimes be characterized by differential 
properties. The determinations of analytic conditions under which the latter 
properties imply the former constitute the most difficult and laborious prob- 
lems in the theory. For example, in Theorem 2.5, it was shown that the 
uniqueness of the solutions of certain differential equations implied funda- 
mental formal group properties of these solutions, but the determination of 
reasonably broad analytic conditions which insure this uniqueness is difficult; 
our best results so. far seem too restrictive. It is probable, however, that better 
conditions will be obtained by strengthening and extending basic existence 
theorems for completely integrable abstract differential equations which we 
have already established.17 | 


> CALIFORNIA INSTITUTE OF TECHNOLOGY, 
PASADENA, CALIFORNIA. 


17 À. D. Michal and V. Elconin, Acta Mathematica, loc. cit. 


REMARKS ON SYSTEMS OF ORDINARY DIFFERENTIAL 
EQUATIONS.: 


By E. R. van KAMPEN. 


I. A uniqueness theorem. Let the vector ¢ = $(é) = (f1,° ', fn) be a 
continuous function of the vector é= (2, ` ', 2n) in a certain region À of 
the é-space. Let ¢ (or s) be a real variable and let a subscript ¢ (or s) denote 
total differentiation with respect to this variable. It is well known that if 
& is a fixed vector in R, then the system of ordinary differential equations 


(1) é = $(&) 


has at least one solution 
(2) é= y (é, t), for which y(é0, 0) = £ 


and which is defined for all ¢ in a certain interval which contains ¢ = 0 and 
depends on é. Several conditions concerning the function ẹ (é) are known, 
each of which implies that the solution (2) of (1) is uniquely determined by 
&. In the uniqueness theorem? stated below, the same conclusion is drawn 
from an assumption on a certain set of solutions of (1), without any further 
restriction on the function (é) itself. Using the symbol | | to denote the 
length of the vector 7, this uniqueness theorem may be formulated as follows: 


Let the equation (1) have a solution (2) such that 


(i) one and only one curve of the system (2) passes through any point 
of R, ie. f 
(8) Y (Y (éo t), 8) =Y (Éo t + 8), 


whenever the expression on the left side is defined and 


(ii) the function (2) satisfies a Lipschitz condition with respect to $o, 
i. e., there exsts a positive number C which is independent of & and qo such that 
P p 7 


+ Received November 20, 1936. . 

* This theorem combined with a treatment of Lie groups, obtained by the author 
several years ago but never published, implies that a group nucleus homeomorphic with 
an n-cell is a Lie group nucleus if (i) the functions cy = fy (aa, b8) defining the group 
operation have a continuous derivative with respect to aa at a fixed value of aa and 
(ii) the functions fy(aa, b8) satisfy a Lipschitz condition with respect to 68. A pub- 
lication of the considerations involved is planned in the near future. 
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(4) | (Eo. t) — 4 (mm #1 < © | É—m | 
for any & and qo in R. 


Then, if & is a fixed vector in R, (2) defines the only solution of (1) which 
reduces for t == 0 to éo. | 


Let x(t), 41 < t< te, be any fixed solution of (1) and put 


(5) zaf &(s,t) = 4 (x(8), t— 8), 


where t; < s < ta while, for a given s, the variable ¢ is restricted in such a 
way that the right side of (5) has a meaning. Obviously (5) determines, 
for a fixed s, the unique curve of the system (2) through the point x(s), 
so that the theorem is equivalent to the statement that £(s, t) is independent 
of s, whenever x(s) is a solution of (1). 

First, it is seen from (2) and (5) that ¿(t, t) = x(t), so that 


(6) f(t, t) = $(€(z,2)), 


‘since x(£) is a solution of (1). Also, since (2) is a solution of (1), it follows - 
from (5) that ¢(s,¢) = (¢(s,t)). Thus one obtains, on placing t= s in 
‘the last equation, : 


(7) {2+ (s, t) }eas = $(E(8, 8) ). 
On placing ¿= s in (6) and subtracting the result from (7), one obtains 
(8) (LE(S, t) — E(t, t) Tee = 0. 


Hence, if e > 0 is given and s is fixed so that t, < s < te, finally if s’ is suff- 
ciently near s, it follows from {€(s,¢) —€(t, t) }i-s = 0 that 


(9) | £(s, 8’) —£(s',8)| <e|s—s’ |. 


On the other hand, if s and ¢ are fixed in such a way that ¢(s, ¢) is defined, 
and s’ is sufficiently near s, then {(s’,¢) is defined, so that (3) and (5) 
imply that 


(10) Es, t) = (f(s, 8’),¢—s’), f(s, t) = y (f(s, s), t—s’). 
On using condition (ii) in the form (4), one obtains from (10) 


(11) | £(s, t) —£(s', t) | < Gl £(s, 8’) —€(s', 7). 
10 . ’ 
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From (9) and (11) it is clear that 
(12) | £(s, t) —E(s,t)| < C | s—s’| 


whenever ¢(s, 7%) is defined and s’ is sufficiently near s. Since Ọ is independent 
of s and s’, it is seen from (12) that ¢s(s, t) exists and is equal to 0 whenever 
£(s,t) is defined. Thus £(s;t) is independent of s, so that the theorem is 
proved. 

Needless to say, the solution of (1) need not be unique if a system (2) 
of solutions is known satisfying (i) but not satisfying (ii). 


II. The set of split points of an ordinary differential equation on a 
solution. If the vector function #(é,¢) of the vector € and the real variable ¢ 
is continuous in a region R of the (£, {)-space, then the system 


(1) à & = p (é t) 


may have more than one solution passing through a given point of E. How- 
ever, very little is known about the possible distribution in Æ of those points 
through which passes more than one solution of the system. The present note 
contains a characterization of the distribution of such points on a solution of 
the single equation 

(2) t = f (2, t), 


where f(x, t) is a continuous function in a region R of the (w, t)-plane, and 
also contains a remark on the corresponding problem in case of the system (1). 

It is convenient to order the points on a solution s = g(t) of (1) by 
saying that the point P, is to the right of the point P, if P, belongs to a 
larger value of ¢ than Pz. Then it is clear what is meant by the following 
definitions: The point P = (z, t) is called a right split point (a left split 
point) of (2) if two solutions of (2) exist, both containing P and such that 
no arc of the first solution with P as left (right) end point belongs entirely 
to the second solution. A point set S on a solution of (1) is said to be right 
(left) closed it any point of À which is the limit of a sequence of points on S 
belongs to 8, provided each point of the sequence is to the right (left) of the 
next point. It will be proved first that: 


(8) The set of right (left) split points on any solution of (2) is right 
(left) closed. In fact, it is well known that through any point P of R there 
passes a uniquely determined right upper, right lower, left upper, left lower 
solution of (2). It is clear that if P, and P, are on a solution a of (1) and 
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P, is to the right of P», then the are P,P, of « together with the right upper 
solution through P:, is a right hand solution through P,, so that the right 
upper solution through P, is never below the right hand upper solution through 
Pı. Similar statements hold for the other extreme solutions. Now let {Pn} 
be a sequence of right split points on a solution æ of (2) such that P, is to 
the right of Pai, for every n, and {Pn} converges to a point P of a Then 
the right upper (lower) solution of (2) through P is never lower (higher) 
than the right upper (lower) solution through Py. Thus the right hand upper 
and lower solutions through P» do not coincide on any segment with P as 
endpoint, since the right hand upper and lower solutions through the right 
split point Pa do not coincide on any segment with Pa as endpoint, and any 
segment of & with P as left end point contains at least ore point Pa. The case 
of left split points may be similarly treated. 


(4) If on the t-awis in the (a, t)-plane there are given point sets Bı and 
Sr which are left and right closed respectively, then there exists a continuous 
function f(a, t), such that f(0,t) = 0 and Si, 8, are the sets of left, right split 
points of (2) on the t-axis respectively. — 


The function f(v, t) will be constructed in such a way that f(x, t) 20 
for any x and t. Then the t-axis is the right lower and left upper solution 
through any of its points, so that the values of f(x, t) in'the lower (upper) 
half plane alone are sufficient to decide whether any point of the t-axis is a 
left (right) split point or not. Thus it will be sufficient to consider the case 
where ©; is the empty set and f(x, t) — 0 whenever x Æ 0 and for all ¢, while 
f(x, t) 20 whenever x > 0 and for all t. 

Since the set S,, which will from now on be denoted by S, is right closed 
by assumption, so that every point not in S is the left end point of an interval 
that does not meet S, the complement C of S on the t-axis is the sum of an 
at most enumerable collection of mutually disjoint intervals, the left end point 
of each of which is in S, while the right end point may or may not be in 8. 
The set S itself may but need not contain intervals. In any case the set of 
maximal intervals contained in S is at most enumerable, and the left end 
point of any such interval is always contained in S. Let an enumerable set T 
contain the following points: 


(i) The left end points of all maximal intervals in S; 
(ii) The end points of all intervals constituting C; 


Then any point s of S has one of the following properties: 
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(iii) s is contained in T; 
(iv) s is interior point of a maximal interval of S. 


(v) s is the limit of a monotone decreasing sequence of elements both 
in Sand in T. | 


In fact, if an element s of S does not have either property (iii) or property 
(iv), then s is not the left end point of any interval belonging entirely to 8 or 
entirely to O. But then any interval of which s is the left end point contains 
the left end point of one of the intervals constituting C. Since such a left 
end point is contained both in § and in T, the point s has property (v). 

Now let the points of T be arranged into the sequence {tn}. Suppose that 
a function f(x, t) has been defined on closed sets Ai, > >, An-1, corresponding 
to the points t> - -,4, and let there be defined, corresponding to the point 
tn of T, a closed set An and a function f(x, t) on An as follows: 


(vi) If t» is not the left end point of an interval either in § or in O, 
let An be the curve 


(*) t—=(t—th)’?/n,  tStSh+m, 


where either r, = 1 or, if the smallest number p > 0 guch that the point 
(p?/n, tn + p) is on one of the sets Ai,: * +, Ar exists and is not larger 
than 1, then rn = (n—1)p/n. The value of f(x, t) at any point of An is 
defined to be the slope of (*) at that point. 


(vii) If 4 is in S and is the left end point of an interval tn < t < tn 
which is contained in C, let An be the set defined by the inequalities 


(#*) tn StSr; 0S eS min [(t—h)?/n, 1/n], 


while f(z, t) = 22/(t—-t,) for any point (xt) in A, (in particular 
f(O, in) ==0). Thus through any point (7,1) of An there passes a solution 
of (2) of the form s = c(t — tn)’, where 0 = c S 1/n in view of (**). 


(viii) If t» is the left end point of an interval tn & t < Ta which is con- 
tained in S, let An be the set defined by (6), and put f(x, t) = 2an-4 for any 
point: (x, t) in An. Thus through any point of A» there passes a solution of 
(2) of the form x — (t —c)?/n, where obviously tn Se £ tp. 

(ix) If 4, is in O, so that it is the left end point of an interval tn St < 1% 
which is contained in C, let en be such that 0 < en < ue while the set 4, 
defined by 

StS; 0S r S min [(t(—h)/en, 1/n] 
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does not have a point in common with any of the sets 4,,: - `, An. except 
maybe the points (0, tn) or (0, fa). Put f(x, t) = 0 for any point (x, t) in An. 

Thus there may be defined by a process of complete induction a set An 
corresponding to every element t» of T and a continuous function f(x, t) on An. 
If (x,t) is any point of A», then clearly eS 1/n and f(t, x) SS 2a*n4. Since 
the different sets A, may have only points on the ¢-axis in common, it follows 
that, by putting f(x, t) = 0 for any point on the t-axis where f(x, t) is not 
yet defined, the function f(x, t) has now been defined as a continuous function 
on a closed set. Put f(x, t) —0 for & = 0 and for all ¢ and let f(z, t) be 
defined for «= 0 as a non-negative continuous extension * of the function 
already defined. It will be shown that a point on the t-axis is a right split 
point of (2) if and only if the point is in S, thus completing the proof of (4) 
in view of the remarks immediately following (4). 

Let s be any point of S. If s satisfies (iii), then it is clear from (vi), 
(vii), (viii) that s is a right split point of (2). Hence, if s satisfies (v), 
then s is a right split point of (2) in view of (3). If s satisfies (iv), then 
s is a split point of (2) by (viii) in view of (i). Thus any point of S is a 
right split point of (2). Let r be a point of C. If r is not an interior point 
of C, then r is not a right split point of (2) by (ix). Finally, if r is an 
interior point of ©, then r is not a right split point of (2) by (vii) or (ix). 

Let it be remarked that the notion of a split point is not as simple in case 
of the system (1) as in case of the equation (2). In fact it is possible to 
construct’ a function $(é t) such that a given point P= (éo to) in the 
(é, t)-space has the following properties 

Any two solutions of (1) through P are identical on a t-interval con- 
taining P, and 

If any t-interval Z containing to is given, then two solutions of (1) may 
be found which are not identical on J. 


III. On the set of split points of an ordinary differential equation on a 
cross line. Let f(x, +) be a continuous function in a region U of the (a, t)- 
. plane. A simple arc & will be said to be a cross line of the differential equation 


(1) v: = f(a, t) 


if any solution of (1) through a point P of a has only the point P in common 
with a. For a sufficiently small e > 0, let Re(Le) denote the set of those points 
[esse ` 


*It is easily seen how in the course of this extension eventual unbounded intervals 
‘contained in § or in O must be taken in account. ` 
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of U which are on solutions through points (Zo, to) of œ and correspond to 
values of ¢ satisfying to < t < to + e(to— e< t< to). First it will be shown 
that: 


(2) If, for a fixed e > 0, the set Re does not contain a left split point of 
(1), then the set of right split points of (1) on a is at most enumerable. In 
fact, if P is a right split point of (1) on a, then the right upper and right 
lower solutions of (1) through P in Re are distinct, so that a certain open ` 
subset Up of Re is between these two solutions. Moreover, if P and Q are 
distinct right split points of (1) on a, then the open sets Vp, Va cannot have 
a point in common, since (1) does not have a left split point in Ee so that 
solutions through distinct points of « cannot have a point in common on Re 
Thus (2) follows from the well-known fact that a collection of mutually 
disjoint open subsets of the (x,t)-plane is at most enumerable. Note that 
the statement of (2) remains correct if the notion “left split point” is 
replaced by “right split point,” even if Re is not replaced by Le 

Although (2) is true, it is quite easy to construct a function f(x, t), such 
that (1) has cross lines consisting entirely of split points. In fact it will be 
shown that: 


(3) If O is any nowhere dense closed set on the t-axis, then a function 
f(z, t) exists such that both the set of all right split points and the set of all 
left split points of (1) contains all points in the (a, t)-plane of which the 
t-codrdinate is in C. It follows of course from (2) that the set of split points 
must contain more points than postulated in (3). However, the function 
f(a, t) will be constructed in such a way that the set of split points not postu- 
lated in (3) is enumerable. It is to be noted that, according to (3), the 
measure of the set of split points of (1) in a bounded region may be any 
non-negative number less than the measure of that region. On the other hand 
no example is known of a function (1) for which the set of split points is 
dense in any region of the (x,t)-plane. The construction of the example 
announced in (3) will be given in several steps: 


a. Functions f(g, t) may be constructed such that: 

(i) f(x, t) is defined and continuous for every (x, t); 
(ii) f(z, t) = 0 if either sS 0 orses 1; 
(iii) [f(x t)| < M, where M is independent of x and t; 


. 
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(iv) Any solution of (1) which is defined for all ¢ contains at least one 
right split point and at least one left split point. 


(v) The set of split points of (1) is enumerable. 


Such a function may, for instance, be defined as follows: At any point P 
of any one of the curves 


z = 4n + c(1— cos rt) or ~=4n+2+c¢c(1+cos2t), 0S1, 


where c is any real number such that — 1 S c S 1 and n is any positive or 
negative integer, put f(v, t) equal to the slope at P of the curve passing 
through P. 


| b. Functions f(x, t) may be constructed which have properties (i), (ii), 
(iii) and are such that 


(vi) The set of left split points and the set of right split points on any 
solution of (1) which is defined for all ¢ has the points corresponding to 
t = 0 and to ¿= 1 as cluster points; 


(vii) Although, according to (ii), (vi) and (8) of Section II, every 
point (x, 0) is a right split point of (1) and every point (2,1) is a left split 
point of (1), the set of split points for which 0 < t< 1 is enumerable. 

Such a function may, for instance, be defined as follows: 


If t=0 or ¢=0, put f(x t) —0; 
if 2" StS 2, put f(a, t) = ntg (n2"2, t — 1); 
finally, if 1—2**S¢S1—2™, put f(x, t) = ng (nda, 2n(t— 1) +2). 


Here g(x, t) is a function with properties (i), (ii), (iii), (iv) and (v) 
and n is any integer larger than one. That the function f(x, t) thus defined 
has the required properties may be easily verified. A function with properties 
(i), (ï), (ii), (vi) and (vii) will be denoted by A(x, t). 


c. Now let C be a given nowhere dense closed set on the ¢-axis, and let the 
intervals constituting the complement of O be # a, < t < ba, n=1,2,°--. 

A function f(x, t), satisfying the requirements of (3) may now be defined 
as follows: 


‘It is easy to see how an eventual unbounded interval in C should be taken in 
account. | 
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If ¢ is in O, put f(v, t) = 0; 


if a St br, for some n, put f(x, t) =: h ( ng t — An 


bn — an’? bn — nJ 








The function f(x, t) thus defined clearly is continuous for every æ and t, 
since (2, t) has properties (i), (ii), (iii). Let ż be an element of C. Since 
C is nowhere dense, either there exists an n such that to == an < bn or, for every 
e > 0, there exists an n such that to < an < bn < to +e. Thus it follows from 
(vi) and from (3) of Section IT that a point P == (ap, to) is a left split point 
of (1) if tə isin C. It is similarly seen that P also is a right split point of 
(1). Finally, it is clear from (vii) that the set of those split points of (1) 
whose t-coôrdinate is not in C is an enumerable set. | 
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ON A SYMMETRICAL CANONICAL REDUCTION OF THE 
PROBLEM OF THREE BODIES." 


By E. R. van KAMPEN and AUREL WINTNER. 


Introduction. It is known ? that the classical first integrals of the problem 
of three bodies permit reducing the degree of freedom from 9 to 4 in a canonical 
form and that on the basis of these integrals no further reduction of the general 
problem is possible, if the independent variable of’ the reduced system is the 
same as that of the original system, i.e., if no use is made of the energy 
integral. In the particular case of the planar problem of three bodies the 
reduced degree of freedom is 3 instead of 4. In the latter case Murnaghan © 
recently gave a symmetric treatment of the problem by using the 3 mutual 
distances as the 3 codrdinates of the reduced system. 

The object of this paper is to extend this symmetrical reduction to the 
non-planar case by using as the 4 codrdinates the 3 mutual distances and an 
angular variable which is symmetrical with respect to the three bodies and 
becomes an ignorable codrdinate in the planar case. Correspondingly, the 
treatment given by Murnaghan + for the planar case is based on a “ modifica- 
tion,” in the sense of Routh, of the Lagrangian function of the original 
problem. The treatment to be given in the present paper both for the planar 
and non-planar case is based on the consideration of the Hamiltonian instead 
of the Lagrangian equations. Actually, the reduction will be composed of 
two canonical transformations (Sections IT and III) which are independent 
of the form of the Hamiltonian function, On applying these canonical trans- : 
formations to the Hamiltonian system of the problem of three bodies (Sections 
IV and V), the desired reduced equations immediately follow. 

It is suggested by the simplicity and symmetry of the result that the 
reduced equations can be applied with success to several classical problems 
concerning particular solutions of a preassigned nature. 


I. Extended canonical transformations and invariant relations. The 


1 Received November 9, 1936. 

2 For the extensive literature of the subject, cf. R. Marcolongo, Il problema dei tre 
corpi, Milano, 1919, Chap. 2, pp. 27-41. 

*F. D. Murnaghan, “A symmetric reduction of the planar three-body problem,” 
American Journal of Mathematics, vol. 58 (1936), pp. 829-832. 

t Loc, cit., *, -p. 831. s 
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object of this Section I is to collect for later use some rules dealing with the 
introduction of new variables into a canonical system 


(1) gi—0H/ôp, pi =—dH/dq; aoe eae 


with n degrees of freedom, where the prime denotes differentiation with respect 
to t and the Hamiltonian function 


(2) H = H (qu ` +, Qm Po © * > Dn) 


is supposed to have continuous partial derivatives of the second order in the 
2n-dimensional region under consideration. 


(i) Let x and my where A=1,:- -,v, be the coordinates and impulses 
in a 2v-dimensional phase-space, where y is less than the degree of freedom, n, 
of (1). - Put 


(31) a = PA (Qu È “5 Qn)3 (A = 1, 2,- <v) 
(32) Pi wal 96/091 ; (= 1, ast sn), 


and restrict the n coördinates qı by n — » relations 


(4) Yalli’ + `> Qn) =0; (u= 1,2, +, n— y). 
It will be asssumed that the n functions ¢i,: : * , $v, Yo’ `, Yn of the n 
variables g;,° + -,@Q have in the n-dimensional q-region under consideration 


continuous partial derivatives of the third order and a non-vanishing Jacobian. 
Thus from (8,) and (4) 


(5) | qi files," + kr); (= 1,8, ::,n), 


where the functions f: are locally univalued and have continuous partial 
derivatives of the third order. On substituting (32) and (5) into (2), one 
obtains a function of the «1 and 7, which will be denoted by H, so that, in 
virtue of (3,) and (5), 


(6) H =H, where H —H(x,,° ' +, xv, mu’ tmy). 


Now the function H thus defined has the following property: For those solu- 
tions of (1) along which (4) is satisfied the canonical system (1) is equivalent 
to the canonical system 


(7) Ki = 0H/Üm, mx = — 0H /ôk ; (à = 1, 2,° . -,v) 
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of y (< n) degrees of freedom. The proof requires but straightforward dif- 
ferentiations and substitutions. 


(ii) Let again «and my, where A—1,2,---,v and v<n, be the 
coérdinates and impulses in a 2y-dimensional phase-space, but replace (3,), 


(82) by . 
(81) í qı = Fi (kyt + +, Kv) 5 (= 1,2, n), 
(82) m= % pi OF 1/Ox) ; | (à = 1, 8," ° vs 
t= 
and (4) by 
(9) Z piGip(«i,* + +, xv) = 0; (u=1,2,°++,n—y). 
t=1 


It will be assumed that, in the »-dimensional «-region under consideration, 
the n functions F; and the n(n—v) functions Giu have continuous partial 
derivatives of the third order and that, in the same region, the determinant 
of the v + (n—v) = n linear forms (8), (9) in the n impulses p: is distinct 
from zero. Thus, from (82) and (9), 


(10) Pı = À ma (rs: = 5 Ry) 5 (—1, 8" sn); 
=1 


where the ny functions Ty, are uniquely determined and have continuous 
partial derivatives of the second order. On substituting (8,) and (10) into 
(2), one obtains a function H of the «1 and my, so that (6) holds in virtue 
of (8,) and (10). Now the function H thus defined has the following property: 
For those solutions of (1) along which (9) is satisfied the canonical system 
(1) is equivalent to the canonical system. (7). The proof requires,.as in the 
case (i), but straightforward differentiations and substitutions, as seen by 
differentiating (8,) and (10) with respect to ¢ and (6) with respect to kv, mv. 


(ii) Let 1—n—m +1, n—m+2,---,n, where m is a positive 
integer less than the degree of freedom of a canonical system (1), and let c; be 
a constant and h; a function of q1,° + - , Qn-m and 71,° * `, Pn-m Which has con- 


tinuous partial derivatives of the second order in the regicn under consideration. 
Suppose that the m pairs of relations 


(11) qi = hi (qs: Ts Qnm Pis” `, Parm), Pi = Gi; (i=n—m aaa sn) 
5 Cf. also T. Levi-Civita, “ Solla introduzione di vincoli olonomi nelle equazioni 


dinamiche di Hamilton,” Atti del Reale Istituto Veneto, ser. 8, vol. 18, (1916), pp. 
387-395. ; 
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form an invariant system ° of (1). On substituting (11) into (2), one obtains 


a function K of q:,' °°, Qmy Pis `, Pm and the ci, so that, on considering 
the numbers c; as fixed, | 
(12) H = K,'where K = K(q1,° : ©, m Pu’ * *» Pm). 


Now the function K thus defined has the following property: For those 
solutions of (1) along which (11) is satisfied the canonical system (1) is 
equivalent to the canonical system 


(13) Qr = 0K/0pr,  pr——0K/0q; (b= 1,2,-++,n—m). 
This is easily verified by noting that 

0H/0q: = 0; G=n—m+I1,---,n) 
in virtue of the invariant system (11) of (1). 

All three rules (i), (ii), (iii) are to the effect that under the conditions 
specified the new Hamiltonian function, H or K, is obtained from the original 
Hamiltonian function H by actual substitution of the transformation formulae. 
In such a case one says that the transformation formulae define a completely 
canonical transformation. It may be mentioned that all three rules (i), (ii), 


(iii) are very special cases of a general theorem dealing with canonical systems 
which are subjected either to constraints or to invariant relations.’ 


A notation. From now on 4, j, k will denote subscripts each of which has 
one of the three values 1, 2, 3. The summation symbol X a,j, will denote 
the sum 

I ijk = Ares + desi + Asie (= > inj), 


so that, in particular 


3 Qij = Gye + es + Gar, I di = la + Gr + a. 


€ A system of s relations 


(*) Ty (5° + +B, t) = 05 (k=1l,...,s) 
is an invariant system of a system of k differential equations 
(**) da, /dt =E plL - +, By t) 5 (m=. k), 
if the functions r, have continuous partial derivatives of the first order and 

dr, (@,)+ - -2y t) /dt = 0; | (k=1,...,s) 


is a consequence of (*) and (**). 

7 Of. a forthcoming paper where holonomic and certain non-holonomic constraints 
will be treated by a method used in the case of free canonical systems by E. R. 
van Kampen and A. Wintner, “ On the canonical transformations of Hamiltonian sys- 
tems,” American Journal of Mathematics,” vol. 58 (1936), pp. 851-863. 
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An equation of the type aij, = bije will be meant to hold not necessarily for 

all 6, merely for the 8 cyclic, permutations (1,2, 3), (2,3,1), (8,1,2) of 
(i js k) g (1, 2, 3). 

II. A canonical transformation of a 16-dimensional phase-space. Let 


Po be an 18-dimensional phase-space of 9 coördinates Li, Yı, zı .and of 9 im- 
pulses Xi, Yi, Zi, where i= 1, 2,3. Consider that subspace of Py on which 


M Yi A i X: Y Zi 
(14) |22 Yz 22 =0; (142) 3z ed Ji # = 0, 
Ts Ys Z3 t Tk Yk Zk 


where m1, Ma, Ma are three positive constants. Suppose further that 
(151) © r=; (152) ‘Sai? 3 0, 


where r denotes the rank of the matrix of (14,). The subspace of P, char- 
acterized by the four conditions (14:), (142), (151), (152) will be denoted 
by P, so that P is 16-dimensional. 

Let If denote the 16-dimensional phase-space of 8 codrdinates v, t; &, mi 
such that 
(16,) A0; (162) sin: z0 


and of 8 impulses N, I; i, Hi, where i = 1, 2, 3 and A is an abbreviation for 
(17) A = X mim; (Éi; — Eins)’. 


One can express condition (16,) without reference to the three constants 
mi > 0 by requiring that the two vectors (é, én és), (M 42,93) be linearly . 
independent. Itis clear from (17) that 


(18) A = MeMa — Mgr, 


where 
(19) Mee = X mé’, Me, = X Mimi, Myn = X Mimi? 
Now put 
| Ti = & COS y — mi SID v COS 4, 
(201) Yi == & Sin y + 9; COS v COS 1, 
zi = 0 +mysinz, 
and ; . 
(202) N == 3 É(— Xi sin y + Y; cos v) — cos: X mi (X: cos v + Y; sin v), 


I= 3 y (X; sin v sine — F; cos y sins + Z; cos u), 
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finally : 
Bi = X; cosy + Yi siny, 
(20s) H; = — X; sin v cos ı + Y; cos v cos + Zi sine, 
where i= 1,2,8. It will be shown that the formulae (201), (202), (20s) 
define a completely canonical transformation of the two 16-dimensional phase- 
spaces P, II into each other. 

First, if Gz, Gy, G and T are defined by 


(21) Go = S(yiZi— li), Qy = I (Xi — tili), Ge = Z(t: Yi — yiXs) 
and i ' 


(22) T = X (é&H; — mi), 

then 

(23:) N = Gz, I= G, cos v + Gy sin v, 

(2382) T = Qs sin y sin. — Gy cos v sin « + Gz cose 


are identities in virtue of (20,), (202), (203). This is seen by expressing 

Ge, Gy, Gz and T by means of (20,), (21) and (203), (22) in terms of 

vus £1,403 Xi Va, Zi and substituting the result and (202) into (231), (232). 
Next, on placing ‘ 


(24) T; = X; sin v sin. — F; cos v sine + Z; cos, 


where à = 1, 2, 8, it is clear that (20,) and (24) determine, for every fixed 1, 
an orthogonal transformation of the vector (X:,Y:,Z;) into the vector 
(Zi, Hi, Ti), so that, the inverse transformation being obtained by transposing 
the matrix, | | 
| . Xi = Z; cos y — H; sin v cose +- T; sin v sin, 

(25) Y, = Z; sin v + H; cos v cose — T; cosy sin t, 
Zi =% 0 + Hisine + T; cost. 


Furthermore, 

(26) Smet; 24T,— E if sine 
are identities, while 

(262) 3 mm (Esme — érni) Ti = 0 


is an identity in virtue of (14,). In fact, the first of the relations (26,) is 
obvious from the second of the relations (20.) and from (24), while the second 
of the relations (26,) follows by substituting (203) into (22) and using (20,) 
and (24). Finally, on substituting (20,) and (25) into the determinants 
occurring in (142), a straightforward calculation shows that (14,) may be 
written in the form (262). 
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Now it is easily verified by direct substitution that (14), (15,) and 
(15°) are implied by (201), (161) and (162). Conversely, if 9 given values 
Li, Yi, i, Where à = 1, 2, 3, satisfy (14,), (151) and (152), then the equations 
(20,), (161) and (162) may be satisfied by 8 values v, 4, é : and, on dis- 
regarding the trigonometrical ambiguity of the angles v and 4, the 8 values 
v, t i mi thus obtained are uniquely determined by the 9 values Ti, Yi, Zi 
This is seen from the fact that the coefficients of the linear substitution (20:) 
form the first and second columns of a three-rowed orthogonal matrix. 

Accordingly, conditions (14,), (151) and (15,) are equivalent to con- 

- ditions (16,) and (16) in virtue of (20,) alone. On the other hand, on 
identifying (20) with (8,), it is seen by partial differentiation of (20,) that 
the system (202), (203) goes over into (82). Hence, in order to conclude 
from the rule (ii) of Section I that (201), (202), (203) determine a com- 
pletely canonical transformation of the two 16-dimensional phase-spaces P, I 
into each other, it is sufficient to prove that the 9 linear relations (142), (202), 
(203) for the 9 variables X;, Y:, Z, have a non-vanishing determinant. Now 
it is seen from (24) and (25) that this 9-rowed determinant cannot vanish, 
unless so does the 3-rowed determinant of the 8 linear conditions (26,), (262) 
for the 3 variables T;. Finally, this 3-rowed determinant is easily verified 
to be identical with the expression (17) and is, therefore, distinct from zero 
in view of the assumption (16.). 


Let it be noted for later application that 


(27) Smet(XP 4 Ye? + Zr) = 3 m (E? +H?) + Smt? 
and 
T cos: — N (T cos : — N)? 
-1.24 — 72 = ea 
(28) S m; Ti A = IMgg — 21 Sai Me, + ~= sin My 


In fact, since (25) is an orthogonal substitution, (27) is obvious. On the 
other hand, on solving the 8 linear equations (26,), (262) with respect to 
Ti, T2, Ts and using the definitions (17) and (19), one obtains 


T cos : — 


N 
mi*TiA = I (Mee — Me) — (Mën — iMm). . 


sine 
Hence (28) follows by direct substitution, if one uses (18) and (19). 


III. A canonical transformation of an 8-dimensicnal phase-space. Let 
w, denote the 12-dimensional phase-space of 6 codrdinates é, mi and of 6 im- 
pulses Bi, Hi, where 1—1,2,3. For 3 given positive constants mi, let Y 
denote that subspace of Y, on which 
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(291) Sm =0, Amini — 0; 
& m 1 

(29s) 8>0, where S—4|é n 1], 
é& ms 1 


so that the space Y is 8-dimensional. Condition (29:) may be expressed by 
saying that the 3 points (£:,4;) form in a (é, ņ)-plane a positively oriented 
triangle of area 8540. Let ¢; denote the inclination of that oriented side 
of this triangle which is opposite to the vertex (£: 7:), so that 


Ér — Êj 
[ (Se — é) + gE”? 
where [ ]?> 0. Furthermore, 
(31) Où = px — $3, 


where 6; denotes the oriented exterior angle at the vertex (£,m) of the 
triangle, so that 
(32) $0, = 0 


LL Ni 


(30) cos hi = [&—&)* + (my 2? 


sin ps = 


and not only 3 6;==0 (mod 27). The notations (17), (19) of Section II will 
be used in the space ¥ also. On multiplying the i-th row of the determinant 
_ (293) by mi and calculating the square of the resulting determinant by 
column-by-column multiplication, it is easily seen from (18), (19) and (29,) ` 
that 

(33) : A = 4y8?, 

where y is the positive constant 


(34) | f= MMoMa/ (Mm + Me + Ma). 


Let © denote the 8-dimensional phase-space of 4 codrdinates w, p; such that 


(35) 0 < pi < pi t+ px 


and of 4 impulses Q, P;, where i = 1,2,3. Condition (35) means that the 
pi are the sides of a non-degenerate triangle. 
Now it will be shown that the formulae 


(861) o=} 3 $i, 
(362) ©. pi = f (fr — é)? + (me — yY 


_ (4) 
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OQfsind; sin 
Hi = Py 008 dj — Pa cos gx p (SE HE ER), 


3\ pi pk 
(363) : | 
Hi = P; sin $j — Px sin pr + (e OS Pj COS $x ) ; 
3 pF pk 


define in virtue of (30) a completely canonical transformation of the two 
8-dimensional phase-spaces Y, © into each other. | 

First, (362) means the identification of the two triangles mentioned above. 
Hence 

i are COE 2 
(87) i cos hp = PI TPE sin 6; = 28 5 
Rpipe Pipk 

wheré 8 is the area (29), so that 


(38) “168 = (p1 + p2 + ps) (— p1 + pa + ps) (pa — pe + ps) (pr + pa —p); 8 > 0. 
Furthermore, from (36,) and (31), | 





(89) $i =o + (0; — 6), 


while from (362) and (30) 
(40) ér — É = pi COS Di, -m— 17 = pi Sin bi. 
It is seen from (40) and (29) that 


(ms + me + ms) Ei = Map; COS pj — Mipx COS dx 
(m, + me + ms) qi = Map; SID bj — Mipr SID dx. 


Now (39) represents in view of (37) and (38) the 3 angles æ; in terms 
of the 4 codrdinates w, pa. Thus (41) represents the 6 codrdinates é, y; of 
the phase-space & in terms of the 4 codrdinates w, p; of the phase-space ©. 
Accordingly, on identifying the system (861), (362) with (3:) and (29,) 
with (4), it is clear that the Jacobian mentioned under (i) in Section I is 
distinct from zero. Finally, partial differentiation of (36,), (362) shows that 
(363) goes over into (82) in view of (30). This proves that (361), (862), 
(36:) define a completely canonical transformation. Incidentally, (363) 
clearly implies (292). 

Let it be mentioned for later application that 


(42) x met z + H;?) => Mit (P; + Pz? — 2P;Pk cos 6;) 
+ = X m; = —7) sin 6; 
3 Pep 
Q? 1 1 2 cos 6; 
Game (is Lea), 
x 9 pi” a Pk?  Pipk 
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In fact, on calculating #;° + H,? from (36,) and using then (31), the 
identity (42) follows. Similarly, 


(43) r=a, 


where T is defined by (22). In fact, on substituting (36,) into (22) and 
using then (40), one clearly obtains (48). Finally, 


(44) Myy — 1% mipi? sin? [o + 4 (0 — 83) ]. 
In fact, since 
3 min? = p X m (me — qi)? 


is an identity in virtue of (29,) and (34), it is seen from (39) and (40) that 
(44) is equivalent to the definition (19) of M,,. Similar formulae hold 
for Meg and Me. 


_ IV. Application to the non-planar problem of three bodies. The com- 
pletely canonical substitutions given in Sections II and III may be applied 
to a symmetrical reduction of the degree of freedom of the non-planar problem 
of three bodies from 9 to 4, using merely the conservation of the center of mass 
and of the angular momentum. 

Let wi, yi, zi be the Cartesian codrdinates of the mass m; in a barycentric 
inertial codrdinate system (x, y,z), and let the plane z = 0 be chosen such 
that its positive normal has the direction of the vector which represents the 
constant angular momentum, this vector being not the zero vector in view of 
the assumption that the motion is non-planar. If C denotes the length of this 
vector and (Xi, Yi, Zi) the impulse vector (maxi, miy’s, mir) of mi, the 
conservation of the angular momentum is represented by the invariant relations 


(45) Gz — 0, Gy — 0, Ga = C, 


where Ga, Gy, Gz are defined by (21). The preservation of the center of mass 
is expressed by the invariant relations 


(461) Émiti = 0, Smiyi — 0, 3 mizi = 03 

(462) 3X, =0, 2Y; =0, 32: =0, 

since (x, y, 2) is a barycentric inertial coördinate system. Finally, the Hamil- 
tonian function is 


(47) H = 43 mt (X: + Y; + Z:) — 3 mjmpi*, 
where 


(48) pi = [ (z — z)? + (ue — yi)? + (a — z) È. 
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Since it is assumed that the motion is non-planar, and since the equations of 
motion define the codrdinates.and impulses as analytic functions of the time ¢, 
it is clear ® that those values of ¢ for which the three masses are either collinear 
or lie in the invariable plane z = 0 have no cluster point on the t-axis and 
can, therefore, be excluded from the considerations of this Section IV. Thus 
conditions (15,), (152) are satisfied. Furthermore, (14,) and (14:) are im- 
plied by (461) and (462), since m; > 0. i 

Now introduce in place of the barycentric inertial coördinate system 
(x,y,z) a barycentric but non-inertial coördinate system (é, n, £) in such a 
way that the plane ¿== 0 is, for every ¢, the plane of the triangle formed by 
the three masses and that the é-axis is in the invariable plane z = 0 for every t. 
Then, if v denotes the node and : the inclination of the moving plane £ = 0 
with reference to the fixed plane z= 0, the Eulerian representation of a 
rotation shows that the transformation formulae of the codrdinates are given 
by (20,). Furthermore, (16,) and (162) are satisfied, since the three masses 
are neither collinear nor all contained in the (x, y)-plane. Now (201), (202), 
(203) were shown (Section II) to define a completely canonical transforma- 
tion. Hence, on expressing the Hamiltonian function (47) by means of the 
transformation formulae in terms of the codrdinates v, 1, éi, 4; and the canoni- 
cally conjugate variables N, I, %:, Hi, and denoting the resulting function 
again by H, the equations of motion are 


0H 0H 0H 0H 
' FUN TA é $ pean Rep i 
a). Es à po Sa à a? 
a 0H 0H OH 
+ mt . Oo aia ees AE erm 
(492) é: 7, mi ~~ 66 > Ni 0H” H, Ons? 
where | 


(50) H = $3 mi (Be + H;°) —3 mi Maps* 
T cos. — N 


1 2 
tza Mee sins 


in view of (47), (27), (28). It is understood that in (50) 
T, A, Mge, Mën My and pi 


are thought of as expressed by means of (22), (17), (19) and (36.) in terms 
of éi, mi, Bi, Hi. 

In order to reduce the degree of freedom of the simultaneous system (49), 
(492) from 8 to 6 by means of the invariant relations (45), one can separate 


8 In fact, it is well known that if a solution is collinear, then it is necessarily 
planar. Cf 
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the 4 equations (49,) from the 12 equations (492) as follows: First, from 
(231), (232) and (45), 


(51) N =0, I=0, cos ı = T/C, 


while the fourth of the variables belonging to (49,), namely the node v, does 
not occur in the Hamiltonian function (50). This fact and (51) represent 
an invariant system of 2m — 4 relations of the type (11). Thus it is seen 
from the rule (iii) of Section I that (49.) may be replaced by 


(52) =, We. te wpe =e 


where the Hamiltonian function 
(581) K = K(f, + tan Bo’ + +, He) 


is obtained from (50) by substituting (51) into (50). Consequently,” 
(582) K = 33 mi* (Ee? + Hi?) — I mymapit + $(CC —T*)My/A, 


where T, A, Mg, and p; are thought of as expressed by means of (22), (17), 
(19) and (362) in terms of é qi Zi, Hy. The conservative canonical system 
(52) with 6 degrees of freedom possesses the 4 invariant relatioris (291), (292), 
as easily verified either from (20,), (202) and (46,1), (462) or by partial 
differentiation of (582). 

Now the degree of freedom of the system (52) may be reduced by means 
of the invariant relations (291), (292) from 6 to 4 by using the canonical 
transformation treated in Section III. In fact, (293) is satisfied in view of 
the assumption that the three masses m; are not colinear. Hence the result 
of Section III is applicable and shows that (52) may be replaced by the 4 
pairs of simultaneous equations 


(54) +, +, 
w 
ôK | aK | 
(542) Pi Gp, ? seen T, (i = 1, 2, 3), 


where the Hamiltonian function 


(55:) | K = K (v, pas pas Ps; 2, Pi, Pa, Ps) 


° This agrees with a result of Levi-Civita, “Sulla riduzione del problema dei tre 
corpi,” Atti del Reale Istituto Veneto, ser. 8, vol. 17, (1915), pp. 907-939, more particu- 
larly p. 923, formula (28). 
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is obtained by expressing the Hamiltonian function (53,) by means of (36;), 
(362), (863) and (30) in terms of w, pi, Q, Pi, so that 


(55) K=3 ies (Pj? + Py? — 2P;P4 cos ki 
sin n 2 cos ĝ; 
+5 a(n : F ie alata +- 7 ete) 


Pi PIP% 
a Be at fa 440A) 3 aim 


in view of (42), (48), (44), (33), (84) aad (532). It is understood that in 
(552) one has to express 6;, 62,4, and § by means of (37), (32) and (38) in 
terms of the three ps Thus (54,), (542) is a conservative canonical system 
with 4 degrees of freedom, and with a Hamiltonian function (552) which is 
entirely symmetrical with respect to the three masses. - 


Remark. If a solution of the system (54,), (54) is known, the corre- 
sponding solution of (52) follows from (361), (862), (36,) and (30), while 
the functions ` 


v—v(t), N=N(t), u—u(t), I= I(¢) 


follow by a single quadrature. In fact, if &, m, Za, Hi are known functions 
of ¢, then so are N (= C), I (== 0) and ı in view of (51) and (22). Further- : 
more, on substituting (50) into the first of the equations (49,) and using then 
(51), oné obtains 

(56) Y= CM, 


where M,, and A are, in view of (17) and (19), known functions of t. Hence 
v==v(t) follows from (56) by a quadrature? This corresponds to the fact 
that the node v is, in view of (50), an ignorable coôrdinate in (491), (492), 
a fact usually referred to as “ the elimination of the node” (Lagrange-Jacobi). 
The relation which corresponds to (56) in case of the inclination is 


(57) č /sin ı = CMe,/A, 
a relation obtained in the same way as (56). 


V. Application to the planar problem of three bodies. It has been as- 
surned so far that the solution is non-planar. Now let the solution be planar 


10 Cf. T. Levi-Civita, loc. cit., °, pp. 931-933; also Maria Ronchi, “ Sulla riduzione 
esplicita del problema dei tre corpi,” Atti Reale Istituto Veneto, ser. 9, vol. 1, (1917), 
pp. 1221-1225. 
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and let (£,7) be a barycentric inertial plane containing all three paths. Then, 
on excluding the case of collinear configurations, (29,), (292), (29s) are satis- 
fied. Hence the Hamiltonian function is H = T-— U, where 2T is represented 
by (42), while U =3 mj;mpi;+. It is seen from (22) and (43) that the 
preservation of the angular momentum is the relation 


(58) 2=C. 


On substituting (58) into (42) and applying the rule (iii) of Section I to 
the canonically conjugate pair Q, w, where now the codrdinate œ does not occur 
explicitly, it follows that the equations of motion may be written in the form 
(542), where K is given not by (552) but by the expression ™ 


(59) K = 43 m” (P; + P; — 2P;Pr cos 6:) — Y MiMx/ pi 


C = Pz\ sin@; œ 1/i 1 2 cos 2) 
+ a( — + 3—(— i 
+3 pr pij mi g mi \pj” t pr? pipe 





If a solution of this conservative problem (542), which has three degrees of 
freedom, is known, the angle o = w(t) defined by (361) and (30) follows by a 
quadrature, the reason being that w is an ignorable coürdinate in view of (58). 


Remark. Collinear configurations of the three masses have been excluded 
so far. Such positions (syzygies) occur only for isolated values of ¢, unless 
the configuration is collinear for every ¢. In the latter case the solution is 
necessarily planar, since 1° the solution is then a homothetic solution, unless 
the line containing the three masses is independent of t. 


Tue JOHNS HOPKINS UNIVERSITY. 


H This agrees with the result of Murnaghan, loc. cit., 5, p. 832, since 0, in (59) 
and Murnaghan’s A, are exterior and interior angles respectively. 

132: Cf, eg. Ch. H. Miintz, “Die Aehnlichkeitsbewegungen beim allgemeinen 
n-Kôrperproblem,” Mathematische Zeitschrift, vol. 15 (1923), pp. 169-187. 


ON THE VALUES OF THE RIEMANN ¿FUNCTION ON. FIXED 
LINES o > 1. 


By RICHARD KERSHNER. 


For a fixed & > 1, let M (o) denote the closure of the set of values taken 
by the almost periodie function 


— log ¢(s) — Š log (1— prettier),  — o < t< + o, 


where ¢¿(s) —£(o + it) is the Riemann £-function. It has been shown by 
Bohr [1] that, due to the linear independence of the logarithms of the prime 
numbers, M (ø) is the vectorial sum? of the sequence of curves S (pi), 
S(p2°)," + +, where S(r) denotes, for a fixed r < 1, the curve 


(1) w =u + iv — log (1 + ret), 0Z<0 < Rr, 


in the w-plane. Since every S(r) is easily seen to be a convex Jordan curve, 
it follows from Bohr’s general results (cf. [2]) on the vectorial addition of 
convex curves that M (ø) is, for every fixed o > 1, either a closed bounded 
convex region bordered by a convex Jordan curve A (c) or a closed ring-shaped 
region bordered by two convex Jordan curves A(o) and B(c), where B(o) is 
entirely within A(o). Following a suggestion of Wintner, Haviland [5] 
applied the supporting function (Stützfunktion) of Brunn and Minkowski 
to the study of A(o), using the fact that the supporting function of A(c) is 
the sum of the supporting functions of all S(p,°). A corresponding study 
of the inner curve B(o), in case B(o) exists, has recently been made by the 
author [8] and results similar to, but more complicated than, those concerning 
A(o) were obtained. Actually these investigations treated not only the 
particular problem of M (c) but the general problem of the vectorial addition 
of any sequence of convex curves. The object of the present paper is to apply 


+ Received October 28, 1936. 

2 By the vectorial sum Si (+) 8,(+)--- (+) 8, of n sets 8; of complex num- 
bers is meant the set of numbers w revresentatie in at least one way in the form 
ww, t w, +... +, where w, CS; If 1 = 00, one means by 8, (+)S, (+) - 
the set of points w > for which w =u, +w, +- - -is a convergent series and w; Z s; 


In the ease under consideration (e > 1) this series is absolutely convergent for every 
choice of w; Cz 8; 


3 For à skort proof of this statement ef. Jessen arid Wintner [6], p. 69. 
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these general results to a detailed discussion of M (e) for varying values of o. 
Since the closure N{o) of the values attained by ¿(o + it) on a fixed line 
o > 1 may be obtained from M(c) by a trivial exponential mapping, the 
results to be obtained may easily be formulated in terms of £(s) instead of 
log £(s). 

Mention should first be made of the following result of Bohr and Jessen [4]: 


(I) There exists a constant oo > 1 such that M(c) is or is not a conver 
region (i.e. B(o) does not or does exist) according as 1<oSay or 
So <a < + oo. This oo is the only root o > 1 of the equation 


co 
(2a) arc sin 2- == © arc sin pr”, so that op = 1.764: - -. 
N22 
It is easy to see that S(r) has, for every fixed r < 1, the two lines of 
symmetry v—0 and u == $ log (1 — r°), so that M(o) has, for every fixed 
o > 1, the two lines of symmetry 


Le 
v = 0 and u = to = > $ log (1— pr”). 
nah 


It has been shown by Kershner and Wintner [7] that A(o) is, for every 
o > 1, a regular analytic curve and that the same is true of B(o) up to its 
possible corners, provided that B(o) exists. In view of the fact (cf. (II) 
below) that B(c) has at most two corners for any o, this statement implies a 
remark of Bohr and Jessen [4] to the effect that B(o) contains no straight 
segments for any v. 

The following theorem will now be deduced: `` 


(II) There exists a constant o° > oo such that B(o) has exactly two 
corners OT no corners according as oo L o < 0° 0 a Soc + co. This ois 
the only root o > 1 of the equation 


` CO | 
(2b) 2-7 == J, pr”, so that o° = 1.778.: +. 


n=á 
Tf,o0 <o < o°, both corners of B(o) lie on the real azis. 


` This result has been announced, without proof, by Bohr and Jessen at the 
end of their paper [4], where it is stated that the proof of (II) is similar to 
that of (I). In attempting to verify (II), it was found that (TI) may be 

deduced from the results of the paper [8] as follows: 
Let P(r) denote, for a fixed r in 0 < r < 1, the circle | z— 1 | =r, so 
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that S(r) is, by (1), the image of PIN under the conformal mapping 
u + w= ]logz. Thus, if z = pett, — ir S 6 S fr, then, 


(3) u= log p," v =ġ. 
- The ranges of p and ¢, when z describes P (r), are 
i—r&pS&i+r and —arcsinr << arcsinr, 


Let a(r,v), for 0 < r <1,0<vw&<arcsinr, denote the angle measured 
in the positive direction from the u-axis to the normal to S(r) at that point 
of S(r) cut by the line of constant ordinate v for which u is greater, and let 
p(r,@) be the radius of curvature of S(r) at this same point. Similarly, let 
&o(v) be the angle measured in the positive direction from the w-axis to the 
normal to B(o) at that point of B(«) cut by the line of constant ordinate v 
for which u is greater, and let pc(a) be the radius of curvature of B(o) at 
this point, if the radius of curvature is defined there. Clearly, 0 < «e (v) = $r, 
for the section of B(o) for which ac(v) has been defined. Due to the above- 
mentioned symmetry of B(o) it will be sufficient to consider, in the sequel, 
only that arc of B(o) for which 0 < a0(v) S $r. 

It has been shown in [8] that if po(a) is defined for a given « in 
0 <a = $r, then, since p(r, a) = p(T, a + 7), 


(4) po(a) = p(2, a) — È o(p", a). 


It was also shown in [8] that, if e > 1 is fixed, the radius of curvature po(a) 
exists, and so (4) is valid for all positive a & $r if and only if the expression 
on the right of (4) is non-negative for all these & and vanishes for isolated 
values of «, at most. According to Bohr and Jessen, (cf. [3], p. 402), 


p(r, 4) = r/cos v(r, a), 


where v(r,@%) is the unique inverse in 0< a4 of a(r,v), so that 
0 <'œ(r,a) Saresinr < mr. Finally, 


(5) . cos u(r, a) = (1— 7? sin? @)4, 


as seen from (3) and the conformity of the mapping w = log z (cf. Fig. 1 and 
Fig. 2 of Bohr and Jessen [4]). Hence, the expression on the right of (4) is 


(6) fela) = 2-°(1 — 225 sin? a) — 3 pn? (1 — pr? sin? a) 4, 
d . n2 


so that, on differentiating with respect to a, 
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[ee] 
Fo(a) = sin x cos a[ 230 (1 — 2-20 sin? a) 0/9 — X pr (1 — 2-2 sin? a)-%/27, 
n=2 


De] Co co 
Since if a, > 0, then a, 2 Sia, implies m? = ( D an)? > Da’, it follows 
2 n=2 n=2 n=? d 


that fo (a) Z 0 implies f’o(æ) > 0. Hence, the expression on the right of (4) 
is a monotone increasing function of «œ for all those e for which fo(+ 0) = 6. 
Consequently, the radius of curvature po(a) exists and is represented by (4) 
for every positive « <= 4x, if and only if o is such that the expression on the 
right of (4) tends to a non-negative limit as « — + 0. Now it will be shown 
that there exists a o° > 1 such that fo(+ 0) is negative, zero or positive 
according as 1 < o < o’, o =o? or So <o <- œ. First, it is seen from 
(6) that 


fo(+ 0) =27— È p”, 


so that fo(-+ 0) is positive for large o, negative for o near enough to 1 and 
zero if and only if o is a root of the equation (2b). Thus, it is sufficient to 
show that the equation 


g(o)=1, where g(a) — È (2/pr)* 


has exactly one root e = 0° > 1. But this is obvious, since g (ø) is a continuous, 
monotone decreasing function for which g(1 + 0) = + œ, g(+ œ) == 0. 

In order to complete the proof of (II), it remains to be shown that if 
B(s) has corners, they lie on the real axis. Suppose, if possible, that B(c) 
has, for some fixed o > 1, a corner not on the real axis. Then it is seen from 
the double symmetry of B(o) that the «-interval 0 < æ SS $r contains a sub- 
interval which corresponds to a corner. Let a, = & @ be this subinterval, 
so that 0 < &, < aa Œ fr. It is clear from the considerations of the paper 
[8], especially from the geometrical construction of B(o) given there, that 
one can choose this subinterval in such a way that fo(æ) is negative for 
A, <a <a and zero for a = a. Hence fo(a) is certainly not increasing in 
the interval g, < a m. On the other hand, it has been shown above that 
if fo(%,) = 0, then fo(«) is increasing for a, < æ S 4r. This contradiction 
completes the proof of (II). 

Incidentally, the above considerations clearly imply the following result: 


(TIT) The radius of curvature po(«) of B(o) is, for every fixed o > oo, 
defined, continuous and increasing in the a-interval ao(+ 0) < a S $r. If 
o = 0°, then Go(+ 0) = 0 and pa( + 0) =0 so that, while the convex curve 
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B(o°) has no corners, its radius of curvature vanishes at the points on the 
real axis. 


If o Z o°, then B(c) has no corners by (II), while B(e) does not exist 
for e S sọ by (I). The following theorem describes the situation in the 
remaining o-interval. 


(IV) If o<o<o° and 6=6(c) denotes the positive angle (<r) 
formed by the two branches of B(c) at a corner of B(o), then O(c) is a mono- 
tone function of o and 0(o) + 0) = 0, 8(0° — 0) =r. i 


First, it is clear from the definition of «o(v), as given in the proof of 
(II), that 


(7) P(o) = r — 2a0(-+ 0). 


Furthermore, it is clear from the proof of Theorem II, in the paper [8] that 
if Qa and Pa” denote the points of B(c) and S(p,°) which have the normal 
inclination «, then Qa is the vectorial sum of the points Pta, Pais, Pea," © +. 
This implies, in view of the definitions of vo(æ) and v(r,%) as given in the 
proof of (II), that 


Le 
Vo (a) =o v (2%, a) T 2 o(p”, a + T). 
; Now v(r,@) =—v(r,¢-+7) in view of the summetry of S(r). Conse- 
quently, since sin v(r, «) =r sin « by (5), 
co 
vo(@) == are sin (27 sin a) — > arc sin (p,% sin a). 
n=2 


On the other hand it is clear from the definition of « and from the convexity 


ao 
of B(o) that ac(v) is increasing in the interval 0 < v = Ÿ arc sin pr” so that 
n=1 
do(-+ 0) is the largest root (< r) of the equation ve(a) = 0, i.e., of the 
equation 


(8) | Fis, a) = 0, 

where 
C9 

(9) F(o, a) == X, arce sin (pn sin «) /are sin (2° sin a) — 1. 
nak 


First, it will be shown by an argument very similar to that of Bohr and 
Jessen [4], pp. 42-48, that | 


(10) — 0F(o,a)/da <0, 0<a<=tr. 
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In fact, it will be shown that each term 
no, %) = are sin (p, sin «) /arc sin (2% sin a) . 


of (9) has a negative derivative, #¢,/0%. Since the logarithmic derivative 
bn 0dn/da of pn is the difference between the logarithmic derivatives of the 
numerator and the denominator, and since ¢, > 0, in order to show that 
0bn/0a < 0 it is sufficient to prove that the logarithmic derivative ydy/da 
of the function y (a, à) = arc sin (A sin a) is, for each fixed @ in the interval 
0 < «<4, an increasing function of Ain O<A<1. Now the latter 
logarithmic derivative is 


À cos & : tan y 


CH Vi—)? sin? a arc sin (Asin a)’ y 


where y = arc sin (Asin a), so that y is an increasing function of A. Since 
(tan y)/y is an increasing function of y in 0 < y S 4m it follows that the 
logarithmic derivative (11) is an increasing function of A. This completes 
the proof of (10). 

Now it has been pointed out above that a = «e (+ 0) i is a root of the 


equation (8). On the other hand, a= «e ( -+ 0) lies in the o-range admitted . 


n (10), since «e(+ 0) = 0 would imply that B(o) has no corners, whereas 
oo <o < o by assumption. On substituting ¢ = e (+ 0) into (8), it follows, 
from (10) and from the obvious existence of continuous partial derivatives 
of the function (9), that the function %(-+ 0) of o possesses the continuous 
derivative 


(12)  dae(+ 0)/de = — OF (0, «)/00:0F (0o, a) /ða (a = ae(+0)). 


Now it is easily seen from the considerations of Bohr and Jessen ([4], pp. 42- 
43) that 
(13) OF (a, «)/do < 0 (0< ahr, a <0 <0). 


On comparing (12) with (10) and (13) it follows that das(+ 0)/do < 0, 
so that @(c) is, in view of (7) an increasing function of o in the interval 
oo <o <. In order to complete the proof of (IV) it is sufficient to notice 
that Ø (o + 0) = 0 is obvious, if one compares the equation (2a) which defines 
- go with the relations (8), (9), while #(0° — 0) = v similarly follows from the 
equation (2b) which defines o°, if one lets & —> 0 in (9). 

With regard to the slaps. of the region M (e) for large values of o one 
may say the following: 
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(V) The region M(o) is, for large values of o, asymptotically a circle. 
of radius 87°. 


In fact, let A(r,«) be the supporting function of S(r) so that 
h(r, a) = u cosa + v sin a, where (u,v) is the point of S(r) for which the 
normal inclination has the value «œ. Then on introducing for u and v their 
expressions in terms of + and æ and expanding in powers of r, it may easily 
be shown that 

h(r, a) ~r as r—0, 


uniformly in « Now if g(o,a) is the supporting function of A(c), then, 
according to the rule of Haviland ([5], p. 833), g(o, a) — Sh (per, a), 
so that ni 

(14) g(o, a) Mu aad a> + o; 

uniformly for all «. 


Similarly, if &(o, «) is the supporting function of B(c) and if o > œ, | 
then, by [8], p. 748, ko, a) —h (27, a) — h(pr°, a + x), so that 


(15) Ho a) ~2°—Sprt~ 29, oto; 
n=2 


uniformly for all «. Since (14) and (15) hold uniformly for all «, the result 
(V) follows. 

In conclusion, the following obvious remark concerning the shape of B(c), 
as o —> oo, may be made. 

(VI) The ratio R(o) of the diameter of B(o) along the u-axis to the 
diameter parallel to the v-acis tends to infinity as o — co. 


In fact, a trivial application of the mean value theorem gives 
R(o) > tan ae (+ 0), while tan ac(-+- 0) — + co as o — co, by (IV) and (7). 


THE JOHNS HOPKINS UNIVERSITY. 


REFERENCES. 





[1] H. Bohr, “ Sur la fonction ¢(s) dans le demi-plan o > 1,” Comptes Rendus, vol. 154 
(1912), pp. 1078-1081. 

[2] H. Bohr, “Om Addition af uendelig mange Konvekse Kurver,” Danske Viden- 
skabernes Seïskab, Forhandlinger, 1913, pp. 325-366. 


174 RICHARD KERSHNER. 


[3] H. Bohr and B. Jessen, “Om Sandsynlighedsfordelinger ved Addition af konvekse 
Kurver,” Danske Videnskabernes Selskab, Skrifter, (8), vol. 12, no. 3 (1929). 

[4] H. Bohr and B. Jessen, “On the distribution of the values of the Riemann zeta 
function,” American Journal of Mathematics, vol. 58 (1936), pp. 35-45. 

[5] E. K. Haviland, “On the addition of convex curves in Bohr’s theory of Dirichlet 
series,” American Journal of Mathematics, vol. 55 (1933), pp. 332-334. 

[61 B. Jessen and A. Wintner, “ Distribution functions and the Riemann zeta function,” 
Transactions of the American Mathematical Society, vol. 38 (1935), pp. 48-88. 

[7] R. Kershner and A. Wintner, “On the boundary of the range of values of {(s),” 

. American Journal of Mathematics, vol. 58 (1936), pp. 421-426. 

[8] R. Kershner, “ On the addition of convex curves,” American Journal of Mathematics, 
vol. 58 (1936), pp. 737-747. Formula (ii), p. 745, should read 


VA(G,) SVA) — $ VA). 
= 











CONVOLUTIONS OF DISTRIBUTIONS ON CONVEX CURVES 
AND THE RIEMANN ZETA FUNCTION.* 


By E. R. van KAMPEN and AUREL WINTNER. 


Introduction. It is known that the almost periodic function 
(1) r + iy = z = z(t) = log f(o + it), — o <i< +o, 


where o > 1 is fixed, has an absolutely continuous asymptotic distribution 
function the density of which possesses continuous partial derivatives of 
arbitrarily high order.* The same holds for this density 8 = 87 = ô (g, y) in 
the case o = 1, while if 4 < o < 1, then (x,y) is a transcendental entire 
function of two variables.? These results are proved by estimating the order 
of magnitude of the Fourier transform in the infinity.* It is not known 
whether or not &(x,y) is, in the case o — 1, regular analytic in the waole 
real (x, y)-plane, or at least in some portions of it. .In what follows, it will 
be assumed that c > 1. In this case the spectrum of the asymptotic distribu- 
tion function of (1) is a bounded set, so that 8° (x, y), being identically zero . 
without the spectrum, vanishes with all its derivatives on the boundary of the 
spectrum, and so &(x,y) cannot be regular analytic there. It may be men- 
tioned that the boundary of the spectrum consists of regular analytic curves.* 
The question of subregions of analyticity within the spectrum cannot be dis- 
cussed by the method of Fourier transforms mentioned above. In fact, this 
method yields the regular analyticity of 8°(a,y) either for every (2, y) or 
for no (x, y). 

In what follows, there will be delimited within the spectrum subregions 
of regular analyticity for the density 8° — 8° (s, y). It turns out that there 
exists a sequence 4, @%,° : * of numbers a, > 1 such that &(x, y) is for every 
o> æ regular analytic in a certain number, say Nz, of mutually disjoint ring- 
shaped subregions of the spectrum, and that N => + œ ask-—>-+ co. Since 
the Nx rings form a disconnected set, it cannot be stated that the corresponding 
Ny regular functions of two variables x, y are analytic continuations of each 


* Received November 16, 1936. 

1 Wintner [16], pp. 328-329; Jessen and Wintner [10], Theorems 19 and 30; 
Haviland and Wintner [9]. 

2 Jessen and Wintner [10], Theorems 19 and 30. 

3 Wintner [17]; Jessen and Wintner [10], p. 54. 

t Kershner and Wintner [15]. 


176 E. R. VAN KAMPEN AND AUREL WINTNER. 


other. There are some indications to the effect that the Jordan curves which 
form the boundary of the ring-shaped regions to be determined consist of 
singular points of 8°(z, y); but we cannot prove this. It is not stated that 
the Nx rings to be determined contain all subregions of analyticity within the 
spectrum. . 

The results in the Appendix concern the existence and a discussion of 
singularities within the spectrum of the asymptotic distribution functions of 
real almost periodic functions with linearly independent frequencies. 

The proof to be given for the existence of rings of analyticity of 8¢(a, y) 
for o > a depends largely on the geometry of convolutions of distributions 
on convex curves, so that the essential part of the paper consists of necessary 
refinements of certain elementary geometrical results contained in the litera- 
ture.” In fact, the results to be obtained on the geometry of the convolutions 
in question will make it possible to establish the existence of rings of analyticity 
by means of an argument previously applied * in the case of almost periodic 
functions with linearly independent frequencies, i.e., in the case of infinite 
convolutions of circular equidistributions. It may be mentioned that for the 
convergence of the infinite convolutions in question there exists, in case of a 
bounded spectrum, an entirely geometrical criterion, involving not the dis- 
tributions along the partial convex curves but merely the latter curves them- 
selves (Section 4). 

On applying a trivial exponential mapping, the results obtained for the 
asymptotic distribution function of (1) yield corresponding results for the 
asymptotic distribution function of 


v + iy =z = z(t) = (o + it), —o<t<+o. 


The method used in the case of log £(s) will be applied to ¢’(s) /£(s) also. 
While in the latter case the geometry of the problem 7 is as simple as in the 
case of circular equidistributions, the problem of the densities is more involved. 


1. The convolution of two distributions on convex curves. Let ©,, @, be 
two oriented circles and let 6; denote the angular codrdinate on @;. If A, Az 
are subsets of @,, ©, respectively, let A, X Az denote the product space of 
À, and Ao, so that, in particular, ®©, X @, denotes a torus on which a point is 
characterized by a pair (6,,92) of angular codrdinates. If A, Aj, where 
j= i 2, are Borel sets on ©, X @2, @; respectively, put 


ë Bohr [2], [3]; Bohr and Jessen [5]; Haviland [8]; Bohr and Jessen [6]; 
Kershner [11], [12]. ae 

* Kershner and Wintner [14]. 

* Bohr [1], Burrau [7]. 
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* meas A meas A; 


(2) (A) = maso xoy M) neo 


j= 1, 8), 


where the measures refer to those on ©, X @2, ©; respectively, when ©; X 6, 6; 
are thought of as represented by means of the parameters (8,, 82), 8j. Thus 
P(A), A(A;) are non-negative absolutely additive set-functions which are. 
defined for all Borel sets A, Aj on ©, X @2, ©; respectively and have the total 
variation 1. The distribution functions p(A), A(A;) represent equidistribu- 
tions with constant densities ()?, + on ©, X @2, ©; respectively. It is clear 
that if A, A, are Borel sets on @:, @, respectively, then the product space 
A, X A, is a Borel set on the torus ©, X ©, and 


p(Ay x As) = A (A1 )À (A2). 
Let a function . 


(3) © + ty = z = 25 (04) = (85) + in (03) 


defined on ®;, where j == 1,2, be an admissible parameter representation of a 
convex curve S; in the z-plane, the adjective “admissible” being meant in 
the usual sense. In other words, on denoting by T; the transformation (3) 
of the circle ©; into the convex curve Sj, it is assumed that T; is a topological 
transformation and that the function (8) of 6; has a continuous derivative 
which is nowhere zero: | 


(4) | 25 (85) |? = €5 (05)? + 9/3 (0;)? 40. 


It may be assumed that the orientation of ©;, when transplanted by means of 
T; onto 8;, determines on S; that orientation which is positive in the z-plane, 
so that the positively oriented normal at a point of S; is the exterior normal 
at that point. | 

In addition to the assumption that (3) is an admissible parameter repre- 
sentation of the convex curve Sj, let it be supposed that there exists for every 
o = arg z exactly one point 6; on ®;, say 


(5) ` 6; = 9; (o), (j =], 2), 


such that the positive normal at the point z = z;(0;) of S; has the normal 
inclination w. _ In other words, it will be supposed that the convex curve 5; 
does not contain rectilinear segments. It is clear that (5) is an orientation- 
preserving topological transformation of the unit circle z =e? of the z-plane 
into the circle @;. 
For a given Borel set F in the z-plane, let ¢;(#) denote A(T;"*(ES;)), 
12 
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i.e., the value of the set-function A(A;) in (2) for the Borel set A; = T;1(ES;) 
into which the inverse of the transformation (3) transforms the common part 
of the Borel set Z and of the convex curve $;. Thus ¢;(#) is a continuous, 
but not absolutely continuous, distribution function which has 8; as spectrum 
and is defined for ail Borel sets # in the zplane. The convolution è of the 
distribution functions ¢1, ¢2 will be denoted by yz: 


(6) Yo(E) = ya = pi * Da. | 


For a given pair of functions (3), let T denote the transformation 
2 2 2 
(7) z + ty = 2 (bs, 62) =Z z; (03) = à é (6) Hizme) 
j= = j= 


of the torus ©, X @, into a subset of the z-plane. This subset, T'(@1 X ®2), 
of the z-plane is what is called the vectorial sum of the convex curves Sı, 82 
and will be denoted, in contradistinction to the logical sum 8: + 82, by 
8i(+)8:. The Jacobian of the transformation T is, according to (7), 


(2, y) __ z'1(6:) T'2(62) 
(91, 02) Ya(8s) Y'2(682) 


Now € the convolution (6) is in the same way the transplantation of the 
equidistribution 4(A) on ®©, X ®, onto the z-plane under the mapping T as 
the distribution function ¢; —#;(Æ) is the transplantation of the equi- 
distribution 4(A;) on ©; onto the z-plane under the mapping T';, where 
j=1,2. More explicitly, y.(#) is, for every Borel set Æ in the z-plane, 
equal to u(T-1(Æ)), where the Borel set A — T-1(E) is meant to be the in- 
verse image of under the transformation T, i.e., the set of those points 
(61, 42) of ©, X ®, which are transformed by the continuous, but not topo- 
logical, transformation (7) into points z of #. In particular, 84, (+) Sz is the 
spectrum of the distribution function (6). It is also seen that if 





(8) J = J (b, b2) = 


where A:,° + `, Am are mutually disjoint Borel sets on ©, X @:, then 
Le m 

(9a) ¥2(H) = ya (E; A) + 3 ya(E; Ax), 

where 


(9b) y- (E; 4) =p(AA), A=T>(E), 


8 As to terminology and notations, cf. Jessen and Winter [10], Section 2. 
? Jessen and Wintner [10], p. 84. 
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so that y(E AS. denotes the contribution of a portion A of ©, X ®, to 
ÿ2(E) = #%(E); ®: xX @>). 


2. The set Q and its complement on the torus. Let Q denote the set of 
those points (6:, 62) of the torus ®, X ©. at which the Jacobian (8) of the 
transformation T' vanishes. Thus the continuous transformation T defined 
by (7) is locally topological on the set 


G= 0, X ©, —Q, 


which, Q being obviously closed, is an open subset of ©, X @. 

In order to describe Q in terms of the two periodic functions (5), let 
there be defined on the torus @, X @: two disjoint rectifiable Jordan curves 
Q+, Q- by means of the parameter representations 


(10a) Qt: 6,—=9,(w), b= (o); 
(10b) Diet) St) te 
Then Q is the logical sum 

(11) a=% +. 


In fact, it is clear from (4) and (8) that J(6:,6.) vanishes at the point 
(61, 82) of ©, X ®©» if and only if the oriented normal to 8, at the T;-image 
of the point 6, of ®, is either parallel or anti-parallel to the oriented normal 
to Sz at the T,-image of the point 6. of ©». This means in view of the defini- 
tion of the functions (5) that J(6,, 62) = 0, i.e. (8,8) C Q, holds if and 
only if (61,62) is a point either of the curve (10a) or of the curve (10b). 
That the components Q*, Q- of the set (11) are disjoint rectifiable Jordan 
curves, is seen from (10a), (10b) and from the fact that each of the functions 
(5) defines, by Section 1, a topological transformation of a circle into another 
circle. . 

Let R denote the portion of S,(-+) S2 not contained in the T-image 
of (11): 
(12) R= [S: (+) 8:]—T(0). 
It is easy to see that R is an open set. In fact, & is an open set on the torus 
©, X @, and T is locally topological on ©, so that T'(Q) is an open set in the 


z-plane. On the other hand, © is a closed subset.of the compact set ©, X 6: 
on which T is continuous, so that T(Q) is a closed set in the z-plane. Now 


Sı (+) S2=T(@ X ©) = T(Q+G) =7(2) +T(G), 
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so that R is, in view of (12), the set of those points z which are in T(&) but 
not in T(Q). Since T(G) is open and T (Q) is closed, it follows that R 
is open. 

Next, if z = z is any fixed point of R and e == e(z) > 0 is so small that 
the circle . 
(13a) U : |z—a|Se 


is contained in Æ, then there exists on the torus ©, X ©, a finite number, say 
m = m(U), of mutually disjoint closed sets 


(13b) ` An e ty ae y Am 


such that every Az is transformed by T into U in a topological way, while no 
point of 


m 
(18c) A—@, X 0—3 Ar 
k=1 


- is transformed by T into a point of U. In fact, since T is locally topological 
on © and R was seen to be a subset of T (Ẹ), it is clear from the monodromy 
theorem that it is sufficient to prove that the T-1-image of any fixed point zo 
of R is a finite subset of G. Now suppose, if possible, that the 7-*-image of a 
Zo is not a finite set and has, therefore, a cluster point ¢ on the torus @; X @2. 
Since T is locally topological on G, the cluster point £ cannot be a point of &, 
so that € must be a point of the complement Q of ©. This is, however, im- 
possible, since the 7-1-image of the point z is a closed set contained in ©. 

It has been shown by Bohr +° that the vectorial sum S, (+) S2 mentioned 
in Section 1, i.e. the T-image of the torus @, X @:, is either a closed bounded 
convex regicn or a closed bounded ring-shaped region bordered by two convex 
curves which have no point in common. In the first case let C, denote the 
convex curve which forms the boundary of Sı (+) S2; in the second. case let 
C2 and D, denote the convex curves which form the outer and inner boundary 
of 8; (+) S2 respectively. Now the convex curve O, (in both cases) and the 
convex curve D, (in the second case) are related to the curves Q* and.Q- on 
the torus ©, X ©, as follows: i 


L (at) = Ci, T= (2) = œ, 
and, if D, exists, s 
T(Q) D Da T=(D:) CO, 
where 
T(Q-) = D, T= (D) =% 


49 Bohr [2]; cf. also the presentation in Jessen and Wintner [10], Section 9. 
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holds if and only if D, is free of corners. These facts may be obtained by 
comparing the above considerations with those of Haviland ™ and Kershner ? 
with regard to C and D, respectively. Hence if D, exists and is free of 
corners, then the open set R defined by (12) and (11) is identical with the 
open ring-shaped region bordered by the boundary curves Cz, D, of the vec- 
torial sum S; (+) S82. - 


3. The density of the convolution (6). In this Section 8 there will be 
obtained for the distribution function y, defined by (6) an explicit repre- 
sentation in terms of the Jacobian (8). This representation will not only 
imply that y: is, in contrast with ¢, and ¢2, an absolutely continuous distribu- 
tion function but will also show that the density 3. = 8(2,y) of ya is always 
continuous on the open set R, finally that 8.(z, y) is regular analytic on R in 
case the functions (8) are regular analytic on @:, ©». Incidentally, 6.(2, y) 
will be seen to be non-bounded on any open set containing a boundary point 
of R. A proof of the absolute continuity of y has been indicated by Bohr.?? 
The sharper results to be obtained, which are indispensable for the final purpose 
of the present paper, will be proved by considerations suggested by Bohr’s 
remarks but will be more elementary in nature, since no use need be made of 
Lebesgue integrals. | 

For any fixed point z of the open set Æ, choose an e > 0 so small that the 
circle U defined by (18a) is contained in R. Then the T--image of U con- 
sists, by Section 2, of the m = m(U) closed sets (13b) each of which is trans- 
formed by T into U in a topological way. Let 


(14) | 6, = % (2, y), b2 = Br(z, y), (k =1, à," -,m), 


denote the topological transformation T-t of U into Ag. Since every Ay is a 
closed subset of ©, it is clear from the definition of Q given at the beginning 
of Section 2 that the reciprocal value of the Jacobian (8) is bounded on each 
of the m sets Ay. Finally, as pointed out in Section 1, the convolution (6) 
may be obtained by transplanting the distribution function »(A) from the 
torus ®©, X ©, onto the z-plane by means of the transformation T; and w(A) 
is the equidistribution on ®, X @,, having the constant density (1+)? 

On comparing these facts with the definition (9b) of the symbol ba (#; A), 
it is clear from (14), (8) and from the transformation formula of Riemann 
double integrals that, for any rectangle F contained in the circle (13a), i 


1 Haviland [8]. 
12 Kershner [11]. 
233 Bohr [3]. 
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(15a) Yo( Bs An) — ff | 40°F (ou (a, y), Bala y) ) | de dy, 
E 


where &—1,-:-,m. Similarly, since the T-t-image of U consists of the 
closed sets (13a) and has, therefore, neither a point nor a cluster point in the 
set (13c), the application of the definition (9b) to the set A — A clearly gives 


(15b) Wo(H; À) =0 


for any rectangle E contained in the circle (13a). On substituting (15a), 
(15b) into (9a), it is seen that 


(16) ya(B) = ff 3 | 40°F (a2, y), Bua y)) |+ de dy, 


E 


if F is a rectangle contained in the circle (18a). Since z in (18a) is any 
point of R, it follows by writing z instead of z that the set-function ya (E) is 
absolutely continuous on the subset R of Sı (+) Sz and has at any point 
z =% + vy of R the density 


(17) 8.(2, y) — à | 447 (x(a, y), Bala ¥)) 1°, 


where the integer m cr the functions (14) may vary if and only if one chooses 
the point z = s + ty on distinct connected parts of the open set R. On the 
other hand, #:(Æ) is absolutely continuous on the complement of the spectrum 
Sı (+) 82 with respect to the whole z-plane, the density 82 (x, y) being identi- 
cally zero on this complement. Hence it is clear from (12) that ¥.(#) is an 
absolutely continuous distribution function if and only if 


(18) ye(T(0)) = 0. 


Now, while it is clear from (17) and from the definition of Q that the density 
(z, y) is non-bounded in any vicinity of any point of the boundary 7(Q) 
of R, it is easy to see that (18) is true. f 

First, since y2(Æ) is the transplantation of the equidistribution »(A) on 
®©, X ®© onto the z-plane, (18) is clearly equivalent to 


(19) (Ao) = 0, where Ao = T1(T(Q)). 


Needless to say, one cannot write © instead of T-1(T(Q)), since T- is multi- 
valued on the T-image of Q. Now Q consists, according to (11), of two 
rectifiable Jordan curves on the torus ®, X 2, so that, if e > 0 is given, one 
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can choose on @, X @ an open set A, which contains ©, consists of two ring- 
shaped regions bounded by rectifiable Jordan curves and is such that p(Ae) < €. 
Hence, in order to prove (19), it is sufficient to show that the common part 
AoA, of As = T1(T(Q)) and of the complement As = ©, X © — Ae of Ae 
has a vanishing Jordan content on ©, X @,. Since the reciprocal value of 
the Jacobian (8) is bounded on A,, it is thus sufficient to show that T(Q) 
has a vanishing planar Jordan content. But this is obvious, since the Jacobian 
(8) is bounded on @; X @, and © consists of two rectifiable Jordan curves 
on ©, X @. 

The result thus proved may be formulated as follows: On defining in 
the z-plane a function 6, (x, y) = 0 by placing it equal to the expression (17) 
or to 0 according as z == v + iy is or is not in R, the convolution (6) may be 
represented for any Borel set Æ in the form 


(20). ya(E) = f f a(a y) de dy. 


E 


Furthermore, if # is a closed rectangle, then (20) exists as a proper or as an 
improper Riemann integral according as Æ does or does not contain a boundary 
point of R. Incidentally, the above considerations imply that the closure of 
the set (12) is the spectrum 8, (+) Sz of (6). 


Remark. Suppose that the curves (3) are defined and satisfy the require- 
ments of Section 1 not only for j = 1,2 but for 7—1,2,---+,n. Then if 
$1, bas ` '»¢n denoté corresponding distribution functions, the convolution 
$i * be ** + > * bn is absolutely continuous for every n= 2 and has a con- 
tinuous density for every n = 4. In fact, the first statement is true for n — 2, 
and so it is true for every n > 2, since the convolution of an absolutely con- 
tinuous and of an arbitrary distribution function is absolutely continuous.!# 
For similar reasons, it is sufficient to show that the second statement, which 
has been proved by Bohr and Jessen ** under somewhat more restrictive con- 
ditions and on using elementary geometrical considerations, is true in the 
lowest case, n = 4. Now if 6! and 8,% denote the densities of di * ds and ds * pa 
respectively, di * pa * da * $4 is absolutely continuous with the density 


+00 


D(a,9) = f f 88(@— 69 —n)8(E 0) dé do, 


—00 


4 Cf, e. g., Kershner and Wintner [13], p. 548, footnote. 
45 Bohr and Jessen [5]. 
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so that, since 8!(& n), d(g, 7) are non-negative and have finite integrals 
(— 1) over the whole (£,7)-plane, D(a, y) is everywhere continuous. 


4, Infinite convolutions. Let 81,82, > - be an infinite sequence of convex 
curves Sm in the z-plane such that every Sm has a continuously turning tangent 
and does not contain rectilinear segments. Let 


(21) Sm: T+iy—2—2m(8) =Ën(8) + ym(8)3 OSOK RT, 


be an admisssible parameter representation of Sm in terms of an angular 
parameter 0 and let dm =m (E) denote the corresponding distribution func- 
tion defined for all Borel sets Æ of the z-plane (cf. Section 1). Thus Sm is 
the spectrum of œm, and so the spectrum of the convolution 


(22) Ya(E) = Yn Va t Yn 
is the vectorial sum 
(23) Vn = 81 (+) (+) Sn 


where n = 2,8, ::. 
Let dm denote the diameter of Sm, the diameter of a set being meant in 
the usual sense. Suppose that 


À 


t œœ 
(24) dm is convergent.’ 
1 


m=: 


Then the infinite convolution 
(25) = dit be + * - 


is convergent if and only if there exists on or within every Sm a point 2m 
such that 


K œ 
(26) È Zm 
maL 
is convergent, in which case (26) is uniformly convergent when every zm 
varies on or within Sm. This clearly implies that if (24) is satisfied, then the 
infinite convolution (25) is absolutely convergent if and only if (26) is abso- . 
lutely convergent for at least one choice of 21, 22, - - on or within 8, 82,---, 
in which case (26) is absolutely-uniformly convergent for all choices of 
‘ZiZa *-- on or Within Sı, 82,° >+. In particular, the infinite convolution 
(25) is absolutely convergent whenever (24) is satisfied and every Sm surrounds 


*° While the direction of a maximal cord of $,, may vary with m, an elementary 
consideration shows that (24) is satisfied if and only if v, < const., where v, denotes 
the diameter of the set: (23). 


CONVEX CURVES AND THE ZETA FUNCTION. 185 


the origin of the z-plane. The interest of these criteria lies in the fact that 
no mention is made of the parameter representations (21) which. determine 
the distribution functions m occurring in (25), i. e, that if (24) is satisfied, 
then the convergence or absolute convergence of (25) depends only on the 
_ curves 81, S2,° > + themselves. 


First, on placing 
2r 
(27) n= f 2n(6)49 
6 


and noting that (21) is a parameter representation of the convex curve Sm, 
it is clear that, dm being the diameter of Sm, every point z = Zm on or within 
Sm satisfies the inequality 
(28) | 2m — ym | S dm. 


Since the point z = 2m(6) is on Sm, it follows that dm? is an upper bound for 
the value of 


2r . 
(29) pin à [| 2n(8) — yn |è de. 
* o 


Hence the assumption (24) implies that 


fo] 


Him is convergent. 
m=i 


(30) 


It is also seen from (28) and (24) that (26) is uniformly convergent for all 


choices of 21, 22,: > * on or within S, 8,,- - : whenever (26) is convergent for 
a single choice of 2, 22,: * on or within S,, S2,- - - ; for instance, whenever 
` œ 
(31) 3 Ym 
m=1 


is a convergent series (in fact, z = ym is, by (27), a point within Sm). Now 
if (31) is convergent, then it is clear from (21), (28) and (24) that all Sm 
are contained in a sufficiently large circular disk, and so (30) and the con- 
vergence of (31) imply * the convergence of (25). Conversely, if (25) is 
convergent, then 18 the convex curve Sm tends, as m—>-+ œ, to the point 
z = 0, so that all Sm are contained in a sufficiently large circular disk, and 


17 Jessen and Wintner [10], Theorem 5. 
18 Ibid., Theorem 1 (p = 1}. 
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so the convergence of (25) implies?® the convergence of (81). This clearly 
completes the proof of the facts stated above. 

In the cases to be considered in the following Sections, the infinite con- 
volution (25) is convergent and is known * to be absolutely continuous with 
a density 8(z, y) which has continuous partial derivatives of arbitrarily high 
order, while the finite convolution (22) is absolutely continuous with a density 
an(s, y) which has” continuous partial derivatives of order k for every 
n = 2k +5. This implies”? that 


(32) a(z, y) = lim ôn (7, y) 


for every (x,y) in the z-plane. Finally, all the densities &„ (v, y) occurring in 
(32) may be obtained from the density (x,y) discussed in Section 3 by 
means of the recursion formula 


(33) na(n) = À S Bala — tna (0), y — mu(#))48. 


This is seen from (21) and from the definition of the corresponding distribu- 
tion function ¢n(#), since War = Yn * dns by (22). 

The spectrum (23) of (22) is? either a closed bounded region bordered 
by a convex curve C, or a closed bounded ring-shaped region bordered by two 
disjoint convex curves Cn, Dn, where D, will denote the inner boundary of 
(23). Similarly,” if (25) is convergent, then its spectrum is the infinite 
vectorial sum 


(34) Vm Si (+) 82 (+): °° 


which, when a bounded set, is either a closed convex region bordered by a 
convex curve ( or a ring-shaped region bordered by two disjoint convex curves 
C, D, where D will denote the inner boundary of (34). The rôle of the 
assumption (24) made in the above geometrical criterion for the convergence 
f (25) is that if (25) is convergent, then its spectrum (34) is a bounded 


49 Ibid., Theorem 5. 

20 Wintner [16], pp. 328-329; Jessen and Wintner [10], Sections 7 and 13 and 
p. 53; Haviland and Wintner [9]. 

21 Ibid. 

22 Wintner [18]. 

23 Bohr [2]; Jessen and Wintner [10], Theorem 17. 

z Cf. Bohr [2]; Jessen and Wintner [10], Theorems 3 and 17. 
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set” if and only if the diameters dm of the spectra Sm of the distribution 
functions dm satisfy the condition (24). This condition for the boundedness 
of (34) will be satisfied in the cases to be considered, so that the density (32) 
of (25) cannot be regular analytic for every (x, y) ; cf. the Introduction. 

In order to obtain, in the case belonging to (1), subregions of the spec- 
trum (84) of (25) such that the density (32) of (25) is a regular analytic 
function of the two real variables s, y within each of these subregions, the 
results of Section 3 will be combined in Section 7 with the method previously 
applied 7° to the case of circular equidistribution, i. e., to the case which belongs 
to almost periodic functions with linearly independent frequencies. Since the 
proof is, in the case which belongs to (1), quite involved, first the known case 
of circular equidistributions will be treated by means of the direct method 
instead of the reduction to the one-dimensional case previously applied.?5 


5. Almost periodic functions with linearly independent frequencies. The 
asymptotic distribution function of the almost periodic function 


00 
(35) f(t) = X am exp tAm(t + %m), where an > 0, 
m=i : 
is?” in case of linearly independent frequencies À» the infinite convolution 
(25), where ¢m(ZH) is the distribution function belonging to (21), if 
(36) Smt £ + ty = z = ém (8) + inm(0) = Am exp 6. 
Since (35) is almost periodic with linearly independent frequencies, the 
Le) 
series È am, Where am > 0, is convergent by a well-known theorem of Bohr. 
mal 
Put | 
Le] 
(37) T= Z dm, (h = 0, 1,8," : Js 


m=h+i 


and let, without loss of generality, 


(38) Om = üm > 0. 


Then the spectrum (34) of (25) is seen to be the circle |z |= rf or the 
circular ring 24, — ro S | z | S17 according as 2a, — fo = 0 or 2a, — ro > 0. 
The recursion formula (33) becomes 


*5 This is clear by combining the remark of footnote 18 with Theorem 3 of Jessen 
and Wintner [10]. Notice that Theorem 18 given there assumes that the convex curves 
§,, surround the point z= 0. 


2€ Kershner and Wintner [14]. 
#1 Jessen and Wintner [10], Section 13. 
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27 


(39) Sna (2, y) = È f Sn (£ — Anx1 COS 8, Y — Onyx Sin 6) dO 
0 


in view of (36). 
It is easily verified that the open set R defined by (12) 3 is, in the cas 
where $,, S2 are defined by (36), the punctured circle 


(40a) 0<|z|<a+a, (z= + i), 


or the circular ring 
(40b) m—a< |2] <mt, © (s—e+iy), 


according as M, = az Or M © üz the sets T(Q*), T(Q-) being the set 
| z | = a, + a, | z | = dı — az in both cases. The representation (17) of th 
density 8 (x, y) of (6) within R becomes 


(40) (a, y) = {r°[ (ar + a2)? (at +4) + 92) — (a — a)? 
Now suppose that 
(412) 2 > To. i 1 


‘For a given positive e <az— fz choose a positive e = €(«) so small that o: 
replacing (x,y) in (40) by (s + iu, y + iv), where u, v are real, one obtain 
a function 


(422) Ba(æ + iu, y + iv) 
_which is regular analytic and bounded in the open set 
fa—egtec (P+ y) < a + ds —e, 
oe OOS (wd whee 


of the two complex variables x + iu, y-+ ww. Since EL — T: > 0, it i 
clear from the definition (37) of r, that | 


wk 2 2\% Ja 
(43a) Gan: - Ge +E + 3am < (z + 4’)? <a + a — € Zam, 
E 

defines, for every n = 3, an non-empty open set in the space of the two'comple 
variables & + iu, y + iv. Let e, € be fixed and let M denote a bound of th 


function (42) in the domain (432). Now it is clear from definitions (483) 
(43n) that if Gris, where n & 2, contains the point 


(x + iu, y + iw), then (x + tu— ann cos 0, y + iv — ann sin 6) 
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is a point of Gn for every 6. Hence, if there has been defined on G, a regular 
analytic function 


(42n) ôn (x + tu, y + iw) \ 
of «+ iy, u + iv such that | 8, |S M in Ga, then the formula 


(44) Sner(a + du, y + iv) 


i 


=i f On (T + iu — ann COS 6, y + Ww — ann Sin 0) dO 
0 à ` 


defines on Gn, a regular analytic function which has, in Gi an absolute value 


{ 


2m 
AEFI ELIN. 
‘ 0 


Now if u = 0, v =0, then (44) goes over into the representation (39) of the 
density n (2, y) Of Yna Furthermore, the four-dimensional open set 


, f a — az +e +r < (2 + 4°)? <a + da — € — r'e, 
(48o) Go: { ne ae a 
where 0 < e < az — tz by assumption, is, in view of (87), clearly contained in 
every Gn, where n= 2. Finally, (32) holds for every real (x, y), and so, 
in particular, at every real point (u = 0, v = 0) of the domain Goo defined 
by (480). It follows, therefore, from the extension of Vitali’s theorem to 
uniformly bounded sequences of regular functions of two variables that if 
n— + co and (z -+ iu, y Liv) is in Go, then the functions (424) tend to 
a function 8(a + iu, y + iv) which is regular analytic in Goo and reduces, 
_ if u = 0, v = 0, to the density 8(x, y) of the infinite convolution (25). Since 
e > 0 in (43%) is arbitrarily small, it follows that the density (32) of (25) 
‘is a regular analytic function of the two real variables x, y in the ring 


(452) Qi — Aa + Ta < (a? + y)? < a, + Gr — To 


whenever (412) is satisfied. 
It is clear that if the assumption (412) is replaced by 


(415) de > Thy 


where k = 2 has a fixed value, an obvious modification of the above proof 
yields that the density (32) of (25) is a regular analytic function of the two 
real variables x, y in the ring 
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k-i k-1 
(45x) X Om — Ox + te < (2% + y?)? < Sam + on — Tr 
m=i m=i 


Furthermore, it is easily seen by the same argument that if (41) holds not 
only for a fixed k = 2 but for k—1,: : ‘,l, where 122 is fixed, then the 
density (32) of (25) is a regular analytic function of the two variables æ, y 
not only within each of the 7—1 rings defined by (45%) for & —2,: : *,1, 
but also within each of the 211 — 1 mutually disjoint rings 


k-1 co k-1 . œ 
(46) 3 @mam—az + Z Om < (T? + 97)? < I ntm + x — È On, 
m=i m=k+l m=1 


m=k+1 
œ 
where X an = #7; and 
+ m=ktl 


(47) ¢,==1, while em = + 1 for m = 2, 3,- <, kb — 1; and k&—2,8,--:,1, 


it being understood that, since e, — 1, there are 2*? symbols (e1, ` -, 6x) 
for a fixed k = 2. 

Let it be mentioned for later reference that the am occurring in (46) 
are the supporting functions of the convex curves Sm, the latter being the 
circles | z | = am. 


6. The logarithmical derivative of the Riemann zeta function. Ifo > 1 
is fixed, s = o + if and pm is the m-th prime number, then the asymptotic 
distribution function of the almost periodic function 


(48) fo(t) =— oa + const. -3 Ete -+ const., 


where const. = ¢' (20) /E(20), may be represented ? as the infinite convolution 


(49) y (E) = T = lim Yo? = gal # ga +: ms, 
where 
(50) Yn? (E) = nI = hy À oF H+ + # yr 


and om’ == pm°(Æ) denotes the distribution function which belongs to the 
curve (21) defined by 
. sas ; __ _ l08 Pm log pm 
(51) Sm : © + iy = Ëm(8) + im (0) S pme — 1 Pme — 1° 
Thus Sm is the circle | z | = am’, where 


Zl 
(52) am? — er > (Gn? > Omer") > 
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lee) 
so that, since ø > 1, the series X am” is convergent. Put 


mal 


mrahth ‘ 


wo 
(53) TT = x; Bm’, (h= 0, 1,- à J 


and let ox be the obviously unique number such that 


(54) Oe =n if o = 0x > 1, | (k=1,2 °°), 
so that 
(55) Ox? > r if and only if o > ox. 


According to the rule (34), the spectrum of the infinite convolution (49) is 
the infinite vectorial sum 


(56) Ve = Be (H) 8 (H 


It follows ** that the spectrum of (49) is the circle |z | S ro or the circular 
ring 24,7 — ro S |z | Srp according as o & o, or o > 01, where c, = 2.576- 
< by (54). 

Now let, for a fixed integer | = 2, 


(57) o > Max (c, + +, 61). 


Then * the density 87 == & (x, y) of the distribution function (49) is a regular 
analytic function of the two real variables +, y within each of the 271— 1 
mutually disjoint rings which result from (46), (47) by writing a,° instead 
of dm in (46). 

In fact, the considerations of Section 5 may be repeated without any 
change if one proves that the density 8,° (x, y) of $17 * ¢e is a regular analytic 
function of the two real variables x, y within the ring _ 


Ay? — Oo? < (2? + 9’)? < ay? + ap”. 


Now this ring is, corresponding to (40b) and (55), identical with the open 
set Æ on which (17) is valid; and it is clear from (51) that (17) represents 
a regular analytic function on R. In fact, the functions (14) are regular 
analytic on R, since the Jacobian (8) vanishes only on © and the open set 
(12) does not contain points'of the T-image of Q. 


28 Bohr [1], Burrau [7]. 

2° It will not be discusssed which of the Z absolute constants o,,---,¢, is 
Max (¢,,---,¢,) for a fixed l and what is the asymptotic behavior of c, and 
Max (o,,- --,¢,) for large l 
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7. The logarithm of the Riemann zeta function. If o >1 is fixed, 
s = o + it and pm is the m-th prime number, then the asymptotic distribution 
function of the almost periodic function 


(58) fo(t) ==— log f(s) + const. = S log (1 — Pm) + const., 


where const. = $ log ¿(20), may be represented 27 as the infinite convolution 
y°(E) defined by (49) and (50), where pm” = mf (E) denotes the distribu- 
tion function which belongs to the curve (21) defined by 


(59) Smo: & + ty = Én (0) + tm(4) 
= log (1 — pmet) — $ log (1 — pm) = g (0; pm?) +R (85 Pm) 5 


ESSAS 1 — 2p cos 0 + p? DN psinð 
9(93p) =t —i a > a a ET h 


|A(85p)| < žr. 


Thus 8, is a regular analytic convex curve which has both axes s == 0, y == 0 
as lines of symmetry.” 

Let am” (w) denote the supporting function (Stützfunktion) of Sn’, i. e., 
the distance of the origin z — 0 from.that oriented normal of Sm” which has 
the inclination œ. Then % 


Om? (fr) = are sin Pm” ( < $r), 


t 


a an (0) == log LCL + por®*)*/(1— pa), 
` while x 
(st) 0 < am? (w) < am°(0) + am°(3r) for 0 S o < 2x, 


since the two-fold symmetry of the convex curve Sm’ implies that 
Om? (w) = Om" (o + r), Om? (w) = Om? (r — w). 


Since o > 1, it follows that the series 


(62) n(o) = À anf(u), 0,1: + +), 


are uniformly convergent for 0 So < 2x. It is known * that if « and k are 
fixed, then the inequality a,%(w) > rx°(w) holds for every w if it holds for 
o = 7. Hence, if «™ denotes, for a fixed positive integer k, the obviously 
unique number such that | 


# Cf. Bohr and Courant [4] or Bohr and Jessen [6]. 
31 Bohr and Jessen [6], p. 40. 
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co 
(63) arcsin pp = X arcsin pm” ifo—o® >1, (k=1,2,---), 


m=h+1 


then it is seen from (60) that 
(64) o > o™ if and only if a° (w) > tf (w) for all w, 


where k is fixed. 

The spectrum (56) of the infinite convolution (49) belonging to the 
curves (59) may be described as follows: The spectrum V7 is? a closed 
bounded region bordered by a convex curve C7 or a closed bounded ring-shaped 
region bordered by two disjoint convex curves C°, D° according as 1 < o So 
or o > a, where o® = 1.764- - - is defined by (63). If o>o%, ie, 
if De exists, let C* denote that of the two convex curves C%, D° which forms 
the outer boundary of Ve. Let à denote the obviously unique root of the 
equation 

(se) 
(65) Pr? = % pm” 
m=2 


in the range o > 1, so that & — 1.778- --, and so¢<o%. Then, if 
o >o, i e, if D° exists, the symmetric convex curve D° has ** no corners or 
has corners on the a-axis and nowhere else according as o=o or o< 5. 
Furthermore, if e 2, then the supporting function of D° is * 


(66) De af (w) —71°(w), (o 20). 

The supporting function of O° is 5 rof (w) for every o > 1. 
Let : 

(67) e = 1 and em = + 1, where m = 28,8, °, 


so that there is a non-enumerable set of symbols (e:, e,- © +). The relations 
(60) and. (61) imply that the series 


(68) 1 (w; (0m}) =Z entw"(0), (0 > 1), 


is, for every symbol 
(69) (es en * "my * *) == (1, 62° * ty 6m" * ‘), 


32 Bohr and Jessen [6]. 

33 Bohr and Jessen [6], p. 43. 

34 Of, Bohr and Jessen [6], p. 43 and Kershner [12]. 

3 Kershner [11], where the result is proved for an arbitrary finite number of 
convex curves, but the proof holds for the infinite vectorial sum also. 

36 Haviland [8]. 
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uniformly convergent for 0 = w < 2a. It-is clear from (67), (68) and from 
the definition (62) of r:°(w) that r7(w; {em}) is the sum of af (w) — r;°(w) 
and of a finite or infinite series the terms of which are some of the functions 
Qm?(o) >0. This holds for every o>1. Now if o2e(>1), then 
at (w) —11%(w) is, by (66), the supporting function of the convex curve D7, 
while am°(w) is the supporting function of the convex curve Sm? for any 
o> 1. Hence the function (68) of œ is, by a classsical theorem,®’ the sup- 
porting function of a convex curve for every e =o. This convex curve, which 
depends on the symbol (69), will be denoted by | 


(70) CF ({em}), (o 20). 
Now let,” for a fixed integer | = 2, 
(71) o > Max (o, c++, ,o@) 


and choose, for a fixed integer & which satisfies the inequalities 2 S k Sl, 
a pair of symbols (69) which will be denoted by 


(72) {em}, {emp (Skl), 
and have the property that the numbers e, = 1, é2,- - -, 1 are respectively 
the same in both symbols, while ex = 1, er = — 1, eri = — 1, eus —=—1,°°-° 
in {em}rl and er =— 1, eg = 1, er = l, ers = 1, * + in {em}. Thus 


“there are 2%? pairs of symbols (72) for a fixed k, and so 2/11 pairs of 
symbols (72) for 2? Sk S1. Now if (72) is any of these 21 — 1 pairs of 
symbols and if (71) is satisfied, then the convex curve (70) which belongs 
to {em} = {em}xll lies entirely within the convex curve (70) which belongs 
to {em} = {em}x. In fact, it is clear from the definition of the convex curve 
(70) that the difference of the supporting functions of the convex curves 


(78a) O° ({em}t) and C%({em}) 


is 2a%.7(w) — 2r (w), an expresssion which is positive for every w in view of 
(64) and (71). This clearly *’ proves the statement. The open ring-shaped 
domain bordered by the two convex curves (73a) will be denoted by 


(13b) H*({em}x), QSS). 
31 Cf., e. g., Haviland [8]. A 
38 It will not be discussed which of the l absolute constants ¢,0(2),...,o0()) is 
“Max (¢,¢(),. ..,0(1)) for a fixed J and what is the asymptotic behaviour of o(1) and 
Max (6,¢0),. ..,0(0)) for large L 
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Tt is seen by an obvious repetition of the above consideration that none of the 
infinitely many convex curves (70) has any point within the open set (73b). 
This implies that the 2" — 1 ring-shaped domains (73a) which belong to all 
pairs of symbols (72) are mutually disjoint. 7 | 
Now it is easily seen that if &’(x, y) denotes the density of the infinite 
‘convolution (49) in which }m7 belongs to the curve (59), and if o is chosen 
such that (71) is satisfied, then 8°(2, y) is a regular analytic function of the 
two real variables x, y within each of the 27-11 mutually disjoint ring- 
shaped open sets (73b). 
First, let 8&,°(x, y) denote the density of the convolution ot = 19 # ho 
(cf. Section 3), where: 9, $2” are the distribution functions belonging to the 
curves 8,9, 8 defined by (59). Since (71) implies that e = 5, the dif- 
ference a, (w) —1,%(w) is the supporting function of a convex curve; cf. 
(66). Since the function r:°(w) defined by (62) also is” the supporting 
function of a convex curve, it follows % that the same holds for the sum of 
af (w) — r9 (w) and r2 (w). This means in view of (62) that 


(74). . | ay? (w) — a (w) 


is the supporting function of a convex curve. It follows ®° that the vectorial 
sum 8,7 (+) 82° is ring-shaped, with an inner boundary curve D,° which is 
free of corners and has the difference (74) as its supporting function. Hence 
it is seen from the last remark in Section 2 that the open set B = R° on which 
the explicit representation (17) of 8, = 8,9 is valid is identical with the open 
ring-shaped domain bordered by the two convex curves O: = 02°, D: = D2’, 
i.e by the convex curves which have the supporting functions 


(75) a(o) + a27(w) ; a (o) — a7 (0). 
This open ring-shaped domain will be denoted by H.’, so that 
(76) Hy? = [819 (+) 827] — [C2 + D]. 


Now the functions &n(@), ņm(0) occurring in the definition (59) of Sn’ 
are regular analytic. Furthermore, the Jacobian (8) of the transformation 
(7), when expressed by means of (14) in terms of x, y, does not vanish on 
the set H,7 (cf. the corresponding argument at the end of Section 6). Since 
the representation (17) of 8: = 8,7 is valid on H, it follows that ‘82:7 is a 


<- 30 Kershner [11], Theorem III. i 
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regular analytic function of the two real variables x, y on the open ring-shaped 
domain Hx. : 

Let 8,°(x, y) denote the density of the distribution function (50), so that, 
by (83) and (59), 


2T 
(77) (z, y) = > f Sna (@— g (83 Pn), Y — (8; pn) )d0, where n = 3 
© 


It is obvious from the same consideration which has been applied before to H,° 
that both functions 


(18) a(o) Ha (o)—Z an (o); (o) — a (u) +E tn? (0) 


are supporting functions of certain convex curves which form the outer and 
inner boundary of an open ring-shaped domain. On denoting this domain by 
H,5, it is clear that Hant is a subset of H,° and that, for a fixed o, the common 
part of all H,“ is.the unique ring-shaped region (73b) which belongs to k = 2. 
Since the two functions (78) represent the supporting functions of the outer 
and inner boundaries of H»’, it follows that if H»’ contains the point (x, y), 
then 


(2 — g (93 pn°),y—h(8; pn) ) 


is a point of Hy.’ for every 6. Hence the argument which led from (39) 
to (452) can be applied without any modification and shows that the density 
(s, y) of (49) is, again in view of (32) and by virtue of Vitali’s theorem, 
a regular analytic function of the two real variables x, y on the ring-shaped 
region (73b) which belongs to k ==2. Finally, the regular analyticity of 
& (x, y) in the remaining 21 — 1— 1 open ring-shaped regions (732) follows 
in the same way; cf. the end of Section 5. 


Appendix.® On real almost periodic functions with linearly independent 
frequencies. It is known ** that if 


(2) F(t) ~ Š an 008 (ant + n), (m> 0), 


is almost periodic, then it has an asymptotic distribution function o(s), and 
that the spectrum of o(z) consists of the closure of the set of values attained 


+ The numbers of the formulae will refer to the formulae of this Appendix. 
+4 Wintner [19], pp. 254-255 and p. 269; cf. also Wintner [20]. 
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by s =F (t) for — © <t << + oo. In what follows, it will be assumed that 
the frequencies A, of (1) are linearly independent. Then the series 


(2) r = S tn, (a > 0), 


n=0 


is convergent by a well-known theorem of Bohr, and the closure just men- 
tioned is the interval —r=z%r. Furthermore, on placing 


(B) g(v) =3(1— 2"), if |e] <1; g(x) 0, if |2| 21, 


and defining a sequence oo, o1,* - > of distribution functions by means of the 
recursion formula 
+00 
Ch on(2) = f ons(e—any)a(y) ay, 
-00 
where 
T 

(5) oo(3) = f g(9/u)dy/%, 

-00 


it is known * that the asymptotic distribution function o(x) of (1) is repre- 
sented for every æ by 


(6) ox) = lim on(z), 
N= 
and that ** every derivative 


(7) o™ (x) exists for m=1,2,--+; — <T < + co. 

Also, n(x) has a continuous m-th derivative for every x, whenever 

(8) n= 2m + 2. 

Finally, as will be shown at the end of this paper, 

(9) Ta eR) ma PER ER ey, CRE et Ss 


Since the spectrum of o(s) is the interval | æ | & r, it is clear that o(x) 
cannot be regular analytic at r = + r. On the other hand, it is known “ 


42 Wintner [16], pp. 312-316. 
43 Wintner [16], p. 315. 
44 Kershner and Wintner [14]. 
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that if the coefficients a, of (1) satisfy certain inequalities, one can delimit 
within the spectrum | «|r subregions of regular analyticity of e(z). 

It was not proved so far that the end-points of the subregions determined 
in the paper just mentioned are singularities of o(s). There was not even 
known an example with any established singularity for o(s) in the interior 
of the spectrum. The object of the following considerations is to fill into these 
gaps. The method to be applied also gives some qualitative information as 
to the shape of the density curve o’(z); cf. (ii) and (iv) below. Needless 
to say, all singularities of e (x) are essential singularities in virtue of (7). 

The results to be obtained may be summarized as follows: 


(i) If 
(10) y r < Rdo, 


then (x) is regular analytic in the subinterval | 
(11) — (2a — r) < a < (2a — r) 


of the spectrum | x | Æ r and has at the end-points æ = + (ao —r) of (11) 
essential singularities. 


(ii) If (10) is satisfied, there exists for every m = 1 an em > 0 such that 
the derivative of (x) is positive for 0 < z < 2a—r-+en. On choosing 
m=} and m = 3, it follows that there exists an e > 0 such that the density 

o’ (a) is monotone increasing and convex in the interval OS s S < Rao — r +e. 


(iii) If 
(12) T = RG 


then o(2) has an essential singularity at z = 0. 


(iv) If (12) is satisfied, there exists for every m = 1 an em > 0 such that 
the derivative o™ (x) is positive for 0 < x < em. On choosing m =? and 
m = 8, it follows that there exists an e > 0 such that the density o’(x) is 
monotone increasing and convex in the interval 0 Sr S « 

(It may be mentioned that on combining (ii) and (iv) with the repre- 
sentation of o(x) which is obtained # by Fourier inversion, there results the 
following curiosity: If (2) is a convergent series with positive terms which 
satisfy the inequality r Æ 2a), then the number Im defined by the definite 
Bessel integral 


4 Wintner [16], p. 315. 
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Co 
foe] Fy 
Im = f am IL Jo (anv) de 
o n=0 } 
is positive or negative according as the positive integer m is even or odd.) 
First, it is easily seen from (3) and (4) that if n = 1 and p = 0, then, 
for every 2, 


i 1 | 
(13) “opin (2) = f :  fox(2—3 Apriyi) dQ, 
A ys ii 
where | 
(14) da = I [2 (1— y) du]. 
ial T 


In particular, 


(15) on(T) = f . fat — à ays) do. 


It is understood that the integrals are n-fold, so that, from (14), 


1 1 


(16) fi fang f (y)? dy] =1. 


1 


It is easily verified from (3), (5) and (15) that 


on(t) + on(— zx) = 1 


for every n and x; hence 
(1%) on™ (2) = (— 1) "on (— 2), (n 20, m21), 


for all those æ at which on has an m-th derivative. 
The proof of (i) proceeds as follows. Suppose that (10) is satisfied. 
Then it is clear from (2) that 


(18) — (a — 3a) LT < (ao— 3 a) 
421 = 


is an interval containing the interval (18n) and the interval (11). It is 
also seen that if p Z 0 and n 1, and if v lies in the interval (18,,,), then 
the number 


n 
(19) T— I lpiYi 
4-1 


X 
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lies in the interval (18,) for all those (41° * `, ya) for which | y | < 1, 
where t==1,---+,n. On combining this fact with (15), it is seen from the 
definition (5), (3) of oo(x) that 


(20) on(x) is regular analytic in (18), 
and that 


1 5 à 
(Bn) mm ff... Jos (73 ays) 40 in (18,). 
i=l 
-1 


Now (21,) means that | 


1 1 
n 
(22n) on" (2) = f oe f op (z — 3 appi) dQ in (18540) 
izl 
wl: -1 


holds for p — 0. On combining (21p) with (21p.n), it is seen from the remark 
made in connection with (19) that (22,) holds for every p. 
It is known *¢ that 


(23) a(t) is regular analytic in (11). 


In order to discuss the Taylor series of o(x) in the vicinity of æ = 0, notice 
first that all coefficients in the binomial expansion 


(24) (1—a*)4—= 3b, [2] <1, 
n=0 


are positive, so that, from (3) and (5), 


(25) oo™ (x) > 0, if OS & <a. 

It is also seen that 

(26) at (0) > 0, (¢ 21), 
while, from (17), 

(27) on?? (0) = 0, (n20, 121). 


Now (21a), (25) and (17%) clearly imply that 
(284) on? (x) > 0 in (18). 


It is seen from (27) and (28,4) that the minimum of the function 9,24 (x) 
in the interval (18,) is attained at s == 0, so that, for every q = 1, 


48 Kershner and Wintner [14]. 
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(29x) on (x) Zop (0) in (18r). 
On placing in (22) 
z= 0 and m = 2q — 1, 


it is seen from (29,) and from the remark made in connection with (19) that 


1 1 
pen? (0) > op (0) f- I - fao. 

Hence, from (16) and (284), inc 

(30) apm? (0) > a (0) > 0. 

Now from (9) and (80) 

(31) oI) (0) >o (0) > 0, 

while from (9) and (27) 


(32) 020 (0) = o? (0) = 0, 
so that 
(33) om (0) = 0 


for every m. 
Let R denote the radius of convergence of the power series 


(34) = Zo (0)2"/m! 

and À, that of the power series iz 

(35) ce (&) — 3 ou (0)æ"/m!. 

On writing n instead of p in (31) and (32), it is seen that 
(36) RS Rn 


for every n. On the other hand, on keeping n fixed and choosing m in (21,) 
sufficiently large, it is seen from (3) and (5) that the regular analytic function 
representing o,(æ) in the interval (18,) is singular at the end-points 


t= + (ay —3 a) 
4=1 
of (18,), so that 
(37) Ry Say —3 4. 


4=1 
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On letting n— œ in (36) and (37), it follows from (2) that 
(38) RE 2a — r; and R> 0, 


by (23). Now it is known that if the coefficient of a power series 
œ 
(39) f(2) = 3 cm7 

M . m=0 5 


are real and non-negative, and if this power series is convergent for |z| <s 
but not for | z | > s, then z =s > 0 is a singular point of the function f(z) 
also when the series (39) is convergent at-z==s (Vivanti-Pringsheim). It 
follows, therefore, from (33), (23) and (88) that R = 2a,—vr and that the 
function (34) is singular at z = 2a, — r, and so, by (32), at z = — (2a,—r) 
also. This completes the proof of (i). 

Since (34) is valid for 0 < x < 24 —r, so is the expansion 


: œ 
(40) o™ (2) = Sa (0)ar/n!. 
n=0 


On letting æ— 2a,—r in (40), it is seen from (33) and (7) that, in view 
of Abel’s continuity theorem, (40) is valid at x == 2a)—vr also. Consequently, 
o™ (x) is positive not only for 0 < z < 2a, —r but for = 2a,.—r as well, 
and so, by (7), for 2a—1 < £ < Bao — r + em also, if em > 0 is sufficiently 
small. This proves (ii). 

Now replace (10) by (12). It is leas that the proof of (31) and (32) 
is valid in the case (12) also, and that the radius of convergence Ra (> 0) 
` of the power series (35) again satisfies the ey (37). It is seen from 

(2), (12) and (87) that: ME 

(41) En 0 as n—> o. 


On combining (31) and (82) with (41), it follows that the power series (84) 
is divergent for every æ=£0. This proves (iil). 
Finally, the proof of (iv) is the same as that of (ii). 
The ‘statement (9) used above may be proved ‘as follows. For a fixed 
m = 1, let po(æ) denote thè convolution of the 2m + 5 distribution functions 


ON where 0 = < SjSQm+ 4, 


so that po(z) has, in view of the remark made in connection with (8), a con- 
tinuous (m + 1)-th derivative for every x. Furthermore, all derivatives of 
po(z) vanish for sufficiently large |æ |, since the spectrum of po(x) is con- 
tained in the spectrum | «|r of (6). Finally, on placing 
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pa(T) == 69(£Oo/Gnsemss), Where n = 1,2, >, 


the distribution function (6) is the infinite convolution of the distribution 
functions po, pi, p2,* * * , Since it is the infinite convolution of the distribution 
functions 

do(T@o/ar), where k = 0, 1,2, >> 


Hence (9) is implied by the following 


Lemma. If an infinite convolution of a sequence of distribution functions 
po(®), p1(x), °°: converges to a distribution function o(z), and if po(æ) has for 
— co <r < + oo an absolutely integrable and bounded (m + 1)-th deriva 
tive, then the convolution of the n + 1 distribution functions po(x),-*-, pn(«), 
has a continuous m-th derivative which tends, for — œ < z < +o, to a 
continuous function representing the m-th derivative of o(s). 

Now the proof of this Lemma requires but an obvious modification of the 
' proof.previously 47 given for the particular case, m = 1. 
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ON THE ORDER OF THE COEFFICIENTS OF A UNIVALENT 
| FUNCTION. . 


By M. S. ROBERTSON. 


oO 
Introduction. If f(z) ==z -+ Y anz” is holomorphic and univalent for 
2 


k2| < 1 then it is known? that an = O(n). It has been conjectured * that 
|an| Sn. For n= 2 and 3 this conjecture is known to be true, equality 
occurring only for the function 2(1 + zett), œ real. It is the purpose of 
the present paper to show that the univalent functions f(z) for which 


log | am | __ 


(1) lim sup ine 


is true are also closely related to this same extremal function 2(1 + zei*)"?, 
We show first of all that the only univalent function f(z) for which 





T— 2 3 
@ DoE] alera H e) 
for any æ of modulus less than unity, and æ a real number, is true is the 
very special function 

z -+ (€— we?#*) (geit — 1) 12? 


(3) He) = aF 0 Gest aF 





} 


Secondly, we show that a necessary condition that f(z) satisfy (1) is 
that f(z) be a rather special type of function satisfying (2) in an asymptotic 
sense. More precisely, in order that f(z) should satisfy (1) it must neces- 
sarily possess the following very special property: there shall exist a sequence 
of points x; inside the unit circle tending to a singularity of f(z) on the 
circumference, and a real number «, so that | 


Li — 8 
1 — &2 





He peep —1( )] LG z [F(a] = (1 + aie) 2, 


1 Received September 16, 1936; revised October 26, 1936. 

. 2 See J. E. Littlewood, Proceedings of the London Mathematical Society (2), vol 
23 (1925), p. 482. 

3 See L. Bieberbach, Sitzber. kgl. Akad. Berlin, 1916, s. 940-955. 
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The following lemma is due to L. Bieberbach.* 


C0 * 
Lima 1 If f(z) = 2-+ Sanz” is holomorphic and univalent for 
SCA rd 
|z| <1 then |a| S2 where equality holds for, and only for, the function 
a(1 + zett), a real. 
Le 
Lemma 2. Given f(z) =2+ z anz” holomorphic for |z| < 1, and do 


any fixed complex number such that | Zo |<1. If we have ‘identically, for 
some real constant a, 


» [rea (25) LG LP) “Fea meta + ote) 


then f(z) must be identically equal to the function 


2 + (& pire Toe?ia) (Toeta Taat Daz 


7 PO = T Gr oF) (mee DD 
Proof. Replacing z by (to — 2)/(1— ąz) in (5) we obtain 





(7): eae (zo — 2) (1 — Sz) * {1 à Tett — (Fp + eis)z} 2. | 


Since f(0) — 0, P (0) — 1 we have ORNE: 
(GB): FEOLA | to |) (2) ] = 0 (1 + pete) 


and 


@) B — |] zo [P)F (20) J" = (1 —| Zo |?) (1 — toe!) (1 + moeta). 


Making the substitutions (8) and (9) in (7) we obtain for f(z) the function 
fo(z) in (6) as required. We remark in passing that f,(z) is necessarily 
univalent for |z| < 1 since the right-hand- side of the identity (5) is a 
function univalent in the unit circle, and since (£ — z)/(1— oz) is linear 
in z, mapping the uhit circle onto itself. 


LEMMA, 3. The function fo(z) of (6) above is such that it possesses a 
sequence of points x tending along a radius of the unit circle to the di y 
of fo(z) on |z| = 1 for which (4) holds. 


This lemma may be easily verified by the reader. 
> CO , 
THEOREM 1. Let f(z) —2 + X anz” be. holomorphic and univalent for 
2 


t See L. Bieberbach, Loc. cit. 
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[z| <1.' Let E denote the set of points on |z | = 1 at which f(z) fails to be 
regular. Suppose that f(z) has the property that there exists no sequence of 
points z; of modulus inferior to unity, having a limit point in E for which 
(4) holds. Then there exists a u > 0, depending upon f(z) but not upon r, 
and a constant A(u) independent of r such that 


HUE AR, <A. 


Proof. Let x be any point inside the unit circle. Let 





Pass) = [o~ (G= 
= z + bo(2)2 + 


Since f(z) is univalent and holomorphic for |z| < 1 so also is F(2;x). 
On account of the hypothesis of our theorem relating to (4) we must have 
f(z) =Æ fo (2) by Lemma 3. Hence F(z; s) s£2(1 + zett) for any real value 
of a by Lemma 2. It follows from Lemma 1 that | b,(æ)| <2. We may 
then write 


— T2 


J [ale ror 


ub. | eC) 2 — HP, 0S al) Se. 


We wish now to show that u(f) > 0. Suppose, if possible, w(f) = 0. Then 
there exists a sequence of points {z:} of modulus inferior to unity, converging 
to a point £o, | £o | S 1, and a corresponding sequence of functions 


F(z) = F (z; ri) = z + bo(ai)2 + 
where lim |b:(z:)| =2. Since the functions F(z;2;) are univalent for 
4200 e y 


|z| < 1 and therefore form a normal family in any domain interior to the 
unit circle, there exists an analytic function 


Fo(z) = 2 + b82 +. 


such that the functions F(z; a) converge uniformly to Fo(z) in any domain 
completely interior to the unit circle. Moreover, 


|b. | = lim | bo(as)|—=2 
à Ti To , 


Since the convergence of the functions is uniform and P, (z) is not a constant," 
Fi(z) is univalent for | z| < 1. By Lemma 1 


5 See E. C. Titchmarsh, On the Theory of Functions, Oxford, 1932, page 200, 6. 44. 
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. Bo(2) s=2(1 + zett)? 


for some real value a, since |b, | 2. There are now several cases to con- 
sider, depending upon whether | æo | < 1or | so | = 1. Suppose first | & | < 1. 
Then 
To — 2 
— 9. <= lim F(z; 05) = FP o(2) =z zett), 
(1— | zo |?) F (To) si> ( à 

But this is impossible unless f(z) be the function fo(z) of (6) which by 
hypothesis we have excluded (since it follows from (4) and Lemma 8 as we 
remarked above), 

Secondly, suppose | 2, | = 1 and that ze C Æ. This case is clearly im- 
possible by the hypothesis of our theorem. Thirdly, suppose | x | == 1 and 
æ is a point of regularity of f(z). Since 





f 


tı —z , (|u|? —1)z 
1 — ñz ti + 1— ž;z 


2 L f(x) 


2 nl Z i 
ite Aara A] — 1) (3). 


2 


Fi(2) = 








Since for every 7 both +, and 2; are points of regularity for f(z) there exists 
a positive p independent of i such that f(z) is regular in each circle of radius p 
having a centre at £ or s; Hence by Cauchy’s inequality we have for some 
constant M depending only upon f(z) and not upon n or à 








PJR 
n! =p 

<. lim | Fi(z) — = Slim (1— |z |?) P(z; 21) —0, 
io 1 — oZ i-00 








where P(z;2;) is a bounded quantity for all i. Hence in case a» is a point 


of regularity of f(z) on |z] = 1 we have 
; z 
Hole) ea a Ea 


which contradicts our assumption that F)(z) = 2(1 + ze**)*. Consequently 
we have shown under the assumptions of our theorem that »(f) > 0. 
We now can write 





| ba(x)| = 150 (1—|a|)—a#| Se—p. 
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Let v = re, Onintegrating we obtain 


| log f(x) +log(1—7r?)| Slog 
r)i 
GQ—r)# i 


Pa Eur cr ree 
- If p =£2 then 





1 +" 
1—r 


[Pf (re) s CEOS 





; 2 Di— (ir) Alu)’ 
[f(re) [So =p (ir) | eae 


If u — 2 then 
| P(r) og GE i). 


This completes the proof of our ds | 


THEOREM 2. Let f(z) =2+ S nz" satisfy the hypotheses of Theorem 
2 
1. Then there exist two positive constints & and A(8) depending upon f(z), 
but not upon r, where 0 <8 < 1 such that 
A(8)-r 
i0 
=f | f(re )| dO < FATS (rj 

Proof. By Theorem 1 we can ‘find a value of 8 for which 0 <s8<1 

so that 
A(8)-r 
LG < Gee 

where A(8) is a constant independent of r. If we define 


Fg) = VEE), | ¢ | = p = 1%, 
then 
| F(£)| S A(8) - p(1— p*) 7. 


Further, we have the following inequality due to J. E. Littlewood.® 


27 Pp y d 
#)| S2 OI 
[ien dase f° marO 


a fe Ire asao fs, pr 
A(S)-r 
An 


where A(8) is not necessarily the same constant in each place it appears above. 


e See J. E. Littlewood, loc. cit. 
14 
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Tasorem 3. Let f(z) = z + Sanz” satisfy the hypothesis of Theorem 1. 
2 . ‘ 
Then there exists a 8 —3(f) > 0, depending upon f(z) but not upon n. 
such that i f 

Ln = O (nt) é 
Proof. Since l 

1 CF n A(8)r 
eR << roi ET = 
| dm |? <= f | f(re )| 48 < T5 

we obtain for r =1— i/n,n>1, n ks A 


| on |<A(8) (1 = 2)" ers 


1 n-1 ' 
<; e ee 
saa (1+) e 
<eA(S)-n 6, n>1 
We now have immediately A | 

‘ COROLLARY. If f(z) satisfies the condition (1) it must then also possess 


the property (4)... 
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INDEPENDENT SETS OF POSTULATES FOR ABELIAN GROUPS 
AND FIELDS IN TERMS OF THE INVERSE OPERATIONS.* 


By Davin G. RABINOW. 


In a previous paper ? I discussed an independent set of postulates’ for a 
group in terms of the inverse operation. In part.I of the present paper I shall 
consider a simplified set of independent postulates for an Abelian group in 
terms of the inverse operation, while in part II independent postulates for a 
field in terms of the inverse operations will be developed. 

For convenience let us here recapitulate the results of the previous paper 
referred to. The base is (K,—) where K is a class of elements a, b,c,: - - 
and — is a binary operation. 


Postulate I. ain K and bin K imply a —b in K. 
Postulate II. .a—a—b—b. 
Definition I. 2—a—a. 
Definition II. a =2—a . 
Postulate III. (a— b) — i =a—(b—c’y’. 
Postulate IV. a” =a. 
Postulate V. a—v’=—b—d. 
Definition II.. a + b =a — V. 

The results obtained were: 

Result I. Any system (K,—) which satisfies Postulates I through IV 

is a group with respect to + as defined in Definition III. i 


Result II. Any system (K, —) which satisfies Postulates I through V 
is an Abelian group with respect to the operation +. 


Result III. An Abelian group is also given by I, II, II, V, aa 11 


where Theorem 11is: a—z—a. 
Result IV. Theorem 11 is deducible from I, IT, ITI, ia IV. 


Result V. I, II, III, IV, and V are independent. Also I, II, III, V, 
and 11 are independent. 


Hereafter we shall refer to these results as RI, RII, RIT, RIV, and RV 
respectively. 


4 Received June 16, 1936; revised October 5, 1936. 
2“ Independent set of postulates for a group in terms of the inverse operation,” 
offered to the Bulletin of the American Mathematical Society. 
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PART I. 


© It is obvious from the above set of postulates that the definition of an 
Abelian group in terms of the inverse operation is much more complicated 
than the definition in terms of the direct operation. I shall now consider an 
independent set of postulates for an Abelian group in terms of the inverse 
operation which is as simple as the customary definition 8 in terms of the direct 


operation. 


Let us consider the following set of als in connection with the 


base (K,—) where K is a class of elements a, b, c,: 


operation. 


- and — is a binary 


Postulate 1. ain K andbin K imply a — b in E. 
- Postulate 2. (a—b)—c= (a—c) —b. 
Postulate 3. a—(a—b) =b. 


The following theorems are deducible from Postulates 1, 2 and 8. 


THEOREM 1. 
by hypothesis 
by Postulate 1 
hence by Postulate 3 


THEOREM 2. 

by Postulate 3 

by Postulate 1 

by Postulate 2 
hence by Postulate 1 
by Postulate 3 
‘ now by Postulate 2 
hence 

by Postulate 3 
hence by (I) 

by Postulate 2 
hence by (II) 


If a—b=a—e, ee bee 


a — b = 4 — e ` pam | 
a— (a—b) =a — (a—c) 
b =c. 


b — b = c — c for every element. 


b =a — (a— b) 
b —b = [a — (a — b) ] —b 
= (a—b) — (a—b) 
(a—b) — (b—b) = (a—b) —[(a—b) — (a—b) 
=a—b (I) 


(a—a) —b = (a —b) —a 

(a—b) —[(a—a) —b] = (a—b) —[(a—b) —a 
© =a  ‘ (IT) 

[(a—b) — (b —b)]— [(a—a) —b] =a 

{(a—6) — [(a—a) —b]} — (b—b) =a 

a — (b —b) =a 


2 For bibliographical references the reader may consult: E. V. Huntington, “ Note 


on the definition of abstract groups and fields by sets of independent postulates,” 
Transactions of the American Mathematical Society, vol. 6 (1905), pp. 181-193; and 
R. Garver, “ Postulates for special types of groups,” Bulletin of the American Mathe- 
matical Society, vol. 42 (1936), pp. 125-129. 
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however b is any element ef K, therefore - , DT 
i pit Vs 3. @— (ec) = a, where c is any element of K 
hence a—(b—b) = &@— (c — c) 
hence by Theorem 1 b—b=c—c : 
DEFINITION 1. z =4 — 4. 
DEFINITION 2. a’ =z — a. 
THEOREM 3. ` a” =a, 


by Postulate 3 


by. Definition 1° 


by Definition 2 


THEOREM 4. 


by Postulate 3 
by Postulate 1 
by Postulate 2 
by Definition 1 
by Definition 2 


THEOREM 5. 


by Definition 2 
by Postulate 2 
by Theorem 3 


Tarot 6. 


by Theorem 4 
by Postulate 1 
by Theorem 4 


by Postulate 2 
by Theorem 4 
by Theorem 4 
by Theorem 5 
by Postulate 2 


THEOREM 7. , 
by Theorem 6. ` 


by Postulate 3. 
by Theorem 3 
by Definition 1 


b — (b —a) = a for all elements b 


z— (z — a) =4 
a’ =a j 


a —b = (b — ay. 

b — (b—a) =a | 

[b — (b—a)]—b—a—b 
(b— b) — (b—a) =a—b 
z— (b—a) =a—b 


-(b—a)’ =a—b. 


a ae ee 


Va = (2 —b) — (2—a) 
= fe aaa] 


= à — b. 
(a — b) — e =a — (b — oc)’, 


(b — iY =g — b . 
a— (b—c) =a — (c — b) 


=[(" —b) —al’ 
=[(¢ — a) — b] 
=b— (c — a) 
=b — (a— iY 
=(a—c’)—v’ 
= (4—b’)—¢ 
a— b =b — d. 
ae ee (b— 
= q4 — 8” 
=Q — 4 
=z 


oY 
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now by Definition 1 (a—b’) — (a—b’) =z 
hence .. : RSR E a 
by Theorem 1 a— b =bg. - 

DEFINITION 3. a +b =a — b. 


However by RII we know that Postulate 1, Theorems 2, 3, 6, and 7 are the 
postulates for an Abelian group with respect to the operation + defined in 
Definition 3. Hence Postulates 1, 2, and 8 define an Abelian group with’ 
respect to +. It remains to show that Postulates 1, 2, and 3 are deducible 
from RIT; that is, we have shown that any system (K,—) which satisfies 
Postulates 1, 2, and 8 is an Abelian group and we must show conversely, that 
any Abelian group satisfies Postulates 1, 2, and 3. 


THEOREM 8. ain K and b in K imply a—b in K. 
by Postulate I this is true. . 

THEOREM 9, s (a— b) —.c = (a — c) — b. 
by Postulate ITI (a— b) — c =a — (b’—c)’ 
by Postulate V = 4 — (d —b} 
by Postulate III = (a — c) —b. 

 ‘Trzorem 10. a— (a—b) =b. 

by Theorem 8 ` a— (a—b) isin K and hence a— (a— b) =X 
by Theorem 8 [a — (a—b)] — (a —b yY =X — (a—b)’ 
by Postulate III a—[(a—b)’— (a —byYY = X — (a—b y 


by Definitions I and II a—-z = X — (a — by 
by RIV and Postulate III «= (X —«)— b 
by Theorem 8 E D 
hence by Postulate III, Definitions I and II, and RIV 
a — b = X — w 


by Postulate V b—a = X —ť 
by Theorem 8 (b—a’) — a = (X — a’) —a 
by Postulate III, Definitions I and II, and RIV 

b=X 


The postulates are examined for independence by the usual method of 
exhibiting examples of systems (,—) which fail to satisfy the correspond- ` 
ingly numbered postulate but satisfy the remaining postulates. 


Example 1) K is the class of all prime positive integers with a— b = a/b. 
. Example 2) K is the class of all positive integers with a — b = b. 
Example 3) K is the class of all positive integers with &— b — a + b. 
t i 
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ies PART ia 


Let us de the following set of postulates i in connection with Hë base 


(K,—,0) where K-is a class of ‘elements a, b, ¢,- 
operations. 


Postulate E. 
Postulate 11. 


- and —,o are binary 


K contains at least two distinct elements. 
ain K and b in K imply a—b in K. 


Postulate 12. a— a= b — b. 

Definition 1. z=a— a. 

Definition 2. a =z—a. 

Postulate 13. (a— b) — d =a— rene 
Postulate 14. a’ =a. 

Postulate 15. a— b =b— g. 

Definition 3. a+ b =a — v.. 


Postulate 16. 
Postulate 17. 
Definition 4. 
Definition 5. 
Postulate 18. 


Postulate 19. 
Postulate 20. 


` Postulate 21. 
Postulate 22. 


ain K and b in K end bez dangly aob in K. 

aoa == bob if aoa and bob are in K. 

U =.aoa if aoa is in K. 

a* — Uoa if Uoa is in K. 

1) If U exists then U z. 

2) If a* exists then a* z (provided a =. a 

If a, b, c, b*, c*, aob*, *(boc®)*, (aob*) oc* and ao(boc*)* 

are in K, then (aob*)oc* = ao(boc*)*, . 

If a, a* and a** are in K, then a** = a. 

If a, b, a*, b*, aob* and boa* are in K, then aob* = boa*. 

1) If a, b, c, b—c’, b*, c¥, (b—c’)*, aob*, aoc*, 
ao(b—c’)* and aob* — (aoc*)’ are in K, then | 
ao(b — ¢’)* = aob* — (aoc*)’. 

2) If a, b, ¢, b—c’, a*, boa*, (coa*)’, (b —c’)oa* and 


boa* — (coa*)’ are in K, then 
. (D — c')oa* = boa* — (coa*)’. | 
Definition 6. T)'a-b— aob* if bz. 
l 2) a'z =z. 


Note 1. 


Postulates 15, 20 and 22.1 are redundant. They have heat 


retained to keep the list of postulates symmetrical. 
Lemma. The element U must exist. 


For by Postulate E and Definition 1 there exists an element distinct from z. 
Let this element be a. Then by Postulate 16 aoa exists, and hence by Defini- 
tion 4 the element U exists. 
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THEOREM 23. (E, —) forms an Abelian group with respect to the 
operation -- defined in Definition 3. This follows from RII. 


THEOREM 24. ain K and b in K imply a:b in K. 


Case I. b—2. 

by Definition 6.2 a-2=—2 for all a. 
Case II. bz. 

by hypothesis bz 

by Postulate 18. 2 bt z 

by Postulate 16 -b* isin K 

by Postulate 16 ~ aob* is in K 

by Definition 6.1 a:‘bin K. 


THEOREM 25. If a—b—a—c then b =c. ` ne 


by hypothesis a—b—a—0c 

by Definition 2 i (a—b)’=(a—c)’ 

by Postulate 11 a — (a—b)’ =a’ — (a—c) 
by Postulate 13 (a —a’) —b = (d — x) — é 
by Definition 1 2—b—2—0c 

by Postulate 14 b =c. 


THEOREM 26. 2'0 =Z. 


Case I. a=z. 


by Definition 6.2 a:2 =z for all a 
hence 2:2 =z. 
Case II. asz. 
by Definition 6.1- a: b = aob* if bz 
hence z: a = z0a* 
by Theorem 23 = z0a* — z 
now by Definitions 1 and 2 zoa* = (z — z)oa* = (z — 2 )oa* 
by Postulate 22. 2 = zoa* — (zoa*)’. 
hence 200 — z = zoa* — (z0a*)’ 
by Theorem 25 (zoa*)’ =z | 


hence by Postulate 14 and Definition 2 zoa* =z. 


THEOREM 27. a:b=b-a. 


_ Case I. a=b =z. 
by Theorem 26 Z: = 32: 8 =z 
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Case II. b==2, az, 


by Definition 6.2 &-Z==% i ae eee ` 
by Theorem 26 2G=R a Ou 
Case ITI. az, be 2. Las: 
by Postulate 18.2 a* =& 2, peed es 
by Postulate 16 . aob* and boa* are in K 
by Postulate 21 aob* == boa* 
by Definition 6.1 a:b =b 


THEOREM 28. U = ŲỌ*. 


by Postulate 18.1, U z 
by Definition 5 U* = UoU 
by Definition 4 = U. 


THEOREM 29. boU =b. 


Case I. b==4, 
‘Since by Postulate 18.1 U 42 then boU i is in K by Postulate 1 16. 
by Theorem 28 boU == boU* 
Herce 20U = zoU* 
by Theorem 26 = 2 
A Case II. bz. . 
by Theorem 28 boU = boU* 
by Definition 4 . -. == bo(b*0b*)* (A) 
now since by hypothesis b 4 z hence by Postulate 18,2 b* a z and oo * hy 
by Postulate 19, (A) . boU = (bob**) ob*. 


by Postulate 20 == (bob) 0b* 
D S e == Uob* = b** == b by.Definitions 4 and 5 
. and Postulate 20. 


THEOREM 30. as&z and b=£ 2 imply aob yet, 


by Postulate 20 aob = aob** 
now suppose aob == z then 
by Theorem 26 (aob**)ob* — zob* == z- 
= a0 (b*0b*)* — aoU * = aoU = a 
by Postulate.19, Definition 4, 
and Theorem 29. 
hence a =z e 


but this contradicts the hypothesis that ae 2, 
hence ` aob =& 2. | 
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THEOREM 81. a: (b-c) = (a-b)-c. 
Case I. 2= 6,0 544,052. 


by Theorem 24 ab is in K. 

by Definition 6.2 (a-b)-2=2 
by Definition 6.2 b- -gz=z > 
by Definition 6.2 a'z =z. 

f Case II. b =z. 

by Definition 6.2 az =z 

by Theorem 26 2°C—2 

by Theorem 26 Z'C—=2 

by Definition 6.2 -g= g.: 


Case III. a—2. 


by Theorem 26 z: b =z 

by Theorem 26 z: c =z 

by Theorem 24 b-cisin K 

by Theorem 26 z: (b-c) 2." 


Case IV. a= b =z and other combinations follow from Definition 6. 2 
and Theorem 26. 


Case V. a2, b 2, E2. 


by hypothesis a Æ z, b 3&2, Cz 
hence by Postulate 18.2 and Theorem 30 a* 42, b* 542, c*=£2, boc* Fz 
by Postulate 19 ao(boc*)* — (aob*)oc* 
by Definition 6.1 a: (b-c) = (a:b) >c. 
THEOREM 32.1. There exists an element u =£ 2 such that a: u =a. 
by Theorem 29 aoU = a for all a 
by Theorem 28 aoU = aoU* 
by Postulates 18. 1 and 18.2 U* £z 
by Definition 6.1 a: U =a for all a. 


THEOREM 32.2. u-a—a where u is the u of Theorem 82.1. 


Case I. a —2. 


by Definition 6. 8 U -2 =z. 
Case II. az. 
by Definition 6.1 U -a = Uon* 


= a** — a by Definition 5 and Postulate 20. 
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THEOREM 33. If a4z then there exists an element x such that ax =b. 
Case I. b =z. 


by Definition 6.2 ar 
Case II.. bz. 
by Postulate 20 b = Uob* 
by Definition 4 : == (aoa) ob* 
by Postulate 19 ` = ao(a*ob*)* 
by hypothesis and Theorem 30 (a*ob*)* 542 
hence by Definition 6.1 b =a: g where x = a*ob*, 


THEOREM 34. Ifas4z then there exists an element y such that ya.= b. 


Case I. b =z. i 
by Theorem 26 Z°a== 2, 

Case II. bz. Í 
by Theorem 29 b = boU 

= bo(a*oa*)* by Definition 4 and Theorem 28, 

by hypothesis a à, hence by Postulate 18.2 a* 54 z, then 
by Postulate 19 boU = (boa) oa* 
by Definition 6.1 b = y'a where y—boa (A). 


THEOREM 35. If ie a =b and yz ch, then Yı = Ye tf aoe 2. 
Case I. b—2. 
by hypothesis ‘Yta =Y: Now if y 2 or 7,542 and by 
hypothesis az, then by Theorem 30 
either y,0a* =4 z or y,0a* 54 2. 
hence by Definition 6.1 either yı `a £z or yataz. Since neither of these 
is possible, then y, = yz = 2. 


Case II. bzg. 
by Theorem 33 there exists an element æ such that a- s =U 
hence 5 (y1: a) £ = (yra) ts 
by Theorem 31 | yı: (ax) =ÿs (ax) 
hence Ya" U = y U 
by Theorem 32.1 Yi = Yo 


THEOREM 36. The element y of Theoren 34 is uniquely determined by 
a and b. | 


by (A) of Theorem 34 y == boa. 
Hence the operation o is the inverse of the operation - . 
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:- THEOREM 37. (a+b)}-c—ac+b-c. 

Case I. c—2. T ; 
by Definition 6.2 (a+6)-c==2, a'z =z, bas " 
by Definitions 1, 2, and 3 z+ 2=z. TE 0 


Case II. cz. 


by. Postulate 22.2 (a— b’)oc* == aoc* — (boc*)’ 
by Definition 6.1 (a—b’)-c==a-c— (be) 
by Definition 3 (a+5)- c—a ctb- c. 


_ THEOREM 38. a MED b+a:c | 
by Theofeñ 37 ``: b+c) a=b ipea: 
by Theorem 27 a A 


THEOREM 39. (aob*)" == a'ob* if b * Z. 


by Theorem 26 - zob* =z | . 
by Definitions 1 and 2 (a — a’) 0b* == z: 
by Postulate 22.2 -a'ob* — (aob*)’ =z 
by Definition 1 a’ob* — a’ob* — 2 
hence bout ` a’ob* — a’ob* = a’ob* — (aob*)’ 
by Theorem 25 a’ob* == (aob*)’, 
THEOREM 40. a—b==(b—a)’. ; i 
by Postulate 13 (a—b) — De en er aes —a)’] | 
by Postulate 18 ~ = a — | (V — v) —a] 


by Definition 1 ` = q — (z — a) 
. | ot i = a — a” = a — a =z by 
Definitions 1 and 2 and 
Postulate 14 


by Definition 1 . (a—b) — (a —b) =z 
hence . (a—b) — (a — b) = (a — b) — (b — a)” 
by Theorem 25 a—b = (b — ay. 


THEOREM 41. 1fb—a—c—a, then b = c. 


by hypothesis , , b—a =c — a 
by Postulate 11 (b —a) — g = (c — a) — 0 
by Postulate 13 b — (d —a’)’ = c — (à —a’)’ 


by Definitions 1 ane 2 b — z = 0—2 
by RIV ae be 
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THEOREM 42. a—b’ =b — g. 
Case I. a= b =Z. | 
by Definition 1 z— z = z — 2 = 4, 


Case II. a==z, b =z (also b = 2, a 4 z). eae 
by Definition 2 and Postulate 14 a—b’ =z — b = b” =b 
by Definition 2 and RIV b—a’=b—z=—b. 


Case III. a2, bzs a—b’ =z. 


by hypothesis: ' a— D =z 
by Definition 1 g=b— + 
hence a— b = bY — b 
by Theorem 41 a=b 
by. Postulate 14 - d =b 
by Definition 1 ` bd =z. 
Case IV. a2, bz, a— b z. 
by Postulate 20` 7 a— t = Uo(a—b')* 
by Postulate 22.1 == Uoa* — (Uob*)’ 
by Theorem39 == Uoa* — U’ob* 
by Theorem 39 = (U’oa*)’ — U’ob* 
by Theorem 40 = [U’ob* — (U’oa*)’]’ 
by Postulaté 22.1 ` = [U’0(b —a’)*]’ : 
== Uo(b — a’)* by Theorem 39 and Defini- 
a 8 - tion 5 
by Postulate 20 == b—a’. 


THEOREM 43. a** =a, 


Case I. a—2. For a** to have meaning in this case, a* must bea in K 
and a** must be in K. | 


by Postulate 21 _ l Uoa* == aoU * 
hence . ` Uoz* = zoU* 
by Theorem 26 re 2: 
Case IT. asz, 
by Postulate 21 , aoa** — a*oa* (A) 
by Definition 4 == 7 
by Postulate 22. 2 (a— a**) oa** = aoa** - — (a**o oa**)’ 
by Theorem 39 = aoa** — a**oa** 
by Definition 4 and (A) =T0—U 


by Definition 1 | =z (B) 
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by Theorem 26 and (B) [ (a— a**) oa**]oa* — zoa* = z 
by Postulate 19 : (a — a**)0(a*o0a*)* =z 
by Definition 4 (a— a**)oU* =z (E) 
now let us suppose a — a** sé z 
by Postulate 21, (E) (a— a**)oU* = Uo (a — a**)* —z (O) 
if a—a** Æ z, then 
‘by Postulate 18. 2 (a— a**)* z and Uo(a— a**)* sz 


but by (C) we see Vo(a—a**)* =z 
hence the assumption that a—a**=4z leads to a contradiction and 
hence i 

a— a** =z 
by Theorem 25 a = a**, 


THEOREM 44. ao(b —c}* = aob* — (aoc*)’. 


Case I. a==2, bEz, Cg, b— i 2. 
by Theorem 26 20(b — c’) * == zob* = z0c* = 2. 


Case II. b— d =2,b342,¢742,aAz. For this case to have meaning 
ao(b — c’)* must be in K. 
by Postulate 22.2 (b — c')oa* == boa* — (coa*)’ 
by Postulate 21 ao(b — c’)* == aob* — (aoc*)’. 

Case III. b— d =z, b =z, c42, @ 42. The proof of this case is the 
same as Case II. -> 


Case IV. b— ¿= z, b =z, c= z, a x42. The proof of this case is the 
same as Case II. | | 
Case V. b— c =z, b £2, cÆ 2, a = z.. The proof of this case is the 
same as Case II. f 
. Case VI. azz, bs42, tÆ 2,b— 52. 
by Postulate 22. 2 (b — c')oa* — boa* — (coa*)’ 
by Postulate 21 ao(b — c’)* == aob* — (aoc*)’. 


However Theorems 23, 24, 27, 81, 32.1, 32:2, 83, 34, 37 and 88 are the 
postulates for a field in terms of the operations +, 4 Hence any system 
(K,-—,0) which satisfies Postulates 11 through 22. 2 is a field in terms of the 
operations +, +. | ; 

The postulates are examined for independence by exhibiting examples of 
systems (K,—,0) which fail to satisfy the correspondingly numbered postu- 
lates but satisfy the remaining postulates. 


4 See reference to Huntington’s paper in footnote 3. 
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Example 11. K is.the class of three numbers 0, 1, 2 with a — b and aob 
satisfying the following multiplication tables. The elements w and u which 
appear in the tables are elements not in K. 


b/0 1 2 aob | 0 1 2 
0/0 2 1 “Olu 0. 0 
1/1 ow llu 1 2 
2,2 w 0 2ju 2 hL 


Erample 12. K is the class of all positive rational numbers including 
zero. a—b—a+b with z=0. aob —a/b. 


Example 18. K is the class of all positive zatona! numbers including 
zero. @—b=a—b. aob = a/b. 


Example 14. Kis the class of three numbers 0, 1, 2 with a — and aob 
satisfying the following multiplication tables. The element u which appears 
in the table for o is an element not in K. 


a—b|0 1 2 -aob | 0 -1 2 
0 0 0 “Olu 0 0 
110 0 1 ilu 1 2 
2ļ|o 10 2 |u 2 1 


Example 16. K is the class of all integers, positive negative, and zero. 
a—b—=a—b. aob = a/b. 

Example 17. K is the class of all rational an one. negative, 
and zero. a—b=a—b. aob == ab with U —1. 


Example 18.1. K is the class of all rational numbers, positive, negative, 
and zero. a — b = a — b. aob = (a-—a)/b, that is equals zero. Here U = 0. 


Example 18.2. K is the-class of all rational numbers, positive, negative, 
and zero. @—b==a—b. aob —a/b except 1/a = 0. 

Erample 19. K is the class of hypercomplex numbers of the form 
ml + wt + pj where r, w, p are rational numbers, positive, negative, and zero. 
a-—b=a—b. ; 


1 3 : . à 
aob = ma F p Elan) (ml + @1t + prj) (wel + Wet + pot); 


where the product of the coefficients shall be the ordinary product of rational 
numbers and the “ units” shall follow the table, 
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Example 21. K is the class of quaternions. a = b = qa — b. 


1 
aob = wos F p ee (te + Fd + sm + gre) (ge + Fd + ro + ge) 


where the product of the coefficients shall be the ordinary product of rational 
numbers, while the “ units ” shall obey the table 
l i i k 
T| = Æ Ek 
i| 4 1 —k j 
jli k 1 —i 


Example 22.2. K is the class of two numbers 0, 1. a—b and aob 
satisfy the following tables. The element u in the table for o is an element 
not in K. l ` 

a—b|0 1 aob | 0O 1 
0};0 1 0 
111 0 | 1 








ù 1 
u i. 
Example E. K is the class consisting of 0 only with 0 — 0 = 0 and 000 
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ASTRONOMICAL CONSEQUENCES OF THE RELATE Tid BRA 


TWO-BODY PROBLEM.* 


~y 






By TULLIO Levi-Crvira. 


1. Mechanical laws, according to Binstein’s theory, are much more com- 
plicated in conception! than under the assumptions of Newton. However the 
motion of celestial bodies under ordinary circumstances differ so little from 
their Newtonian representation, that, for astronomical purposes, elakivisue 
effects may be conveniently treated as first-order perturbations. 

A good amount of work in this direction was done, shortly after the 
appearance of general relativity, with deep insight and high pole by 
the late Professor De Sitter.? 

The simple case of two bodies of comparable masses lies beyond De Sitter’s 
developements, which were chiefly directed towards the inclusion of perturba- 
tions arising from relativity in the standard equations concerning planets and 
satellites of our solar system, where one of the masses predominates. “ 

I have recently taken up the question,? paying due attention to the case 

‘of comparable masses. For the usual two-body problem, which in the tradi- 
tional hierarchy comes immediately after Eïinstein’s one-centre problem, the 
equations of motion are certainly integrable if one treats elativistic effects as 
first-order perturbations. — 

‘We intend to say a few words about deduction and illustration of two 
inequalities which are already apparent or, at least, may shortly appear in the 
observable field. 


2. Let us start from the explicit form of the two Lagrangian functions — 
L, and Ly, 


which define the absolute motion of the centres of mass, P, and Pis of two 
celestial bodies; e. g., a double star. 
I suppose that everything has already been reduced to ordinary space, at 


* A paper delivered at the Tercentenary Conference of Arts and Sciences at Harvard 
University, September 4, 1936. Received by the Editors January 18, 1937. des 
1 Monthly Notices, Royal Astronomical Society, vol. 77 (1216), pp. 155-184 (Second 
paper). 
2“ The relativistic problem of several bodies,” American Journal of Mathematics, 
vol. 59 (1937), pp. 9-22. 
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(i = 1,2,3) being Cartesian codrdinates of Pa (kh — 0,1) with reference to 
some fixed or Galilean frame, while the Independent variable is 2° = ct (t usual 
time and c velocity of light). 
The Lagrangian equations, furnished by the Zn (h = 0,1), define the 
components 
En (h = 0,1) 


of the absolute accelerations of the two points Pa as functions of positions and 
velocities. At this stage, all textbooks introduce relative codrdinates 


xi = 2,1 — To? (4 = 1, 2, 3) 
and corresponding relative accelerations 
ïi — i—i (i = 1,2, 8) 


simply by subtraction. Then, on account of'the fact that all but the New- 
tonian terms are of the second order, we are allowed to use Keplerian values, 
and especially to employ the classical integrals of energy and areas. 

If the simple but rather tedious developments are performed with some 
insight into the matter, we recognize that relative motion may also be brought 
under the Lagrangian scheme. The corresponding function L is 


(1) L=N+U, 


where, to within a constant factor, N designates the usual Newtonian term 
and II the additional relativistic contribution. More precisely, if mo, m, are . 


the masses of the two bodies and r= P,P: is their mutual distance, then 
putting 








(2) M = Mo + Mi 
and | 
da + os ey ae _fm 1 

(8) Ri = gp T th B= ap, mgs p? 
we obviously have 
(4) N= 4p +y. 

In the expression of II we shall denote by e the difference 

38° —7 


which, in Newtonian approximation, is nothing but the constant of energy 
divided by c?, so that, up to terms of second order, the numerical value of e 
behaves like a constant. On the other hand, it is not the same to apply the 
Lagrangian operator 
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aî ê 
da? 08: dat 


to the constant e, which gives zero, as to the binomial 48?— y, which gives 
Bi + 0y/0x', or, up to the first order, 20y/dat. Therefore, if we include e 
among the arguments by means of which the explicit expression of II is built, 
it is necessary to state whether e is to be treated, in performing Lagrangian 
operations, as a genuine constant or as the difference $8? — y, which, as far as 
first approximation is concerned, has the same numerical value. 

Atiributing to e at any moment the rôle of a simple constant, T have 
obtained 


(5) m= (@— dp) By — (1+ y+ 2-14 ey + wae, 
where 


(6) 


MoM, 
m? 


and 1/a is a further dimensionless constant, connected, within terms of higher 
order, with the double areal velocity C by the relation 


C 


c. fm/c? ` : 





°o Lo 


Accordingly, in ordinary planetary pairs and double stars, a ~ £, i. e., 
a has the same order of magnitude as 8. In particular, for circular motion, 
a is the constant value of 8. This is verified at once by means of the ele- 
mentary relations 





in which a means the radius or, more generally, the major semi-axis of the orbit. 
Solving for fm/c? and C/c, and substituting in (7), we get simply 


At any rate, from a ~ 8 and y~ f°, it follows that | 
al 
PITY 


showing that the last term of T is, like the others, of the second order. | 
Squaring (7) and remembering the classical relation 
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C = fma(1 — e) | (e = eccentricity), 
we get 
1 fm 
n AE g2 
| (7 ) a e a(i € b 


which will be used later on. 
3. The expression (1) of Z has, in view of (3) and (5), the form 
(8) | L = $B" + 4, 
where both y and $ depend exclusively on the mutual distance 7, since 
(9) y=1 + (4—4)y, 
G0) gy (+) + 2(-14 per + SY. 
The motion defined by the Lagrangian function L admits the integral 
(11) PUR — p= e*, 


where the constant c* may differ from e only in second order terms. 
Now an equivalence theorem in analytical dynamics? states that the 
Lagrangian function 


(12) Lı = $f’ + y( + e*), 
© for which the motion admits the integral 
(18) ` 28° — y (p + e*) = const., 


gives rise, for the value 0 of the constant in the second member, to a family 
of trajectories identical with those defined by (8) and the integral (11). 

Therefore, as far as trajectories are concerned, our task is reduced to 
characterize those belonging to the Lagrangian function (12). The latter 
corresponds to the motion of a free particle in ordinary space under a con- 
servative (even central) force having the force-function 


b= y(¢ + e*). 


Omitting the additive constant e* and all terms of order higher than, two, 
and writing correspondingly e instead of e* in all second order terms, we have, 
by (9) and (10), 


8 Cf, e. g, Levi-Civita and Amaldi, Lezioni di meccanica razionale, vol. II, (Bologna, 
Zanichelli, 1927), pp. 514-515. 
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| Br + B+ ey $90 — wr ity 


Putting for a moment 
a  fm* , 
mt ml (2+ Spe} and y= Ay 4 (2 + Bp)ey, 
we may write simply y* instead of y in the second and third terms of ®. 
Here, however, it is indifferent, up to the second order, whether one employs 
y or y*. Hence, omitting asterisks, we may consider the trajectories of a 


central force with the potential function 


(1) EEEE EE ETA 
where, from (2), (8), (6) and (7), 





(II) M = Mo + M, m ee —, 


Note that, in these formulae (owing to the described policy of first introducing 
m* and y* and then suppressing asterisks), mo and m, do not represent exactly 
the ordinary masses of our two bodies (which had been introduced in 2), 
but truly these masses, slightly altered by the constant factor 


"1-4 (2 +38p)e. 


What essentially matters is that they, like their sum m, behave as constants 
driving the motions to be now considered. 

Obviously, the first term in (I) represents the Newtonian attraction, while 
the other two (both of the second order) are the relativistic perturbations 
consisting of central attractions; the one varying according the inverse, cube, 
the other according the inverse fourth power of the distance. - For the Bin- 
Steinian case of one-centre problem, one has only to put p = 0, and (I) gives 
the well known expression 3y? for the perturbative function. 


4. Orbits described under central forces were thoroughly investigated in 
the 18th and 19th centuries. Especially for orbits which may be regarded as 
disturbed Keplerian ellipses, computations of apsidal angles, and corre- 
sponding precessions of perihelia may be obtained by elementary methods. 
In this way, with first order accuracy, the angular precession (per revolution) 
of the perihelion or, in the case of a double star, of the periastron, is found 
to be 
(III) o = 0e = brt’. 


With the value (7) of a?, namely 


a 
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fm 1 

ai) 
the expression ce = bra? of o is exactly the precession predicted by Einstein 
for an infinitesimal planet (p = 0) in the case of motion about a central mass 
possessing the total mass m of the binary system. Therefore, within the 
required approximation, Hinstein’s formula, first established for an infinitesi- 
mal body in the (relativistic) field of a central mass m, is still valid for two 
bodies of any masses mo, m, whose sum is m. 

I hope that, for some double stars, the precession of the periastron of the 
satellite star may be observed with sufficient accuracy to test the theoretical 
result, thus affording a new astronomical confirmation of Einstein’s gravita- 
tional theory. For the moment I can only draw attention to the matter. 


5. The above prediction refers to relative orbits. Another, and perhaps 
more striking, theoretical deduction concerns the absolute motion in the sky 
of any double star system. 

It is well known that general relativity does not include, as a rigorous 
law, the principle of reaction nor its most popular dynamical consequence, 
concerning the motion of the center of mass in case of absence of external 
forces. Accordingly, we can no longer rely upon the constance of the absolute 
velocity = dG/dx® of the centre of mass & of a double star, but are, on the 
other hand, enabled to infer the expression of its instantaneous (absolute) 
acceleration by employing the relativistic treatment of the two-body problem. 

The general idea is obvious. Having the Lagrangian equations of motion 
for the two bodies P, and P,, equations obtained in my previous paper, we 
deduce at once the vectors B, and B, of the absolute accelerations as functions 
of their relative positions, and (still) absolute velocities. 

The combination 


a == = (MoBo + mB) 


is precisely the velocity of G when referred to 2° as the time variable, i. e., the 
ordinary velocity divided by ¢; while the acceleration of G, again referred 
to 2°, is 
à 1: . * 
(14) œ Em. (MoBo + my) ; 
where the dot denotes d/dx?. 
In view of the classical mechanics, which alwaÿs holds in the first ap- 


_proximation, we may anticipate that the Newtonian terms in the right-hand 
member of (14) disappear, so that there remains only the relativistic correc- 
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tion, expressed, as before, in terms of relative positions and absolute velocities. 
Now, if we consider actual double star motions, it is plainly permitted, within 
the degree of approximation in which we are interested, to introduce. New- 
tonian values referring to Keplerian motions of negative energy. 

In order to perform the computation along the lines indicated above, it 
will be convenient to use relative codrdinates of invariable direction and having 
their origin in Po, where my is the principal star (mo = m,), and to choose 
the orthogonal trihedron Poste’? in its standard position: Prt towards the 
periastron of the (undisturbed) elliptical orbit of Pı; Pox? in the plane of this 
orbit and rotated 90° in the sense of the motion; Poz? forming a right-handed 
trihedron with the preceding two. 

First we recognize from the outlined formulae that the component à; = 0. 
Therefore, the acceleration of the center of mass G of a double star lies entirely 
in the plane of (relative) orbit; we may also say that it lies in the common 
plane of (absolute) orbits, described by P, and P, about G. 

For the two components 


in the orbital plane I have found 


d d ô ; 
as) Pad À GP + lethr) |}, G=), 


where the factor 
2. Mo — Mı 
(16) b= TM 


is proportional to the difference of the masses, while 8; and y have the same 
significance as in (3), p being defined by (6), a by (7), while e is the (nega- 
tive) total energy of the undisturbed Keplerian motion. 


6. As already remarked, Keplerian values when used in the right-hand 
members of (15) give sufficient accuracy. Then the explicit determination of 
the two variable components of velocity, «;(#°), requires only quadratures, 
easily performed by introducing the true anomaly 6 instead of 2° by means 
of the relation 


2 d C V fma(i — e°) 





ade à c 
and remembering that 
_Îm l fm 1+ ecosé 
e r è a(1—e) ` 
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Periodical terms in @ correspond to small fluctuations in the components &, 
and æ, fluctuations which are repeated during every revolution and certainly 
remain within the limits of accuracy of observation in the case of all the 
known double stars. Accordingly, the only interesting terms are the secular 
terms, whose effects accumulate during the successive revolutions. Now we 
must remember that «; mean components of velocity with respect to the 
(Roemerian) time x° == ct. Therefore the components of the ordinary velocity 
of G are coy. | 

Denoting by c%, and ca, their secular parts in terms of #, we obtain finally, 
in virtue of (7), 


e je [fm à īa = 0. 


Oy Et Nig 


The final conclusion is that the secular acceleration of the center of mass 
G of the double star is directed along the major axis towards the periastron 
of the principal star. The amount of this secular acceleration may be con- 
veniently expressed as the increase of velocity in Km/sec per revolution. 

To this end, we first introduce the mass of the Sun, me, and write 


fm _ m fmo 

È me CF 
The second factor is a length, the so called gravitational radius lo of the Sun, 
having a value of the order of magnitude of a Kilometer, or about 1,5 Km. 
We may then write 


RE Se 
Co mo. 


On the other hand, the mean motion Ni im of the double star is 2, where 
T is the period of revolution. Of course, T refers to the unit of time used 
previously in f and c. Starting with the C. G. 8. units, we have T in seconds. 
But, in data of double stars, T is generally expressed in days (for spectroscopic 
binaries) or in years (for visual binaries). Choosing the first case and writing 
T? to avoid ambiguity, we have 

101 1 

T T+ 86164° 
Tt follows then, putting 6 = 2x in the preceding expression of ca, and con- 
sidering its absolute value V, that the increase AV of the velocity of G during 
a revolution is 
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e m 4 
per revolution 1 0G nn e?) 8/2 mo 86164 Be 


The number of revolutions per day is 1/T%, and, per he 100 - 365, 25 
times 1/74 Since 


(IV) (ar) r Kim/see 


4r? 


$+ siga L5 100: 365, 25 — 12, 58, 


the increase of the velocity of the center of mass a a century is 


m 


(V) (AP), ae a TF 


= 12, 559) —. Km/sec. 


in a century 


7. Such a difference of velocity along the apsidal line, having a com- 
ponent also in the line of sight, ought to be detectable eventually by spectro- 
scopic observation. 

As far as numerical values are concerned, we recognize from (V) [or 
from (IV)] that the most favorable’circumstances are realized for double stars 
having the following properties: 


a) short period, i.e., stars very near each other, which strongly. in- 
fluences 1/T¢; 
-b) total mass m, large (or at least not too small). in comparison with the 
mass of the Sun mo; 
c) pronounced eccentricity, on account of the factor e/(1— e?)*/?; 
d) comparable masses, but not nearly equal, owing to the factors 


MoM, b Mo — My 


(mo + m)??? = m F m` 


The best conditions for pb are realized by mass-ratios 


p= 


Mi == Mo 
Mo + Mi : Mo + My 


for which the polynomial 


=1—z- 


pd = «(1 — x) (1 — 22) 


attains its maximum. This takes places for «== 4(1—3-#), or, 
roughly, for two stars containing respectively 14 and 34 of the total 
mass of the system. The corresponding value of pb is about 0,1. 


I am well aware of the astronomical observations which have shown that, 
in general, the eccentricity e decreases with 7%; so it will not be easy to find a 
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binary for: which the two requirements a) and c) are equally well satisfied. 
On the other hand, a) predominates in (V), 1/7% appearing to the second, 
power ; furthermore, b) is, in the main, in accordance with a). 

As the visual binaries have, in general, long periods (some years), they 
are not to be expected, on account of a), to be advantageous for testing the 
formula (V). This formula requires, however, the knowledge of the masses 
of the principal and the companion star. Accordingly, it will be advisable to 
turn to the class of binaries for which photometric as well as spectrographic 
observations are available. In order to consider, at least, one example with a 
reasonable (AV)inacentury, I have looked into Moore’s Tables of the Lick : 
Observatory,* stopping at N° 28, b! Persei, for which, unfortunately, only 
spectroscopic data are certain. 

The tabulated elements are 


> . 
Mo = > mo, m, = — é mo, [4 = 1, 52, e = 0, 22, 


sinë 4 sin? 4 








t being the hitherto unknown inclination of the orbital plane to the tangential 
plane of the celestial sphere. Whatever i may be, we have finally for b! Persei 


m 1, 08 





mo sin? 4’ 


while p and b, involving only mass-ratio, are independent of i. Their product 
has the value 
pd — 0, 09622. 


Accordingly, formula (V) gives for bt Persei 


0, 22 1, 08 1 





AV), = 12, 55 - 0, 09622 - 2." 2 — 
(AT) in a century 55-0, (0, 9516) sini (1, 68): Km/sec 
0, 13 
= n - Km/sec. 


The presence of the (yet unknown) divisor sin* à is consistent with the , 
hope that AV may become appreciable much earlier than in a century. perhaps 
even in a few years. 


UNIVERSITY OF ROME. 


tOr rather to the Resumé, reported in Armellini’s Astronomia siderale, vol. II 
(Bologna, Zanichelli, 1931), Appendix 3. 


FINITE DEFORMATIONS OF AN ELASTIC SOLID.* 


By F. D. MURNAGHAN. 


Introduction. In the classical theory of elasticity a deformation (= strain) 
is termed infinitesimal when the space derivatives of the components of the 
displacement vector of an arbitrary particle of the medium are so small that 
their squares and products may be neglected. Many attempts have been made 
to extend the classical theory of infinitesimal strain to the case of finite strains 
i.e. strains in which the fundamental hypothesis which serves to define an 
infinitesimal strain is not legitimate. The more important of these are given 
in the references numbered 1 to 7 at the end of the present paper. A good 
summary with many references may be found in the address of Professor 
Signorini (8) at the Palermo meeting (1935) of the Societa Italiana per 
il progresso delle scienze. In the case of a finite strain there are two essentially 
different viewpoints which coalesce when the strain is infinitesimal: we may 
use as the independent variables in terms of which the strain is described either 

(a) the codrdinates of a typical particle of the medium in the initial or 
unstrained position or 

(b) the coërdinates of a typical particle in the final or strained position. 
Adopting the terminology familiar in the corresponding situation in hydro- 
dynamics we refer to these as the Lagrangian and Eulerian viewpoints respec- 
tively. Most of the previous writers on the subject of finite strain have, 
probably for reasons of mathematical convenience, adopted the Lagrangian 
view-point but in the present paper (which is concerned with actual applica- 
tions of the theory) the Eulerian point of view is regarded as fundamentally 
more significant than the Lagrangian. In this connection the following 
quotation from the recent paper by Seth (7) is to the point: 


“ Like the body-stress equations these (the strain components) 
should be referred to the actual position of a point P of the material 
in the strained condition, and not to the position of a point considered 
before strain. The importance of this point, overlooked by various 
authors, can not be exaggerated. Apparently Filon and Coker (9) 
were the first to notice it and to stress its importance.” 


In the classical theory one of the fundamental results (derived from the 
principle of energy conservation) expresses the connection between stress and 
strain as follows: 


* Received February 23, 1937. 
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The stress tensor equals the gradient of the elastic-energy-density with 
respect to the strain tensor. 


This fundamental principle (which is the formulation of Hooke’s law in its 
most general form) merely states that, in a virtual displacement of the strained 
elastic medium, the virtual work of all the forces, both surface and body, acting 
upon the medium may be obtained by integrating over the medium the scalar 
product of the stress tensor by the variation of the strain tensor. We show 
in the present paper that this principle is merely an approximation which, 
whilst valid in the infinitesimal theory, is not valid in the finite theory. The 
exact principle is that the virtual work is obtained by integrating over the 
medium the scalar product of the stress tensor by the space-derivative of the 
virtual displacement vector and it is only in the infinitesimal theory that one 
may with propriety equate the variation of the strain tensor to the space 
derivative of the virtual displacement vector. It is a fortunate circumstance, 
the demonstration of which is’the raison d’être of the present paper, that the 
exact equations, valid for any deformation, are sufficiently simple, at least in 
the case of an isotropic solid, to be applied and to be compared with experi- 
mental results. We apply them to Bridgman’s experiments with solids and 
liquids under high pressures (up to 20,000 atmospheres) and find remarkable 
agreement without introducing more than the two elastic constants of the 
infinitesimal theory. We also treat the Young’s modulus experiment and 
obtain at least a qualitative explanation of the yield point phenomenon which 
is not cared for in the classical theory. The mathematical treatment proceeds 
most naturally and simply when one uses the methods of tensor analysis. 
It is, however, not necessary to be especially familiar with these methods in 
order to understand the reasoning and we shall indicate at appropriate places 
how a non-tensor argument (called, for brevity, Cartesian) would proceed. 
In the interest of clarity (and probably also of brevity) it has seemed better 
to make the paper self-contained. 


1. The strain tensor and its variation. We are concerned with a three- 
dimensional medium (which we shall regard as a collection of particles) and 
with two positions of this medium to which we shall refer as the initial or 
unstrained and the final or strained position. A typical particle of the medium 
will have initial and final codrdinates. In the classical theory it has been 
usual to employ the same reference frame (rectangular Cartesian) for both 
the initial (unstrained) and final (strained) positions and to denote the initial 
codrdinates by (a, b,c) and the final coürdinates (of the same particle) by 
(x,y,z). For the treatment we propose here it is inconvenient to tie our hands 
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at the very beginning by the restrictive hypothesis that the same codrdinate 
reference frame will be used to describe both positions of the medium; the 
advantage of not making this hypothesis being that it is then possible to make, 
or contemplate making, transformations of the final coürdinates without thereby 
enforcing a change of the initial codrdinates. In the language of tensor 
analysis the initial codrdinates will be invariants or scalars under transforma- 
tions of the final codrdinates. In order to emphasize this fact in the sym- 
bolism we shall methodically write the labels necessary to distinguish from 
one another the various members of a set of scalar quantities to the left of the 
letter which is the symbol for the set; reserving, as is usual, the right of a 
letter for the labels which are necessary to distinguish from one another the 
various components of a tensor of which the letter is the symbol. Thus we 
shall denote the initial codrdinates of a typical particle of the medium by "a 
and the final codrdinates of the same particle by x* (the labels 7 and s running 
independently over the range 1,2,3). The initial codrdinates "a, as well as 
the final codrdinates æf, are, independently of each other, any sets of codrdinates 
which we may find convenient; e. g. the initial codrdinates may be rectangular 
Cartesian and the final codrdinates space polar. We make the usual assumption 
that either codrdinate system is differentiable (with continuous first derivatives) 
with respect to the other and we adopt the notations 


"a, = 0"a/0% ; 3,0" = ĝa" Fa 


for the first order partial derivatives. As the notation implies a. is, for fixed r 
and varying s, a covariant vector, namely the gradient of the scalar function ta 
- whilst se" is, for fixed s and varying r, a contravariant vector (which furnishes 
the direction of the codrdinate line along which ĉa varies, the other two œs 
being held constant). The fundamental reciprocal nature of ee two vectors 
is described by the formulae 


(fac) (8,27) = "3; (0,27) (7,2) = Br. 


In these formulae we follow the standard convention of tensor analysis ac- 
cording to which a repeated label (in this paper always taken from the Greek 
alphabet) occurring once above and once below indicates summation with 
respect to that label over the range 1, 2,3; and "8, 85” each have the value unity 
when r = s and the value zero otherwise. As the notation implies *,5 is a set 
of 9 scalar functions whilst 8,7 are the 9 components of a single mixed tensor. 

The initial and final squared elements of are length will be given by 
formulae of the type: 


(dso)? = age(d a) (da); (ds)? = gap de daf 
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which are induced by the postulated underlying Euclidean metric of the space 
in which our medium is being deformed. For example if both coërdinate 
systems are rectangular Cartesian 


(dso)? == (da)? + (db)? + (de)?; (ds)? = (de)? + (dy)? + (dz)? 


whilst if the initial codrdinate system is rectangular Cartesian and the final 
space polar 


(dso)? = (da)? + (db)? + (dce)?; (ds)? = (dr)? + r°(d0)? + 1° sin? 0(d¢f)?. 


On replacing d *a by its equivalent: d(*a) = "ao dx? we may express (dso)? 
in terms of the differentials of the final codrdinates x": 


(dso)? = age (d ta) (d Pa) = hor da? dar 
where 
hing = ape (ap) (Fa,q). 


In a similar manner we may express (ds)? in terms of the differentials of the 
initial coordinates a: 


(ds)? = gag dx* dz? = apk (d a) (d Pa) 
where 
pak = gap (pt) (4,28). 


We obtain thus two equivalent expressions for the difference (ds)? — (dso)? 
of the initial and final squared elements of arc length: 


(ds)? — (dso)? = cag de® def = 2 apn (d 2a) (d Fa) 
where 


Reng = Inq — lepa; À van = pal — pae 


For a displacement in which lengths are preserved the difference of the squared 
elements of arc length is zero (identically in the differentials d "a, or, equiva- 
lently, the differentials dz”) and so the quantities epg and pan are zero for such 
a rigid displacement. In general we regard the quantities epa or pqy as descrip- 
tive of the strain or deformation and we thus have two methods of describing 
the strain: i 

(a) the description, by means of the quantities epg, in which the final 
codrdinates z” are adopted as the independent variables in terms of which the 
description is made and 

(b) the description, by means of the quantities pq, in which the initial 
coôrdinates "a are adopted as the independent variables in terms of which the 
description is made. 
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In the terminology of the introduction these are, respectively, the Eulerian and 
Lagrangian descriptions of the strain. We shall also refer to them as the 
tensor and scalar descriptions, respectively; and shall call the quantities epg 
the tensor strain-components and the quantities pgn the scalar strain-components. 
The quantities epg are the covariant components of the strain tensor ; this tensor 
may also be presented in mixed form, or in contravariant form, by means of 
the formulae 


est = gra €as3 fs — gra Ea? 


where g”s is the reciprocal of grs : g’ gas = 5s". Similarly it is convenient 
to introduce other (but oat) scalar descriptions of the strain by means 
of the formulae: 


Pan = (Pc) (ag); Mn = (P86) (tan) 


where ”c is the reciprocal of pac : (?%C) (agt) = 48. In the technical language 
of tensor analysis we may say that we use the tensor gpg, and its reciprocal g?%, 
for stepping labels down and up upon tensor quantities; and the matrix pac, 
and its reciprocal 7%, for stepping labels down and up upon scalar sets. 

When rectangular Cartesian codrdinates, relative to the same reference 
frame, are used for both the initial and final positions the tensor strain com- 
ponents take the form 


da\? ab\? dc\? 
pag Ox - (5) ie) ; 
9 da ða b ðb ðc Ie 
e = — > o — a m c l a ete., 


dy 02  ðyðz Oy 02 
whilst the scalar strain components are given by 


_ fda? dy\? dz \? 
ven (Ge) +(e) +) ~ 


dx dx , Oy Oy , 02 Oz 
Din — LT + 
I= Fe ic + ib de | ib de ot 


On denoting the displacement vector (z — a, y —b, 2 — ¢) by (u, v, w) we have 


«=r (5) E E) 


(Ert dw {es uti 
A dz ` Oy ðz dy 0: 


CRU 


du ðu dv dv. dw dw 
-itat re 3 de! ab my ote 
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In the classical infinitesimal theory the partial derivatives du/éx,---, ĝu/ða, * -- 
are regarded as infinitesimal and so we may put 


on 773 ex = $ oy ie 


ĝu 
aay == Ia? ben == (+, ++ etc. 
Since í 
ðu du da , Ou dy ðu Oz __ Ou 4. dv , du dw 
ete ta iy tothe fa a ( Fa) tig iat ie ta 


we have, to the degree of approximation contemplated by the infinitesimal theory, 
du/da == Ou/dx ete., and there is no distinction between the tensor strain com- 
ponents and the scalar strain components. 


Relation between the elements of volume. A region occupied by the 
medium-in its initial position is described by setting the codrdinates "a func- 
tions of some convenient three independent variables and then the initial 
element of volume dV, is given by the formula 4Y, = Ve | d(a)| where c 
denotes the determinant of the matrix pc and | d(a)| denotes the numerical 
value of the product of the differentials of the independent variables by the 
Jacobian determinant of the three codrdinates "a relative to the independent 
variables. Similarly dV, the element of volume occupied by the same particles 
when in the strained position, is given by the formula dV = Vg | d(x) | where 
g denotes the determinant of the tensor grs. Now the relation 


age (dea) (da) = (dso)? = hap dat dab 
. implies 
Ve | d(a)| = VA | d(a)| 
where À denotes the determinant of the tensor hrs. On writing this tensor in 
its mixed form: hrs = gra hs* and using the theorem that the determinant of 


the product of two matrices equals the product of the determinants oF the two 
factors we find h = g det(fs") and so 


dVo/dV = Vel d(a)|/Vald{@)l 
= VA | d(2)|/Vg | d(2)| = Vig = Var). 
On writing the relation hpg == gpg — 2€pq in its mixed form Ay? = 8 — Rep 
. we find det(hs") = 1 — 21, + 41, — 81, where 


1 
I, = eat; I= 31 aR pea: Pie Ig = 31 Lost fie Cagea 
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are the three strain invariants. They are, respectively, the sum of the diagonal 
elements, the sum of the principal two towed minors, and the determinant of 
the matrix e? which presents the strain tensor in mixed form. When the 
strain is homogeneous i.e. does not vary from point to point of the medium 
we may replace the ratio dV)/dV by the ratio V,/V where V is the initial 
volume of any portion of the medium and F is the volume occupied in-the 
strained position, by the particles which initially occupied the volume Vo. 
We have, then, for a homogeneous strain the relation 


V/V= V det.(8;7 — es”) = vi — 21 + AT, — 813. 


For the special case of. a homogeneous strain which is also at each point 
isotropic (which will be the case in an isotropic medium subjected to uniform 
hydrostatic pressure) the strain tensor will be a scalar tensor: es” = es” and 
we have the relatively simple relation : 


Vo/V = (1— 2) 9. 


For the classical infinitesimal theory this reduces, as is at once seen on writing 
(1 — 2c)? =1—3e+---, to Vo/V =1— 38e or 


v—V 
pe ye Me 


emg 


(to the degree of approximation contemplated by the theory). The exact 
relation, valid for a finite strain, to which the relation just written is an 
approximation is 
| e= 4{1— (Vo/V)##}. 


The mathematical description of a homogeneous strain is that the strain tensor 
should be constant in the tensor sense i.e. its absolute or covariant derivative vanishes. 
This implies that the absolute derivatives of the invariants I pty I, (or what is the 
same thing, since these are scalars, their space derivatives) vanish so that dV,/dV is a 
numerical constant. The hypothesis ep p™=0 (where as is- usual ay following a 


Par 


comma, indicate covariant differentiation) implies A par = 0 and since hog ap?) aa pfta 


an easy calculation yields ka pg + (¥agT) a0 ppa ,==0. In particular’ at “the a’ H and 
a’s are rectangular Cartesian coördinates ' 0 that ka nq = 02 ka/daup doa and k, T == 0 
the ka must be linear functions of the wr. Conversely if this is the case the “strain 
components are numerical constants and the strain is homogeneous. 


The variation of the strain tensor. In order to introduce the concept of 
virtual work and thereby express the conditions for equilibrium of the strained 
medium we must adopt the dynamic as opposed to the static viewpoint. In 
other words instead of regarding the strained position of the medium as some- 
thing fixed and final we must regard it as capable of variation. To do this 

9 
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conveniently, from the mathematical viewpoint, we conceive of the final 
codrdinates z? as depending not only upon the initial codrdinates *a but also 
upon an accessory parameter @ (which could, in hydrodynamics, conveniently 
be taken as the time variable). We shall denote differentials with respect to 
the parameter 0 by the symbol D: 


Oa? 
Das = 7% dé 


it being understood that in the partial differentiation with respect to 6 the 
coérdinates "a are kept constant (i.e. the D denotes the substantial or particle 
differentiation of hydrodynamics). If we have any tensor function f+: of the 
codrdinates s” we shall denote by éf--- the tensor of the same type defined 
by the rule ee 

is LP LE 


When the codrdinates 47 are Cartesian covariant differentiation is merely 
ordinary space differentiation of the tensor components and so èf = Dfe, 
Even when the codrdinates are not Cartesian this relation holds for any scalar 
function: ôf — Df since f, = 0f/de". We effect a small economy of notation 
by defining $27 by the relation ôs" — Da" and we refer to the contravariant 
vector 6c” as the virtual displacement vector. Before proceeding to the neces- 
sary calculation of the variation of the strain tensor and of its scalar com- 
ponents it must be clearly understood that the variation of any scalar function 
of the "a is zero; e.g. Spc 0. This result is a trivial consequence of the 
definition of the 8 symbol for in the differentiation with respect to @ the 
coôrdinates "a are held constant. 

Owing to the independence of the variables “a and 6 differentiations with’ 
respect to them are interchangeable as to order (it being supposed that the 
second order derivatives involved exist and are continuous). Hence 


Daa) = en Bat 3 


aa gga OA) > (3,07) 


and on multiplication by dsa (which is independent of 6) and summation with 
respect to s we find’ | 


ô a 
PRE = zz (80") + da. 
This implies the tensor equation 
(dat) — (òx) a da 


since it is the form to which the tensor equation reduces when the coördinates 
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æ* are Cartesian. Since the variation of the metrical tensor is zero: 8grs == 0, 
the tensor equation just written may be put in the equivalent form 


(dar) = (82r) a da. 
Since d("a) =a, dat and Sd(7a) — 0 we have 
8 (7a a) du == — "A a 8(da*) = — "Ua (819) g dif 
and since this must hold for arbitrary dx” we Dut have 
ò (7a) == — "aa (827) x. 


From this expression and the relation hpg = apc (ap) (aq) we can read off 
at once the formula for the variation of pg (or, what is the same thing, of 
— Repa) . We fnd 


Shpa == ape (8%A,p * Faq + "a, p aq) 


== — apC {%0,7 (827) ,p Faq + (ap) Par (827) a} 
== — heq (827) p — hpr (827), 


== — hg? (827) p — hg” (87) q. 


This will be seen to be the significant formula for our later purpose. On 
writing hpg = Jpq — Repg it may be written in the equivalent form 


Sepa = ${ (Ca) ,o + (En) ,a} — {eg (827) ,p + ep7 (S7) a} 
For the classical infinitesimal theory it is allowable to write 


Scpa = E{ (xa) p + (82) ,a} 


and it is the difference between this and the exact expression just furnished 
that makes it incorrect, as stated in the introduction, to write the stress tensor 
as the gradient with respect to the strain tensor of the elastic energy density. 


Criterion for a rigid virtual displacement. A virtual displacement is 
said to be rigid when 8(ds?) — 0. Since 8(ds)? = 0 and 


(ds)? — (dsi)? = 2eag dat dw? 
an equivalent description of a rigid Virtual displacement is 
3 (eag dr dxf) — 0. 


One must be on one’s guard against the error of supposing that (because in a 
rigid displacement ep == 0) in a virtual rigid displacement the strain tensor 
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epg is constant: Se» = 0. The evident fallacy in such a guess being the neglect 
of terms involving $(dz") which quantities are not in general zero in a rigid 
displacement. On the other hand the scalar components gg, of the strain 
tensor are constant in a rigid virtual displacement; for the criterion for a rigid . 
virtual displacement may be put in the form (agy d a d fa) ==0 and this is 
equivalent to § agy(d a) (d 8a) = 0 since d"a is independent of 8. Since this 
equation must hold for arbitrary d'a we must have 8,47 == 0 and this necessary 
condition is clearly sufficient. For any virtual displacement, rigid or not, 
we have ; 
3(ds)? = 8( gap dut daf) = 8(da* dea) 
= di (Sta), g de® + (80%) g def dag 
— {(800),9 + (828) 0}da* do? 


so that the criterion for a rigid virtual displacement may be put in the form 
(Stp) a + (£a) p — 0 (equations of Killing). Amongst the possible rigid 
virtual displacements are those for which (dap) == 0; these are the virtual 
translations which appear, when the codrdinates x, are Cartesian, in the form 
dt, = constant. Since 8(ds)? = 28 (agn d*a dfa) we have, for any virtual 
_ displacement whatsoever, | 


28 apn d'a d Pa = { (Sta) g + (S08) a} dx def 
implying 
i è pan = ZÈ (La) e + (Srp) a} (7,2%) (a). 


8. The stress-tensor and- the virtual work of the applied forces acting 
on the medium. Let us consider any portion of our elastic medium which is 
bounded by a closed surface and denote by Sọ and S the initial and final 
positions, respectively, of this bounding surface. The codrdinates ‘a of. the 
initial ‘position of any particle of this bounding surface (and equally the 
codrdinates x! of the final position of such a particle) are functions of two 
independent parameters and the surface element of S may be described by 
means of the covariant vector dS, = Vg d(a?, at) (where p, g, r is an even 
permutation of the natural order 1,2,3 and d(a#?,2%) denotes the product 
of the differentials of the two independent variables times the Jacobian of the 
two codrdinates 2? and 2% relative to these independent variables). When the 
coordinates z” are rectangular Cartesian 


aS, = d (4, 2) ; dy = d (2, £) ; dS: = d (x, y). 
Denoting by dS the magnitude of this typical surface element—so that 
(dS)? == g£ dS, d&g 
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—the stress tensor Ts is a linear vector function which associates with each 
surface element dS, a stress vector F" by means of the formula F’dS = TradSa. 
The virtual work of the stresses across the boundary $ is accordingly 


f (FE àS)es = f Te dS, vs 
8 8 


and this is equivalent to the volume integral 


S (Te $05) a dV 
Y 


extended over the volume V bounded by 8. If there are mass forces—M" per 


unit mass—acting on the medium the virtual work of these sf pM8 Sz, dV, 


where p is the mass density, and so the virtual work of all the forces acting 
on any portion of the medium is 


J, {ea + pM?) Bap + T88( B29) 2}. 


We now make.the physical assumption (criterion of equilibrium) that this 
virtual work is zero for any rigid virtual displacement. Amongst these rigid 
virtual displacements are the translations which are characterized by the tensor 
equation (£p), = 0 and so we must have 


fee + pil8) bcp dV — 05 
y : 


since Sa, may be assigned arbitrarily at a.given point and since the volume V 
of integration is arbitrary this forces 


Tra, + pM = 0. 


Consequently the virtual work of all the forces (mass and surface) acting upon 
any portion of the medium in any virtual displacement whatèver is given by 
the expression 


Virtual work == f TBa (Ste) a dY. 
Vv 


Furthermore since this must vanish for any rigid virtual displacement i. e. for 
any virtual displacement for which (3t,).a + (ô%a),» — 0 the stress tensor 
must be symmetric: Ts” — 78, This relation enables us to write the expres- 
sion for the virtual work of all the forces acting upon the medium in ony 
vera displacement whatever in the form: 
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Virtual work = $ f T8{ (8£a) 8 + (8x~),a} dV. 
y 


In the classical infinitesimal theory this may be written as Tob Scag dV but 


such an approximation is not legitimate in the finite theory. 


3. The elastic potential and its connection with the stress tensor. We 
now consider an element of volume dV of the medium in its strained position 
and denote by p the density of the matter occupying the element of volume dV 
so that the element of mass is dm = p dV. The principle of conservation of 
mass is expressed by the formula: 


(dm) =8(p dV) = 0. 


In order to apply the fundamental energy-conservation law of thermodynamics 
we denote by T the temperature of the element of mass dm; by o the entropy 
density (per unit mass) so that the entropy of the mass dm is o dm = po dV; 
and by udm the internal energy of the mass dm. Then the principle of thermo- 
dynamics to which we have referred says that Tô(o dm) = 8(udm)—Virtual 
work of all forces acting on dm. On introducing the free-energy density 
¢=u—To and availing ourselves of the principle of conservation of mass: 
8 dm == 0 we find, on integrating over any portion V of the strained medium, 


f ap dm — f T8 (8a), dv — È o åm: 3T. 
Y y y 


On writing dm == p dV and observing that this relation must hold for arbitrary 
volumes V we obtain the fundamental formula connecting the elastic potential 
with the stress tensor T's :. 


p dp = T (8x2), — po dT. 


In order to derive from this a connection between the stress tensor Trs 
and the strain tensor « we must make some hypothesis concerning the func- 
tion ¢. We shall assume that it depends only on the three gradient vectors 
ras (or, equivalently, on the reciprocal set ,,2°) it being understood that either 
set may appear both covariantly and contravariantly. In other words we shall 
assume that ¢ is a function of the vectors ‘a,,, the metrical tensor grs, the 
scalar quantities pc and the temperature T. We shall confine our attention 
in what follows to isothermal variations so that T is a constant parameter in # 
to which attention need not be explicitly directed. Then 8 must be zero in 





any (isothermal) rigid virtual displacement; in other words 5 Es 3(*a,8) = 0. 
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provided (8zp).¢ + (£a) o = 0. On inserting the value — (ra) (2%) x given 


in 1 for 8(a,) we see that the tensor (cat) must be symmetric 


ag 
(ap) 
in p and q ("wt == g%("a,,)). Hence the function ¢ of the nine variables "a, 
is conditioned by the three linear, homogeneous, first order, partial differential 
equations: 
ag ag 

These equations are readily seen to form a complete system (the commutator 
of any two being the third) and so the general solution of them is a function 
of 6—9-—3 independent solutions. Since 8 pm — 0 in any rigid virtual 
displacement we know that the six functions pọ satisfy the three partial 
differential equations just written. Hence ¢ can involve the vectors "a, only 
through the scalar functions pan: 6 = (p97, pac, T). The quantities grs cannot 
occur in the expression for ¢ since ¢ is a scalar and the only scalar functions of 
the metrical tensor grs are numerical (e.g. gat = 8,4 = 3). Now under a 
transformation of codrdinates "a the quantities pan, pac (which are scalars under 
transformation of codrdinates x!) transform as covariant tensors. We say that 
the medium is isotropic when the elastic-energy density ¢ is unaffected by a 
transformation of the coôrdinates *a; for instance when the coôrdinates "a are 
rectangular Cartesian an arbitrary rotation of the reference frame must leave 
the function $ unaffected. In order that this may be the case p must involve 


pa pa only through the “invariants” (under transformation of the coërdi- 
nates 7a): 


Ji = taq; Ja See, 8 (fram) (Pa); Ts = FREE (Pa) (an) (Ban) - 

These quantities J1,J2, J3 are, respectively, the sum of the diagonal elements, 
the sum of the principal two-rowed minors, and the determinant of the matrix 
Pm. Hence, for an isotropic medium: ¢ = $(J1,J2,J73, T). We prove in the 
appendix that the quantities J1, J2, Js are functions of the three invariants 
Iı, In, I, of the stress tensor es” and so we may write, for an isotropic medium, 


o bagi o(h, Lo, Is, T) 


i.e. b is a function of the components of the strain tensor e,” and T. Con- 
versely if we make the hypothesis that # is a function of T and of the strain 
components (tensor) es” alone this implies that œ is isotropic; for the only 
scalar functions of e«s” are functions of its invariants J, I», Is}. In order to 
prevent possible misunderstanding of this remark [in view of the fact that in 
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‘the classical treatment of elasticity $ is taken for crystalline (= non-isotropic) 
media as a quadratic function of the strain components] we may say that it is 

‘tacitly understood in this classical procedure that a special privileged reference 
frame, determined by the axes of the crystal, has been chosen. The coefficients 
of the quadratic form are accordingly not scalar quantities but constitute a 
tensor which depends on the orientation of the crystalline axes. 


The fundamental stress-strain relations for an isotropic medium. As 
we have just seen the elastic energy density is, for an isotropic medium, 
a function of the tensor strain components es”, involving these through the 
strain invariants I;,I2,Zs. It will be, for the moment, more convenient to 
regard as a function of the covariant, strain components ers (es" == g™ eas !) 
and we shall, if necessary, symmetrize its formal expression; i.e. we shall 
replace each ers, wherever it occurs in the expression for #, by its equivalent: 
era = $ (ers + esr). | Denoting by 0¢/é@ers the partial derivative of ọ with 
respect to ers all the other ers (including esr) being held constant in the dif- 
ferentiation (so that in this formal differentiation no attention is paid to the 
symmetry relations esr == ers) it follows that 06/ders = 06/0esr. We have seen 
in 1 that 


bepa = — Fôhpa = {ha (8x7) ,p + hp (8Tr) a} 


where hpg = Joa — Peas and hence 
2b — gE Beep = 3 GE (ar (Ber) a + he (Bee) 8) — pee Ma (80) a 


since 0/ders == O/desr. Since in an isothermal virtual displacement 
p df = T*8(Sxq),¢ it follows that, for an isotropic medium, 


E hg? (8@7) a = T8 (8x4), p. 

Since the virtual displacement is arbitrary the components (2p) ,q of the space 
derivative of the virtual displacement vector may be assigned arbitrary values 
at any point s” and so we must have 





That these equations imply Te" = Trs follows from the fact that ¢ involves 
the strain components ers only through the strain invariants Iı, Ia, Is. For 
example I, = ea? = g%8 eag so that 
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„ôL 
8 Dep 


al, 
Berg” 








uss eg" g8 = e3 — ep? 


The formulae just obtained are fundamental but it is frequently more con- 
venient to present the stress tensor in its mixed form Ts”. Since 


ô ô 
es” = 9" eus 5 Ma 2s ra ÎE 
$ Te 
and so our formulae appear as 


i ag r Ob 
PT; = p Gas 8 2). 





The result dV,/dV = V1 — 21, + 41, — 81g, obtained in 1, may be written 
in the equivalent form p = po V 1— 2/, + 41: — 81, (since the principle of 
conservation of mass implies pdV == po &Fo). In the classical (infinitesimal) 
theory the strain invariants J,, I», 1, are infinitesimal quantities of the first, 
second and third orders of magnitude respectively. We may therefore write, 
to a first approximation, p = po and to a second approximation p = po(1—Jh). 
Keeping only the first approximation our fundamental stress strain relations 
reduce to 


ag’ 
Tr = ka 2 p = poo. 


These are the basic formulae (expressing Hooke’s law) of the classicical theory, 
¢’ being the elastic energy per unit initial volume (or, what is the same thing 
to the degree of approximation contemplated by the classical theory, per unit 
final volume). 

Even in the case of finite strains the strain invariants are relatively small. 
The two cases to which we shall devote some attention in detail in the present 
paper are: | 

(a) uniform hydrostatic pressure; here the stress and strain tensors are 
scalar tensors: T” = — pds"; ef ==—f8." (where p is what is commonly 
called pressure) and I, = — 8f, I, = 3f?, Is =— f’. We shall discuss a little 
later the agreement of the finite theory with the results of experiments by 
Bridgman (10) on the compressibility of sodium under pressures ranging | 
from 2,000 atmospheres to 20,000 atmospheres. In these experiments the 
ratio (Vo— V)/V~ varied from .030 at a pressure oz 2,000 atm., to .189 at a 
pressure of 20,000 atm. Since V/V = V det (8:7 — Res) == (1 + 2f)*/ the 
corresponding values of f are .010 and .075 respectively; hence I, varied 
between — .030 and — .225, Ia varied between .001 and .0169 whilst J, varied 
between — .000001 and — .00042. 
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(b) uniform linear stress (Young’s modulus experiment). Here the 
stress tensor is scalar with two components zero whilst the strain tensor is 
scalar with two components equal: 


T =T =0; ere yes 


where ø, Poisson’s ratio, has a value :< .5. From the formula giving the 
volume change we have Vo/V = (1 + of) V 1— 2e so that e: cannot 
surpass the value .5. Hence J, = (1 — 2c)«,* is a small fraction even for very 
large strains and I, = (a? — 2c) (e2*)?, Is = o° (e:7)’ are smaller. 

We may, therefore, even for large strains hope to secure good agreement 
with experiment by expanding ¢(es”) as a power series in the strain com- 
ponents and neglecting terms of orders of magnitude greater than an agreed 
upon order (say the second, third, etc.). In the classical, infinitesimal, theory 
the agreed upon order is the second. We shall agree upon the third but we 
call explicit attention at this point to the fact that our theory gives remarkable 
agreement with experimental results even if we do not introduce any more 
constants (i.e. coefficients in the expansion of the elastic energy density ¢) 
than those (two in number) introduced in the infinitesimal theory. In fact 
in the case of the compressibility experiments the two constants combine into 
a single one so that a one constant formula suffices to predict to a high degree 
of accuracy the connection between pressure and volume over the extensive 
range from 2,000 to 20,000 atmospheres. It is clear that an additive constant 
in ¢ is of no significance since ¢ enters our fundamental equations only through 
its partial derivatives. In order to keep as closely as possible to the notations 
of the classical (infinitesimal) theory we shall expand pod instead of ¢: 


PP es Ay oe [A AN RAPS ey A 
As we shall see in a moment the hypothesis that the stress is zero in the initial 


state (characterised by es” = 0) forces «0 and the assumption of the in- 
finitesimal theory is 








A+ 2 
g = pop = EE Tt — ul, 


(where, of course, the invariants J,, 7, of the classical theory are the approxima- 
tions obtained by neglecting the second order terms in the expressions for the 
strain components). In the usual presentations of the infinitesimal theory the 
invariant I’, = egea? — I,” — 2I, is used instead of our J, and the expression 
for ¢’ appears as 
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SL + ul 
On using the relations 
3I /0e5 = 85;  O12/de = 811 — es”  0l3/088 = Izki” 
` where fs" is the tensor reciprocal to es”: 
> Cares == 85" 
and remembering that p/p) = V1— 21, + 41, — 81; = 1 — I, +: - - we find 
f(a 4AL + (814 my? + ml: — 2g) 8s" | 


t= (1—L +: >) fy [2 (u — a) — (m + 2AM, — 2 (3l + m) 11? — 2mIe Jes” 
+ 2(ml, — 2p) eqtes® + nabs” 


The value of Ts” in the initial position (es = 0) is, accordingly 
(Ts) o = ads" 
(so that the assumption of isotropy forces the stress in the initial position to 
be scalar i. e. of the nature of a hydrostatic pressure) ; we shall make the usual 
assumption that the stress in the initial position is zero forcing «a = 0. On 
multiplying out by the factor 1— 7; +: -- and neglecting quantities of 
higher order than the second we find 
Ter = {l + (8l - m —A)I? + mIa ys” 
+ {2u — (m + RA + u)r }es” — Auegrest + nT als". 
We shall not keep in the following the quantities arising from the third order 


terms in the expansion of pod i.e. we shall set 1 = 0, m = 0, n = 0 when 
we obtain 


Ts? = Ma (1 — 14) 8s" + R{u — (A+ p Lr} ee” — 4pearest. 
The first invariant T = Ta? of the stress tensor is, accordingly, 


T = 3800, (1—1) + 2{u— (A+ pe) Li} — tpl’ 
= (8A + 2u) Ia — (5A + 6a) L? + Sul. 


If we neglect the second order terms we obtain the expressions of the in- 
finitesimal theory 


Ts? = ALs” + uer? 5 T = (8A + ap) Ly. 


Although, as we shall see, a good approximation to the results of experiments 
may be secured by using only two elastic constants À, » i.e. by neglecting the 
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third order terms in the expansion of pod a true second order approximation 
would keep these third order terms thus introducing five elastic constants 
à u, l, m, n. Neglecting, however, third order terms in the expressions for 
the stress tensor the second order approximation is | 


Ta = (NT, + (31 + m — A)? mL 
+ {2u — (m + 2A + Qu) Ls ec” — 4uea"est + 1366" 
T = (81 + 2p) Ii + (9 + 2m — 51 — bp) I? + (8m + n + 8u)l: 


(the invariant £,% of the reciprocal of the strain tensor es” being I2/Iz). 
In the treatment by Seth (7) of the problem of finite strain the strain com- 
ponents were not truncated, as in the classical infinitesimal theory, by the 
omission of the second order terms, but the equations 


Test = Mad + Byres” 5 T= (8A + 2n) 1, 


of the infinitesimal theory were taken over with the following explanatory 
remark “ Since this is the simplest tensor form that we can take, it is quite 
natural for us to assume that the stress-strain relations are governed by equa- 
tions of the above type.” From the discussion given above it is clear that. 
simplicity is not a sufficiently compelling reason; for the whole strength 
obtained by a willingness to keep the second order terms in the strain com- ` 
ponents is sacrificed by the omission of second order terms—such as those 
that occur in the terms — dJ,75." etc..—in the expressions for the stress 
components. 


4. The case of hydrostatic pressure; comparison of theory with ex- 
periment. In this simplest case the strain tensor is scalar es” = eô,” and 
2e—1—(V,/V)*/*. In most cases the stress is a pressure rather than a 
tension and e is negative and so we write Ter = — pd."; «—-—f. Then 
I, =— 3f; I, = 38f?; I; —— f’, and the formula connecting pressure with 
change of volume is 


p—af+of; fA (V/V) — 1} 
a=3A +24; b= 15A + 10u — 27I — 9m —n. 


Observe that if we avail ourselves only of the two elastic constants À, » of the 
classical (infinitesimal) theory b = 15A + 104 = 5a so that our formula is a | 
one constant one 


p=alf +5); f= (7/7) —1}; a= 83A + 2p 
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For small compressions 


f= 4{(Vo/V)*—1} = 4{(1—AV/V)- 2 — 1) 
=}(AV/Vo) +<; AV Vo—V 


and so the modulus of compression: p + AV/V, = p + 3f ; hence the modulus 
of compression is a/3. The following table gives a comparison of the theory 
with the experimental results of Bridgman (10) upon the compressibility of 
sodium. The quadratic formula p = af + bf? was used and the two constants 
at our disposal were determined by the experimental results at 2,000 atm. (the 
beginning of the experiment) and at 12,000 atm. (near the middle of the 
experimental range which ran from 2,000 to 20,000 atm., at intervals of 
2,000 atm.). In this way the availability of the formula for purposes of 
extrapolation (12,000 to 20,000 atm.), as well as interpolation (2,000 to 
12,000 atm.), was tested. 





TABLE 1. 
p AV/V f p (calculated) 

2000 0295 0101 

4000 0552 0198 4005 

6000 0779 0278 6022 

8000 0981 .0356 8005 
10000 1165 -0430 100038 
‘12000 .1332 .0500 — 
14000 1488 .0567 14008 
16000 1632 0631 16014 
18000 1767 .0692 18006 
20000 1894 .0751 20007 


a = 1.874 X 10°; b = 1.052 X 10°. 


The largest discrepancy is that corresponding to a measured pressure of 6,000 
atm., and a calculated pressure of 6,022 atm., an error of about one-third of 
1%. The other calculated values are correct to within one-tenth of 1%, most 
being much closer. Attention should be called to the fact that b = 5.6 a, 
so that a neglect of the third order terms in the expansion of pop (which 
neglect would force b to be ba) would only disturb the agreement to the 
. extent .6af?. Thus the one constant formula p = a(f + 5f?) fits the data for 
sodium to an accuracy of within 1.5% over the range 2,000 atm., to 20,000 atm., 
the constant a having the value 1.92 X 10° (determined by the measurement 
at 12,000 atm.). The agreement is as good as could be expected since f is only 
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measured to an accuracy varying between .5% at 2,000 atm., to .07% at 
20,000 atm. 

A two constant formula does not give very good agreement with experi- 
mental results for liquids which are much more compressible than solids. 
However a three constant formula (which would result if the energy-density 
were expanded as far as fourth order terms) gives very good agreement. The 
following table gives the result of a comparison between the results of caleu- 
lation from a three-constant formula p = af + bf? + cf? and the experimental 
results of Bridgman (11) on the compressibility of N-Amyl Iodide, at 0° 
temperature, under pressures varying between 500 atm., and 12,000 atm. Over 
this range the pressures calculated agreed with those measured to within less 
than one per cent. 





TABLE 2. 
N-Amyl Iodide (0°) 
p (obs) V/V. f af bf? of? p (cale.) 
500 .9685 .0108 444.9 49.4 10.2 . 
1000 9442 0195 803.9 161.7 37.2 1002.8 
1500 9250 .0267 1099 302.3 184.7 1496.4 
2000 9094 0327 1347 453.7 174.9 1975.6 
3000 8831 .0432 1780 192.9 404.2 2977.1 
4000 8624 .0518 2136 1142 698.7 3976.7 
5000 8451 .0593 2445 1496 1048 4989 ` 
6000 .8304 .0659 2717 1848 1438 = 
7000 .8173 .0720 2967 2202 1871 7040 
8000 8064 0771 3177 2525 2297 7999 
9000 1965 .0819 3875 2849 2753 8977 
10000 1873 .0864 3560 3171 3233 9964 
11000-7786 .0908 3741 3502 3752 10995 
12000 .7706 .0948 3908 3822 4277 s 


a = 512.04 X 107; b = 424.8 X 10°; c == 501.2 X 104. 


In order to show the dependence of the coefficients a, b, c upon the temperature 
similar calculations were made from measurements at 50° C with the following 
result 


so = 803.94 X 10°; bso = 316.26 X 103; Cso = 865.51 X 10%. 


A similar three constant formula for sodium over the range 2,000 to 20,000 
atmospheres (the constants being determined ‘by the measurements at 2,000, 
10,000 and 20,000 atmospheres) gave the values 
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a == 188.13 X 10°; b==101.1 X 10%; |. c= 37.2 X 10* 
and the correspondence between the observed and. calculated values was: . 


p (obs) 4000, 6000, 8000, 12000, 14000, 16000, 18000 
p (calc) 4008, 6014, 8003, 11979, 13984, 15976, 17984 


an agreement to within one quarter of one per cent over the entire range. 


5. The Young’s modulus experiment. In this experiment the ends of 
a cylinder of length / are subjected to a uniform stress T, the sides being free 
from any applied force. The conditions of the problem are met by assuming 
u = pë; v = py; w= rz (where the z-axis is parallel to the generators of the 
cylinder) it being agreed that mass forces, such as the weight cf the mass 
elements of the cylinder, may be neglected. The strain tensor is diagonal 
with diagonal elements 


at = e? = p — 4p"; e = 7 — 4r? 


and the stress tensor is consequently also diagonal. The numbers p, 7 must be 
such that Te” =T,Y = 0; T = T. If e= w/c is the relative extension we 
have, since z = c + w, e =r(1 + e) so that r—e—e?-+- - - implying 


eè = e — (3/2) +; e= e? + (8/2) (co)? + °°. 


For simplicity of notation we write e for e and set ét e? = — cest. If 
f = —u/a == — v/b denotes, for the moment, the relative contraction, in a 
direction perpendicular to the applied stress, we have 


mi EP +: so that o= (P+ Sh + (eset) 
P48 Te 
—La+i+o+.. 4. 


To a first approximation g == f/e measures the ratio of the relative contraction, 
perpendicular to the applied stress, to the relative extension in the direction 
of the applied stress; we shall refer to « as Poisson’s ratio. 

Since Ta? = Ty = 0 we have T = T: = T,” and so 


T =: (3A + 2p)I, + (91 -+ 2m — 5A — 6p) L? + (3m + n + Su) 


We shall content ourselves with examining what partial explanation of the 
phenomena observed in the Young’s modulus experiment may be obtained by 
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using only the two elastic constants À, » of the infinitesimal theory. On setting 
l = 0, m = 0, n = 0 we find 


T = (8A + 2u)L, — (5A + 6p) Lx? + Bye. 
On putting in the values I, = (1— 2e)e, I, = (o? —2c)e we find 
T = (BA 2p) (1—2a)e— { (5A + 6p) (1 — 20)? + 8u(2e — 0°) Jë. 
The relation Te” = 0 yields 


A— Ro (A + u) — {8 (à + p)o? —2(3A + p)o + A}e= 0 


or 
À 
ema l {1 + (do — 1)e} =0. 


Since V5/V = (1 + 20e) V 1 — Re the maximum value of e is .5 and so, granting 
o > 0, 1 + (4s —1)e > 5 so that o = å/2 (å + p). Itis important to notice 
that this constancy of Poisson’s ratio o is not a mere. approximation but an 
exact result. On inserting this value of o in the expression for T we find 


= 2A + 3p 
TF1 E e} 


is Young’s modulus. The first approximation, which 





where E = Gitto 


would be furnished by the infinitesimal theory, is T — Fe but the significance 
of the quadratic formula of the finite theory is that the graph of T against e 
is a parabola instead of a straight line. Hence T has a maximum value 
(T) = A+ uw A+ : 
me 4(24 + 84) 2(2A + 34) 
is that if a larger stress is applied the deformation cannot be of the simple 
type described by the formulae u = pr; v == py; w=—rz. For steel À is 
approximately 1.54 so that (Tms = Æ/10 the corresponding value of e 
being .2. In using the formula given above for T it should be noticed that 
er — dr? = Re 
the finite theory, predicting a maximum stress (yield point) are qualitatively 
correct but the predicted value of (7) max is much too large. 


E occurring when e= What this means 


where e is the relative extension. These results of 


6. The stress-strain equations for a non-isotropic medium. The elastic 
potential is now a function $(pqy, nat, T) of the scalar strain components pan, 
the coefficients pyc of the quadratic form for (dso)? and the temperature T. 
On using the expression for 8 pg given in 1, namely 
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28 pan = {(8%a),8 + (8ts);a} (2,2%) (0,0) 
and agreeing that ¢ is symmetrized: with respect to the scalar strain com- 
ponents pay so that 06/8 (nan) = 06/8 (apn) we find at once 
dg 
Prs = p ———_, T" pv. 
P alaen) at B, 


These expressions give, from the Lagrangian viewpoint, the stress tensor in 
terms of the gradient of the elastic potential relative to the scalar strain com- 
ponents pq. In order to obtain the corresponding Eulerian equations we intro- 
duce the matrix j reciprocal to the matrix k whose elements 


palè = Jap (p,2*) (ar) = 2 pan + vel 
it being clear that the elements of j are given by the formula 
raj = 98 (Pa a) (%4,6). 


On taking the variation of the matrix equation jk =e (the unit matrix) we 
find 8j-k-+ j- èk = 0 or equivalently, §j—-—j-dk-j. Hence 


dg 0p PU Ob sags = 
Tam) coe?) — ar i 25) = — gasy (071) 8(ork) C) 


Pen C 999) 8 (orn) (797) 
so that 





ab . 
Gay ee 


(799) (0,07) = ge (Paie) = Par 


Op ba; 
(C6) (P49). 
Since 


‘it follows that 
ad 
T8 = — peee —— 7) (Bæ 
Tre KaT Bj) (Sa ) (Fars), 


Appendix. 





Expression of the quantities J,, Jo, J; in terms of the invariants 1, Iz, Iz. 
The invariants 81, 82, S of any matrix u are determined by the equation 


det (Ads” — Us") = À? = SÀ? + SoA — 83. 
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It is immediately clear that if u,v are any two non-singular 3 X 3 matrices 
the two products uv and vu have the same invariants. In fact if E = (8,") 
is the three-rowed unit matrix 


det (AE — vu) = det ut (AE — uv)u = det (AE — uv). 


Secondly if w is any non-singular three-rowed matrix with invariants S15 S2; Sg 
the invariants o:, 02,03; of its reciprocal w are given by the formulae 
O1 = So/833 O2 == S1/83 ; 08 = 1/s3. For 


det(AE— ut) —— X (det u) det (GE-u)-2 Waati — 1} 
since det u = 83. 

Now if we denote by g the matrix whose elements are gpg and by £ the 
matrix whose elements are ss” (the upper label denoting the row and the lower 
the column) the matrix whose elements are pge = gap (p,0*%) (atP) is t'gt where 
the prime attached to a matrix denotes, as usual, its transposed. Hence the 
matrix k whose elements are 


Pole = (PC) (agl) = 2 (P0) + 8 


is egt (c being the matrix whose elements are wc). Similarly the matrix 
whose elements are pg = ape ("a p) (Pa a) is tYct> since the matrix whose 
elements are ”a,s is the reciprocal of the matrix whose elements are sg”. Hence 
the matrix h whose elements are hg? = 59 — 2e? is gi (#*)’ct*. Hence its 
reciprocal h is given by h = tet’g and since k — cgt it follows that 
k and h> have the same invariants. But the invariants of k are the coefficients 
of — à°, A, — 1, respectively, in the development of 


det (AE — k) == det[ (à — 1)E — 2m] 
=8det(aE— n); p= tS 
= (A — 1)? — 2(A—1)7J, + 4(A— 1) J2 — 803. 
Hence the invariants of k are, respectively, 
2J, + 3, AT: + 43, + 3, 873 + 4J + 2F, +1. 
Similarly the invariants of h are, respectively, 


3—3, 8—4, +4, 1—2 +4, — 8I, 


so that the invariants of h are, respectively, 
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8—41,4+4I, 3—21, ; TE 
1—21 + 47, — 81, 1— 27, + 47; —81,° 1— 27, + 40, — 81," 





Hence we have the equations 


3—4 +4 
1—2 a, — 87. 


3 — À], 


a {= 01, 44), == 8,” 


LT + 4J, + 3 = 


1 | 
1— 21, + 41: — 81; 
and solving these we find 


Ja Rat oy L—6l 1. L 
ISR H8 “* a + a8 “* 1—2 4—8 
or, equivalently, 
L = Jy + 40, + 12057 TES Jo + 6J; PE Js ; 
IFRI, HA Ta eee LF HA A8 O LAN LAS ET, 
Summary. 





In the present paper formulae are derived which enable one to calculate 
the stress in an elastic medium when the strain and the elastic energy density 
are known, no simplifying assumptions, such as smallness of strain, being 
necessary. For an isotropic elastic solid under hydrostatic pressure the fol- 
lowing one constant formula gives good agreement with experimental observa- 
tion (only two elastic constants À, » being used in the expression for the 
elastic energy density) 


p=a(f+5f);  f=3{(Vo/V)?®—1}; a= 8 + 2p. 


In the Young’s modulus experiment the formula for the extensional stress 
(again using only the two constants A, p) is 


T = Bef 1 FO ein } : E (Young’s modulus) = CASE Bele 


A+B A+ 
where e == we e being the relative extension. Hence 7 has a maximum 
A+B < NEA , 
value TESE E, occurring when =z CREME For a true second 
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order approximation (the infinitesimal theory being regarded as a first order 
approximation) five elastic constants occur and the corresponding formulae 
are either given or their derivation is immediate. 
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MEAN MOTIONS AND DISTRIBUTION FUNCTIONS.: 


By Purp HARTMAN, E. R. van KAMPEN and AUREL WINTNER. 


Let h=1,---,n and 3 = 3. If 2(¢) is a function of the form 
ket 


(1) a(t) = z(t) + iy (t) = 3 ax exp Pri (Art + an), 
where Ax, ox are real and a, > 0, put | 
(2) -© a(t) = = | z(t) | exp 2nig (t), 


where the sign of +: | 2(t)| is to be chosen for every ¢ in such a way that 
$= p(t) becomes a continuous function of ¢. The Function (t) is said to 
have for £ —> + œ a mean motion p if 


(3) p(t)/t—> m Le, p(t) = ut + o(t); > + 00. 


The problem of the existence and the determination of this constant p goes 
back to Lagrange’s approximative treatment of secular perturbations of the 
major planets and has been solved in the case n == 8 by Bohl? The case n — 4 ’ 
has been treated by Weyl The present note attempts a general approach to 
the problem from the point of view of the theory of distribution functions. 

The connection between mean motions and asymptotic distribution func- 
tions is suggested-by the following consideration: It is known “ that if the real 
function é= y(t) is almost periodic in the sense of Bohr, then y(t) possesses 
an asymptotic distribution function o(€) and one has, for every continuous 
function f = f(£), 


+00 


(4) J KOLE HG), 
where = l 

T 
(5) M(g(#)} = lim (1/7) Í g(t)ät. 


It is understood that by the existence of an asymptotic distribution function 
of a real measurable function ¥(¢), where Ot < + œ, is meant the existence 
, of a monotone function o(¢) such that o(— œ) == 0, oR œ) = 1 and, if é 
is a continuity point of o (£), 


* Received January 20, 1937. 3 Weyl [7]. a 
2? Bohl [3]. t Wintner [8]. 
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(1/T) meas [y(t) Sé],>0(6),  T+ o, 


where [y(¢) = é]r denotes the set of those points ¢ of the interval OS t & T 
at which ¥(¢) Sé Now suppose that the amplitudes az of (1) satisfy the 
condition of Lagrange, i.e., that ~ 


(6) We, > a T° > À en 

holds for a permutation (ki,---,%,) of (1,--:,n). Then (3) may, be 
replaced by the sharper statement that 

(3 bis) PE) = pt + o(f), 


where w(t) and also its derivative w(t) are almost periodic in the sense 
of Bohr. Hence, on denoting by w(t) the almost periodic function 
p (t) =u +w (t) and by o(é) its asymptotic distribution function, (4) is 
applicable, and becomes, when f(£) = å, 


UE f éte = (0), 
where, according to (5) and (3), 

(8) M{p(t)} — lim (2/2 — x. 
Thus 

(9) f On 


so that the mean motion of ¢(¢) appears as the first moment of the asymptotic 
distribution function o(€) of (t). 

If the amplitudes a, do not satisfy the inequality (6), the preceding con- 
siderations break down in view of the fact that $’(¢) is not, in general, almost 
periodic in the sense of Bohr, while a possible treatment of the problem within: 
a class of almost periodie functions more general than those of Bohr leads to 
difficulties. In fact, one needs the particular case (7) of (4), and (7) is 
obvious only when y (= ¢”) is a bounded function, a condition which is not 
satisfied in the majority of cases, if (6) does not hold. It is not difficult to 
prove that the function ¢’(¢) has a distribution function o(é) and that the 
space-average represented by the Stieltjes integral on the left of (7) is ab- 
solutely convergent. The main difficulty arises in the identification of the 


5 Wintner [9]. 
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space-average with the corresponding time-average M{#'(t)}. It is known ° 
that the truth of Lindeldf’s hypothesis in the theory of the Riemann zeta- 
function depends on a question of the same type, namely on the question as 
to the admissibility of the identification of certain space-averages with the 
corresponding (hypothetical) time-averages, as expressed by (4). 

It will be assumed that the frequencies As of (1) are linearly independent. 
This assumption, as will be seen from the proof, does not essentially affect the 
validity of the method. After proving the existence of the asymptotic dis- 
tribution function e(¢) and of its first moment, the identification of the time- 
average with the space-average remains to be treated. The admissibility of 
this identification will be proved with the help of Birkhoff’s ergodic theorem,’ 
by excluding, for fixed values of the amplitudes a, and the frequencies Àx, a set 
of measure zero in the n-dimensional space of the phases a. Actually, there 
ave some indications that Birkhoff’s zero set is empty in the present case. The 
assumption of the linear independence of the frequencies A, is to the effect 8 
that the problem is of the metrically transitive type, so that the mean motion p 
will depend on the amplitudes a, and the frequencies dj, but not on the phases ax. 

The explicit evaluation of x will be reduced for every n to the evaluation 
of a definite integral in the a-space. On comparing the results of the present ` 
paper with those of Bohl 2 (n = 3), it follows that if a, a2, @ are positive, 
then the integral 


a? +a, a, cos 2r ( (9, — D) + aa a COS 2a (Wy — Ÿ.) ld}, 4), dÿ, 
(on a, + a,° cos 27 (9, — J) + 20,0, cos 2r (G; — à.) + 2a,a, cos 27 (9, — Pa) 





[a ? + aa, cos 2rÿ, + a, a, cos 27h, 1d), dÿ, 
ffx a? +a + a,” + 2a,a, cos 275, + 20,0, cos 27}, + 2a,a, cos 2r (fh, — Da) 


is equal to 
= are COS (Qa + ag? — a,7) / (2d2G3) 


if a, S a; + a for all permutations (i, 7, e) of (1, 2,35, while it is equal to 1 
if dy > de + ag, and finally it is equal to 0 if either as > a, + ag or ag > a, + as. 
Similar relations follow by comparison of the results of the present paper with 
those of Weyl* (n —4). These definite integrals show with varying az “ dis- 
continuities ” of the same type as the well-known “ discontinuous ” integrals 


° Cf., on the one hand, Hardy and Littlewood [4] and, on the other hand, Jessen 
and Wintner [5], Theorem 31. 

? Birkhoff [1]; cf. also Khintchine [6]. 

8 Cf. Birkhoff [2], p. 371. 
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of Sonine (n = 8) and Nicholson (n = 4), occurring in connection with Lord 
Rayleigh’s random walk problem and presented on pp. 411, 414 and 420 of: 
Watson’s Treatise on Bessel functions. 
For a given function (1), put 
| a(é)y (t) —y (2 (D . 

10) y(¢) = À if z(t) 0 
' = LOF Way O 
where the prime denotes differentiation with respect to % It is clear that, no 
matter which locally continuous determination is chosen for 


arg z(t) = — i log [z(t)/ | 2(t)|], 
one has 


[arg 2(t) ]’ = ry (t), if z(t) 0. 


It is known? that a unique function (ét) is defined by the following 
requirements : 


(i) (t) is continuous for — œ < t < +o; 
Gi) g(t) = y(t), if z(t) 40; 
(iii) 2rp(t) == arg z(t) (mod r), if z(t) 0; 
(iv) 05 4(0) < 3. 


The function ¢(¢) thus defined satisfies (2), where one has to choose, for 
every #, the sign +- or the sign — according as the difference 


| 2p (t) — arg 2(t)| 


is an even or an odd multiple of z, while there is no ambiguity in the case 
2(t) —0. The function ¢(¢) will be referred to as the angular function 
belonging to (1). The values of ¢ for which z(t) —0, ie, for which 
(t) = y(t) is undefined, clearly do not have a cluster point. 

Let x = x(a, + +, On) denote the function 


(Sue cos 2H) (3 ai, cos 2e) + (3 Anan Sin 2.) (3 ax sin 2nd) 
oa (3a cos rbr)? + (3% ax sin 2ar8;,)? 





(11) 


defined on the n-dimensional torus 
(12) ©: 0S%<1; (k =1,: ":,n), 


except on the set N of those points of © at which the denominator of (11) 
vanishes, so that N is the set on © defined by the pair of equations 


(13) N: F= J ay cos Wt, = 0, G == 3 dy sin rde = 0. 
Suppose that the frequencies A, of (1) are linearly independent and let 
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Z denote the curve on the torus (12) which is defined by the parameter 
` representation 
(14) © Z: = Agé + ox (mod 1); "+. cn), 


where the parameter ¢ runs from 0 to + oo and the phases & are arbitrarily 
fixed. 

First, it will be shown that the derivative p(t) of the angular function 
ġ(t) of the function (1) has an asymptotic distribution function o(é) and 
that 
(15) o(é) = meas Ig — co <Ë< + ©, 


where the meas Ig denotes the n-dimensional (d,,: > -,%,)-measure of the set 
Ty of those points (0;,- - `, On) of the torus (12) at which the function (11) 
satisfies the inequality 

(16) x= £ 


In order to prove this, notice first that the set (13) at which the denomi- 
nator of (11) vanishes clearly has a vanishing Jordan content (a detailed 
description of N will be given below). It is also clear from (11) that Te has 
for every a Jordan content. On the other hand, the linear independence 
of the A; implies that to distinct values of ¢ there belong distinct points of the 
curve (14) on the torus (12). Furthermore, it is seen from (1), (10) and 
(11) that 
(17) x (Ast Haye + +, Ant + an) = y(t) = o (t) 


holds at those points of the curve (14) which do not lie on the subset, (13) 
of the torus (12), i.e., at which z(t) 540. Now it is clear from (17) and 
from the definition of Te that y(t) = £ holds if and only if that point of the 
curve (14) to which ¢ belongs is a point of Tẹ. It follows, therefore, from the 
Kronecker-Weyl approximation theorem that if {£; T} denotes the sum of the 
lengths of those subintervals of the interval OS¢ST on which y(t) S &, then 


{€;T}/T—>measl:, T= +o. 


This proves that y(t) — ¢’(t) has the function (15) as asymptotic distribu- 
tion function. 

Next, it will be shown that the set N defined by (13) is a closed, possibly 
disconnected, (n — 2)-dimensional analytic manifold in the n-dimensional 
torus © defined by (12), and that the manifold N has no singularities or a 
finite number of singular curves according as there does not or does exist at . 
least one permutation (i ' - *,în) of (1,- > +,2) such that 


* (18) Qi, Wig = ing + + a, 
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holds for some m. It will be seen from the proof that if n == 2 or n = 3, then 
N consists of at most two analytic simple closed curves without singularities, 
Incidentally, N is, for an arbitrary #, empty if and only if the condition (6) 
of Lagrange is satisfied. This is clear from the definition (13) of N. 

In order to prove that N has the structure described above, let j, l be a pair 


of distinct values of k — 1,- - +, and let Jj, denote the Jacobian with respect 
to #;, Dı of the two functions F, G occurring in the definition (13) of N, so that 
(19) Jj = oF, G) = dr? 0501 sin 2x (0, — P) ; Jk 


ô (D, 01) 
Accordingly, a point P = (Ñ. >, Ôa) of the subset N of the torus © is a 
singular point of the manifold N if and only if 

(20) 2|8;—%,|==0 (mod 1), where j,J=1,---,n; jAl. 
Suppose that there exists on N a point P = (ù, > -, Ona) satisfying (20). 


Then one can arrange the numbers ®,' : -, 0, into two groups 
(dis "3 Din) (is FEES Din) 


such that 

(21a) 0:,—%,=4; — (r=1,---,m;s—=m+1,---,2), 
while 

(21b) Oi, = Dis Bima = = Diy 


Now it is clear that the pair of conditions (21a), (21b) defines on the torus © 
a simple closed curve, and that this simple closed curve lies, in view of (20) 
and (13), on the (n — 2)-dimensional manifold N if and only if the ampli- 
tudes a; satisfy (18). 

In what follows, it will be assumed for the sake of brevity that the ampli- 
tudes a, of (1) do not satisfy an equation of the form (18), i.e., that the 
manifold N is free of singularities, so that no point of ®© which satisfies (20) 
is a point of N. 

In order to prove that the space-average occurring on the left-hand side 
of (7) is finite for the distribution function (15), one has, according to the 
definition of Tz, merely to prove that the function (11) is absolutely integrable 
over the torus ©. Actually, 


L £ 
(22) fixraæ= f f xO Ba) 20 da < + 00, fO<K <2 
© 0 o 


The proof of (22) proceeds as follows: Let 
(23) P: th = O°; (e=1,---,n), 


N. 
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be a point of the manifold N, so that, since N is free of singularities, (20) is 
not satisfied by (0:,- * +, On) = (20, - : ,0,°), and so there exists at least 
one pair j, l, say j = 1 and 1 == 2, such that 


(24) 2 | ®° — 8,9 





zÆ (mod 1), i. e., cos 2m (0,9 — 92°) Æ + 1. 
Now the quadratic form 
(25) Qu, v; du, 32) = 40? [au + Zaa cos 2x (0, — Vo) uv + az] 


is such that for a sufficiently small e > 0 and for some positive 9 = q (e€; P?) 
one has 


(26) Q(u,v3 Dr, Da) = (u + v*)y, if | h — h? | < e | Da — p | < €. 


This follows for reasons of continuity from the fact that Q (u, v; 09, 00) is 
positive definite in view of (24) and (25). On the other hand, if a point 


(27) P¥ om (01%, + +, Vu) 
is on N, then it is seen from (13) and from (25) that 


(28) CFO + u, Dat + v, Ds”, y dat) JP + E(D + ws, D + 0, 05%, ee, On*) |? 
== Q (u, v; 0, 02%) + o(u? + 07) as w+ 0? 0, 


and that the o-term holds uniformly for all choices of the point (27) on N. 
Hence it is seen from (26) that for a sufficiently small 6 > 0 and for some 
positive £ == (8; P?) one has 


(29) CFO + u, Dat + 0, dé, +, On*) 2? 
+ LAC -+ u, Dat H 0, Da", i y On)? = (u? + v?)E 


whenever (27) is a point of N such that 

(30) | P — De | < 8, | 22" — 2,2] < 8, while uw? + v? < & 

Now it is clear from (11) and (13) that 

(81) xs: sOn) | S const. {[F (9a +, On)? + [E (On +, On) J?) 
for all points (01,- : +,%,) of © which do not lie on N. It is seen from (29) 
and (31) that 

(82) | x(A* + u, DE + v, Dž, + +, On*)| = O (u + 07] 4), w+ 0? o, 


holds uniformly with respect to P*, if P° is fixed and (30) is satisfied. This 
clearly implies that the contribution of a sufficiently small vicinity of P° to 
the n-fold integral (22) is finite. Since P° is any point of the closed, bounded, 
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(1 — 2) -dimensional manifold (13), and since this manifold consists of the 
zeros of the denominator of (11), the proof, of (22) is complete. 

The admissibility of the identification of the space-average with the time- 
average as mentioned at the beginning of the paper may be treated as follows: 
Consider the transformation 


re Ti (Oa: +, On) 
which sends a point 
(Da +, On) 
of ® into the point 
(art + Da," e +, Ant + Un) 


of ©. Thus 7; is a measure-preserving transformation of © into itself, satisfies 
the group condition 7,rs == tr4s and is of the metrically transitive type ê in view 
of the linear independence of the Ax. Hence the ergodic theorem of Birkhoff 7 
is applicable to every L-integrable function y = »(h,: + >, On) on © and thus, 
according to (22), to the function v =x. Hence on excluding from © a set 
of points (#1, - -,%,) of measure zero, the time-average (3) of the function 


g(t) = x(t + Dit, et + On) 
exists and is equal to the integral of the function (11) over the torus @. This 
means in view of (15), (17) and (1) that on keeping the frequencies A, and 
the amplitudes a, fixed and on excluding from the n-dimensional space of the 
phases æy a set of measure zero, (7) holds for the derivative ¢’(i) of the 
angular function ¢(t) of (1) and for the ‘asymptotic distribution function 
o(€). Finally, (3) follows from (7) in view of (8). 

It may be mentioned that on excluding, for fixed a, and Ax, a set of phases 
OR - +, Gn) which is (n—1)-dimensional, hence of measure zero, the func- 
tion (1) is distinct from zero for every ż, so that one can choose in (2) the 
sign -+ for every t, in which case | 2(¢)| and (t) become polar coërdinates 
in the (#,y)-plane. It is known ° that, in virtue of the linear independence 
of the àx, the asymptotic distribution function of the polar angle b(t) thus 
defined is a circular equidistribution, since the asymptotic distribution of (1) 
in the (x, y)-plane is of radial symmetry. 


THE JOHNS HOPKINS UNIVERSITY. 
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ERRATA. 





In the paper of E. R. van Kampen and Aurel Wintner, “On a symmetrical canonical 
reduction of the problem of three bodies,” American Journal of Mathematics, vol. 59 
(1937), pp. 153-166, read 18 instead of 9 in formula (55,) on p. 165 and in formula 
(59) on p. 166. 

In the paper of E. R. van Kampen and Aurel Wintner, “ Convolutions of distribu- 
tions on convex curves and the Riemann zeta function,” American Journal of Mathe- 
matics, vol. 59 (1937), pp. 175-204, 


page line instead of read 
188 14 e= €(€) @ == €(e) 
192 15 tangent normal 
192 16 the the normal 
192 18 Pm29)2/ Pay 7) 2/ 
193 1 h k 

193 14 < > 


194 12 Max ( Max (6, 


ON AN ABSOLUTE CONSTANT IN THE THEORY OF 
VARIATIONAL STABILITY. 


By E. R. van Kampen and AUREL WINTNER. 


If p(t), — co <t < + 20, is a real continuous periodic function, the 
linear differential equation 


x 
(1) ek qe + Pls 0 
is known to possess two solutions 7 = £, = a of the form 
(2) | @ = AUTA (t), Ba = Ta (t), 


where fı (t) and f2(¢) do not vanish identically and are periodic with the same 
period T as p(t). The numbers À and —A, the characteristic exponents, are 
determined mod ri by the reciprocal quadratic equation 


(3) e — RAM +. 1 = 0, 


this equation being the characteristic equation of a real binary linear sub- 
stitution of determinant 1. If is not a multiple of Tri, it is clear that the 
two solutions (2) are linearly independent. If À is a multiple of Twi, it 
depends on the elementary divisors of that binary substitution whether or not 
the general solution of (1) is free of secular terms. The equation (1) 
determined by the given periodic function p(t) is said to be of the stable type 
if every solution g(t) remains bounded as t-—> + co, i.e., if the elementary 
divisors are simple and À lies on the imaginary axis of the A-plane. Since 
from (3) 
e = A + (A? —1)!, 


it follows that 

(4) —1SAS1 
is necessary and that l 

(5) —1<A<1 


is sufficient for the stability of (1). In fact, a multiple elementary divisor is 
impossible unless there is a double root, so that A? — 1 is a necessary condition 
for solutions with secular terms. | 

The determination of the solutions (2) in terms of p(t) requires, in 


t Received February 22, 1937. 
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general, an application of infinite determinants or of equivalent transcendental 
processes. Even the determination of the characteristic exponents + À is quite 
involved, it being defined by the zeros of Hill’s fundamental determinant or 
by the characteristic equation (3) of the monodromy matrix, i.e., by the 
number A. The latter can be represented, according to Liapounoff,? by means 
of the convergent series 


(6) A Ay Ap a 


where, if T > 0 denotes the period of p(t), the number 4, is the definite 
integral 


T ty tn 
(7) An— tf ats f dta id f Qn (try * . <a tn) dtn, 
0 0 o 


while the function Qùẹ is defined in terms of the primitive function 


ak 7 
(8) P(t) = f pa 
of the coefficient p(t) of (1) as follows: 


(9) Qn (ta; * g "s tn) 
= {P (T) —P(t) + P (ta) {P (i) —P(te)}> >» {P (tn-1) — P (ta) }. 


In particular, Q, is the constant P(T), so that, from (7) and (8), 


‘ T 
(10) A, —3TPIT) =r f p(t) dt. 


Since the actual determination of + À requires, in view of (3), (6), (7), 
(8), (9), highly complicated operations, it is natural to ask for criteria which 
impose a less remote condition on the coefficient p(t) of (1) and assure that 
(1) is of the stable type. First, if p(¢) is a positive constant, (1) is clearly 
of the stable type. On the other hand, if the positive periodic function p(t) 
is not a constant, (1) need not be of the stable type. This holds also when 
the deviation of p(t) > 0 from a constant is less than an arbitrarily small 
«> 0. Examples to this effect are implied * by the theory of Mathieu’s equa- 
tion, where 
(11) p(t) = cı + ¢ cost (a > 6230 < c). 


2 A. Liapounoff, “ Sur une série relative à la théorie des équations différentielles 
linéaires à coefficients périodiques,” Comptes Rendus, vol. 123 (1896), pp. 1248-1252. 
This investigation of Liapounoff is reproduced on pp. 425-431 of vol. IV, part III (1902) 
of Forsyth’s Theory of Differential Equations. 

3 Cf. M. J. O. Strutt, “ Wirbelstréme im elliptischen Zylinder,” Annalen der Physik, 
vol. 84 (1927), pp. 485-506, where further references are given. 
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Now there exists, according to Liapounoff,? an absolute constant « > 0 
such that if a real continuous function p(t) of period T is non-negative for 
every ¢, positive. for some ¢ and satisfies the inequality 


(12) | TP OUSA 


then (1) is necessarily of the stable type. That & cannot be arbitrarily large, 
is clear from the example of the Mathieu equation mentioned above. It is 
indicated by Strutt’s diagram,® which has been calculated numerically for the 
boundary curves of the stability region of (11) in the (cı, c)-plane, that the 
best possible value of the absolute constant & cannot be much greater than 5. 
On the other hand, every «4 is admissible. In order to see this, it is, 
according to Liapounoff, sufficient to observe that, as shown by (8), (9), (7) 
and (10), the assumption | 





(13) OS p(t) #0. 
obviously implies the inequalities 

A,A 
(14) Ana < ae 73 An > 0. 


In fact, if (12) is satisfied by an « S 4, then 
| 224 >A4>A> ++ >0 


in view of (10) and (14), so that the number (6) satisfies the sufficient con- 
dition (5) of stability. 

Now it will be shown that « = 4 is the exact value of the absolute constant 
in question. Thus there does or does not exist a continuous periodic function 
p(t) which satisfies (13), (12) and makes (1) a differential equation of the 
unstable type according as « > 4 or a= 4. It also will be shown that « = 4 
remains the greatest admissible value of æ also when one restricts p(t) to be 
an even function of ¢. Finally, it will be seen from the proof that nothing is 
gained if one requires that p(t) is analytic or if one replaces (13) by p(t) > 0. 

Needless to say, the greatest admissible value of æ is independent of the 
value of the period T. This is seen from (12) if one replaces ¢ in (1) by ct, 
where c > 0 is arbitrary. On choosing 


(15) | T=1, 


it follows that, since every «= 4 is admissible, the statement to be proved 
may be formulated as follows: There exists for every « > 0 a real non-negative 
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continuous function p(t) £0 of period 1 such that, on, mis one hand, the mean 
value of p(t) satisfies the inequality 


(16) _f'roasaa+o 


and, on the other hand, the characteristic exponents = A of (1) are not of the 
stable type. 
For two fixed numbers £, » which satisfy the inequalities 


(17) O0<p<t, B>9, 
put | 
p(t) = (u—t)B/n, if OStSp and p(t) —0, ifyStSh, 


(18) a(t) —p(1—2), if à < 4 <1, finally p(t +1) = p(t), 


so that p(t) s£0 is an even, continuous, non-negative function of period 1. 
It is easy to see that, for this p(t), 


(19) 3 A, = $Bp 
and ` 
(20) -Å< Rp. 


In fact, (19) is clear from (10), (15) and (18). Furthermore, from (18), 


p(t) =0, if StS 1i— np; 
_‘hence, from (8), 


P(t) — P(t) = 0, if BS St ='T— p, 
and so, since ~ 


(21) Qe (ts, t2) = {P(1) — P (t1) + P (ta) {P (t1) — P(te)} 
in view of (9) and (15), 
(22) LS Qo (tn te) =0, if aS t Sh Slip 


Since (8) is a non-decreasing function in view of p(t)-= 0, it is seen from 
(21) that 
Qe(t, te) S {P(1)}*, whenever 0S%5%4,51. 


Since P(1) = Bu in view of (10), (15) and (19), it follows that 
(23) Qinti) < Br, whenever OS *S4,S1. 


Now if § denotes that portion of the triangle 0S t: St; £ 1 in the (t, t2)- 
i 
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plane on which p S t: S tı S 1 — p does not hold, then it is seen from (7), 
(15), (22) and (23) that 


ist 
2d f f “Oils te) dtodt: = ff. Qo (ti, te) dtadts S Ee SJ, dtodt,. 
0 


This proves (20), since, by the definition of the region S, 


f f dt,dt, == area of 8 < Qu. 
8 


Now let e > 0 in (16) be given. Since only small values of e need to be 
considered, one can assume that e < 4 and then choose the numbers 8 and p, 
which occur in (1%) and define the periodic peak function p(t) = 0, in such 
a way that on the one hand | 


(24) Bu=4(1+ 6) 


and on the other hand u < «/(4-+ 4e)?. Since the latter inequality implies, 
in view of (20), that 


A: < BPpre/(4 + de) 


it is seen from (24) and from the assumption e < + that 


(25) Herek 
` On the other hand, 
(26) A: ee 


in view of (19) and (24). Since, by (25), (26) and (14), 


A, >A; >As>° à ‘> 0, 
it is clear that 


0 < Aa — As + A4 — à < Ad. 


Hence À < 1— A, + Az in view of (6). It follows, therefore, from (25) 
and (26) that 


detente sl Lo Lens tree 1 


Consequently, (4) is not satisfied. Since (4) is a necessary condition for 
characteristic exponents + À of the stable type, and since (16) is satisfied 
in view of (10), (15) and (26), the proof is complete. 
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ON THE EXPANSION OF THE REMAINDER IN THE OPEN-TYPE 
NEWTON-COTES QUADRATURE FORMULA.* 


By ORVILLE G. HARROLD, JR. 


1. The result that the remainder in the Newton-Cotes quadrature formula 
can be expanded in a series of the Euler-MacLaurin type has been established 
by J. V. Uspensky.! Inasmuch as the open-type quadrature formula of this 
kind discussed by J. F. Steffensen ? is important in the numerical integration 
of differential equations, the question has been raised as to whether or not an 
analogous development holds for the open formula. The answer is in the 
affirmative. 


2. We consider, without loss of generality, the integration interval (0,1). 
The unit interval is divided in n equal parts. The function f(e) to be in- 
tegrated over this interval is assumed known at s = 1/n, 2/n, > + , (n—-1)/n. 
The coefficients, or weights, in the quadrature formula will be denoted by Ai: 


3 be on (x) dx 
Am J w'n(i/n) (x — 1/1)? 
wn(t) = (z —1/n) (@— 2/n) ++ :(c—(n—1)/n). 


It is convenient to introduce the symbol 
Ka = A;By(1/n) + ABv(2/n) ++ +--+ AnaBy((n—1)/n), 
where B,(x) is the Bernoullian polynomial of degree v. | 


8. With the above notations, the result of this investigation can be 
formulated more explicitly as follows: 


Let f(x) be a continuous function on 0 = £x = 1, with as many continuous 
derivatives as are needed in the discussion; then 


* Received November 10, 1936; revised December 28, 1936. 

1 J. V. Uspensky, “ On the expansion of the remainder in the Newton-Cotes formula,” 
Transactions of the American Mathematical Society, vol. 37 (1935), pp. 381-396. 

2 J. F. Steffensen, Interpolation. Williams and Wilkins Co., Baltimore, 1927. 
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[rade Eat) "S r p AF29(0) Pi 
a (2v )! l 
where 


= — K,2stèm de 3) 


Bassam F 7 (88 F 2m) 1? 0O<é< 1, 


s being an arbitrary positive integer. Further, if the even ordered derivatives 
keep their sign on OS x S1 and if their signs are all alike, then when the 
series is truncated after a certain term, the error committed is of the same sign 
as the next term and in absolute value is less than it. 


4. By the Euler- Meclaurn summation formula 


f(a +6) = i Yoa i20, Afo (a) 
-f B BGD poata, (0<6S1). 


By(2) is the Bernoullian. periodic function of order v, r being an arbitrary 
positive integer. Fixing æ = 0 throughout this discussion and allowing 8 to 
take.on coset the values 1/n, 2/n, ee (n—1)/n, we get 


Ki = fijoa SEUD spon oy — f ELA joas 
(¢=1,2,--+,n—1). 
pene ty A; and summing from t= 1 to n— 1, there results (since 


Sa 1), 


DE 


ro Satin) SE apo (0) | 


+ “ A 0 + AB,(2/n—t) 
+: . - + AnsB,((n—1)/n— t) }dt. 

For v = 2m — 1, m = [n/2] 

(*) RE et K» =  By(x)da —0. 


Since A; = Ans and Born fn) = — Bav ( (n — i)/n)- for all values of v, 
we have | 
, Kit: — 0, 
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Thus the ain may be presented, for r = ae 
Afr) (0 
fi toa tjn — BK" TEONE +B” 


where 





1 f&” (t) 
Rog = f { = Ai (Bes ie —t) — Bag G/n) jät: 
-- Jo (28)! 
To establish the result asserted in § 8 it suffices to show: ~ ° 


1°, the numbers Es K,?",- e alternate in sign; 


2°, the quantity > Ai{ Bos (i/n — t) ee (i/n)} dés its sign -on 
-OD<É<I. 


For if 2° is true, we may write, by virtue of (*) 





= fe» (é) m TS 
Rz = — (2s) ! ‘Kn 2 0<é< 1, 


5. To establish the points in question the following properties of 


| QD =F AB i/n— t) — Bain): 
are noted : í | | 


(1) AH = (e; 


“ey (2) Qz(t) is continuous for k = 2, 8,° = Qu(Ë) possesses derivatives 
of orders 1,2,:--,4—1, Mai (t) is not differentiable at 


. t= iùn; 
(3) Pat = ee) (2k —2)Qus(t), 
> f (k = 2,8): > (tin, k =2)), | 
Yalt) abali) p= 2, e (tiun, Fm 
Qm (t) = 2h (2k — 1) {Quo(t) + > AiBxæ(i/n)} 
x es ot | (= 2,3,- ++); 
(4) Qx(0) = Qx(1) = 0, oe | (k= 1, 2,-- ). 


Let a, and e denote respectively the number of. distinct zeros of Qui(t) and 
Qx(t) on 0 <t<1. By virtue of (1), for irre Dee ety 


(5) | w= i. 
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From the fact that Q(t) has Bx +2 distinct zeros on 0 StS 1, we get, 
by the use of (3) and Rolle’s theorem, that Qæ-ı(t) has at least Be + 1 dis- 
tinct zeros on 0 < t < 1; thus, 


(6) ea ae 


Due to the fact that Qəx-ı(t) has a + 2 distinct zeros on 0 St 1, we get 
by (3) and repeated application of Rolle’s theorem that Qex-s(t) has at least 
a distinct zeros on 0 < t < 1; hence, 


(7) y = k-i. 
If it can be shown that am — 1, then, by (6) and (7) Bm) Bmus* * * are all 
zero. Thus, one of our contentions, namely, that 


n-1 Le 
= Ai{ Bos (i/n — t) — Bos (i/n) } 
keeps its sign on 0 < t < 1, will be established. 
n-1 5 
6. Consider the function Qem-1(t) => Ai{Bom-1 (1/n — t)— Bons (i/n) }. 
4=1 
n-1 1 
Since D AiBom-s(i/n) -Í Bom-1(@) dz = 0 and Bm (u + 1)— Bn (u) = mu™ 
į=1 0 : 


we may make the following simplifications: 


n-1 A i/n£t _ n-1 = 
Qem-1 (t) ZA Boma (i/n —t) = = A:Bom-1 (i/n —t) += A:Boms (i/n —t) 5 
= 4=1 n> 


now 


n-i n-1 : | 
2 AiBema(t/n—t) = X, AiBoma(i/n —t) 
i/n>t i/n>t 
n-1 
= > Ai Bom. (t/n — t) = > Ai Bom-1(t/n — t), 
; 4=1 : i/r£t 
hence 


n-i 
Qem- (t) = ZAiBama(i/n —t) + È Ait Bam (1 +i/n—t)— Boma (t/n —t) } 

nol 

= DAiBom-1(i/n—t) + X Ai (t/n—t)?"? (2m —1). 
| i=1 a/nst 
1 
The first term on the right is f Bom (© — t) dz = — t™, By comparison of 
0 


| Qomi (#) = — Pmt + (2m = 1:24 (i/n = t) ARE 
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with . - 
1 n-1 A 
f o(t)dt = E Ai (i/n) +B 


we see that Ro(t) = — Qom-1(t)/(2m— 1) is precisely the remainder obtained 
when the open formula is applied to. 


_ jf (@—t)’*, «St 0<i<i1, 
$a) =} | 0, a>t. 
Setting 
=e k42m-k-1 
ma) = EPEL S (int, 


2m — k — 1 i/nSt 


let the number of distinct zeros of Ry(t), for k =0,1,- + -,2m—8 be de- 

noted by No, .Ni,° > +, Nom-s. Let the number of variations in sign of Ram-2(¢), 

as ¢ varies from 0 to 1 be denoted by Nom. Evidently R(t) is continuous 

(k = 0, 1, 2m — 8) and possesses a derivative R’;,(t) = —(2m — k — 2) Ren (t), 

(k =0,1,: - :,2m—4) ; but Rem-s(¢) does not possess a derivative at t = î/n. 
By the property of the open quadrature formula 


Be (0) = B(1) = 0; 


hence, R(t) has Ny +2 distinct zeros on OS¢1, so that, by Rolle’s 
theorem, and the fact that R(t) = — (2m — k — 2) Rra (t) we get 


(A) Nr + 1 S New 
from which it follows that 


No + (2m — 3) S Non-s. 


In particular, Noms + 1 S Nom From the fact that the coefficients A; 
alternate in sign for i = m,* it follows that 


Rom-2(t) =— t Tx 34, 4/n = t, 


can have at most 2m — 1 variations in sign in 0 <t+<1whenn—2m. For, 
we note Ren(t) cannot change sign more than twice in each of the subintervals 
(2i—1)/nSt < (Ri+1)/n, while it definitely does not change sign in 
0 Æ t< 1/n, and has at most one change of sign in (2m—1)/2mSt<1. 
Hence, for even n, 

| Name = 2m — 1, 


8 See Lemma I below (n #5). 
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from which Noms» 2m—2, or NoS+1. But No = &m = + 1; thus 
Om = + 1, Bu = Bm =" =Q. 
If n= 2m + 1 we use the relations 


Roma(t)=t—34s,  i/n St, 
R(t) = (— 1) Bu(1 —t), 


which follow immediately from the definition of R(t). 
Two cases are distinguished : 


1°, n—4k+1. Asbefore, Rime (4) does not change sign in0 Æ # < 1/n, 
and not more than twice in each (2i—1)/nSt< (2i+1)/n, i=1,2,---, 
k—— 1. It changes sign at most once in (m —1)/n& t < m/n since Am = Ar 
is negative by Lemma 1 and Rom-2(m/n) is obviously negative. Thus Rom-2(t) 
has at most 4(k— 1) + 2 + 1 = 2m — 1 alternations of sign on 0 < t< 1; 
hence, Nam-2 = 2m — 1, No S+ 1, and as before, Ny = + 1. 


2°. n—4k +38. Again, Rom.(t) does not change sign in 0 St < 1/n, 
and not more than twice in each (2i—1)/nSt < (21-+1)/n. However, 
three alternations are possible in (m—1)/nSiS(m-+1)/n so that 
Nom-2 S 2m +1. It follows that Rem_s(t) has at most 2m zeros on 0 < t < 1. 
But Rəm-s(Ł) is an even function of t with respect to t = 1/2, so if Rom-a (t) < 0 
at t = 1/2, Noms == 0 (mod 4); but Noms SS 2m == 4k + 2, so that 
Noms & 2m — 2, hence No = + 1. 


If Ren-s(1/2) <0, an impossible situation arises. Since 


—Ren.a(t) = 8/84 Aali/n—t), 


our assumption implies that 34;(t/n) = 1/8, i/n < 1/2, which is (n= 3) 
false by Lemma 2 below. Thus in all cases &m = 1, Bm = 0 (n 3, 5).*. 


7. The functions Qem(t), Qem+2 (t), > > - do not change sign on 0 StS. 
They are periodic functions with continuous derivatives, and such that 
Q'ax(0) = 0, so that Qe,(t) has the same sign as Qs,(0). From § 5, - 


n-1l 
Q” omiak (0) Te > Ai Bomson-2 (i/n) > 
q=1 
and 


1 n-i 
f Qom (t) dt = 2 AzBamsor(i/n) p 
a =1 


‘9 deals with the expansions for n = 3, 5. 
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b 


It is thus evident that the coefficients K,,2” alternate in sign for fixed n, 
‘and y==m,m-+i1,---. Both assertions of § 4 have now been established. 


8. It remains to establish the two lemmas mentioned in § 6. 


Lemma 1. The coefficients A, satisfy the following inequalities for 
tSn/2: Í 
A;>0, à odd, 
Ai < 0, i even, 


while for i > n/2 we use the fact that Ai = Ani. 


To demonstrate that the A; alternate in sign it is convenient to modify 
the notation slightly to indicate the dependence on n. Set 


Had) f Pa) 


Pitas re os (eee 1) | 


a—k 


Sincë P(t) ie (SIET (n — k), 





de, (k=1,2, <- ,n— 1), 
where ; | 


| (— 1) 
An = ae Py(x) de. 


Setting Jn f P;(æ) da, and recalling ‘well-known formulas for Gamma 
. Ve: | 
functions, we find | 
Jn = (T(n) fe ae f "e log &/(1-§) sin rg dæ. 
T 70 0 ; te k 
The last integral may be split up and presented as 
f eee ci Ta a 1)8(é/(1 =) ye { So ot log £/(1-6) saat dt 


ak f et log (1-6) / SA TE ee dt z 
Using the formula 


h ag Sn TE ge fo. e 
Í et? — dr = 7/2 + ave tan a/a + æ(—1) Ir 


we get 
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í 2 
WT IL 
0 t—k 

log £/(1-6) gin-haedy 


= (D(a 2+ (ayes fe 


-log &/(1~E) kcgr 
US fe. 
-00 7° + 2 
Carrying out the substitution in Jn, we get 


Ja = (—1)™™2(k)P(n — k) 
log Ẹ&/-Ẹ) p(n-h) r 
n Gp f 


~ log &/-6) _ekeda 
: _ (—1)** Jn : 
Since Anz = a S HONTE) iy’ we can now write 


log &/(1-) gine dy 


an by Phony a ec eee Fre 


log £/0-£) pko 
+ Sea oma fee gale) 


The quantity within the brackets becomes, after change of variable in the 
inner integrals, 


fe + (— 1} 
o a? + log*(((1—6é)/É)t) 


If k is odd and Æ n/2, we see at once that Ang > 0 for n even or odd. If k 
is even, 


EN [itene 
a a GIE RE o AF og (08i at} 


and, since the integrand is ear non-negative for k= n/2, 


f ‘e1 — iad dt. 


+ (— dj 
ya-b T? are (((1—€)/€)#) 


aE af fee tae 
PFEG EASy r = 


—nAn>—1+ an0 Haara f 


or 


— ndm > —1+ (n—1)0 J 


On integration of the inner integral 
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Pa = Jaypee CD!) (4 done 
ndas > —1+(n nof i+ n —# ah a” + log?((1—£)/£) 
(gee ae 

k Jo vee ((i— 8/8) 


at EL EE io 
+. 0 a? + log ( (1—44) 
The term 


DO {7 om se OTF et + log Ge 


“Den 


n-2 


is less than 


CD ors ft [© ea 


which is less than 








% s 
=; — gr (7 = &)* dé \ 
a % % 
=) ) oF = ; zd f 11 — &)"e14¢ + f CPE Er dé } 
for k & n/2. Hence the term | és 
Reste Are sut — g*a \ 


nae 0 m? + log?((1— é)/é) HIT Jo a + log? ( (1 — é)/é) 
is less than 1/kea®, Since 


PR D eS 
o Hog (HA pr) opt 5707 


we have 
RE (or + ( n Ve Pon ); 
Sy = Hogta DAD 2 (Ga) (Ga) 
hence 


ees (m= noad E+ Cu Thy * are tan a(z) 


(B) ie 





By calculation, 4.,:: and 4,42 are both negative quantities. Considering n odd 
and even separately, we see readily that the right side of (B) is positive for 
n = 12, and for even k S n/2. Thus for all k S n/2, (n5), 
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Ant > 0, Anal < 0. 


For n less than’ 12 we refer to tables.” 


à 


LEMMA.2. ja Adi) > 1/8, n=8 (mod 4) (n> 3). 


To establish this inequality we start is an expression for Anz used | in the 
proof of the previous lemma: 


To fe a—9 ai Eee 


It one a’ É 








A 


Le mm + 1) : = 

a. 2 akin Gm FIT tof = (1-2) dé 
: i m RO (— t) + + (— t) 2m-} 

XJ, À toeg * 


z Le 
It suffices to show the double integral (second term) exceeds 8m iy? To 
this end we start with.the identity, valid for p + q — 1, ; 


r 
eSa 
y 


f ” emit (1 — 2) eda 
0 


P” On pg He t H Omp" = Sa : 
get (1 — x) eda 
9 


t 


Setting « = = 7 in the integrand of the ‘numerator on the right side, we 





n — 3 
2 2 


pr? À Onega + + O (7229/2 (net) [2g (n-8)/2 - oe 
Jo y dy 
= (—1) 0-9/2 IA EPEE, see I AET Da 


: ` ’ 
f sera — g) 9/24 
0 





obtain for m = n — 2, p = 


whence, i p =— ty (so'that g= (1 —#)2), 


2 1) mS > Oe, ath? (— LE 


a È: Deni au | 


Eds LS (n-8)/2 (J g) -92de 
Jo Gap f T (1— 2) dx 
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Further simplification gives 


y" dy | 


m-1 : 
2 (LE (— 1) *y2m-k-a n mO™2m1(1 sed, t)2m-4 o A y} MEL ; 


which upon differentiation leads to 


m-i m-i LUS 
r 5 (k + 1) Coms (— 1) %p2m-1-% == — 2m Z Coms (— 1 ) key2m~1-% 
k=0 ` = 


m {m 2m- th 
+ mC ma | pp Hom —1) (12) NA (i—y)™ f 


This relation may be written as 
m-1 

de > (k + 1) Coma (— 1)#é2m-k1 
k=0 


— im i 2m- 5 y" dy | 
= MO" om 1 j izz +t (t — 2m) en? af A y)" . 


‘To get the other terms, we notice 


2m-1 e 
D Cems (— 1)rimi k = (t = 1) 2m- 
k=0 
so that 


m- t -l 
So koma (— a SE t(1 My D a + Cat (A — Cine , ae , 
` k=0 


and, again by differentiation 
E (k +1)(— 1) "Crm = (1— tym’ CE — mt) 
yd) - pr 
+ mO™ sy { (1— t) (1 — emt) [°° En + IZI \ . 


‘Denoting the polynomial in the inner integral in the formula for Anz 
by F(t), we have 


(C) F(t) -20 +1) (— 1) Coms LE — PT}, 
| = (1 — t) (1 — 2mt) 


m aim peme (7 dy _ 
+ m0 ms} PA — m0 (+0 Game QE). 
Setting 
aim 2m-2 d y” dy : 
CR tes a o Uy’ 
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it is evident that y (0) = 0 and that y(t) > 0 for 0 < t< 1, since 
— co ‘ale s4 
(1— them (l + t) oe (1 + t)? (1 a t) 2m-2 4 
Thus, by integration, 


t n t t 
KO f Faji f (1—2)2™-2(1— 2me) da + mOn f v(x) da, 
0 0 0 
t 
NT + MOm f w(x) de > 0, 
è 0 
for 0 << 1. This expression we use in the integral in (A): 


{oo e $1) 
o m + log?(((1—€)/£)t) m+ log?((1—£)/é) . | 
+f e(t)? log(((1—£)/é)t) dt 
Er? + log?(((1—-€)/é)#) P t? 
= #() 
A (ao + FO: 
If 1/2 < é< 1, log((1— £) /é)t < 0; if 0 < €S1/2, log((1—)/é)t < 0 
for ¢ < £/(1—€). We seek now upper bounds for the absolute values of the 
negative terms: 


oa 
Ð e(t)2log(((1—£)/6)t) _ dé 
Í, fa? + loge ((1 28/5 t’ 0 < éS 1/2. 


Observing that / 
— 1] 1 
e(t) = ¿(1 — hani + mon 2m-1 {4 pet Ga Í — à) + im (== = =) 
2m-1 1—t y™-dy 
+ (m—1) Gb (i -aa See} 


we have, since the last two terms of the bracket are negative, 








2m + 1 
2(2m—1) 


am +1 


Cr. omat E < 5m stat 2(2m—1) 1) Coma 


DCE) < #(1— i)m + 


for 0 << 1. By virtue of these inequalities, the first integral is less in 
absolute value than 





A 2m + 1 gn. 
2m ` 2(2m—1) ~ 
? 

7° + log? = 
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and the second is less than 


Af ea ome ( ET. 


Considering 


1 Le 2m (1) 
Jeans + FO fH 


we see that this is greater than 


1 é7*(1 rer £) 2mgé 1 Im 1 é (1 i in! é) am dé 
at) J, arte 7e he PULL ome) fi z? + log*((1 — £)/€) 


a fee or Om (a) Ja 
which exceeds ` 


O papra 
$a DS AF hog(A— 5H 


8m +1 |: 1 Eam 8 ama 

-aam ag e fy peo =S, ea 
(2m + à 

Bar? (2m — vor Be f gm (1 — $)" dé — xm (2m = 1) 22m * 


The second, third, and fourth terms are respectively not greater than 


Oom- 1 and (m + 1) (2m + 1) 
me (2m — 1) 2242? 3mm? 4n?m(m — 1) (2m — 1) ` 


Since 


Y é (1 — é) amdé > Im + mm) 1 
J x F og (A — 8/8) — Em FE duc 


we have ` 


taa amg (°__ FOA 
J, rasau] sme 6765 


i 2m + 1 2m+l T 

us és are tan Tgm + 1) 
= 2m (2m — 1) r 

Coms 1 (m + 1) (2m + 1) 


aw? (2m —1)222 mm drêm(m— 1) (2m — 1) ° 


hee eS az 
log (2m + 1)’ 


The coefficient of the integral is 2m/(2m + 1)?; hence, we are concerned with 
the truth of the inequality 
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ome are tan Gi ) 
Im | Com À \2m + 2 Mog (2m + 1)/ _ 1 


(2m +1)? 2m (2m — 1) v me (2m — 1) 











1 (m + 1) (2m + 1) l> 1 





am 4a°m(m —1) (2m —1) 8(2m +1)?’ 
or ; ` ; 
Pm HIN r 
jie Ce + :) ave tan TB i) _ 1 
m-i ) 2m (2m — 1) r © ge? (2m — 1) 22 


(m + 1) (2m +1) 1 1 
ár?°m(m — 1) (2m — 1) 
which is fulfilled for m = 5. 

The inequality SA;(i/n) > 1/8 is also fulfilled for n = 7 ies direct 
FAR but not for n = 3. 


> 





9, The coefficients As» do not alternate in sign. Noting in particular 
that (A), § 6, is valid, : 
No+1SMi. 


- Since N, +1 Nz, it follows that No + 2 S Na, where N, is the number of - 
sign changes of Rom2(¢) as ¢ increases from 0 to 1 for m—2. From tables 
the graph of Roma(t) = t — = A; presents precisely three changes of sign 

i/5=t 


onO<t< i. Hence, 
No +2383, 


or No — + 1, which was to be shown. 


If n == 3, there are only two coeffic ent, which are equal, and hence there 
is no question of alternation of sign. The expansion has, in this case, the 
following form: ; 


fto dz = > Af (i/8) oi Sre Apr (0) 





(2v)! 
+f tae È As{Bos(i/3 — t) — Bas (i/8)}dt, | 
where 
KK?" = A,B (1/3) + ABa (2/3) my a Boy, 


hence, K,” alternates in sign for y==1,2,3,---. 
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The mean value theorem can be applied as before to put the remainder 
in the previously given form since 


Qas (t) = ${ Bas (1/8 — t) + Bos (2/3 — t) — 2Bzs(1/3)}, (s =1, 2, >°); 


does not change sign on 0.< t< 1. By direct methods this is evident, for on 
0<i< 1/3, 
| Q(t) =Ë, 
and 
Qa (t) =— t + 4/6. 
On 1/3 < t < 2/3, 
| Q.(t) = — t + 1/8, 
Qa (t) =— t + 4/6 + (8/2) (1/3 —t)?, 


and thus 6, = 0, «a = 1. From Be +1 as, and «s € 45-1, it is evident that 
Be = Bs =" j ‘=Q, 


STANFORD UNIVERSITY, 
CALIFORNIA. 


ON CERTAIN FUNDAMENTAL IDENTITIES DUE TO USPENSKY.* 


By W. A. DWYER. 


1. Introduction. In a series of memoirs entitled “Sur les Relations 
entre les Nombres des Classes des Formes Quadratiques Binaires et Positives,” + 
Uspensky has obtained several very general fundamental formulae involving 
incomplete numerical functions in three variables. He has made use of these 
to establish a great variety of interesting and useful arithmetical theorems.” 
Uspensky’s proofs of the fundamental formulae are purely arithmetic and of 
great simplicity, but give no clue as to how a systematic determination of such 
formulae may be made. They are in the nature of a priori verifications. The 
structure of the identities suggests that they may be gotten from equivalent 
identities involving the theta functions by means of the method of paraphrase.’ 
If such an identity can be found, it will suggest a systematic determination, 
by analytical means, of all identities of this type. From this set of identities 
it would then be possible to pass back, by means of the method of paraphrase, 
to other general identities, and then to their application to arithmetic. Bell, 
for example, has discovered a theta function identity which paraphrases into a 
certain fundamental formula of Uspensky involving complete numerical func- 
tions. In this paper we shall establish two of the formulae involving incom- 
plete numerical functions as special cases of a general formula which, in turn, 
results from the paraphrase of a rather peculiar theta identity. 


2. Let F(x, y,2) be a function defined for integral values of the argu- 
ments and subject to the parity conditions 


F(— ge, — y, — 2) =— F(a, y, 2), F(0, 0,0) = 0. 


Then there exists an identity involving incomplete numerical functions in 
three variables 


* Received January 26, 1937. 

1 Bulletin de l’Académie des Sciences de PU.. S. R., 1925, 1926. 

2J. V. Uspensky, loc. cit., Quatrième Memoire, 1926, pp. 547-566. Also, American 
Journal of Mathematics, vol. 50 (1928), pp. 93-122; Bulletin of American Mathematical 
Society, vol. 36 (1930), pp. 743-754. 

8E. T. Bell, Transactions of the American Mathematical Society, vol. 22 (1921), 
pp. 1-30, and 198-219. 

+E. T. Bell, Bulletin of the American Mathematical Society, vol. 32 (1926), pp. 
682-688. Á 
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I) ZSF(8+i,5—d+i,1) 
r Fie 3 
=. {r (2, = *,a—t)—F(—1, = 


*,a—h) 
. + e(n)T + a(n) ZL, 
T= SFOs) — F(s,j, 8)}, L=3F(r, 0,r—t), 








with integral partitions 


II) a) n=?+42d8, i120, 5>0, d>0, 
b) n=} + AN’, REO, O<A<A, A =A (mod 2), 
c) n=, s>0, e(n) —0 or 1 according as n is not or is a perfect 
square, 
d) n=? +2, r>0, t>0, a(n) —0 or 1 according as n is not 
or is a sum of two squares. 


If parity conditions be restricted, corresponding identities result as follows: 


| F(—2,y,2) = F(2,y,2), F(a, — y, —2) 
= — F(a, Y z); F(a, 0, 2) = 0, 











III) 4. 3F(8 + à, 8 — d + ii) 
=3 {7 GAS. a—h)—F(i," *,a—h) | eT 


F(—2, Yz) =— F (r, Y2), F(z, — y, —2) = F(z, Y, 2), F(a, 0, = 0, 
EF(S+1,8— d + 1,7) 
| [= afr apes, an) +R (WAS 
Formulae III and IV are the same as certain formulae discovered by Uspensky ® 
and. proved by purely arithmetic methods. 


IV) 











$, a—4) | + e(n)T, 


8. The theta identity and its paraphrase. Formula I results from the 
attempt to find a theta-function identity which would paraphrase into III and 
IV. The procedure consisted in going backwards from these two, and involved 
the selection of terms, which when arithmetized would meet the conditions 
IT(a) and II(b), and proper adjustment of the arguments. The left side of 
ILI or IV suggests the product of a theta and a function of the type 


_ D'ida(x + y) 
pave (2, y) = Dn(a)Be(Y) _ 


5J. V. Uspensky, Quatrième Memoire, loc. cit., and “On incomplete numerical 
functions,” Bulletin of the American Mathematical Society, loc. cit., p. 746. 
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The function desired, and its arithmetic equivalent $.is _ 


CV) b(e@+y+2)¢in(@+y,—9) 
sein Sie sin 2[(8 + i)e + G+i— dy + iz] 
+ {ctn(#+y) — ctn(y)}: 3 gq” cos Bile + y +2). 


For the terms of III (or IV) involving incomplete numerical functions we 
shall employ an expression 


VI) x(z, y) = à q” eir cin(@ — rar) = cin g +8 Š g sin ny ` 


+43 g” X sin[ (8 — d)x + 2dy], 
O<n—d8, 0d <8, è= d (mod 2), 


which appears as a term in the Fourier development of certain pseudo-periodic 
functions.” By synthesis, we arrived at the relation 


VII) (ety + 2)buu(z + 9, —9) 
= 9,(2)x(a@-+ y +2) — (x + 2z)x(y, 2). 


An independent proof of this result will appear in § 4 and we shall proceed 
with the-paraphrase of VII. Applying to it the arithmetized sonia of V 


and VI and the formula da (£) = > a" cos(®næ), we obtain - 


VII) 43 gt 3 sin 2[(8 + ijs + (5— d + i)y + iz] 
= 43 gh {3 sin[ (A + A)a + (A —À)y -+ 2(a—h)] 
— 5 sin[— 2ha + (4’—A)y+2(A—h)z]} ` 
+ ctn (x + y) {3 g {cos (2iz) — cos 2i(@ -+ y + 2)}} 
— ctn (y) {3 g@{cos 21(@ + z) — cos 21(a + y + z) }} 
+2 3 g" 3{cos(2iz)sin 2¢(a + z) — cos 2i(x + z) sin 2éz}, 


* Of, E. T. Bell, “ Theta expansions useful in arithmetic,” Messenger of Mathematics, 
vol. 53 (1924), pp. 166-176. 

TM. A. Basoco, “Fourier developments for certain pseudo-periodie functions in 
two variables,” American Journal of Mathematics, vol. 54, no. 2 (1932), p. 242, In 
this connection we shall exhibit the periodicity properties of x(#,y). The function is 
obviously periodic when œ or y is increased by m. Furthermore 


x (2 + nr, y + nrt) =x(a,y), 
xæ, y + nrr) = e-2nivx (a, y) 
nat 
+ ie-2ntofq-n? centro) +25 g-in)? e-24(n-k) (y-2) + 1}9, (y), 


k=l 
x(a + ner, y) = qu'ernita-nx(a, y) 


nol À 
— ign e2nita—y) + 2 5 quil e2t(n-k) (sy) + 15 (y). 
k=l 
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where: ‘the ñ appearing in the > term of VI has been replaced by t, and 
i, d, 8, h, A, A’, t are subject to the conditions II. 

An the terms involving cotangents we pane the index of summation 
from’ i tos (bringing i in the multiplier 2, since 4 = = 0 while s > 0), combine 
the differences of.cosines into the product of two anes and apply the formula, 


sin (au) ctn(u) = S cos(a — -2b)u. After combining terms and making a an 
obvious change i in “the ines: of summation, our expression contributes 
+ de (n)T +23 q” {sin tz — sin t(s + 2)}. 


If we split the last term of VIII into a sum corresponding to à = 0 “and 
a sum where t =r (r restricted to. positive. values), we obtain 


+ da(n)L—RX q” {sin (242) — sin 2t(a + z)} 


Putting the last two results in VIII, changing’ all arguments to their half- 
ğalues, and paraphrasing, we arrive at TI. ` 


4. Proof of the theta identity. Consider the left-hand ‘side as a func- 

tion of y alone.. Then: . 
EOAR CE tre, 

fly + nar) = gt SOS f(y), f(y + nn) = (y). 
The residues at the simple poles, y = 0 + nar, y =— a + naz, are respectively 
— qg” eriep (a+ 2) and + q” erriaz). Let C represent the contour 
in the y-complex plane composed of (n + 1) cells (of width r) above and n cells 
below the real axis and consider the auxiliary function ¢(t) = f(t) /tan(t—y) 
which has poles at t = y, t = y + a, t = nmr, t = — x + nar. The residue | 
at t = y is f(y). Derange the mesh so that poles lie within the boundary, 
apply Cauchy’s Theorem to #(¢) around C, and allow n to become infinite. 
Thus, 


i ; 
z, (t) dt = 0 = 3 Residues 
=f (y) +de +2) D q” eme ctn (y — nr) 
o 
— D (2) E qg” eerie otn (r + y — nr). 
n=-00 
The last relation is the same as our identity VII. 


8 Cf. M. A. Basoco, “ Fourier developments for certain pseudo-periodie functions 
in two variables,” loc. cit., pp. 244-245. 
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. In his arithmetic proof of III and IV Uspensky splits the left-hand side 
into three sums Si, S2, Ss according as (S— d+i) is > 0, Z 0, or = 0, 
and sets up a pair of transformations establishing a one-to-one correspondence 
between the solutions of i? + 2d8 and those of h? + A4’ which obey the 
restrictions IT(a) and II(b). Sı + 82, together with stated parity conditions, 
gives.us identities III and IV. 8, obviously vanishes because of the condition 
F(x, 0,2) —0. If, however, we change the parity conditions to agree with 
those of I, the more general condition F(0,0,0) — 0 demands that we con- 
sider the contribution of the term Ss. From II(a) 


RU If ŝ—dti=0, then PER 


Conséquently 

3F(8+i,8+i—4d,i) 
is of the form 

Sa = 3 F (d, 0, d — ô), 


which is of the same form and has the same partitions as the term a(n)L 
appearing in I. 


5. In conclusion, we may point out that the results obtained by Uspensky 
from his fundamental formulae are implicitly contained in our theta identity. 
The theta identity suggests other similar products of the theta and $-functions 
which, when treated in an analogous manner, will lead to general fundamental 
formulae of the same type as those of Uspensky. 
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AN EXTENSION OF BERNSTEIN’S THEOREM ASSOCIATED 
WITH GENERAL BOUNDARY VALUE PROBLEMS.* 


By W. H. McEwen. 


Introduction. . Consider the n-th order differential system 


d'u dy 
(1) Ten + Paz) Iaat + P,(z)u -+ Au = 0; 

U;(u) = 0, i (j= 1,2,---,n), 
in which the functions P,(æ),: : -,Px(#) are continuous and have continuous 


derivatives of all orders on a S v S b, and the U’s are n linearly independent 
conditions involving uw” (a), u (b), r=0,1,: : -,n— 1. The general nature 
of the solutions and the expansion problems connected with this system have 
been discussed. by Birkhoff Tamarkin,? Milne and Stone.* Let the char- 
acteristic values of the system, taken in the order of magnitude of their moduli, 
be Ax, Àz * *, and let (x), Uels), >- be the corresponding characteristic 
solutions. The values X are then the poles of the Green’s function of the 
system. Assume that the boundary conditions are normalized and regular.® 
Assume further that the values A, give rise to simple poles of the Green’s 
function when k is large.® 


N 
Let Sy(a) = X, ajuj(x) be an arbitrary linear combination of the solu- 
jet : 


tions corresponding to the first N characteristic values, and let L be the maxi- . 
mum value of | Sy(x)| on aÆæ<b. It is the purpose of this paper to 
establish the following two theorems :- 


THEOREM 1. On the interval aS r&b 
| S’w(x) | S gNPL, 


* Received October 12, 1936; revised January 25, 1937. 
. 7G. D. Birkhoff, “Boundary value and expansion problems etc.’ Transactions of 
the American Mathematical Society, vol. 9 (1908), pp. 373-395. 

2J. Tamarkin, Rendiconti del Circolo di Palermo, vol. 34 (1912), pp. 345-395. 

3W. E. Milne, Transactions of the American Mathematical Society, vol. 19 (1918). 
pp. 143-156. i 

* M. H. Stone, “ A comparison of the Series of Fourier and Birkhoff,” Transactions 
of the American Mathematical Society, vol. 28 (1926), pp. 695-761. 

5 For definitions of these terms see Birkhoff, loc. cit., p. 382. 

$ For a discussion of this assumption see footnote 12. 
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where q is a positive constant independent of N. 
THEOREM 2. On the interval a += x <= b— ô 


| S’v(%)| S QNL, 


‘ 


where Q is a positive constant independent of N. 


These theorems are analogous respectively to the theorems of Markoff 
and Bernstein as applied to polynomial sums. In connection with Theorem 2 
it should be noted that the limit QNZ-cannot in general be extended to the 
end points a and b, as may be shown by an example,’ although in certain 
special cases the limit does apply uniformly to the whole interval. Examples 
of the latter are the systems that give rise to sums of Fourier or Sturm- 
Liouville type. The Sturm-Liouville case has been treated by Miss E. Carlson,® 
who has also proved Theorems 1 and 2 for the case of a special 3rd order 
system.’ 

` The proofs given here are based on a number of results to be found in 
Professor Stone’s paper.*° This paper will be referred to hereafter as (S). 
The writer wishes to acknowledge his indebtedness to Professor Stone for. 
valuable suggestions in connection with the form of presentation of the proofs. 


Preliminary discussion. We can assume, without loss in generality, that 
the interval of x is O21, and that the maximum value of | Sy (z)| on 
(0,1) is 1. | 

Let Gia, y; À) be the Green’s function of system (1). The characteristic 
values of À are then the poles of G. The facts concerning the nature and 
distribution of these values are well known. They form two infinite sequences 
in the complex À-plane, given asymptotically by the formulas 11 


(2) N? == — (2bri)” (1 + B’/k), 
| NE = — (— Dai} (1 + B/E), 


The system du/da + Au = 0, u(0) + u(1) == 0 gives rise to sums Sy(æ) which 
are sine and cosine sums in the variable X = ry which ranges ,over a part only of a 
period interval OS XS. It follows then from the well known form of Bernstein’s 
theorem relating to a trigonometrie sum on a part of a period interval, that the limit 
QNL can be assigned only to an interval which is interior to 0 £ X £ 7, and hence to an 
interval of ~ which is interior to (0,1). 
8 E. Carlson, Transactions of the American Mathematical Society, vol, 26 (1924), 
pp. 230-240. 
: ° E, Carlson, Transactions of the American Mathematical Society, vol. 28 (1926), 
pp. 435-447; pp. 439-447. 
10 M. H. Stone, loc. cit. 
41 See Birkhoff, loc. cit., p. 383. 
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where 2’, E” are bounded functions of k. For large values of k, in accordance 
with the assumption made on page 1, the poles of @ aré simple. Hence if 
multiple poles exist they are limited in number. Let Cy be a circle of the 
A-plane with centre at the origin which includes within its boundary the first 
N poles of G, M, A2,° © *,Aw and no others. Then’ the sum Sy(x) may be 


represented identically by the contour integral ** 


(3) Su(e) = 7 f, wo [ S Cenna] 


provided the poles in question are all simple. If, however, certain of these 
poles are multiple, the integral given above will represent a sum øy (g) obtained 
from Sy(x) by replacing the terms corresponding to the multiple poles As by 


1 z 
terms of the form f Sy (y) Rs(2, y)dy, where Rs(x, y) is the residue of G 
0 


at à = às. But the terms involved in this change are bounded independently 
of N, and their number also is independent of N. Hence it follows that S’y 
and o'y are of the same order of magnitude with respect to N. Thus, for the 
purpose of our discussion, there is no loss in generality in assuming that 
Sy(a) is represented by (3). 

A more useful form of (3) is obtained by placing À = p”. Under this 
transformation the entire A-plane is made to correspond to a sector X% in the 
p-plane, composed of two adjacent sectors of the following set of 2n equal 
sectors : | . ie 
S: Ir/n Sarg pS (L+ 1)r/n, (J = 1, 2,- + +,2n—1). 


The path of integration will then become the are T which the sector 3 cuts 
off from the circle with centre at the origin in the p-plane and radius equal to 
the n-th root of the radius of Cy. Hence we can write 


SE Sse) S aya Jar 


1? The assumption referred to is the one which demands that the poles of G be 
simple when & is large. This condition is not highly restrictive inasmuch as it is 
automatically satisfied if the system is regular and of odd order, and is in general 
satisfied if the system is regular and of even order. In the case of even order, however, 
it may happen that pairs of characteristic values coincide to give double values, and 
these in turn will give rise to either simple or double poles of G. If the system is self- 
adjoint the double values give rise to simple poles, but otherwise it is possible to have 
infinitely many double poles. Tamarkin has given an example of a regular system, 
n = 2, with infinitely many double poles (see Stone and Tamarkin, “Remarks on a 
paper by Dr. Tautz,” Acta Mathematica, 1931). It is this type of system which our 
hypothesis rules out. Se à 

13 See Birkhoff, loc. cit., p. 379. 
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A special case of (1) is the system (discussed in S, pp. 709-711) 
d'u/dx" + dru=0, w?(0)—uP(1)=0, (7 =—0,1,---,n—1), 


which gives rise to sums of Fourier type. Let G(z,y;X) denote the Green's 
function in this case. The arc T may be drawn so as to avoid the poles of G 
as well as those of G. Then the integral 


(5) 1 f so) LS. nG (a, y; p”) dp | dy 


defines a sum Ty(w) which is a trigonometric sum of order Ñ/2 on the period 
interval OS a1, where |N—N|<=K independent of the radius of T. 
The latter relation means that O(W/2) —O(N). 

In regard to the are T we shall demand further that it be kept uniformly 
away from the poles of G and @ when the radius is large: 

We next define a set of constants which play an important réle in the 
asymptotic formulas for G, G and their derivatives. These are the n n-th roots 
of — 1, denoted by «1,2, + +,on. For values of p on any given sector S 
let the subscripts be so chosen that 


R(po) = R(pur) S++ : SR(pon), R = “the real part of.” 
Then, if the system is of odd order 
n = 2a — 1, 


R(pon) — 0 on the bisecting ray of S, so that in one half of S R(pwp) < 0 
whereas in the other half R(pon) > 0. Let these two halves be denoted by S” 
and S” respectively. Thus we have | 
R(pa) S++ +S (puy) S 0 S (pou) S-- +S R(pon) on g, 
R(po.) S: + -S R (pop) SOS (puy) S++ -SR(pwn) on 8”. 


On the other hand, if the system is of even order 
n = 2p, 


ou = — on and on one of the bounding rays of S R(pwp) = R (pon) = 0, 
so that, throughout the whole of 9, 


E (p01) S++ -S R(puy) S 0 S (pou) S++ -S R (pwn). 


These results enable us to state the conditions under which the exponential 
functions e1(*-», j — 1,2, : + -, n, occurring in the asymptotic formulas for 


G, G, etċ. are bounded in the form 
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(6) [emo S 0Se,yS1, 


for all values of p in question. This inequality holds whenever the real part 
of pu;(æ— y) is negative or zero, and hence the specific requirements to be 
-met are as follows: ‘ 
Case 1. n—?u—1. 7 
l'un; @By; pon &, 
j=s+l'::;n; ty; p on S”, 


6’ j 
( ) 3 =": :,u—1; By; p on 5”, 
E =u’ n; Sy; p on 8 
Case 2. n= 2p 
= 1,---,p; tZ y; p on 8, 


(65) I p+, "+423 Ey; p on 8. 

In the explicit formulas for G, G, etc., which will be used presently, it will be 
seen that these conditions are satisfied in every instance, so that the exponentials 
occurring in these formulas are bounded in the manner of (6). 

We now observe a number of lemmas, the essential parts of the proofs 
of which are based on results found in (S). The notation {A ; B} is used to 
indicate that A is to be'taken if x = y, and Bifæ<y. The-letter R is used 
to denote the radius of the circular arc T, so that for values of p on T | p | = R 
In outlining the proofs it is necessary to treat separately the cases n — Qu — 1 
and n = 2u, inasmuch as the asymptotic formulas concerned are different in 

_ these two cases. It is sufficient, however, to treat only one of the two equal 
sectors $ which make up 3. The part of T belonging to § will be denoted by y, 
and the two halves of it corresponding to 8’, S” by y’, y” respectively. 


Lemma 1. For values of p on T 
dG 0G 
w [8 28} ou 
uniformly on 0 SS a, y 1. 


Case 1. n= 2p— 1. For values of p on y’ the following asymptotic 
formula for the expression in question is given in (S, p. 745, with k = 1): 


ae aG 
-1 
= e Faa? — 2 gh; a-y) Pete) Fi + S gp, (ayy Ti (T: Y> p) Y, p) \ 
jui < P 


Ay {1} 
tta] + ene] 
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where g 


B 
Fi = —È wget a) (du (z) + Bi(y) + pj), 


Palate = Re aad (Aus) + B:(y) + pos), 
([4] + PAL] — O(1),™ 


and A, is a determinant of order n + 1, which, if expanded according to 
the elements of the first row, has the form 


a n : 
A = 2 (pins) eQ; (2, Y p) Le 2 (ping) 2° DO; (a, Y, p). 
j= apt: 


The functions m;(a,¥,p), Aux), Bi(y), Q(z, Y, p) are bounded in their 
respective variables on 0 S v, y= 1 when R is large. A similar formula holds 
when p is on y”, the only difference being that the summations are extended 
over the ranges (1, p— 1) and (u,n). 

On examining the individual terms in these expressions it is seen that 
conditions (6’) are satisfied, so that the exponentials are all bounded in the 
manner of (6). Hence the terms are either O(1) or O(R) for values of p. 
IG, dG \ 


ig? te = 0(R) on y 


on y and y”; that is, np" E 


ES hen 
dz? da f TOPP 


is on y is similar in form to the one used in Case 1, p on 8’; an explicit 
expression for it is given in (S, p. 760, with k —1). The exponentials in- 
volved satisfy conditions (6”) and so are bounded as in (6), and the a 
of the proof go through exactly as in Case 1. 


Case 2. n= 2p. The aayinptotic formula for np" 


LEMMA 2, f np" G(a, y; p) — G(a, y; p”) ]dp = O(1) uniformly on 
T: 
0<8S251—8, 0SyS 1. 


Case 1. n==2u—1. This is (S, Theorem VII, p. 716, with 7 = 0). 


Case À. n= u. The proof in this case is analogous to that of the 
theorem cited above. In brief outline it is as follows: 
For p on y we have, by (S, p. 755), 


1 The arc T must be kept uniformly away from the poles of G when R is large, 
so as to make this fraction bounded for large values of R. In view of the manner of 
distribution of the characteristic values it is clear that this can always be done. 
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malay = (— 3 erase [oj]; + À eres? [ay] 5 


A; 
+ Te] ewn + [do ]errH + [Ge] ° 


The arc y being kept uniformly away from the poles of G when R is large, 
the denominator of the second term is bounded away from zero. The numerator 
of the second term is a determinant of order n + 1, which, if expanded ac- 
cording to the elements of the first row, has the form of a linear combination 
of the functions es? (j—=1,---,p), e22- (ju +1, .,n) with 
coefficients which are bounded functions of x, y, p. The second term above 
may thus be written in the form 


u . n 
2 012M (s, y, p) + > ore Ms (£, Y, p)» 
j= J=u+ 


in which the functions M; (x, y, p) are uniformly bounded on 0 Sa, y = 1 for 
large values of R. 

In the special case of yim (1) which defines G, a corresponding formula 
will represent np"*G@ on y. It will be identical with the one given above except 
for different terms of higher order in the asymptotic forms [w:] and different 
functions M(x, y, p). Hence on subtracting these results we obtain 


np (G — G) ={— = amar i. 3 gps (a-y) LI aj } 
- Jen P 


È oe (M; — 2) + Š ete (My — if). 
j=1 j=u+1 ` 


The exponentials in { } are bounded as in (6). Hence f np™*(G — QG) dp 
y 


is expressible in terms of integrals of the form 


fm mdp sf, ewmsmdp (j = 1, - eh f, ewa-dmdp (j= p41 n), 
Y 


which, according to (S, Lemmas III, IV’, V’, p. 714 and pp. 754-755, with 
k = l = 0) are AQU bounded on 0 < èS r S 1—6. 
aa où aa oğ 
-1 aias = 4 
ue 3. T np” 1 ages oe eee o À dp O(R) uniformly on 
0<8SeS1—8,0S5yS1. 


15 The notation [W] indicates an asymptotic form in p in which W is the leading 
term. 
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Case 1. n= Ru — 1. For p on y we use again formula (7) of Lemma 1, 
writing F; (z, y, p) for Q; (z, Y p)/( [9] + OL [6] )- 


np” j IG, aG l= { Puyo — Seesaw ms. Fit se Š ew; (a-y) mi i 
p. P 


da? dx gal j=p+l 
B n 
+È (poj) eB + À (pus) DE, 
jel j=ut1 


A similar form holds for G, with F°, Fist, mj, E; replaced by Fa’, Faut, 
M; B; respectively. Hence on forming the difference of these two formuals 
we obtain . 


noa { 26 aG oG oG 


0x Ox’ 0x 0x 


= j (Pa? —F,,°) — $ gpusta-n (mj — M) 
ja P 
= n (mj— mj) \ 
5 (Fat — ft) + > eps (a-y) a 


j=u+l P 
u = : n = 
+ 2 (pu; ) es (H; — Fi) + = : (pwj) 69%) (E; — Hj). 
= Si 
But . 


Hu 
Fa =— Z 0580 (Au) + B:(y) + pos), 
J= 
whareas, according to (S, p. 746, with s = 1), 
| — 
PY =—> jes a-y) (poj) à 
j=1 
Hence, by (6), 
Pa — Pio = — X ojew (Ay, (8) + B:(y)) =0(1). 
j=1 
Likewise F-,*— F, = O (1). The remaining terms of { } are similarly 


bounded (approaching zero as R —> œ). Hence the integral of the expression 
in { } taken over the arc +’ will be of the order R. Moreover the integrals 


free (Bs — Bs) dp (=L: eat), 
Spore? (By — By) dp. Gui") 
y “ 


converge to zero uniformly on 0 < 8S s S 1— ô as À — œ, in accordance 
with (S, Lemma IV, p. 714, with k—1). Hence 





aG aG 0G ağ 2 
fms ae? 3x Be dp = OUR) + on {porn (Eu — By) dp 
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In a like manner we find that the integral of this EE over y” is of 
the form 


ORY Las J. peruis- (Bl, — Elu) dp. 


It remains now for us to determine the order of the second terms in the 
two expressions written above. The integrals involved may be put in the form 


R Í. ouusm/dp, R f epoute-Dm/ dp, 
2 aa” 


where m’ = p(Hy— Ey) /R = 0 (1) on y, and m” = p (E'u — By) /R = 0 (1) 
on y”. An application of (S, Lemma V, p. 714, with k =l = 0) will then 
show that the multipliers of R are uniformly bounded on 0 < 8 S z S 1— ò, 
and hence we conclude that the second terms also are of order R in this interval. 


Case 2, n= 2p. The argument in this case, based on appropriate 
formulas found in (8), is entirely similar to the one just given. 


LEMMA 4. The number of poles of G(a,y;p") on the sector X enclosed 
by the arc T is given asymptotically by 
NeR 
T 
(each pole being counted according to its multiplicity). 


This is immediately evident from formulas (2) which give the distribu- 
tion of the characteristic values of à = p”. From this lemma it follows that 


O(R) =O(N). 


The roots of Theorems 1 and 2. ga differentiating with respect to x 
in formula (4) we get 


wo =h (vo) S, nor { 22; 2) ay] an 


But | Sy(x) | S1 on 0Æ<y<1. Hence, by Lemmas 1 and 4, 


s(a) = 55 f, Sro) [ S Oae] ay — 008) — our) 


on 02551. This proves Theorem 1. 
Next, let us consider the trigonometric sum Tx(x) defined by (5). On 
subtracting it from Sy(x) we have, by reason of Lemma 2, 
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1 2 Z 
Be) — Tr(a) =z f so) | f na — Ede] ay 
1 ( By(y)0(1)dy == 0 
= 55 f, SO (y 0) 
on 0 <8S2xS1—8. But | Sy(x)| S1, and hence 
Ty(«) = 0(1) 


on the interval 0 <<8S2X1—8, which is interior to the period interval 
(0,1). It follows then, from a special form of Bernstein’s theorem given by 
D. Jackson,’ that 

(8) T's (2) = O(F/2) = O(N) 


uniformly ‘on this interior interval. 
Finally, on differentiating with respect to x in the formula for 
Sy(2) — Tr(x) we obtain, by the help of Lemmas 3 and 4, 


ae a. 0G 9G 
’y (#2) — T'y (a) -5S Sy (y) [ fin ">i i De Eta] dy 
| — 7 f, S00 (R) — O(R) — ou) 
uniformly on 0 < èS s S 1— è. Hence, by (8), 
S'u (s) = Tx (e) + O(N) = O(N) 
uniformly on 0 <8SeS1—8. This proves Theorem 2. 


Application to a problem of best approximation. Let f(x) be a given 
function continuous on a S æ b, and let it be required to define for each 
positive integral value of N a function of best approximation to f(x) of 
the form : 


N 
y(x) = 2 tats), 


in which the w’s are the characteristic solutions of system (1). This may be 
done by adopting as a measure of approximation the integral 


f i 
f IPC) —Sx(2) |" de, 
where r is any given real constant > 0, and requiring that the coefficients of 


- 1 D, Jackson, Transactions of the American Mathematical Society, vol. 26 (1924), 
pp. 133-154; p. 146. 
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Sx(æ) be chosen in such a way as to give a minimum value to this integral. 
It is well known that such determinations of the coefficients can always be 
made, and when r > 1 the result is unique. 

The question of the convergence of Sy(x) to f(x) as N becomes infinite 
may be investigated by methods similar to those used by Jackson 17 in the 
study of the corresponding problems relating to trigonometric sums and poly- 
nomials. These methods involve in an essential way the use of Theorems 1 
and 2, and lead to the following general theorem: 


THEOREM 8. If ay(x) be an arbitrary sum of the ws of order N and 
hy be the maximum value of | f(x) —ay(2)| on aS s & b, then there will 
exist positive constants O, and O independent of N such that 


(a) on a £a £b, | f(a) — Sy(2)| S OLN", 


(b) ona+8SeSb—8, | f(x) —S8x(x)|SC.NVhy. 


Thus the question of convergence is made to depend directly on the degree 
of approximation represented by hy, that is on the degree of approximation 
to f(x) that is possible by sums of the form ry(x). In this connection we have ` 
the theorems on the degree of convergence of Birkoff’s series given by Milne ## 
which enable us to state explicit hypotheses under which the quantities N*/"hy 
and N*/"hy will converge to zero'às N becomes infinite. The following theorem 
is given as typical of what can be done in this direction: 


THEOREM. In the case r > 1, if f(x) has a first derivative of limited 
variation on aS v S b, and if f(x) vanishes at a and b, then hy = O(1/N) 
so that y(x) converges uniformly to f(x) on the sub-interval a+ 8Sa 
` Sb—8 as N becomes infinite. 


Mount ALLISON UNIVERSITY, 
SACKVILLE, N. B., CANADA. 


“D, Jackson, American Mathematical Society, Colloquium Publications, vol. 11, 
pp. 92-101; see also D. Jackson, Bulletin of the American Mathematical Society, Decem- 
ber, 1933, pp. 889-906. ' | 

18 W., E. Milne, loc. cit., pp. 154-156. 
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ABSTRACT COVARIANT VECTOR FIELDS IN A GENERAL 
ABSOLUTE CALCULUS.* 


By A. D. MICHAL. 


Introduction. The elements of a general absolute differential calculus 
based on a linear connection and the notion of a contravariant vector field 
only has recently been considered by met In the present paper additional 
postulates on the transformation of Banach “ codrdinates ” are considered and 
a linear connection of covariant type is postulated. A brief treatment is then 
given of a general absolute differential calculus based on covariant vector fields 
as well as on contravariant vector fields. The ideas centering around the 
various adjoints of the Fréchet differentials? are of fundamental importance 
here as well as in the instances in which the Banach space is’ an infinitely 
dimensional function space. 


1. Abstract coôrdinate transformations. Let F be a Banach space in 
which there exists a function [x, y] with the following properties: ° 


(1) [#,y] is a bilinear function on Æ? to the real numbers 

(2) [ey] = [y e] 

(8) [z,y] is positive definite; i. e., [x, x] Z 0 and [2,2] = 0 if and only if 
z =Q. 


DEFINITION. A function T*(£) on E to E will be said to be the adjoint 
of a linear function T (£) on E to E if 


(1) T*(é) is a linear function 
(2) [P(é), n] = T8 T*(n)]. 


Let U, be a fixed Hausdorff neighborhood of a Hausdorff * space T. We 


* Presented to the American Mathematical Society under a different title, April, 
1936. Received by the Editors February 16, 1937. 

z Michal (1). 

2 By the notation f(v, Y- -:Y,3 À) we shall always mean the partial Fréchet 
differential of f(2,y,,---,y,) in æ with increment À. Occasionally we shall write 


6¢(x)-for p(x; 62) and dy f(m, y) for the partial Fréchet differential of f(v, y) in y 
evaluated at y = 2x. 
5 For motions and rotations in such spaces see Michal, Highberg and Taylor (1). 
‘More generally one can take a Fréchet neighborhood space V and require the 
coürdinate systems to be merely reciprocal (1-1) transformations. 
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shall assume that there exists an open set S C # that is a homeomorphic map 
of Uy. We postulate the existence of coordinate systems æ(P) : homeomorphic 
correspondences mapping Hausdorff neighborhoods onto open sets 3 CS. 
Suppose (P) and &(P) are coôrdinate systems. for two intersecting Hausdorff 
neighborhoods U, and U, respectively and let 3, and Z be the respective maps 
in S. Then the intersection of U, and U. induces a homeomorphic mapping, 
called a codrdinate transformation, of an open subset S, of 3, onto an open 
subset 8; of 3». We shall denote this codrdinate transformation by & == (zc). 

It is convenient to call the Hausdorff neighborhood and the map 3 C 8, 
the geometrical domain and the codrdinate domain respectively of the coördi- 
nate system. We shall assume that, each codrdinate transformation £(#) and 
its inverse æ(#) have Fréchet differentials (s; êr) and æ(#; 8%) throughout 
the sub-codtdinate domains Sı and Sz respectively of the codrdinate systems 
æ(P) and &(P). We shall further assume that (x; 8x) possesses an adjoint 
&* (x; 8x) and that x(@; 8%) has an adjoint 2*(Z; 5%). It can be shown readily 
that &(æx; 8x) is a solvable linear function of ôx with x(@;8#) as inverse. 
From the postulates for [+, y] and the following evident steps 


[82, é] = [E (x; æ (2; 82) ), €] = [x (2; 87), 2* (x; €)] 


— [88, «* (2; 2% (25 £))] 
it follows that 
(1.1) s7 (3; E*(@;é)) =é for all &#. 
Similarly 
(1. 2) &* (x; v*(4;&)) =é for all éE. 


From these two results it follows that &*(x; 8x) is a solvable linear function 
of 8x with z* (4; 84) as inverse. 


2. Covariant differential of a covariant vector field. The absolute cal- 
culus of contravariant vector fields has been studied elsewhere. The components 
of a geometric object have a characteristic law of transformation in the inter- 
section of two Hausdorff neighborhoods. The law of transformation for a 
contravariant vector field is 


(2.1) E(E) = &(x; €(a)). 


DEFINITION 2.1. A covariant vector field is a geometric object whose 
components transform in the intersection of two Hausdorff neighborhoods 
according to the law 


(2. 2) FC) = 2 (Z; n(x) ) 


under a transformation of codrdinates T = i(x). 


5 Michal (1). 
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The inverse of (2.2) is 


(2.3) nc) = #* (<; 7(2)). 


In addition to the restrictions of § 1 we shall now assume that the second 
Fréchet differential (x; dx; z2x) exists continuous in x and that the Fréchet 
differential . 


di, 2* (03 7) 
exists continuous in It can be shown with the aid of theorems proved 


elsewhere ® that (Z; 8%; 8%) exists continuous in @ It can also be shown 
that the adjoint #*(#; x; À) of the linear function (ë; p; Aà) of À exists con- 


tinuous in # and that the adjoint s* (Z, A, p) of the linear function deat (o; À): 
E 


of » exists continuous in 4. 


THEOREM 2.1. Under the restrictions on coérdinate transformations just 
described, the following relations are valid 


(2.4) das" (a3 A) = 2% (2; p5 A) 
(2.5) de a* (o; A) = 2*(4,A, p). 
B 


The functions 2*(%;u; A) and a*(%,d,u) are bilinear in À and u and self 
adjoint as linear functions of p. 


Proof. On differentiating 


(2.6) [u(Z3v),A] = [v, e* (25) ] 
we obtain 

(2.7) [w(45 v3 a), À] = [», dé a" (03 À)]. 
Clearly 

(2.8) Er(&;v;u), à] = [n 2 (&;u; AT. 


Hence from (2.7), (2.8) and the positive definiteness of the inner product 
there results (2.4). 
From (2.7) and the definition of z*(#, À, v) we have 


(2. 9) [a(%3v5 a), A] = [u £" (4, A, )]. 
But 2(Z3;v;p) is symmetric in v and p so that (2.9) makes clear that 


Michal (2); Michal and Elconin (1). 
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z*(&,À,v) is self adjoint as a linear function of yv. Hence (2.5) is valid. 
Finally the bilinearity of z*(@;;A) and æ*(&, À, p) in À and p follows from 


the continuity of de z*(o; À) in Z and a theorem of Banach on the linearity 
T ; 


of the limit of a sequence of linear functions.” 


THEOREM 2.2. A necessary and sufficient condition that [é(x), (a) ] be 
a scalar invariant for an arbitrary contravariant vector 8 &(x) is that y(x) be a 
covariant vector.® 


DEFINITION 2.2. A covariant linear connection is a geometric object 
with components L(a,4(x), €(a))*that are bilinear functions of a covariant 
vector y(x) and a contravariant vector £(x) and such that in the intersection 
of the geometrical domains of two codrdinate systems x(P) and (P), the 
components have the law of transformation 


(2.10) (2, 7(2), (#)) = 2* (2; L(x, n(x), €(2)) + 2* (2; €(2) ;n(œ)) 
under the transformation of coürdinates T = &(x). 
Let the covariant vector n(x) have a continuous differential (x; 52). 


Then from known theorems on Fréchet differentials and from Theorem 2. 1 
we obtain 


(2. 11) 7 (£3 84) = a (453 y(x; du) ) + 2* (5; 883 n(x)). 
Hence with the aid of (2.10) we obtain 
(2.12) (Z; 8%) — I (2,7 (2), 88) = 2* (2; n(x; de) — L(x, (a), 8x) ). 


The steps are reversible so that we have proved the 


THEOREM 2.3. A necessary and sufficient condition that 
(2.13) n(z; 8a) — L(x, n(x), dx) 


be a covariant vector whenever n(x) is any continuously differentiable covariant ` 
vector is that L (a, n(x), 8x) be a covariant linear connection. 


\ | ‘Michal (2). . 

8 We use contravariant vector and covariant vector as abbreviations for contra- 
variant vector field and covariant vector field respectively. One can, however, define a 
covariant vector (strict) and contravariant vector (differential) as usual and recast 
the definitions and theorems (except Theorem 2.3) in the obvious way by substituting 
contravariant (covariant) vectors for contravariant (covariant) vector fields in the 
arguments of the linear connections and multilinear forms. 
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DEFINITION 2.3. If L(x, (x), 8x) is a covariant linear connection, then 
the linear form n(x/èx) in 8x defined by 
(2. 14) n(a/8x) n(x; de) — L(«, n(x), 82) 
will be called the covariant differential (based on L) of the covariant vector 
(2). 

Let T'(x, é (£), £:(x)) (not necessarily symmetric) be a linear connection,® 
where é (x), é (x) are contravariant vectors. This is to be distinguished from 
the covariant linear connection of Thecrem 2.3. The law of transformation 1° 
for a linear connection is | 
(2.15) F(z, ë (2), &(@)) =2(@; T(z, & Ce), é&(2))) + E(a5 (458, (2) 3 &(4))). 
An equivalent law of transformation to (2.15) is 
(2.16) (4, & (2), &(2)) = a(#; T(z, & (a), &(2))) — F(a; & (2) ; &(2)). 
We shall use these laws of transformation in the next section. 

8. Covariant differential of multilinear forms in covariant and contra- 
variant vector fields. Since the covariant differential of a covariant vector is 
a covariant vector depending linearly on an arbitrary contravariant vector, it is 


clear that the theory of successive covariant differentials can be brought under 
the theory of covariant differentials of multilinear forms. We shall prove 


THEOREM 3.1. If 


(i) F(z, fc), éhe) p(t); ns (z) ) is a covariant vector 
valued multilinear form in the continuously differentiable contravariant vectors 
é (x), + <, ér (£) and covariant vectors m (2), < - ,ms(t), 


(ii) the partial differential F(z, &,' - `, rnm,’ `s; 82) exists con- 
tinuous in T, i 
then the function F(a, é (s), + +, ét); m(t) : "> s(x) /8x) defined by 
F(a, és), é (T), (2), ay OD ns (x) /8e) 
= F(z, &,(),---,& (x), mhs), ns (2); èz) 

— È F(z, be), fia (1), P(e, (2), de), 
(8.1) Six (2), Ér (2), m (E), ne (2) ) 

+ 2 F(a, & (z), coulis é (x), m(), +, mais), 

L(x, (2), 8%), nis (2), > ns (2) ) 
—L(z, F(a, é (v), “Ty é (s), ms), TARG ns (x) )» x) 


° Michal (1), (2). 
10 Michal (1). 
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is a covariant vector valued multilinear form in &,° + *, Ern M" © * 5 Ms) dt. 
We shall call F(a, é: `, &5' * ‘ ,ns/èt) the covariant differential of 
F(a, &1,° g Sén’ ° "5 18)- 


Proof. We shall give the details of proof for r == 1, s = 1 as the proof 
for the general case, although lengthy, differs in no essential manner from that 
of this special case. 

By hypothesis 


(3.2) -B(4,8(4),9(4)) = 0* (4; F(a, €(2), 1(2))) 
from which we obtain with the aid of Theorem 2. 1 


P (2, E(2), (E) 588) = 2* (2; P(e, £(#), 0(2) 582) ) 
au) + a* (2; 88; F(a, €(#),())) 


+ a (85 dg, P(2, (0), n(o))) — dg, F(& Ee), 70). 
On using (2.16) and (3.2) we find that 


an SPIER), 8), 7D) =a (2; F(a Ue, €(), 8), 0(2))) 
re) { — F(a, (2; €(2) ; 82), 7(2)). 


Similarly from (2.10) and (3. 2) 


3.5 F(z, E(2), L(, (2), 82) ) = s" (T; F(a, €(x), L(x, n(x), bx) )) 
(3:8) + P(E, EC), 2% (2; 883 (2))). 
Evidently 


L (a, F (2, £(2), W(@)), 8%) — 2" (2; L(2, F(a, &(), 9(#)), 82) ) 
(3.6) { ( ) + 2* (2; 88; F(a, (x), 9(#))). 


Taking the differential of (2.1) and using (3.2) we obtain 


(4, 8€(4),9(4)) =F (4, 8(2; (0)  8¢),7(2) ) 
alg { at (2; F(x, 96(2), 9(2))). 


Similarly from (2.11) and (3.2) 


. P (&, E(2), (4) ) = F(a, £(2), 2% (2; 83; n(z))) 
(3. 8) | ( ) Ha (2; F(a, (2), 8n(z))). , 


Reducing (3. 3) by means of (3.7) and (3.8) 
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F(z, €(2), 9 (2) 5 8% 
(3.9) | = a* (5 P(x, EG), (a) 380) ) + 0% (2; 83; Fa) 
y — F(E,&(z; &(&) ; bx), 4(&)) — F (2, E (&), 2*(Z; èZ; n(z))). 


Finally with the aid of (3.4), (3.5), (3.6), and (3.9) we obtain 


P (8, E(E),3(2)/88) = 2° (83 F(a, &(2), n(2)/80)), 


which completes the proof of the special case r = 1, s = 1. 
The following two theorems can now be proved without much difficulty. 


THEOREM 3.2. If in the hypotheses of Theorem 3.1, the function 
F(a, én’ énn °°, 78) is taken to be a contravariant vector valued multi- 
linear form, then the function F(a, &,°- +, &,715' * *59s/8e) defined by 


F(a, 6:(),°**, &(2), me)", ns(æ)/8x) 
=F (s, é&(z), | sÉr(t); m(£); (€) ; br) 
(3. 10) = $ F(a, Éi, alee Éis T (v, (ct), 8x), Etat, uty Ér °° 75) 


m 

8 
+ F(a, Én tt Ér Mo" nina, L(T, mis DT), mins” 7) 
+ T(z, F(a, és > > Éra M5 aid 57%); ès) 


is a contravariant valued multilinear form in &,° + *,Ër, mis * “sms 8%. 
We shall call F(x, é> ‘és ms °°, 9/80) the covariant differential of 
F(a, én: 5 Én M” j “5 78)+ 


THEOREM 3.3. If in the hypotheses of Theorem 3.1, the function 
F(a, &1,° + +, Érs ms" * tans) ts taken to be an absolute scalar multilinear form 
(with numerical values or with values in a Banach space), then the function 
_ F(a, ést éno’ > +» 90/80) defined by 


F(a, E,(@),°+', ér (£), (T), "oqs (2)/82) 
= F(a, étt, Én p'o na; 82) 
(8.11) —ÈF(a, Es" y tas T (a, i, 82), S41, "à Ér M` ane) 


i=l 


+ $; P(e, ptes > rn My Se > Miss D (T, Mi 82), mis 5m) 
a= 


is an absolute scalar multilinear form (with numerical or Banach values) in 
éo °°) Er 9° ‘on, 0%. We shall call F(a, &,* - t, éns + +> e/8x) the 
covariant differential of F(a, én: © +56" $ * 598): | 
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To have the successive covariant differential n(z/8x/- > + /8pr) well 
defined in all codrdinate systems, it is sufficient to assume that (1) the covariant 
vector y(#) possesses a continuous p-th differential; (2) L(a,y, 8%) has a 
continuous p-th partial differential in the first place; (3) T'(x, é) has a 
continuous (p—1)-st partial differential in the first place; (4) #(x) has a 
continuous (p-+2)-nd differential; and (5) «*(%;A) has a continuous 
(p +1)-st differential in &. | 

By calculation we obtain the commutation rule 


(3.12) n(r/8it/det) — q (2/81/81) 
== — L (2, n(x), 32, 8.0) — an (2/Q(a, 8,2, 82%) ), 


where 

(3.18) { L(x, 9(%), 81%, 32%) = L(x, n(), 8:0; 8.0) — L(x, n(&), 820; 8,2) 
+ L(z, D(a, (x), 8%), ès) — L(s, L(2, n(x), 8), der) 

and 

(3.14) O(a, 82, 80) = $ {T (x, 8:2, 8.2) —T (T, 822, 8:2) }. 


Since Q(x, 8,2, 8.7) is the contravariant vector valued torsion form, it follows 
from (3.12) and Theorem 3. 1 that the trilinear form L(x, n(x), 8.2, 8:2) is a 
` covariant vector valued trilinear form, called the (covariant vector valued) 
curvature form. 
Suppose now that F(s, (x), 8x) is bilinear in covariant vectors (x) 
and in da, and suppose further that F(s, n(x), ðr) is the component of a 
geometric object. On making special use of the properties of the adjoints and 
the law of transformation of the linear connection one can demonstrate without 
much difficulty the following theorem. 


THEOREM 3.4. A necessary and sufficient condition that the adjointness 
relation 


[T (æ, E(x), 8x), n(x) ] = [é(z), F (x, n(x), 8x)] 


be a geometric condition (i. e., continues to hold under a transformation of 
coordinates) is that F(x, n(x), 8x) be a covariant linear connection. 


The importance of a relation of the above type between the linear con- 
nection T and the covariant linear connection Z is made clear from the fol- 
lowing result. 


THEOREM 3.5. A necessary and sufficient condition that 


[lé (e), n(2)1 = [E(#/82), n(2)] + [é(2), n(x/8x)] 
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for all continuously differentiable contravariant vectors &(x) and covariant 
vectors y(x) is that the covariant linear connection L(a,4(z),8e) be the 
adjoint of the linear connection T(x, E(x), 8x) considered as a linear function 


of &(a). 
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A TYPE OF HOMOGENEITY FOR CONTINUOUS CURVES: 


By CHarzes H. WHEELER, III. 


Introduction. A set of points M is said to be homogeneous ? if, given any 
two points z and y of M, it is possible to find a homeomorphism which will 
send M into itself in such a way that x is sent into y. 

A set of points M is said to be bi-homogeneous* if given any two points 
æ and y of M there exists a homeomorphism which sends M into itself in such 
a way that v is sent into y and y is sent into x. 

We will investigate the conditions under which a compact, locally con- 
nected continuum may be cyclic element homogeneous, i.e., given any two 
true cyclic elements * of a set M, there exists a homeomorphism which sends 
M into itself in such a way that one of the given true cyclic elements is sent 
into the other. A compact locally connected continuum is a continuous curve 
in the sense that it is a set of points which is the image of the unit interval 
under a continuous transformation. 

The case where M contains only a finite number of true cyclic elements 
will be completely treated, while some results will be stated for the case where 
M contains infinitely many true cyclic elements. 

Two simple closed curves joined by a simple are provide an example of a 
cyclic element homogeneous set. The curve illustrated in Fig. 1 is not cyclic 
element homogeneous because the true cyclic element marked C, cannot be 
sent into any of the other true cyclic elements by a homeomorphism which 
sends the set into itself. In Fig. 2, also in Fig. 1, each true cyclic element is 
homeomorphic with each of the remaining ones, but in Fig. 2 the cyclic ele- 
ment marked C, cannot be sent into any of the others by a homeomorphism 
which sends the set into itself. Fig. 3 is an example of a set of points which 
contains an infinite number of true cyclic elements and is cyclic element 
homogeneous. : 


1 Received April 18, 1935; revised October 15, 1936. 

2 See Kuratowski, Fundamenta Mathematicae, T. 3 (1922), pp. 14-19, also 
Mazurkiewicz, Fundamenta Mathematicae, T. 5 (1924), pp. 137-146. 

3 Kuratowski, loc. cit. 

‘The cyclic elements of a locally connected continuum are (1) all cut points of 
the continuum and (2) the set of all points conjugate to a point p, where p is any 
non-eut point of the continuum. A true cyclic element is one which does not reduce 
to a single point. See G. T. Whyburn, “Concerning the structure of a continuous 
curve,” American Journal of Mathematics, vol. 50 (1928), pp. 167-194, and Kuratowski 
and Whyburn, “Sur les eléménts cycliques et leurs applications,” Fundamenta Mathe- 
maticae, T. 16 (1930), pp. 305-331. 
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1. Preliminary theorems. Let M be any compact and locally connected 
continuum, which we shall consider as a space. Designate by H the smallest 
A-set which contains all the true cyclic elements C; in M, i e., an A-set 
containing all the true cyclic elements C; and not a proper subset of any A-set 


Fig. | Fi q. 2 


Fig. Š 


containing all the true cyclic elements. The set H may be obtained by taking 
the product of all A-sets in M which contain all the true cyclic elements. Then 
since © the product of any number of A-sets is an A-set, it follows H is an 


5 À closed set which has the property that if 2,yeA then every arc wy in the 
space is contained in A. F 
°Cf, Kuratowski and Whyburn, loc. cit., Theorem 4: 1. 
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A-set and clearly it is the smallest such set containing all the true cyclic 
elements. If there are only a finite number of true cyclic elements, the set H 
may be obtained by choosing a non-cut point p; from each true cyclic element 
Ci, and forming all the possible pairs of these points. Then for each pair 


pi, p; form the cyclic chain Ci.(pi, pi). We then have H = > Cx (pi, Pi). 
Le 


1.1. THEOREM. If M contains only a finite number (> 1) of true cyclic 
elements, then there exists at least two true cyclic elements each of which has 
only one point in common with the closure of the remainder of H. 


Proof. This follows immediately from a theorem of G. T. Whyburn.’ 
He ‘proves that if a continuum has more than one cyclic element then it con- 
tains at least two nodes, where a node is defined as an end point or a true 
cyclic element which contains only one cut point. Hence H must contain at 
least two true cyclic elements which contain only one cut point since it contains 
no end points. 


1.2. THEOREM. If T is any homeomorphism which sends M into itself, 
then T(H) = H. 


Proof. The set H is uniquely defined as the smallest A-set containing 
all the true cyclic elements’ of M. Any homeomorphism T will send H into . 
an A-set which contains all the true cyclic elements of M, thus H C T(H). 

Since 7+ is a homeomorphism, H C T*(H). Operating upon this with 
T we have T(H) CTT"(H) =H. Thus T(H) C H. It follows from the 
above two inclusions that T(H) = H, and the theorem is proved. 

We will consider H to be our space for the remainder of this paper. H is 
a compact locally connected continuum. f 


1.3. Definition. A set H is said to bẹ cyclic element homogeneous if, 
given any two true cyclic elements of H, then there exists a homeomorphism T 
such that T(H) =H and one of the given true cyclic elements is sent inte 
the other. 

From this definition we have immediately the following: 


1.4. THEOREM. If H is cyclic element homogeneous, then each true 
cyclic element contains the same number (finite or infinite) of cut points of H. 
\ 


2. The case where H contains only a finite number of true cyclic elements. 
If the set H contains only a finite number (> 1) of true cyclic elements, 


~“ Concerning the structure of a continuous curve,” loc. cit., p. 180. 
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there exists a true cyclic element Cs which contains only one point which cuts 
H by 1.1. Then every true cyclic element of H has only one point in common 
with the closure of the remainder of H, by 1.3, i. e., C:-H—O; = a single 
point. 





Definition. Let p.* be the point of C; such that pie H—C;. The sum 
of all true cyclic elements which contain p,‘ is called a cluster cf true cyclic 
elements. The point pit = p; is called the center of the cluster K;. 


Then K; = 5 C; and Il Ci = p;. The centers of every two clusters 
{=I 4=1 


are joined by a simple arc in H, since H is an A-set. The arc p;px is such that 
pipe K; =p; and pipe Kx = pr, 


for we have seen above that no C;/ of K; can have more than one point in 
common with H — Ci). 


2.1. THEOREM. If H is cyclic element homogeneous and contains only a 
finite number of true cyclic elements, then there is the same number of true 
cyclic elements in each cluster. 


Proof. Suppose the contrary, then there exists some two clusters such that 
m 
K,= > C7, K.=> C?, n>m. 
1 


The ‘points p, and p: are the centers of the clusters K, and K, respectively. 
Since H is cyclic element homogeneous, let T(H) = H in such a way that 
T(0;') =C?. Now Ct: Kı — Cy! = pı and 0,?: Ko — Cy? = po, and hence 
T (pi) = pe. 

Since Cr! -D pi, then T(C:1) = some Ci? for some 1, t = 2,8,- m. 
This is also true for the remaining n — 2 true cyclic elements in K,, but there 
are m— n less true cyclic elements in K, than in K,, so this is impossible. 
Thus the supposition that the clusters do not contain the same number of true 
cyclic elements leads to a contradiction, and the theorem is proved. 


2.2. COROLLARY. If a true cycle element of one cluster is transformed 
by a homeomorphism T into a true cyclic element of another cluster, then the. 
first cluster is transformed into the second cluster by T. 


2.8. THEOREM. If H is cyclic element homogeneous and contains only 
a finite number of true cyclic elements, then no cluster cuts H. 
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Proof. Suppose there exists no cluster which does not cut H. There are 
only a finite number of clusters since there are only a finite number of true 
cyclic elements in H. Then H — K, = H,' + H+, where 


Ht Hi = H)-H—0 and AA 054 He. 


H contains at least one cluster K;,. Let Kn, be the cluster in H, with 
the least subscript. Then H — Kn, = H,? + H, where 


H}: H} =H? He =0, HYAVAH? and HDK. 


H? contains at least one cluster Kip Ki, z£ Kn, Let Kn, be the 
cluster in H,? with the least subscript. Then H — Km = H: + H, where 


He E= Hp H =0, HiA04H! and Hè D En 


H, contains at least one cluster Kin Kis £ Kny 
This can be carried on indefinitely, but this is impossible for there are 
only a finite number of clusters. Thus there exists at least one cluster K: 
which does not cut H. | 
Let Kp be any cluster of H different from Kı. By 2.2 H — K: is homeo- 
morphic with H — Kp and hence Kp can not cut H. Thus no cluster cuts H. 


2.4, Definitions. 


2.41. A compact locally connected continuum H is said to be symmetrical 
with respect to a cyclic element C (whether C be a true cyclic element or not) 
if every component of H — C is homeomorphic with every other component 
of H—C. We will call C the center of symmetry. 


2.42. A set of points H is said to be cyclic symmetrical with respect to a 
cyclic element C (whether C be a true cyclic element or not) if it is sym- 
metrical and any true cyclic element of one component of H—C may be 
sent into any true cyclic element of another component of H—C by a 
homeomorphism which sends the first component into the second. 


2.43. A major branch at a branch point x is the component of H —x 
which contains the center of symmetry. 


2.44, A minor branch at a branch point œ is a component of H—x 
which does not contain the center of symmetry. 


2.5. THEOREM. If H is cyclic element homogeneous and contains only 
a finite number of true cyclic elements, then there exists a point c such that 
H is cyclic symmetrical with respect to c. 
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Proof. We saw that the centers of every pair of clusters are joined by an 
are in H, and that this arc has only the centers of the clusters in common with 


the clusters. Also by 2.3 no cluster cuts H. Thus H — SK 4 is an acyclic 
1 


curve with a finite number of branches. 

There is a center p; of a cluster K; at the end of each branch. Form all 
the possible pairs of the points pi. Take a pair pı, pa which has a maximum 
number of branch points on the arc joining them. If this number is odd let 
the middle branch point be c, if it is even let c be any point on the open are 
joining the two middle branch points. The point c is uniquely determined 
in the case where the maximum number is odd, and uniquely determined to 
the extent of being any one of the points on an open arc in the case where the 
maximum number is even. Now 


H — o = Sı + 8a +Ss+ "+8, 


where S,, S2,: - +, 8, are components. If the number of branch points on the 
are joining p, and p, is even there are only two components, while if this 
number is odd there may be any finite number of components. Let 8; D pı 
and Se D po. i 

Number the branch points on S, in the following way: Let the first 
branch point out from c be x‘, then on each minor branch from a let the 
first branch points be 2,2, 22,- + -,4,2. The branch point on the branch 
containing p, we will call #. Let the first branch points on the minor 
branches from 2? be 211, 2%," + -,@°s,, The branch point on the branch 
containing p, we will call a. Continue in this manner until all the branch 
points have been numbered. Number the branch points on S in the same 
manner except with the use of y instead of v. | 

The number of branch points from c to p, is the same as the number from 
c to po; let us assume this number is k. 

We must now show that there exists a homeomorphism T such that 
T(S:) = 82 Since H is cyclic element homogeneous, let T' be a homeo- 
morphism of H into itself such that T'(C,*) = C,? where C:1D p, and 
C2 ps Then T(p:) =p: and T(K) =K, The arc part is sent into 
the arc poy* and 2 into y* by T. At the branch points 2* and y* there are 
the same number of branches because z* and y* correspond to each other under 
a homeomorphism. There is no branch point on any of the minor branches 
at æt or y* for if there were one on some minor branch, say at y¥, there would 
be more branch points on the are joining one of the centers p, (on this branch) 
and p, than on the are pipe. Then pı, pa would not be a maximal pair. 
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The-are v*a*1 is sent into the are y*yt* by T so that st is sent into 
y**, There are the same number of branches at æ% as at y*1 because g% 
and y*+ corrrespond to each other under a homeomorphism. There can not 
be more than one branch point on any of the minor branches at s or y“; 
for if there were, pı, pa would not have been a maximal pair. There must be 
one branch point on each of the minor branches at s% and y** and the number 
of minor branches at these branch points is the same as the number of minor 
branches at g” or gr. ` 

Now continue down the major branch at z** and y**. The are atta? 
is sent into the arc y**y*? by T, and then 2*? is sent into y*?. The number 
of minor branches at 4%? and y*-? is the same, because z*? and y** correspond 
to each other under a homeomorphism. The minor branches at 2*? are homeo- 
morphic with the minor branches at y*?. On continuing inthis manner until 
we reach T(z) —y', it can be shown that the minor branches at x! are 
homeomorphie with the minor branches at y'. Then the are ste — c is sent 
into the are ytc — c by T. Therefore T(81) = 82. 

-I£ there are only two components of H — c, the theorem is proved. In 
the case where there are more than two components of H —c, take any com- 
ponent S; different from 8, and 82. Let ps be the center of the cluster Ks 
such that the number of branch points on the arc joining it to c is a maximum 
for all centers p; in Ss. Let the number of branch points on this arc be'm. 
Then mS k, for if it were greater p,, pe would not have been a maximal pair. 
Number the branch points on Ss the same as on Sı, denoting them by z 
instead of a. 

Since H is cyclic element homogeneous, let T'(H) == H in such a way that 
T (0,1) = Cf, where 01t C K, C Sand 0,7 C K, C 8a. Then T(K:) = Ks, 
T (pi) = ps, T (pit*) = part and T (2%) = 2". The number of branches at g* 

‘is the same as the number at 2”, for a* and 2” correspond to each other under. 
a homeomorphism. There is no branch point on any of the minor branches at 
x* or 2”, for if there were, ps would not have been a maximal number of branch 
points from c. Then T (atg) = amg" and T(a**) =z”, The number 
of branch points at x** and z"-1 are the same since v1 and z"-1 correspond 
under a-homeomorphism. The minor branches at 2”? are homeomorphic and 
homeomorphic to the minor branches at g+. 

It is thus seen that if m = k, S, is homeomorphic with S;. If m < k, 
say m +- 1 = k, then one minor branch at st is sent into S, and st is sent 
into c. Since æ! and c correspond to each other under a homeomorphism, 
there are the same number of branches at &t as there are at c. This may or 
may not be true; if not, it is seen immediately that T (H) 4 H, and therefore 
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m= k. If the number of branches at zt and c are the same, consider the 
number of branch points on the are from gt to pə eSa. There are k +1. The 
branch from x! containing these must be sent into a component of H—c 
different from 83; but we have seen that the maximum number of branch 
points from c to the center of any cluster in H — c was k. Therefore this is 
impossible and T(H) ~H. Thus m = k. Therefore all of the components 
of H —c are homeomorphic. 

| It must now be shown that any true cyclic element in one component may 
be sent into any true cyclic element in enother component by a homeomorphism 
which sends the first component into the second. Let Cf be any true cyclic 
element in S, and C,/ any in 84 Now CC K; and O, C Kj. Since 
H is cyclic element homogeneous, let 7(H) =H in such a manner that 
T(C,*)= Ci. ‘It has already been shown that Sp and S; are homeomorphic, 
that every cluster on S, and S; are the same number (k) of branch points away 
from c, that at each i-th branch point out from c (i = 1,2, 3,: - +, k) there 
are the same number of minor branches which are homeomorphic with one 
another. Let the branch points on 8; and S; be numbered in the same manner 
as were the branch points on S, and denoted by u and v, respectively. We 
have then T(Ki) = K;, T(pi) = p;, T (piu) = put and T(u*) =v. The 
remaining minor branches at w* are sent into the remaining minor branches 
at vt by T. Then T (utuk*) = vvt and T(ukt) = vi, The remaining 
minor branches at w* are sent into the remaining minor branches at 17+ 
by T. Continuing this finally yields T(ut) =v’. The remaining minor 
branches at uw! are sent into the remaining minor branches at vt. Then 
T(u'e —c) = v'c—c, thus T(S,;) =S: Q.E.D. 


2.6. Summary. We have proved that if H is cyclic element homogeneous 
and contains only a finite number of true cyclic elements C; then 


1) Ci H— Ci; = a single point, for each 1. 
2) Each cluster K; has the same number of true cyclic elements. 
3) H—K;, for every 1, is connected. 


4) H— > Kı is an acyclic curve with a finite number of branches. 


5) There exists a point ¢ such that 
a. Every cluster is the same number of branch points distant from c. 
b. At each i-th branch point from c, (t= 1, 2,- : -,k) there are the 
same number of branches, and all the minor branches are homeo- 
morphic. 
c. On every component of H — c there are the same number of branch 
points and the same number of clusters. 
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d. Every component of H — c is homeomorphic with every other and 
‘any true cyclic element of one component may be sent into any 
true cyclic element of any other component by a homeomorphism 
T which sends the first component into the second and which 
sends H into itself. 


6) All the true eyclic elements are homeomorphic, and if p: eC, and 
piece Cs such that C,-H—C, D pr and Cs: H — 0s D p:’, then 
the homeomorphism W (C+) = Cs is such that W(pi7) = pis for 
some t. 








Fig. 4 is an example of a set L which is cyclic element homogeneous. The 
point c is the center of symmetry, and there are three components of L — c. 
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2.7. THEOREM. If H contains only a finite number of true cyclic ele- 
ments, in order that H be cyclic element homogeneous it is necessary and 
sufficient that (1) the true cyclic elements be grouped in clusters with the 
same number in each cluster, (2) no cluster cuts H, (3) there exists a point c 
of H such that each cluster is the same number, k, of branch points away from c, 
(4) at each i-th branch point (t=1,2,--+,h) from c there are the same 
number of branches, and (5) if Cy and Os are any two true cyclic elements 
of H, there exists a homeomorphism of Cr into Cs which sends the cut points 
of H on C, into the cut points of H on Cs. 


Proof. The necessity follows from 2.5. To show the sufficiency take any 
two components Sı, 8, of H— c. Denote the branch points on 8, by æ and 
those on Sz by y, as was done in 2.5. Go out along the ares from c to x! and 
to y! lying in 8, and Sz respectively. There are the same number of branches 
at zt as at yt, by hypothesis. Out from.x! and y* on each minor branch there 
is a second branch point from c. There are the same number of branches at 
each of these. by hypothesis. Out from the second branch points from ¢ on 
each of the minor branches is the third branch point from c, and there are 
the same number of branches at each of these. 

Continue this until we get to the k-th branch points from c. By hypothesis 
there are the same number of branches at each of these points. Out from the 
k-th branch points on each of the minor branches is a cluster of true cyclic 
elements, for otherwise this branch would not have been in H. There can not 
be any branch point on any of these branches, for if there were there would 
be at least two clusters which had more than k branch points on the arc from 
the center of the cluster to c. There is no cluster on any minor branch from 
gs! and y! before the k-th branch point, for if there were there would be less 
than & branch points on the arc from its center to c. Thus there is a cluster 
of true cyclic elements at the end of each minor branch from the &-th branch 
points.. By hypothesis there is the same number of true cyclic elements in each 
cluster. Since no cluster cuts H, every two of the clusters are joined by an 
are in H which passes through at least one branch point. Hach true cyclic 
element contains only one point which cuts H, namely the center of the cluster 
in which the true cyclic element is contained. This follows from the fact that 
no cluster cuts H. 

It must now be shown that there exists a homeomorphism T such that 
if there be given any two true cyclic elements C;, Cj of H, then T(H) =H 
in such a way that T(C;) —C;. Take any two true cyclic elements O, and C2. 
By hypothesis there exists a homeomorphism W such that W(C,) = C; and 
W (p1) = p2 where pi eC, H—O, and pse0C>°H—C; Define the homeo- 
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morphism T == W over C,. There are the same number of true cyclic elements 
in each cluster, hence the definition of T can be extended so that T7(K,) = K: 
where K, D O, and K, C2. If pitt and p.y* are the arcs from K, and Kz 
to the branch points 2% and y* respectively, we so extend the definition of T 
that T (pa) = pay", and T(a2*) =y"; also T (bse) = bt, where bi, are 
the minor branches at æ* which do not contain p, and bi, the minor branches 
at y* which do not contain pz, i = 2, 8,: ©: m. If g> and y*y*" are the 
arcs from 2* and y" to the (4 —1)-st branch points, we define T (s*a) == gg 
and T(>) = y*"; also T (btse-1) = b+yx-1 where box: are the minor 
branches at 2%-1 not containing 4% and bt,,, the minor branches at y** not 
containing y”, i = 2,3,:-:+,7. Continue in this manner until vf == yf or 
until ¢ is reached on both components. If bt and b? are the branches from 
zi or c, as the case may be, which contain C, and O, respectively, for each 
point web’, define T(x) — T(x) ; for each point g eH —b+— d?, define 
T(z) =a. We thus have a homeomorphism T which sends O, into C;, the 
component of H — c which contains C, into the component of H — c which 
contains C2, and H into itself, 


2.8. Definition. A set of points H is said to be bi-cyclic element homo- 
geneous if, given any two true cyclic elements of H, there exists a homeo- 
morphism T such that T(H) = H and the true cyclic elements are sent into 
each other. | 

From the way the homeomorphism T was defined in 2.7, it is seen that 
if a set H satisfies the conditions of 2. 7 it is bi-cyclic element homogeneous. 

As was stated in the introduction, Fig. 3 is an example of a space M 
which is cyclic element homogeneous but it is not bi-cyclic element homo- 
geneous. The true cyclic element C, may be sent into any other true cyclic 
element of the space by a homeomorphism which sends M into itself; but O, 
can not be sent into C, by a homeomorphism which sends C, into C, and M 
into itself. i : f 

It may be remarked that the finite case just treated could have been 
reduced to the consideration of an acyclic curve which was end point homo- 
geneous. However, little if any advantage in simplicity seems to accrue from 
such a reduction. 


3. The case of infinitely many true cyclic elements. Although no com- 
plete solution for this case of the problem has yet been obtained, we shall state 
here some results bearing on certain important phases of it. 


3.1. If H is cyclic element homogeneous and contains infinitely many 
true cyclic elements which are grouped in clusters, where no cluster cuts H, 
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then there are a finite number of clusters with an infinite number of true 
cyclic elements in each cluster. Also under this hypothesis there exists a 
point c such that each cluster is the same number of branch points away from c 
and at each i-th branch point (t—1,2,--.-,%) from c there are the same 
number of branches. It can be shown that the necessary and sufficient con- 
dition for this case is similar to that of the finite case. 


3.2. Let H satisfy the conditions: (1) it contains infinitely many true 
cyclic elements {Cj}, (2) each cut point is contained in exactly two true 
cyclic elements, (8) each component of H — C; has a different boundary point, 
(4) the set of cut points of H is totally disconnected, and (5) no point p is 
the limit of true cyclic elements in more than one component of H — p- 

Under these restrictions, a necessary condition that H be cyclic element 
homogeneous is that when C;-and C: are any two true cyclic elements of H, 
there exists a homeomorphism of Os into Cz such that one particular cut point 
in Ọs is sent into one particular cut point in C; and the remaining cut points 

` in Ce are sent into the remaining cut points in C4. 

Thus far it has not been shown that this condition is sufficient for H 
to be cyclic element homogeneous. But a sufficient condition is that when 
C, and C: are any two true cyclic elements of H, there exists a homeomorphism 
T of Cs into C+ such that two particular cut points in O, are sent into two 
particular cut points in C; and the remaining cut points in Cs are sent into 
the remaining cut points in C4. 

It is to be noted that the sufficient condition is stronger than the necessary 
condition. 


THE JoHNS HOPKINS UNIVERSITY. 


A NAVIGATION PROBLEM IN THE CALCULUS OF VARIATIONS.* 


By E. J. McSHANE. 


The problem which I shall consider in this note is closely related to the 
Zermelo Navigation problem Let us suppose that the velocities relative to 
the air which can be attained by an airship consist of all the vectors r lying in 
a convex body K (x,t), depending on the position «= (æ+, °, z") and the 
time t. The air is supposed to be in motion, its velocity being a continuous 
vector function u(a,¢). Given two points So, 21, the problem is to find a path 
from To to xı which can be traversed by the ship in the least possible time. 
If K(x, t) is the sphere? | r | Æ X, where k is a constant, and if we add the 
further requirement that the speed relative to the air shall almost always be 
exactly &, this becomes the Zermelo navigation problem. Our replacement 
of the sphere | r | <& by the convex body K is suggested by the fact that an 
airplane can travel faster down than up. 

In the present paper I first prove under weak hypotheses the existence of 
a solution of the problem proposed above. I then consider the problem modi- 
fied so as to be a generalization of the Zermelo problem (i. e. the ship’s velocity 
is required to be almost always as great as possible), and under stronger 
| hypotheses I prove that this problem also is solvable. 


1. Throughout the following pages we shall use the following definitions 
and assumptions: 

A is a bounded closed point set (atmosphere) in (xt, 2’, z°)-space. 

A is a bounded closed set of real numbers t. 

K(a,t) is a bounded closed convex point set (or set of vectors) in three- 
dimensional space, defined and continuous® for ve A and — œ < t < œ. 

u(x, t) is a vector function (u(x, t), u?(a, t), u? (x, t)) defined and con- 
tinuous for ee A and all é. 


* Received December 3, 1936. 

+¥or a detailed study of this problem, as well as a bibliography of previous papers, 
the reader is referred to a memoir by B. Mania, shortly to appear in Mathematische 
Annalen. : 

* |r | is the length [2 (r+)*]% of the vector 7. 

‘For any convex set K, let K, be the set of all points having distance = e from K. 
A convex set K(@) is a continuous function of 8 at 8, if there is a neighborhood U of 6, 
such that for every @ in U the inclusions K(@) < K,(8) and K(8) < Æ, ( 8) hold. 
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V (a, t) is the set of all vectors of the form u(z, t) +r with re K (z, t). 
That is, V is the translation of K by the vector u, and so it satisfies all the 
conditions imposed above on K. 

Let the path of the ship be given in the form C : x = rh astSa+T, 
where the parameter ¢ is the time. The mean velocity of the ship between 
times ¢, and tz is (x(t) —2(t,))/(t2—t1), and we shall assume that this 
is bounded. The velocity at time ¢ is (4), if z(t) exists. The velocity 
relative to the air is then 2’(t) —u(s(t), t), and this must be with the class 
K (a(t), t) of velocities attainable at place s(t) and time 7. That is, by the 
definition of FV (x,t) we must have x(t) e V (e(t), t). Combining this with 
the previous requirements on the paths æ(#) to be considered, we are led to the 
definition : 

The curve O: c= a(t), aStSa+T is admissible (or, more fully, 
an admissible curve traversable in the interval [a, a + T]) if 


(1.la) the functions s(t) are Lipschitzian ; 

(1.1b) a(t) eA for Fan 

(1. 1c) aed; 

(1.14) g(a) =a, t(a+T)—=%; 

{Lle)  a’(t) © V(z(t),t) wherever æ’(t) is defined. 


It is convenient for the proof to have also the notation of a weakly admissible 
curve. A curve C is weakly admissible if it satisfies (1. 1a, b, c, d) and satis- 
fies (1. 1e) if we replace the words “wherever 2’(¢) is defined” by “ almost 
everywhere.” ( 

We obtain an obviously equivalent definition by changing parameters from 
t to r = (¢—a)/T; a curve O: æ= e(r), 0£r£ 1 is an admissible curve 
traversable in the interval [a, a + T] if 


(1.2a) the functions (r) are Lipschitzian ; 

(1.2%b) æ(r)e À forOS751; 

(1.2¢) aed; 

(1.2d) (0) =z, w(1) =a; 

(1.2e) æ(r)/TeV(æ(r),a + Tr) wherever 2’(r) is defined. 


Likewise, if in (1.2) we replace the words “wherever æ(r) is defined” by 
“for almost all +” we obtain a definition of a weakly admissible ‘curve. 

If a function F(t) is defined and summable over a set E — N, where # 
is measurable and N has measure 0, we shall define 


f POdt=f PO 
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This allows us to write, for example, 


` v 
IN OL —2(b) — e(a) 
if s(t) is absolutely continuous on [a,b]. 
2. We now can state: | 


THEOREM I. Under the hypotheses of $ 1, if there exists an admissible 
curve, then there is an admissible curve C traversable in a time interval 
[a, a + T] for which the time of traversal T is the least possible. 


Let To be the greatest lower bound of the times of traversal of all ad- 
missible curves and let W be the lower bound of the times of traversal of all 
weakly admissible curves. Since the latter class contains the former, WHT». 

We now choose a sequence of weakly admissible curves On: £ = tn (T), 
0 =71, traversable in the respective intervals [dn,@n + Tn], for which 
Ta —> W. From these we can select a subsequence such that a, tends to a 
definite limit a); we suppose that {CA} is already such a sequence. Since A is 
closed, age A. All the time intervals [@n, an + Tn] lie in a bounded closed 
time interval, and all « lie in the bounded closed set A, and V(a,t) is con- 
tinuous; so for all such (s, ¢) the body V(x,t) lies in a sphere about the 
origin of finite radius M. Then | a’n(r)|/Tn SM, so | 2’n(r)| is uniformly 
bounded. Hence by Hilbert’s theorem we can select a subsequence of the 
%n(r) which converges uniformly to a Lipschitzian limit function æ(r). We 
wish to prove that æ(r) is the curve sought. The proof will be given in a 
lemma. 


LEMMA 2.1. If the curves On: ar), OS 71 are weakly ad: 
missible curves traversable in the intervals [dn, 4n + Tn], and 


- (2.8) ün >a, Tn > U, Tn(r) — Tor) uniformly in r, 


then Co: 2% (r) is an admissible curve traversable in the time interval 


(a, a+ U). 


Condition (1. 2a) clearly holds, for z(t) has bounded derivatives as we 
saw just above. (1.2b) holds by the closure of A, and (1. 2c) by the closure 
of A. (1.2d) is evident, for zo = £a (0) —> (0) and zı = zn (1) > to (1). 
We now turn to the proof of (1. 2e). 

Suppose that ro is any number in [0, 1] such that z's (7) exists. Ife isa 
positive number, we define V. to be the set of all points whose distance from 
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V(to(ro), do + Uro) is S « By (2.3) and the continuity of æ(r) and 
V (a, t), we find that 


(2.4) there exists a 8 > 0 and an integer n such that if | r— ro | < 8 - 
and n © no, then V(æn(r), an + Tr) < Ve Therefore, for all n > n, and 
almost all r such that | r— 7 | < 8, 


(2. 5) w'n(r) € Ve. 


Now suppose 0 < l h | <8. Since Ve is closed and convex, by Jensen’s 
inequality * 


Toth 
(mn (ro + =n E f 2'n(r) dre Va 
Let h be fixed and let n—> œ. By the closure of Ve, 
[wo(re + h) —20(v0) 1/h = lim [as (ro +b) —æn (re) ]/h € Va 
ND 


Now let À—0. Again by the closure of Ve, 2’o(to) € Ve. But here the point 
æ'o(ro) does not depend on «, and it can only belong to Ve for every « > 0 
if it belongs to Vo = V(to(ro); do + Urto). Hence (1.2e) is satisfied and 
Lemma 2. 1 is established." 

Returning to the proof of Theorem I, by Lemma 2.1, the curve Co is an 
admissible curve traversable in time W = 7. But the time of traversal of any 
admissible curve is = To. Hence the time of traversal of C, = W = Ti. 
This completes the proof of Theorem I. 


Remark. We could alter the problem by assuming that u(x,t) and 
K (x, t) are defined only for ¢ in a closed interval to = tS t; nothing in the 
preceding demonstration would be altered. 

From Lemma 2.1. we draw another conclusion : 


LEMMA 2. 2. Every weakly y admissible curve is admissible. 


For let C: z =z (7), 0271 be a weakly admissible curve traversable 

in the interval (a, a + T). ‘In Lemma 2.1 we take æu(r) =%(r) =<a(r), 

= T =U for all n. Then the hypotheses of the lemma are satisfied, and 

the conclusion informs us that the limit curve (which is Ọ itself) is an ad- 
missible curve traversable in the interval [a, a + T]. 


4 Cf., for example, E. J. McShane, “ On Jensen’s inequality,” Bulletin of the Ameri- 
can Mathematical Society, vol. 40 (1937). 
5 We have proved a little more than we stated. If 7, is arbitrary, the above proof 
Hite that every vector which is the limit of a sequence [æ (76 + hn) — %o(To)] [hy as 
, 7 0 must belong to V(æ&(r), a + Tri), even though #’,(7)) may not exist. 
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8. For the next theorem we shall add the hypothesis that the ship’s 
engines are powerful enough so that at any time and place it can proceed with 
speed = 8 (8 a positive number) in any desired direction. Analytically, this 
means that the set of velocities which the ship can attain, namely 

Y (x, t) — u(x, t) + K (a, t), 

shall contain all velocities v for which |v |;& 8; that is, the sphere |v | £ à 

is contained in V(x, t) for all v in A and all £. If this is the case, for each 

direction (unit vector) d and each (x, t) there is just one number p == p (d, z, t) 

such that pd is on the boundary of V(x, t); and p = 8 for all d, all æ in A and 

all t. It is quite easy to see that if p(d,æ,t) is continuous, then the body: 
V(a,#) is a continuous function of (z,t). It is somewhat less easy to see 

that the converse is true; © so in order to save some space we shall hereafter 

replace the assumption that V(x, ft) is continuous by the assumption (only 

apparently stronger) that p(d,æ,t) is continuous. Then 


THEOREM II. Let the boundary of the body V (x,t) be given in polar 
coürdinates by the equation p = p(d, x, t), where p(d, £, t) 28> 0 and pis a 
continuous function of all its arguments. Then, if there exists an admissible 
curve, there is an admissible curve © : s = X (t), a'S tS a +T such that the 
time T of traversal is the least possible, and such moreover that 


0 < |Æ (E) = p(X" (t)/| Z (t) l, 2(4), t) 
for almost all t. . 


By Theorem I, there is a curve C: z = g(t), a=t=a+T which can 
be traversed in time T which is the least possible time of traversal of any 
admissible curve. Let v = é(s), 0S s S L be the representation of C with 
arc length as parameter. To each ¢ in (a, a + T) there corresponds a value 
So(t) of the parameter s, and s's (t) — | z’ (t) | for almost all ¢. This function 
is monotonic increasing and absolutely continuous. It may not have a single 
valued inverse, but we define t,(s) to be the least ¢ such that s)(¢) =s. Then 
to(s) is defined and single valued (possibly discontinuous) for 0 Ss = L, and 
So(to(s)) =s. Also 
(3.1) pa) to(0) = a, to(L) =a +T. 


Since v(t) e V (s(t), t), we see that | z’ (t) | is bounded, say = M. Then for 
any times f:, {, we find 


CORTO EOE I 


€ This follows, for example, from pages 14 and 37 of Bonnesen and Fenchel, Theorie 
der konvenen Körper. 
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whence for all values s1, s2 > a of $ 
(3. 2) ‘ to(S2) —to(s1) Z (s2 — 81) /M. 


The derivative #,(s) exists and is finite for almost all s. Inequality (3.2) 
shows te = M1, so 


(8.3) for almost all s the derivatives &(s), Uo(s), and s’o(to(s)) exist 
and are finite, and | &(s)| —1, and so(t)t'o(s) — 1. 


From this and the identity s(t) —&(s)(¢)) it follows that for almost all s 
the derivative a(t) exists and 


(3.4) x’ (t) = E (so) lo (t). 


Let $ be the set of all s (of measure L) on which (3.3) and (3.4) hold. 
We recall that for almost all ¢ (and, a fortiori, aot all s) a(t) e V (e(t), t), 
so almost everywhere in S , 


(3.5) 0<8'o(to(s))= | 2 (tols) )| Sp(#’(to(s))/| 2 (tols) ) |, e(to(s)), to(s) ) 
= p(£(s), &(s), to(s). 


This implies that almost everywhere in S 


(3. 6) t,(s) = [s’o(to(s)) # = [p(€(s), €(s), to(s)) J". 


The function p(é(s),é(s), t) is defined for almost all s, is measurable in s 
for fixed ¢ (being a continuous function of the measurable functions & (s), 
&(s)) and is continuous in ¢ for fixed s. Moreover p = 8. Hence for every 
e > 0 the function [p(é’(s), €(s), t) ++] is measurable in s for fixed t, con- 
tinuous in ¢ for fixed s, and bounded. Therefore the equation 


8 
GB) tel) =a— et f ToC), EC), te(s)) + ds 
has an absolutely continuous solution te(s) on (0, L). We now prove 


(3.8) If OSB <e then ta(s) > t(s) (0SsSL). 


The graphs of t = tg(s) and t= t(s) are continuous curves. The latter 
is obvious, for te(s) is continuous. So is the former if 8 > 0. If B—0, 
the graph can still be considered as the’ continuous curve s= s(t), 
a&t&a-4 T. Itis clear that (3.8) holds at s = 0, for 


(0) — te(0) = (a— Å) — (a — ¢) > 0. 
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If (3.8) is not always true, the graph of t = t(s) lies somewhere above the 
graph of t= t(s), and so they must have a first intersection point (o,r), 
Se(r) = sp(r) — 0. (Here se(r) is the inverse of te(s).) Thus for s < c 


(3. 9) tg(s) > ts). 

‘By the uniform continuity of p, there is an h > 0 such that 
(3.10) — p(é’(s), (s), 4) < P(E (8), €(s), t2) + e—8 if | ii — ta | < h. 
By the continuity of te(s), there is a k> 0 such that 
(8.11) ox telo) —te(s) < h if o—kSsSo. 
So for c—k Ss < o we have, by (3.9) and (3.11), 

r—h = to) —h £ tes) < tels) Sz, 

and therefore, by (3.10), for almost all s in (e — k, e) 
(3.12) p(s), €(s), ta(s)) +B < p(E (s), €(s), te(s)) +e 
By (3.12) and (3.7) (and (3.6) if 8 =0) 


(3. 18) Ta(s) > 7’e(s) 
for almost all s in (o—%,o). Now rg is monotonic increasing and re is 
absolutely continuous, so,’ by (3.13) 


relo) — relo) = ralo—B) + [7 re(s)d rlo — t) — f7 es) 
> (0 — k) — ree — k) > 0. 


Since re is continuous and rg is monotonic increasing, we can find an interval 
oSsS0-+1 on which 


TB(S) —te(s) = rele) —re(s) > 0. 


. So the graph of rg lies above the graph of re for 0OSsSoa+1, and (c,7) 
cannot be an intersection point: This contradiction establishes statement (3.8). 

Now let e tend to 0 through a monotonic decreasing sequence of values. 
By (3.8) the successive functional values te(s) increase for each s, so there 
exists a limit function: 


(3.14) . Iimte(s)—=r(s), 0SsSL. 


1 Hobson, Theory of Functions of a Real Variable, vol. I, p. 590. 
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Also by (3.8), te(s) = to(s) for each eœ 0, so in the limit 
(3.15) t(s) S t(s), OSsSL. 


In equation (3.7), the integrand on the right is uniformly bounded and tends 
almost everywhere to [p(é(s), é(s),7(s))]“, while on the left te—> r; so 


(3.16) © a+ f° EO €(8), #(6) ds. 


The function r(s) has almost everywhere a positive derivative, by (3.16), 
so it has an absolutely continuous inverse s—s(r), a &r<r(L). Defining 
X (rv) = &(s(r)), we find that for almost all 7 


X(t) =E (s)” (7), (7) > 0, 
so X’(r)/| X’(r)| = £ (s) for almost all r. Moreover, for almost all 7 


X (7) =E (s) [r (s) I> = E (8) 0 (E (s), €(8), 1(8)) 
© = # (s(1) Je (X (1)/| X (1) |, Z (4), 7), 
whence 


|Æ ()| = p(X"(r)/| Z EX (1), 7) 


for almost all 7. That is, condition (2. 1e) holds with the words “wherever 
X’(r) is defined ” replaced. by “for almost all v.” The others of conditions 
(2.1) are trivially easily verified, so = X (7) is weakly admissible, and by 
Lemma 2.2 it is admissible. All that remains to prove is that the time of 
traversal r(L) — a has the least possible value T. Clearly 7(L) —a=T. 
By (8.15) and (8.1), r(L) S to(L) =a + T, completing the proof. 


Remark, If we change the problem by assuming that u(x, t) and K (a, t) 
are defined only on a time interval ft tı, one point of the preceding - 
demonstration needs change. In defining te times t < a entered. If however 
we define V (x, t) = F (a, to) for t < to, the proof can be carried out as above, 
and the final results will involve only times ¢ in [to, t1]. 
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_ THE TOPOLOGICAL DISCRIMINANT GROUP OF A RIEMANN 
f SURFACE OF GENUS p. 


By OSCAR ŽZARISKI. 


1. Introduction. The symmetric n-th product K* of a complex K carries 
a subset D whose points represent n-tuples on K with two or more coincident 
points. We call D the discriminant variety of K” and we refer to the funda- 
mental group of the residual space K”— D as the topological discriminant 
group (of degree n) of the given complex K. In part I we determine this 
group, Gn,» when K is a Riemann surface R of genus p. We were led to 
examine this group by the following considerations. The variety R” is the 
space of all n-tuples of points of an algebraic curve f of genus p. As such, 
R* carries—for a sufficiently high value of n (n= p+ 2)—a system, of, 
of linear (n — p)-spaces Sn-p, images of complete linear series ga”? existent 
on f. If D, denotes the intersection of a general Snp of the system with the 
discriminant variety D of R”, the fundamental group of the residual space 
Sn-p — D, can be shown to be an invariant subgroup Hy,» of Gn», and the 
quotient group Gn»/Hn,» is simply isomorphic to the homology group of R. 
If Gap is known, Hn,» can be determined on the basis of well-known principles 
laid down by Reidemeiïster.! By a theorem which we have proved elsewhere 
(Zariski 5) the fundamental group of S»»—D, coincides with the funda- 
mental group of the residual space of a general plane section C of D,. It is not 
difficult to see that C is the plane dual of a general plane curve of order n and 
genus p, so that C is of order 2n + 2p — 2 with 3(n + 2p—2) cusps and 
2(n— 2) (n— 3) + 2p(2n-+ p— 7) nodes. The knowledge of the funda- 
mental group of C, of interest in itself, makes it also possible to determine the 
fundamental group of any plane curve admitting C as a limiting case. In this 
connection we may point out that the-class of curves thus obtained is not 
negligible, since, at present, duality constructions and limiting processes are, 
with a few exceptions, the only means of arriving at effectively existent curves 
with nodes and cusps. 

In Parts IT and III we carry out in detail the above outlined considera- 
tions in the case p—1. The somewhat elaborate group-theoretic apparatus 
of Part II is inherent to the reduction of the infinite set of generators and 
generating relations of Ha, (an invariant subgroup of G,,, of infinite index) 
to a finite set of generators and generating relations. The existence of such a 
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finite set is, a priori, implied by the algebro-geometric interpretation of Hn. 
given in Part III. 

An interesting special case, examined in Part III, is given by the dual 
- of a plane cubic—a sextic with 9 cusps. It is then found that the 9 generating 
relations at the cusps enjoy properties which are in striking analogy with the 
well-known alignment properties of the configuration of the 9 flexes of a plane 
cubic. 


2. Let R be a Riemann surface of genus p and let R” be the symmetric 
n-th product of R, i.e. the space (of n complex dimensions) of all unordered 
n-tuples of points of R, topologized in an obvious manner. We have shown 
elsewhere (Zariski, p. 1), that R” is a manifold. We denote by D the sub- 
variety of R” whose points correspond to n-tuples of points of R in which two 
or more points coincide. This variety D—-which can legitimately be designated 
as the discriminant variety of R*—is of n—-1 complex dimensions. The 
purpose of this and of the next two sections is the determination of the funda- 
mental group of the residual space R” — D. We denote this group by Ga. 

The group Gno is known (see Zariski,* p. 612). As in the just quoted ~ 
paper, we interpret also here the group Gn,» as the group of motion classes of 
n points of R. The motions considered are those which carry a fixed initial 
set of n distinct points Pa, Pat + © , Pa of R into its initial position (allowing 
for a permutation of the points P,) and in the course of which the variable 
set consists always of distinct points. Two motions belong to the same class ` 
if they can be deformed into each other through a continuous chain of motions 
of the same nature. 

We fix on R a set of retrosections a,, a2,‘ * * , Qp ON a common point P, 
belonging to our initial n-tuple of points. We choose our retrosections in such 
a manner that when Æ is cut open along them, the resulting 2-cell Æ, is 
bounded by the closed polygon 


AG 1 eee Oa l" eee ap. 
We assume the points P2,- > >, Pn in the interior of E, and we join the points 
Py, Po: + +, Pa by a set of simple oriented arcs sı, 82,° * +, Sn1 (see figure 1), 


The indicated orientations of the retrosections a; and of the arcs s; are such 
that at P, the positive sense on each retrosection a, points from the right-hand 
edge of the arc s, toward its left-hand edge (see figure 2). 

We denote by g: the motion in which P; is carried into Pin along the 
left-hand edge of s; and Pi, is carried into P; along the right-hand edge of si, 
while the remaining points Py are fixed in their initial positions. In the case 
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p==0 the elements 9,,92,° * * , ÿn1 are generators of Gn,» (see Zariski,* p. 610). 
It follows that any motion in the course of which the points of the variable set 
do not cross the boundary of F, can be expressed as a product of the gs. Let 
us consider the motion in which P, describes the oriented retrosection ai 
while the remaining points Py are fixed (k > 1). We shall denote this motion 
by the same letter a. It is obvious that any crossing of the boundary of F, 
introduces factors &**, hence the elements gı ` `, Qn- Ga," * Go are the 
generators of Gn,p. 


8. The generating relations of Ga, The relations 
(2) 9:95 = Ji |i—j| A; 
(8) Qigingi = Jingiins (i=1,2,-:,n—2%); 


established in our quoted paper (Zariski,* p. 612) remain valid also in the 
present case. The relation (6) of the quoted paper now has to be replaced 
by the following: 


(y) ga" * Gn-29?n-2Gn-2° °° Ja = Axa st QE Ge" * * op, 


since the left-hand member represents a motion which, as is easily seen, can be 
deformed into one in which the points Pa, : -, Pa are fixed, while P, describes 
a closed path surrounding the set {P,,:- -,P,}. This closed curve can be 
deformed into the boundary of the cell F.. Other generating relations, in- 
volving the g’s and the elements a;, are obtained as follows: 

In the first place it is clear that each a, is permutable with each of the 
elements g2,° ` `, Qn-1, Since the corresponding paths do not intersect. Hence 


(8) Gx, = Bir, (i= 1,2,: - -, 2p; b= 2,--+,n—1). 


The motion g1 @:g, can be deformed into a motion in which the points 
Pı, Pa © © +, Pn are fixed, while P, describes a retrosection homologous to a; 
and not meeting a; (see figure 2, the path of P, is indicated by the punctuated 
curve). Hence a; and g,“a:gi7 are permutable, whence the relation 


(e) (gras)? = (aigr™)?. 
We now introduce the following elements: 
(a) Wi = gi is. 


‘It is clear that the motion a’; is equivalent to a motion in which Pa, Ps,: © ©, Pn 
„are fixed, while P, describes a retrosection a’; homologous to a;, and that a’: 
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- and a; intersect in one point only, provided 7 > + (see figure 3, illustrating 
the behavior of a's). If we then consider the direct product of a’, and ay, 
regarded as 1-spheres, we have a torus T, on which the motions a; and 4, 
regarded as motions of the point pair P,P, (the remaining points Ps,- -.-,Pn 
being fixed), are represented by two retrosections « and & respectively. The 
common point P of & and @ corresponds to the initial point-pair (Pi, Pa). 
Let @ be the point at which a’; and a; intersect, and let @ be the point of the 
torus which corresponds to the point pair (Q,Q). A closed path on T — Ẹ 
starting from and returning to P represents a motion of a variable pair of 





Fira. 3. 


distinct points starting from and returning to the initial point pair Pa, Po. 
A deformation of this path on T — G corresponds to an allowable deformation 
of the corresponding motion on À. Since on 7'--@ we have agata = F, 
where 7 is a properly oriented loop issued from P and surrounding the point Q, 
we have a corresponding relation ajarata"; = y, where y is the motion of 
the variable point pair on Æ which corresponds to the loop y on T. To 
determine y, we take as y a quadrangle two of whose sides are on the retro- 
sections « and g’ and the other two are parallel to these retrosections (see 
Fig. 4). The corresponding motion y has now the following description: 
(a) first the point P, describes the are P,M on aj, Pa is fixed; (b) then P, 
describes the arc P,N ona’;, while the second point is fixed at M; (c) a reversal 
of motion (a); (d) the reversal of motion (b) (see Fig. 3, where j = 3, t = 2). 


f 
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By letting M approach P, on a; and by accompanying this by a deformation 
of the path (b), we see immediately that the combined motion y can be 
deformed into a motion in which P, is fixed and in which P, turns around P, 
in what on Fig. 3 would be the clockwise sense. This motion is visibly equiva- 
lent to the motion g.°._ We have therefore the following generating relation: 


(v) aja’ asta’, = gn, j > 4. 


We prove in the next section that the relations (a), (B), (y), (8), (e) and (v) 


a P 





AS 


P a° P 


Fie. 4. 


(where the elements a’; are defined by (u)) constitute a complete set of 
generating relations of Gn,p. | 


4, We denote the abstract group defined by the relations (« — v) of the 
preceding section by Gap, and we use the notations = and = to indicate 
equality of elements in GA, and Gn,» respectively. We wish to prove that Gun 
coincides with Gn,p, or what is the same that a — 8 implies « = 8, where « and 
and B are products of the generators @:, gx. The proof will be made in several 
steps. 


(a) If Wis any product of the generators di, gx, then W == grgr-1* © + 91W1, 
where 0 Sh Sn—1 and where W, involves only the elements go, -*, Gn, Gi, Us 
and the elements 


Si = (97-29i-3° * 91) *9?i-2(93-29i-3° °° 91); (j=2,: --,n). 
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The proof is the same as the one given in Zariski,* pp. 612-618, except that 
it is also necessary to make use of the relations 


age e g= gee: Jods. = gr CAT AT a. 


The elements s;, denoted in Zariski,* p. 612, by aj, represent motions in which 
the points Pa: - -, Pa are at rest while P, describes a loop around the point P;. 


(b) If W represents a motion in which P, returns to its initial position, 
then W == W.. 

This is a consequence of (a) since in gn: > : g:W, the point Pa. is carried 
into Py. 


(c) The subgroup T of Gn,p generated by the elements 82,* ` `, Sn, 01," ` * ; Aap 
is an invariant subgroup of the group generated in Ga,» by the above elements 
and by the elements gz, © `, Qn-1) d'a 


That gr“ts;gstt CT for k= 2,: -+ ,n— 1 has already been proved in 
Zariski,* p. 613. In view of (8) it remains to prove that a’#Ta’;t CT. 

The relation (e) shows that a; is commutative with sa; (= gia). 
Hence either one of the two relations 


1 ais € Cr aan; Cr e=t1 
? ? 


implies the other. Now (e) also implies the relation (a1) 040; == sy ayse. 
Consequently both relations (1) hold true for e—-—-1. Transforming the 
relation (a:i) Taigi = sz *ai82 by (ai)? and taking into account the com- 
mutativity of the elements a’;, so~'a;, we find that a’;s.a’,;* belongs to T. Hence 
the relations (1) hold true for e = + 1. 

Since 915,91 *, 7 > 2, involves only the elements ga, * -, Gn-1, it follows 
by (8) that gıs;g1* is commutative with each a;, and hence s; is commutative 
with a’; (= gi*aig.), for j > 2. | 

It remains to prove that all the transforms (a’;)a;(a”i)" e= + 1, tÆ j, 
belong to T. For e = — 1 andi < j this follows directly from the relation (v), 
and for e = + 1 and à < j this is proved by transforming the relation (v) by 
(a’;)~, since we have already proved that a’;g.2a’; is in T. We now transform 
(v) by gı and we obtain the relation a’;8,-ta:s,0/;1 = sa; 1, Since ajsa’ yt CT, 
for e = + 1, it follows immediately that a’j‘a,a’;* CT, and this completes the 
proof of the invariance of the subgroup T. 


(d) As a consequence of (b) and (c) we may now assert that if W repre- 
sents a motion in which the point P, returns to its initial position, then we 
have already in G,, a relation of the form: 
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(2) W=Wi(ga +s gnai; du "> Cap) > Wa(8as° t t Sna) Oi” ; Gap) 


where W, and W, are products of the elements indicated in the parentheses. 


(e) To prove that the groups Gy,» and Gn are identical, we use an in- 
duction with respect to n, since for n = 1 the group Gy,p is merely the funda- 
mental group of the Riemann surface R, and in this case the relation (v), 
where now the left-hand member reduces to 1, is the only generating relation 
for Gr» Hence Gp coincides with Gi». We shall then assume that Gy-1,9 
and Gus are identical groups. For Gas. we take as initial sets of n — 1 
points the points P2,---,Pn, and as generators the elements ga’ - ©, Qn1, 
di," * *,@ op. As elements analogous to g.7aig, (= a'i) we take the elements 
a"i = 92710’ 1G. 

Let W be an element of Gn,p, expressed as a product of the generators gr, a1, 
and let W—1 be a true relation in Gy». Since in the motion W every . 
point P; returns to its initial position, the representation (2) of W holds 
true. Since in the motion W, the point P, is fixed, while in the motion 
Wa the points P,,: : -,P, are fixed, it is clear that W, = T must be a tine 
relation in G»: By our induction, this relation must be a consequence of the 
relations (æ — v) for the case n— 1. To rewrite these relations for the group 
Gn1,9 We must replace g:,° °°, gn by 92,° * `, gn and the elements a; by the 
elements a'i. Let us letter these new relations by a”, 8”, * - ,. 

We assert that the relations (a), (B’), (&), (€), (v’). are group-theoretic, 
consequences of the relations (x), (B), (8), (e), (v). The relations (4), (8) 
are among the relations («), (@). As for the relations (8), we observe that 
by (@), gı is commutative with gr, k = 8, and hence the relations (8’) are 
obtained by transforming by g, those relations (8) in which k= 3. Finally, 
the relations (e), (x) are the transforms of (e) and (v) by g:g1. In fact, 
since g2 and a; are commutative, we have 


(9291) ai (9291) = gigi = d'a. 
Taking into account the relation g19291 = 929192 we find 
(9291) *@'s(G2gx) = (9192) ai (9:92) = gr W igs = a". 


. Moreover, we have (g2g:)7'g:(g291) = 92, as a consequence of the relation 


919291 = 929192- 
We have left out the relation (y’), i.e. the following: 


Haya: + aay tas: a, (ga gna gl 
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This is not a true relation in Gn». In fact, if we transform (+) by gı, we find 
the following relation : ; 
H=şg?}; ie, H= sa 


Having thus proved that all the generating relations of G::», except the 
relation H = 1, are also true relations in Gn», and recalling that W, = 1 holds 
in Gu we deduce that W,, as an element of the group Gap can be expressed 
as a product of transforms of H, i. e. of sə, the transforming elements involving 
only the generators g2, * `, gm, a: Of Gn» Hence, by (c), we can write 
W= W’, where W’;CT. In view of (2), we conclude that if a relation 
W =i holds true in Gn», then we have in Gun W= F (ah, +++, dop} 82°" 5 Sn), 
where F is a product involving only the element as, sj. 


The elements @1,- - +, Gap, 82° * * , Sn are generators of the fundamental 
group G* of the Riemann surface with n— 1 holes at Pa: : +, Pn, i.e. of 
E—P,—:::—P, It can be proved, as in Zariski,* p. 614, that the relation 


F = 1, true in G»,», implies that F, considered as an element of G*, belongs 
to the center of G*. Since G* is a free group, for n= 2, it follows that F is 
the identity in G*. The only generating relation of G* is the following: 


GG"? - pu p ae” . * Gop = S283 * Sn 


If the s;’s are replaced by their expressions.in terms of the gs, this relation 
coincides with the relation (y). Hence F = 1 is also a true relation in G»», 
i.e. we have F= 1. Consequently W = 1 implies W=1, q. e. d. 


II. On an invariant subgroup of G,,, in the elliptic case. 


5. In a motion which carries the initial n-tuple P,,- - -, Pn back to its 
initial position, the paths described by the points P,,:::,P, constitute 
together a closed curve, a singular 1-cycle o,. Those elements of Gu,» for 
which this cycle o, is ~ 0 on the Riemann surface R form an invariant sub- 
group Hn» of Gu,p,and the quotient group Gn,»/Hn,p is the homology group of R. 
There is a general procedure, given by Reidemeister,’ for determining the 
generators and the generating relations (finite or infinite in number) of an 
invariant subgroup of a discrete infinite group, whether the quotient group is 
finite or infinite. We shall now apply this general method to the invariant 
group Hn,» of Gn,» in the elliptic case (p = 1). It will be seen that Hn,ı admits 
a finite set of generators satisfying a finite set of relations, although the quotient 
group is in this case a free abelian group. This could also be foreseen from 
the geometric considerations of Part III of this paper, where it will be shown 
that the group H,,, is the fundamental group of the residual space of a certain: 
elliptic plane curve. 
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The reduction of the set of generators and of generating relations of Hn, 
which we are about to undertake, can be extended to the group Hy», p arbitrary, 
in so far at least as the explicit determination of a finite set of generators is 
concerned. As for the generating relations, a similar reduction presents some 
difficulties. 

From now on we shall denote the groups Gn. and Hn, by Gn and Hy 
respectively. G, is generated by the elements r, a2, 91," ` `, gn- We rewrite 
the generating relations of Gp as follows: 


Ty = gigigi gi =1, [i —j| 1; 
Tis = gign gig gi 9, = 1; 

(3) T = 1°" Jn-29°n-19n-2° ` * J107 on = 1; 
Pix = digits ign? = 1, (k =2,- : - ,n— 1; i=l, 2), 
Si == (mg >) (g0)? = 1, (t= 1,2); 
Si = QW tay 101917 = 1, a, = g tag. 


Since dı, a, considered as 1-cycles on R, are generators of the homology group, 
it follows that there is a (1—1) correspondence between the elements a,*a,! 
of Ga and the elements of the quotient group Gn/H»n. It is also clear that the 
elements of Hn are those and only those elements of Gn which become equal 
to 1 if the relations gi = 1, a,;a2a,a2.°+ == 1 are added to the generating rela- 
tions of Gy, i.e. those power products of the generators a, @2, gs in which the 
sum of the exponents of each of the elements @;, a vanishes. It follows, by the 
quoted paper of Reidemeister, that the following elements are generators of Hy: 


Gij = (0ta )a (a, ** A294), 
4 CET = (attaf) az (0,03), (2, j =0, +1, + 8, D 
(4) gu = (ttai) gi (ttai), 

Jije = (01ta) gare), (k = 2,-+-,n—1). 


The elements @’;; are all identically equal to 1, and hence we are left with the 
generators @ij, Jijs Jij” © © o Jiim-t 

Generating relations of H, are obtained as follows. In the first place a 
definite construction is given by means of which any power product m of the 
generators of G, can be expressed in the form 7,a;‘a2/, where m, is a power 
product of the generators of Hn». Here the exponents i, j are uniquely de- 
termined by +, since + and a,‘a,/ correspond to one and the same element of the 
quotient group Gn/ Hn. This construction is as follows. Let m = m'à", where 
À is a generator of Ga and where 7” contains less factors than r, and let us 
assume that we have already expressed x’ in the form 7’,@,4a,7. Among the 
generators (4) of Ha there is an element Ai; of the form (aa )A( a1 at YT 
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and there is also an element Na of the form (aa )A (ta). Then, if 
m == n À, We Write m == 7/,\5541 a? and if m= À we write t = mA at af”. 
Using this construction, we obtain all the generating relations of H, as 
follows: (a) we express the power products which occur in the relations (3) 
by means of the generators of Ha and we put equal to 1 the resulting expres- 
sions; (b) we apply the same procedure to the transforms of the relations (3) 
by any of the elements at&t; (c) we finally apply our construction to the 
elements a; ‘a2’, getting Qtd? = Tijl, where mij is a power product of the 
generators of Hn, and we put rij = 1.* 
It is immediately seen that the relations ri; = 1 give only the following 
trivial relations: f 
g'i; = 1, for all à and j; 
Qio = 1, for all 4. 


The relations (a,'a2/) Par (a,‘a2/)"? merely imply gaa = gy and Aijge = Jue; 
for all i, j and for k = 2. 

Reassuming, we have at present the following generators and generating 
relations for the group Hn: 


Generators of Hy: 
dj, gig (Gj =0, +1, HR); n°"; Gna 


Generating relations of Hn: 


* The relations 7,,==1 replace in the present case the relations T,,F,,7,,-1 given 
by Reidemeister,’ p. 13. We use the notations of Reidemeister and we prove that, quite 
generally, the ng’ relations T pE pT mn = 1 can be replaced by the g relations m m (Six) = 1, 
where 7, (8,,) is the power "product of the 8s which we get if we express T,, in the 


form rl according to Reidemeister’s construction. Let us first consider the | case in 


which m = g, i.e. T,, is not the element 1. In this case T,,F',,7,,-1 contains Su and 
hence (see Reidemeister,? p. 11) in the course of the T Dolan gS; zı Must be agi 
by 7, S¢i7,71. But then we get an expression which can be changed into Tpi a 
by using the trivial relations 8,8, =1. Hence the relation T,F,,7, = 1, es 
in terms of 8,,’s, can be changed ‘into the relation K N = 1 by using the trivial rela- 
tions # so tk =]. Now it is immediately seen that this last relation coincides with the 
relation 7,,-1(8 ik) =]. Let now m= g. In this case we have the generating relation 
F,, = 1l; but F}, expressed in terms of the 8 = has the following form: 
i LAC TPE nu Sag) 

and hence the relations F,, = l are consequences of the relations m = 1. 

+ If, for instance, 420 and j7=0, then Tij = %o0%10 * se ts 10% 4.0% a a ja 
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(5) TGR = (mta) Tr (mta) = 1, 
(k,l = 1,2,- + -+,n—1,k41) 
(5) TOD = (miad)T (aa) = 1, 


(8) 54 oe (tel) E pA DEER) 


(k= 1,2); 
(3) Sin) E (ataoi) 812 (01107) ==] 
(Ba) ol, (i= 0, 41,42, °°), 


(5b) ge = quais, (k = 2). 


6. The expression of the elements TUD, TAD, Sy, OUD in terms of 


the generators of H» leads in a straightforward manner to the following 
generating relations (where 7,7 = 0, + 1, + 2, -:): 


(6) TUD i Jugi = gigir 1>2; 

(6°) TOD | Irgi = 91945 [1 — k] 41; k,l >l; 
(6) TIP i giigoÿis = G29 1492 

(6%) TOD: GG ge = Jinggoy k>l; 

(7) TOD | gijge’ * * Jn-29°n-19n-2° ` © 92945 = yj ; 

(81) SD: Jig (aiig ia tini) gai (IGG, jtina) 3 

(82) BaP: Qi,jee = Jija gii par 

(9) BGD i Aging y giay = À. 


` The relations (82) imply that gi, j+19g4,; is independent of 7. Let for brevity, 


(10) . | Jaji j = Ste 

The recurrence relations (9) allow us to express all «;ÿs in terms of the 
Jag’S, io. Taking into account (5a) and (10) we find 

(9) Qij = 9449; sf (i j = 0, + 1, ch 2, EN +). 


40° 441? 


Substituting these expressions of the @,;’s into the relations (7) and taking 
into account (10) we find in a straightforward manner that the relations (7) 
can be replaced by the following relations: i 


(7) G 42.9 441,19 641,09 1,092 °° Gn-29°n-1Gn-2 "Ge = 1, (i = 0, + 1, = 2, *). 


We have thus obtained a first reduction of the algebraic expression of the group 
Hy: as generators of Hn we have the elements qi, (i, j =0,+1,+2,:-:), 
Jo’ ` *,9n-13 the generating relations are (5b), (6)-(6”"), (77), (81), (82), 
where the elements a1; in (81) are defined by (9°), and (10). 

Since &0 = 1, the relation (8:) for 7 = 0 yields the following relation: 
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(11) Gi+1,094,0 = Ji of i-1,03 (i =0, == a ot A 


. Since, by (7), the product gi,19is,19t+1,0940 is independent of i, we deduce, 
as a consequence of (11), the following relation: 


(49 94,19 41,1 = Ji, (Gi—0,+1,+2,:::). 
We proceed to prove that in the reduced complete set of generating relations 
of Hn given above, the infinite set of relations (8,) can be replaced by the 


relations (11) and (11°), i.e. the relations (8,) are group-theoretic con- 
sequences of the remaining generating relations and of (11) and (11’). 


Proof. We denote by r the prodtict g2° - > gn-29°n-19n-2° °° Jz, Or, in 
view of (7), 
(12) T= (941.9 441,19i+1,094,0) *. 
We have 

TT == Gising io = Sig Siagi 
hence 
Si, = Jioni g 
Substituting into (9) we get 
aij = Jaj (T81) 197R > 

and hence, using a new symbol 8;; for the transforming elements in (81), 


we have 
(13) Bag = og, ins = Gas (784) IGA (T8103) QT 0e 


By (5b) each element Ga is commutative with r, since tT = g2° * fn" * * Ja 
hence r is also commutative with «:ja-} , i.e. in view of (7) (which is a con- 


ij- 
sequence of (7) and (9°) ), r is commutative with gisrgis: 
(14) (g1)? = (gist). 


. We use the following relations: 


(15) (rsi) 7,3 = 79 [by (10)] 
(18)  rsi(rgi) (rss) = TYse7Girg; [by (10), (12) and (14)] 
(157) TSi(TGisTQi is) = (Tgi js1Tgij) rsa [by (10) and (14)]. 


To prove (15’) and (15”) we proceed as follows: 
| Sirgit = Qijngisrgisr [by (10)] = gasargesrgsss 
hence 


TSi (ris) (Sis) == TJT JT Jasi = 7TGieTGgag,, [by (12)],- 


i 
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and: 
TSi (TGiTQi,ja) = 19i jT 9i Tigana = 794 


From (15), (15°), and (15”) we deduce for any integ 
relations: 


(16) yon = (ru) g3 (TSi) = Tgr + rgi 
(16) Yarama = (784) QE (18i)? = Tiwa rgi 


In an exactly similar manner the following relations ce 


(T8141) Jio (781) = rio; 

TIio ` TSi == Gio ` TYi0TGi,-1- 
From these relations and from (15”) we deduce for 
following relations: 
OD yu = (8% ga (1801) — Ia Ta 
(17) Yi,n = (si) ™ g (Tsin )" = ste ere IR 
Using the relations (16), (16°), (17) and (1%) and t 
relations (&:) and (14), we obtain easily the following 


(18) Vin Juk Yik = Jio MET 
(18°) Vins 9 4,241 Yi, krr = Tir <= 
We put 


(ris) "97h, = Sie 
so that, by (13), 
Bion == Qir Yik dix 
Bot == Ji, ok+1 Vi, dite 


In view of (18) and (18’), the relations (8:) will follo 
lish the following relations: 


(19) SI iodix = Gis, 2k» 
(19) OT gir dix = GJi+2,2k-1, 


Since 80 == Gas and ro; = 84419 un = Jin, the re. 
coincides with (11) and the relations (19°) for k == 1 
Hence in order to establish the relations (19) and (19°) 

to show that if they hold true for a given k, they also ho 


for k— 1. Now 


Bikar = SenJissoTSisr I 74, = Dig ss1,0 (Jisa, 19 i4219 
, 


= Six (Gise,1Jise,0) > = Birs 
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Hence, assuming (19) and (19’) for a given value of k, the same relations 
follow also for &-+- 1 and k— 1 in view of the relations l 


Spigt dS aa == fitz, j-26 oat 
which are direct consequences of the relations (82), q. e. d. 


7. We now complete the elimination of the elements «;; from the 
generating relations of H, by proving that also the commutativity relations 
479% = quais, k > 2, (5b), are consequences of the remaining relations, to wit, 
of the relations (6), (6”), (82), and (7). This is obvious if k > 3, since the 
a3 depend only on the gips [see (9’)] and since, by (6), the g:;’s are com- 
mutative with gs,' * *, gn- By (7), which is a consequence of (10) and of 
the relations (9°) which define the elements ai;, we have 


Ma = G92” Pua’ Fri. 
Since aj) = 1, it is sufficient to establish the commutativity of a; jn , and go. 
Now, using the relations (6) and (6%) we find: 
92° Jiigaga* © Pa * ‘ YsG2Gis = Jiigagiige ` °° Jus * * Gagaga 
=.9ijJ2' °° Gna’ © Gaggi = Giga na‘ gagga 


and this proves our assertion. 
Reassuming the reduction carried out so far, we have that our group Hn is 
defined by the following set of generators and generating relations: 


Generators: 
(20) Jii (à, j peed 0, + 1, + 2, ans J 23° © ‘> Gn-1- 


Generating relations: 

(21) gain = Jarig 4 
(22) Gas2,0 = $441,094.09 0 
(221) Yes2a = Tp EUER 


(23) — GesGoJig = Y2GisGa 
(231)  giige = GuGii (k =3,: < -,n— 1) 


(24)  gugrrge = Grrr Ga Jnrr (k = 2,3,- + -,n— 2) 
(24:1) gagi = 9ige, |k —i| #1 


| (25) Jiidis1,19 41,09 i,092° °° Qn-29°n-19n-2 Fr a= 1. 
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The existence of a finite set of generators follows now readily. In fact, the 
relations (21), for a fixed value of 7, can be considered as recurrence relations 
which define the elements g;; in terms of the two free elements gio and ga. > 
Then the relations (22) and (22,) can be used in order to express all the 
elements gio and gi, in terms of goo, 910 ANA Jor, Jus, respectively. Consequently 
_ our group Hy is generated by the n + 2 elements: 


(26) Joos Jio; Jors Jii Jas’ ` * > Yn-1 


The reduction of the infinite set of relations (23:) is trivial: since all the gi;’s 
are expressible in terms of goo, 910, Jor Ju, all the relation (23,) are con- 
sequences of the four relations 


(23) | 159 = Jai) (i, j = 0,1). 
The reduction of the relations (23) is based on the following 
Lemma. If four elements a, b, c, x satisfy the relations 
aza = sas, brb = vbs, crc = ser, c= babs, e=1 or —1, 


and if d = cbc, then the above relations have as a group-theoretic consequence . 
the relation sdz = dad. 


Proof. Lete—+1. Then 


beve*b = batero = bab abab — 2b zar ba 
= gb ta grabs = à cb ixbcæ. 
Hence 
dad = cbexetb te = stete bt abace = steta taba tace 
= vlc tbcz = x dz. 


The case e = — 1 is reducible to the case e = + 1, by the substitution 
Tı =r, mat, bi =b; =o. 


Putting a = gij, b = 94,41, C = ÿi,5:9, € = — 1, we deduce from the above 
lemma, in view of (21), that for a fixed i, the relations (23) relative to the ` 
indices f, 7 + 1, 7 + 2 imply as a group-theoretic consequence the relation (23) 
for the index j + 3. Similarly, if we put a = gi,js2, D = gi jas C= Jij, c= 1, 
we find that the just mentioned three consecutive relations (23) also imply the 
* relation (23) for the index j —1. It follows, that for a fixed i, all the relations 
(23) are consequences of any three of them relative to three consecutive indices, 
‘say 7 = 0,1, 2: 
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(27) 9492913 = 9291592, (j = 0,1, 2). 


Now, in view of (22) and (22,), we conclude in a similar manner, on the basis 
of the preceding lemma, that for j — 0, 1 the relations gijgogij = JogijJo are 
consequences of three of these relations relative to three consecutive valus of 4, 
. say i = 0, 1,2. It remains to consider the set of relations gi2g2gi2 = J29i292- 
Using the relations (27) for 7 = 0, 1 and the expression of gi, derived from 
(21), for j = 0, we change the above relation into an equivalent relation as 
follows: 


942929 i292 *9 i292"? = Gi2G io 29 29 119 1091. 92 Qi 109 11 Jo 
= Ji1Gi0G 29 i192" Gi0G 29 1929 109 nu gr * = (Gisgiog2)? (Gog isgio)- 





Hence the relation gi2929i2 = J29i292 can be replaced by the relation 


(28) (gi19io92)? LE (929 i19io)*. 
Now, it is not difficult to see that the expressions o; = (Gi19iog2)? (G2Gi1Jio) © 
are all transforms of each other, for i = 0, + 1, + 2,:- +, as a consequence 
of the relations (27) (j =0,1), (23,) and (25). In fact, let 
Js’ © © Gn-29?n-19n-2° © * 93 = 8, 
so that, by (231), we have gij3 = 89i;. By (25), we have 
94+1,19i+1,0 = (9i092892gi1)- 

Hence, substituting into oi we find 

din = (gg 9192 1g3092)° ( giog2dG2Gi1g2*)? 

= gn gaga 9 109 29 it ga S J 108929 11 J2"*G ing 2892912" 


= gaga 28 192 ( GoGiagio)  (Gix9iog2) 29 30 9 1189 29 41 
= (gagn 892911) Iri (970971892941 ) 3 








where Fi = (ÿ:giigio) *(ÿiigiog2)?, obviously a transform of ci. 

Hence, any one of the relations (28) implies as a consequence the entire 
set of these relations. We shall take the relations relative to 1 = 0. 

We finally observe that in view of the relations 9i:9is1,1 = Jis1,19i+2,1 and 
Gi+1,09%,0 = Jis2,09is,0 [ (221) and (22) respectively], the infinite set of rela- 
tions (25) reduces to one relation, say relative to i = 0. 

Reassuming, we have the following result: 


The group H» is defined by the following set of generators and generating 
relations : 
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1. Generators: © 
(29) Joos Fios Gors Jits Jas* > Yn-1 


2. Generating relations: 


(30)  gisgrgii = 9291192» (i, j= 0,1). 
(380)  (91090092)* = (92910900) 
(307) — (gorg1192)? = (9299n)? 
(80) (go1go0g2)” = (92901900) ? 


(81) gijle =J k>? 


(82)  Gnÿr19x = Yurr Gauss, (k = 2,3,- > :,n—2) 
(82) ggi=gigs |k—1|#1 


(33) ÿo191191090092° * * Yn-29?n-19n-2 ‘gl, 


The relations (30’), (30”) and (30%) are.the relations (27) relative to the 
following values of the indices i,j: i = 2, j = 0; 1==2,7—=1; 1=0,7—2, 
after the expressions of Jo, 921s Joz, given by (22), (221) and (21) respectively, 
are substituted. 


Remark. If we ities our notation as follows: 
(34) 7 Gor = Ary Ju = Avy Jio = Às Joo = Ary 
then we see that the relations (30’), (80”), (380%) are of the form 
(35) (gaidi)? = (Mig), i<j, ij = 1,2,3, 4. 


An easy verification shows that the sis relations (85) all hold true. For 
i = 3, j= 4; 1= 1, j= 2; i=], j= 4, they coincide with the relations 
(30), (307), (30%) respectively. For i= 2, j — 3 the relation (35) coincides 
with (28) for ¿= 1. The reader will easily verify the truth of the relations 
(35) in the remaining two cases. 


III. The fundamental group of plane elliptic curves. 


8. What is the geometric significance of the invariant subgroup H, of 
Gn? We proceed to show that Hn is the fundamental group of a certain sub- 
space of R” — D (see section 1). 

Let us consider À as the Riemann surface of some algebraic elliptic curve f. 
This curve carries, for every n, a simple infinity of complete linear series 9,1 
of dimension n— 1, and each set of n points of f belongs to one and only 
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one series gr", The simple infinity of these series is an elliptic one-dimensional 
variety, birationally equivalent to f: in fact, each series contains a unique set 
of n points of which n — 1 are preassigned fixed points P,°,---,P 41, and 
‘then the n-th point P of the set determines the series uniquely. l 

Since a ga” is represented on R” by a space homeomorphic to a linear 
space of n — 1 dimensions, we conclude that the algebraic variety R” contains 
an elliptic pencil {Su} of linear (n —1)-spaces Sn free from base points. 

Let Vine be the intersection of an Sn with the discriminant variety D 
of R”. We assert that Hn is the fundamental group of the residual space 
Sn-1— Vs. 


Proof. We take the origin O of the fundamental group to be a point of 
Sn+— Vn-» We have to prove that: (1) a singular 1-sphere y on O and in 
E” — D represents an element of Hn, if and only if it can be deformed over 
R” — D into a 1-sphere y’ contained in Sn-ı — Vn-2, the point O being fixed; 
(2) if y is already in Sn-ı — Vn» and if it bounds a singular 2-cell on RX — D, 
then it also bounds a singular 2-cell on Sn-ı — Vn-z. 

Let u be an elliptic integral of’ the first kind attached to the curve f. 
It is well known that f admits a continuous one-parameter group of birational 
transformations w: into itself, represented analytically by the equation 
w = u + t (mod. periods). Each transformation m: of the group is an auto- 
morphism of R. There is an induced automorphism of R”, which we shall 
also denote by ms and which is at the same time an automorphism of the 
residual space R” — D, since m: transforms sets of n distinct points of R into 
sets of n distinct points. Hach m; permutes the linear spaces Sn. (images of 
linear series on f) and induces a birational transformation o, into itself (an 
automorphism) of the elliptic pencil {Sn}. If we put 


v =u (m) + u(a) +: > + ult), 


where 2, +,%m is an n-tuple of points of R, then v is a simple integral 
attached to R” and v reduces to a constant on each member of the pencil Su 
(theorem of Abel).: Hence v is also an elliptic integral of the first kind attached 
to the pencil {S,..}, and the transformation ø+ is given by the equation 


v =v 4r, T=nt. 


The group of the transformations x; covers n? times the group of transforma- 

tions o, since to the identity oo correspond the n? transformations rom, where 

o/n is the n-th of a period of u. Since the-covering is free from branch points, 

it follows immediately that any variation of Sy, in the pencil {S,:} can be 
9 


+ 
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accompanied by an isotopic deformation of the variable Sa, and in such a 
manner that also the residual space is deformed isotopically. This isotopic 
deformation of Sn-ı — Vn-2 is simply effected by a convenient chain of trans- 
formations m:, 0S t: 1, applied to the initial position of the Sx... From 
this last statement we derive immediately the following conclusion. Let R’ be 
the Riemann surface of the elliptic pencil {S,:}. Every point P of R” lies 
on a definite 8, of the pencil and is thus mapped upon a definite point P’ 
of R’. Similarly any point set A on R” is mapped upon a point set A’ of R’. 
A deformation of A on R” or on R” — D induces a deformation of A’ on R’. 
From the preceding statement we may conclude that, conversely, if A is on 
R” — D, then any deformation of A’ on R’ is induced by a deformation of A 
on R”— D, and that if a point P of A’ is fixed throughout the deformation 
of A’, then the points of A which are mapped upon P may also be assumed 
to be fixed during the deformation of A. ' 

Let y be a singular 1-sphere on R*—~D issued for the origin O of the 
group Ga. From the definition of the group Hn» follows that y represents an 
element of Hn if and only if the map y’ of y on R’ is a (singular) 1-cycle ~ 0. 
Assume that y~ 0. Then y can be contracted on R’ to the point O’, image 
of O, and hence, by our preceding result, y can be deformed into a 1-sphere y: 
contained in Sna- — Va», the point O being fixed. Conversely, if y can be 
deformed into such a 1-sphere yı, then y’ can be contracted to the point 0’, 
y ~ 0, and hence y represents an element of Hn. 

Assume that y is in S,_.— Vn, and that it bounds a (singular) 2-cell E, 
on kn — D. The map of E, on R’ is a 2-sphere M containing O’, since the 
boundary of Æ, is mapped on the point O’. On R’ any 2-sphere on O’ can be 
contracted to the point O’, this last point being fixed. Hence E, can be 
deformed on R” — D into a 2-cell contained in Sn: — Vn-s, the boundary y 
being fixed. This completes the proof of our theorem. 


9. The variety Va, is an hypersurface immersed in the (n —1)-space 
Sn. Let 8; be a general plane of Sn-, and let C be the plane algebraic curve 
along which Sz cuts Vs By a theorem proved in Zariski,® the fundamental 
group H» of the residual space Sn-ı — Vn-z coincides with the fundamental 
group of S,—C. Now, a general plane $ in our Sn- is the image of a general 
series gn? immersed in the corresponding gn”* of the elliptic curve. A point 
of S, represents a set of the series gẹ”. If we refer the sets of the gn? to the 
lines of a plane, we obtain the general plane elliptic curve T, of order n, 
a birational transform of f, on which the sets of the gn? are cut out by the lines 
of the plane. The points of S which are on C represent n-tuples of the gn? 
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with coincident points, hence correspond to the tangent lines of T. We con- 
clude that the plane curve O is the dual of a general elliptic plane curve T 
of order n, and that our group H, is the fundamental group of the residual 
space of C. 

The curve C is of order 2n, possesses k — 3n cusps and d = 2n(n— 8) 
nodes, and is the maximal cuspidal elliptic curve of its order. Of the 
generating relations of Hn, the relations (30), (30’), (30”), (80%), and (82) 
are all of the form aba == bab and arise from the cusps of C. The com- 
mutativity relations (31) and (32’) are due to the nodes of C. Finally, the 
relations (38) corresponds to the relation A,Az° - ‘Az = 1, where the As 
are loops contained in a general line of the plane of C and surrounding the 
2n intersections of this line with C (see Zariski*). The relations As == Asn, 
Ae = An etc., arise from the n tangent lines of C belonging to a pencil of 
lines (compare the analogous discussion of the singularities and of the corre- 
sponding generating relations in Zariski,* p. 615). By watching the effect 
which the removal of a cusp or of a node has upon the fundamental group, 
we arrive at conclusions relative to the fundamental group of any plane curve 
C’ which admits C as a limiting case, in particular of ary plane elliptic curve 
of even order 2n, possessing only nodes and cusps (compare Zariski,* p. 616). 
Let us first remove a node, i.e. let us consider a node of C as virtually non- 
existent. For the fundamental group this amounts to replacing a com- 
mutativity relation ab = ba by the relation a— D. We may assume that the 
relation thus affected is the relation gaga = gago We have then g, = ge. 
Since gags = gs92 and 949594 = 9sG49s, it follows ga = gs. In a similar manner 
we find ge = gs = ga" "= Gna. Since gijgagij = Ja9ijg2 ANA Jijgs = Jaÿijs 
the relation g2==gs implies the relation gi; = gə. Hence the fundamental 
group becomes a cyclic group of order 2n. Let us now remove a cusp, by 
converting the cusp into a node. A relation aba = bat will be affected and 
will have to be replaced by a =b. We may assume that the affected relation 
is the relation goog29o0 == J2JooJ2. We have then g2 = goo, after the cusp has 
been removed. Ifn = 4, we may use the relations googs = 93900; 929392 = 989293 
and we then find that ga = gs. We conclude as before that the group becomes 
cyclic. Hence, we have the following result: If C’ is a plane curve of order 
2n > 6 with nodes and cusps, and if C’ admits the maximal cuspidal elliptic 
curve C, of the same order, as a limiting case, without being a curve C itself, 
then the fundamental group of © is cyclic (of order 2n). In particular, every 

_ plane elliptic curve of even order 2n possessing less than 3n cusps has a cyclic 
fundamental group. 

In the exceptional case n — 3 we are dealing with the dual of a general 
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plane cubic, i. e. with an elliptic sextic having 9 cusps. We write the generating 
relations of H:, using (27) instead of the equivalent set of relations (30)- 
( 307) : . 


(34) 94592915 = 92914925 (i j = 0, 1,2). 
(35) 9019119109 0092” = 1, 
where 


| 5 Jiz = 91960953 
(36) Izo = 91090097 
Ja = 975901911 


The 9 relations (34) are typical cuspidal relations, and one may conjecture 
that they correspond to the 9 cusps of the curve. However, since only 7 of 
these relations are group-theoretically independent, this conjecture requires 
proof. The 7 independent relations are given by (30), (30’), (30°), (80) 
and correspond to the following values of 4, 7: 


i, j =0,1; t= 2,f—0; t= 2,f—15 i=0, j = 2. 


At present we can only assert that the seven independent relations are relations 
at 7 of the cusps. We recall that the well known group of 9 flexes of a cubic . 
curve is doubly transitive. Hence if we remove a certain number of cusps of C, 
it is immaterial which cusps are removed, as long as the number of removed 
cusps does not exceed 2. 

We remove successively the two cusps which give rise to the relations 
JooG2Joo == J2JooJ2s 91092910 = JaG10Q2. After the removal of the first cusp we 
have goo == g2. The relations (30’) and (30%) become then consequences of 
the relations (30) for i = 1, j = 0 and i—0, j = 1 respectively, while the 
relation (30) becomes a consequence of (33). Hence the fundamental group 
of a sextic with 8 cusps (and with one or no double points) is generated by 
4 elements T 

f gios Jors Jii 92 
satisfying the relations : 
Jiig2Jii = J294492 
Gor 93191092" = 1. 


If we now remove the second cusp, we get gio = gz, and thus the fundamental 
group of a sextic with 7 cusps and of genus = 1 is generated by 3 elements 


Gots iis G2 
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‘satisfying the 3 relations: | 
` Jo1J29o1 = 9290192 
911 GeJar = 9291192 
Go191192* = 1. 


This is also a group generated by the two elements 


w = GuÿoQus - V= Jung? 


satisfying the relations u? = v° = 1. j 


It is known that this group is also the fundamental group of a sextic 
“with six cusps on a conic (Zariski ?). Hence there must be among the seven 
cusps left, a third cusp whose removal has no effect on the fundamental group. 
It is easily seen, by using the relations (36), that if the removal of an addi- 
tional cusp yield the relation gi; = g2, 1 4 2, 754-0; the:group becomes cyclic. 
On the contrary, if the removed cusp gave rise originally to the relation 
92092920 = 9292092, the group is unaltered, since the relation gz == g2 is already 
‘implied, in view of (36), by the removal of the first two cusps (goo == 910 = 92). 

It is known that the sextics with.six cusps distribute themselves into two 
distinct continuous systems, according as the six cusps lie or do not lie on a 
conic. The preceding considerations lead ‘therefore to the conclusion that the 
fundamental group of a sextic with six cusps-not on a conic is cyclic (of 
period 6). . as i | 

One can verify the following: if guj» Jis» Jisa are any 8 of our nine 
elements gi; such that i, + ta + is = fı + fe + jg = 0 (3), then the removal 
‘of the three corresponding cusps (whence the addition of the relations 
Gish: = Jiaj = Jisis = 92) leads to a curve whose fundamental group is the 
above mentioned group of a sextic with six cusps on a conic. If, however, the 
above congruences do not hold true simultaneously, then the removal of the 
corresponding cusps leads to a curve with a cyclic fundamental group. What 
we have here is obviously something which adds topological significance to the 
configuration of the 12 Maclaurin lines determined by the nine flexes of a 
cubic curve. It is known that if the nine flexes are distributed into three 
triples lying on three MacLaurin lines, then the six flex tangents of any two 
of the triples lie on a line conic. Dually, any two of the corresponding triples 
of cusps lie on a conic. If then the three cusps of one triple are considered as 
virtual non-existent, the resulting sextic must have six cusps on a conic. 

This proves incidentally, that the nine relations (34) reproduce exactly 
the relations at the nine cusps. 
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10. We conclude by pointing out that the reasoning employed in our 
paper,* section 7, can be applied also in the present case to elliptic curves of 
odd order and leads to the conclusion that the fundamental group of such a 
curve (with nodes and cusps) is always cyclic. For the proof it is sufficient 
to consider the maximal cuspidal elliptic curve Cons, of order 2n + 1, and to 
observe that Con., can be degenerated into the maximal cuspidal elliptic curve 
Cm and into a line p tangent to Con. The fundamental group of Con + p can 
be obtained from the fundamental group Hy of Con by adding an extra generator | 
y and the relations (yga)? = (gzy)?, ygis = Qiry, YIr == Quy, k > 2 We obtain 
the curve Cony by considering the tacnode of Czn + p at the point of tangency 
of p, as a virtual cusp. As a consequence, we replace the relation (yg2)? = (gzy}* 
by the relation gə = y, and from this follows immediately that the group of 
Conx is cyclic. 
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ON THOSE POINTS OF AN ALGEBRAIC MANIFOLD NOT 
REACHABLE BY A GIVEN PARAMETRIC REPRESENTATION.* 


By J. F. Dany. 
Let K denote the complex field, and let 2,:--,@, be elements of an 
algebraic extension K (t,' '' tm, Tu’ ' `n) of the pure transcendental 


field K(t,'**, im). A set of complex numbers #1, © ©, dm, 21,° * ‘> Un 
will be called allowable if every polynomial F(#,æ) which vanishes as an 


element of K (t: ++; tm, %1,° * *,%) vanishes also when #;, +; are sub- 
- stituted for #;, æ; respectively. The totality of points whose codrdinates 
{2 + t, n} belong to allowable sets will be contained in some smallest 


algebraic manifold M. This manifold is said to be represented parametrically 
in terms of the ?’s. 

In general Nt will contain points which are not allowable. But in case 
the parameters are merely some r of the codrdinates themselves it follows 
readily from a theorem of Ritt (1) that such exceptional points are always 
limit points of allowable points. It is the purpose of the present paper to 
extend the above result to all representations, whether the parameters ¢ are 
. essential or not. 


THEOREM. If an algebraic manifold M is represented in terms of any 
parameters whatever, the base field K being the complex field, then each point 
of Mis a limit of allowable points. 


We shall treat in detail only the case in which the parameters #,,- + +, ¢m° 
are all algebraically independent over K ; but the method of proof is quite the 
same if the representation involves additional parameters, say Uma, ` `, Us, 


dependent on the #’s. Since each x is algebraic over any extension of 
K(t,°++, tm) we may write the irreducible equation for £a, over K (t; '* >, tm), 
the irreducible equation for ag, over K(t:,- © *, tm, 2a), etc., each divided 
through by its leading coefficient: 


Ta, F dy (ta, * tm) Oe +: "+ + dalt: + +, tx) = 0 
L'as + Br (tr, © ‘os tm La) +: > + + bots, + + tm, Ta) = 0 


(a) 


ta, + 6 (ts, ° “ttm, Bays * `s Wan) PI + * a + Ce (ts, ° ? Wana) == 0 
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the order Zas’ `, Za, to be determined later. Although the coefficients 


ai,‘ * *,¢, are in general rational functions of both a’s and ?’s, they may be 
made polynomials in the 2’s; the denominators will then involve only 
ti, "tm Let a non-vanishing common multiple of all denominators be 


A(t sim). Any set of complex numbers Vi’ +, dm, @1,° °°, Um 
satisfying (a) together with the relation A(#:,: ` -, tm) Æ 0 is allowable (2). 

The theorem will be proved by showing that for any point {a’,,- + -, an} 
of Mè there is a acetone point {%,- * *,a@n} of to which we can assign 
parameter values f,,- - `, fm in such a way that the set is- + +, Èm du, °°) Ën 
satisfies (a) with A (ty: - tm) 0. 

For this purpose we choose a new transcendental basis (3) of 
"K (ta © ts im Ty‘ ‘yTn). Every element of K (ti +++, tm, 21 °°, En) is 
algebraically dependent on the ordered set 4,- © *, Em ta, * * , dm. If from 
this set we select those elements which are algebraically independent (over K) 
‘of all preceding elements, we obtain a set X having the honte properties : 

(a) the number of elements in X% is exactly m; 

(b) every element of K(i,’ : +,¢%m, %15° * ‘> Œn) is algebraically de- 
pendent on 3; 

(c) the elements of X are algebraically independent over K. 

Let the elements of X be 2° - +, Epo ty‘ * *> tym After suitably renum- 
bering the 2’s and #’s, we may assume that X contains £u’ * +, Tr, di," © +, ter, 
and that equations (a) have been calculated correspondingly. 

The field K(t:,- > +, tm, 21, * ,%) can now be regarded as an algebraic 
extension of the pure transcendental field K(a,,---,a%r, tr: © t; mr). We 
may therefore write the irreducible equation satisfied by Zr, over K(1,°°* , Ur, 
t+ *,tm-r), the irreducible equation satisfied by tri. over Ka, *-°, ary 
tat e +, bm-r, rir), etC., each divided through by its leading coefficient. Note 
however that no ts will appear in the coefficients of the equations for 
Try * ‘> Œn; for the existence of a relation F(a,- + -,æ, t° © >, tmr) =0 
which actually involved some tse S would imply the dependence of that # on 
the set 2," ,æœn, di, + tes, Ru, * *, fm and therefore on the set 
Tit ~ +5 Dr Las 5 tea, Eos ‘+, bm-r, Which is impossible. The equations 
under consideration then take the form: 


Thra + dits, °°, ELL Hooe + da(t,°+-,2r) = 0 
(8) 
Tn? + (Ti SOT ta Bry Bras > Ln-1) Ene pres Ce (21; e. Tn-1) = 0. 


The denominators of the various coefficients need involve only t - -, 2,3 let 
a non-vanishing common multiple of all denominators be B(s, : -, £r). 
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Continuing, we write the irreducible equation satisfied by tm over 
K (#1, + +,@r, ti + +,tm-r), the irreducible equation satisfied by bm-rs2 over 
KE (a1,° + +, Er, t+ + +, tur, tm-rar), etC., each divided through by its leading 
coefficient : 


mere + Ji (Gis tay? tmor) I a 
(y) 
Ent + hy (Xi, tis ‘sr, imar bret, Seng tm-1) bm + ieee + h(a, ty, ae; tma) = 0. 


aps? hohe Jo (Ti b > Em-r) = 0 


Only vat +, Er, ds * * ,m-r need occur in the denominators of the coeff- 
cients. Let a non-vanishing common multiple of all denominators be 
C(t," + +, Er, East t * Emr). 

Any set 21, - des East ptm Of complex numbers satisfying (8) 
and (y) with BC 3 0 will be an allowable set, and will therefore satisfy the 
equations resulting from («) on multiplication of each of the latter by 
A(t, tm). It remains then, to ensure the non-vanishing of A (#1, °°: , tm). 
Now as an element of K (t> : +, tm, Zu * * ,Œn), A satisfies some irreducible 
equation over K (t'> *, 8r, di," * * , tmr): 


at tty Wry tay? * ty tm) yg Ps(T t) (x, t) 
AS P(r," > Tr, Vy 2 Ast i = 0, 
ii qu (a5 ° Em" m-r) j F Gelat) qs (z, t) 


Let D(a: ©, 8r, ti, *,m-r) be a non-vanishing common multiple of 
all denominators and of the numerator ps of the last coefficient. Then 
Dis e, Ern Va, mr) AO implies A(:,:-",lm) 0 for any 
allowable set 41,: © +, 8'r Ra * *,¥m. Thus the non-vanishing of the poly- 
nomial B: C D= V(t," t, tr ls", tm-r) implies the non-vanishing of 
all denominators so far considered. 

We may arrange V according to power-products of the fs, and take a 
non-vanishing common multiple P(æ,,- : : ,æ) of the resulting coefficients. 
Now P does not vanish everywhere on the irreducible (2) manifold Mt, since 
otherwise it would vanish identically as an element of K(t,,--+,¢m,%1,"**,@n)- 
Let {21 + +, Vn} be any point of M. If P(#’1,-- -,2’,) = 0, then by Ritt’s 
theorem that point is a limit point of points {&.,: : *, 2n} of M for which 
P0. Suppose therefore that P(2’1,:-++,2n)540. Now equations (8) 
after multiplication by B(#,,---+,a,) are satisfied by all allowable values of 
the 2’s, and thus constitute part of the equations defining the manifold W. 
But at the point under consideration B 4 0, so that its codrdinates actually 
satisfy equations (£). 
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The independent quantities ¢’,,- : :,#’n may be chosen in such a way 
that Va, -,r, t't tsim) 0. Using these values Zi,’ ', 2n 
Vis"; Vm-r, We may calculate successively the remaining ts from (y). 
The set 21, © "Zn, Va, © +, Um, being allowable, will satisfy equations (a), 

, for by construction A (Y1, - +, tm) 0. | 

Thus any point of M at which P 540 may be obtained directly from the 
original parametric representation; and any other point of Wè is a limit point 
of points. thus reachable. 
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. A REMARK CONCERNING THE PARAMETRIC REPRESENTATION 
OF AN ALGEBRAIC VARIETY 


By Oscar ZARISKI. 


In his paper “ On those points of an algebraic manifold not reachable 
by a given parametric representation,” published in the present issue of this 
Journal, Mr. J. F. Daly treats the case in which the number of parameters 
in a given parametric representation of an algebraic variety exceeds the di- 
mension of the variety; nor need the parameters belong to the field of algebraic 
functions defined by the variety. While this type of parametric representa- 
tions is more general than the one treated heretofore explicitly in the literature 
(see, especially, van der Waerden, “ Über irreduzible algebraische Mannig- 
faltigkeiten,” Mathematische Annalen, vol. 108 (1933)), it may be pointed 
out that the generalization given:by Daly can also be obtained by using some 
simple properties of rational transformations of varieties. The following proof 
is taken from the mimeographed notes of the algebraic geometry seminar con- 
ducted by Professor Lefschetz and myself in Princeton, 1934. 


1. Let V be an irreducible algebraic r-dimensional variety in Sim (1; °°"; Ym) 
and let | l : 
(1) tx = Ra(ys) = Px(ys)/Q (ys), (k= 1,2,.-+,n) 


be the equations of a rational transformation of V into an algebraic variety W 
in S,(@1,° © `, 2n). We assume, of course, that Q s40 on V. The codrdinates 
Mi N2; ` ` * > Ym Of a generic point of V are elements of a field Q = K(m1,° +, 7m) 
of algebraic functions of r independent variables, where K is the field of com- 
plex numbers. The codrdinates of a generic point of W are & = Rxim) and 
define a field 0’ = K (&), Y SQ. If p (S71) is the degree of transcendentality 
of Q’, then W is of dimension p. 

Let g(y:,° * `, Ym) be some polynomial which does not vanish identically 
on V, and let 7 denote the set of points of W which can be obtained directly 
from the equations (1) and which correspond to points of V at which g Æ 0, 
i.e. points of W which correspond to points of V at which Q s40 and g 0. 
We prove that W is the closure of T. 

From the theory of fields it follows that Q = 0’(4,:-+-+,¢s,9),s+p—7, 
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where the ts are algebraically independent over ©’ and where y satisfies an 
algebraic equation f(&, ti, 7) = 0 with coefficients in K. Let 


mi = Si, ta, n) /M (ér tr), 


where 8; and M are polynomials, and let 
N(Q) = L(&, ti) /M (én tr),  N(g) = G (ér t1)/M (ér ti) 


be the norms over K (ér, tı) of Q (s: -+,ym) and of g(m,° + +, 4m) respec- ' 
tively. Here M(&,t:) 40, and also L(&,t:) 40, G(&, t) £0, since 
Q{m) £0 and gly) £0, by hypothesis. Let then 4° be a point of W at 
‘which the polynomials in t: M(a%, tr), L(x%, t1), G (2% t1) do not vanish 
identically. If (4%, - -,4%) is any set of values of the ?’s at which these 
polynomials do not vanish, and if 7° is a root of f(«%, tı, n) = 0, then 
ys = Bi (2r ti, 9°) /M (2%, tr) are the codrdinates of a point of V at which 
Q~0, gi 0, and moreover #4 = Rx(y4). That is, any point (x) of W 
` at which none of the polynomials M (x, t), L(x, t), @(a, t) vanishes identically 
belongs to the set T, It follows then by a theorem of Ritt that every point 
of W is a limit point of points in T, q. e. d. 


2. Let the codrdinates 21,: ` :,æ, of a generic point of an algebraic 
p-dimensional variety W be algebraic functions of r parameters #,,: + -, tr 
independent over K. The variety W is a rational transform of the r-dimensional 
variety whose generic point is (%1,%2,° © *, En tn’ © *, tr). We identify this 
variety with the variety V of the preceding section. For the variety V the 
parameters ¢; are merely some of the codrdinates, and the points of V which 
cannot be reached by this parametric representation satisfy a certain equation 
g =0, where g = g(x, t) is a polynomial not identically zero on V. By the 
preceding section it follows that the points of W which cannot be reached by 
the given parametric representation are limit points of reachable points. 


Tue JOHNS HOPKINS UNIVERSITY. 


ON THE CONSTRUCTION OF SYMMETRIC RULED SURFACES: 


By ARNOLD EMOH. 


1. Introduction. Let S(x) denote a projective space of three dimensions - 
with the homogeneous variables 21, %2, Ls, ta and 1, $2, Pa; Pa the four ele- 
mentary symmetric functions on these variables, then 


(1) Jarppa" p," = 0, 


with the n; as positive integers, and n, -+ Bn + 3na + 4m =n satisfied 
represents, by definition, a symmetric surface. Noted examples are the Cayley 
cubic 31/2; 9 and Clebsch’s diagonal surface. The writer has investigated 
surfaces of this kind in a number of papers. Two symmetric surfaces intersect 
obviously i in a symmetric space curve, which is left invariant by the symmetric 
group G2, of collineations, since the surfaces producing it are invariant. In 
this connection I mention the discovery of a remarkable sextic of genus four 
which lies on 10 cubic cones.? . 

It is naturally interesting to enquire about the possibility of symmetric 
ruled surfaces. It is clear that such surfaces exist, because $,7 + Ad. = 0 
represents a pencil of symmetric quadrics (admitting imaginary rulings). 
Then, of course, there is the special class of symmetric cones. If we admit 
the existence of general symmetric ruled surfaces, then by G2, a generic 
generatrix determines immediately 23 more on the surface. The first question 
then is what is the lowest order of surface on 24 lines belonging to the group 
Gos. Choose a generic line J, determined parametrically by 


(2) pti = a; + àbi (i == 1, 2, 3, 4), 


“with (a) and (b) as two arbitrary distinct points. Substituting (2) in (1), 
l will lie on (1) when (2) is identically equal to zero for all values of À. 
This leads to an equation of degree n in A, which is satisfied for all values 
of À when its n + 1 coefficients vanish. Hence the number of coefficients in 
(1) must have a number of coefficients (effective) = n + 1. The experimental 
solution of the Diophantine equation gives for the orders n == 1, 2, 3, 4, 5, 6,7, - 
the number of effective constants of (1): 0,1, 2, 3,4,7,9,---. This shows 


oF | Received October 21, 1936. 
2“ Über eine besondere Raumkurve sechster Ordnung,” Monatshefte für M athematik 
und Physik, vol. 40 (1933), pp. 193-200. 
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that the first case in which the inequality is satisfied is for n—6. There is 
stiil one constant available. Hence 


THEOREM 1. On a generic line lin Sz there is a pencil of symmetric 
sextic surfaces. There are no such surfaces of lower order on l. 


For general ruled surfaces one must look for higher than the 6th order. 
To solve this problem we use the parametric representation. 


2. Construction of ruled symmetric surfaces. Consider the equations 


pb, = $1 (Aa, As, Ag} + uY” (Ao, As, Aa); 
pta = Pa (Ar, As, Aa) + fa (Ag, As, As), 
pts = Pa (Ar; Ao, Aa) + pes (Ag, Az, Aa), 
pt. = Da (As, Azs As} + pa (Aa, Az, As), 


(3) 


in which ¢*(a, B,y) and w*(a, B,y) are symmetric polynomials in «, B, +, 
from which the $*; and W*; are obtained by replacing @, B, y by M, Az, Às, Às 
as indicated. Then the ¢*, and y*;, except as to a possible change of signs 
throughout, permute in the same way as any chosen permutations of the X's. 
Hence a permutation 


Y À À Às 


X 7 T1 Lo La Uy 
LA a induces the permutation ( ) 


pEi ptr pLr pg) 

in which p = +1. For a definite set of values for the Xs the $*’s and y*’s 
in (3) represent two points in Ss, and with u variable (3) represents a straight 
line 7. Thus 


THEOREM 2. On the application of Gos to a definite set M, Àz, As, Ay and 
wiih p variable (3) represents 24 lines li. Hach of these is met by sia others 
of the same set. 


Tc prove the second part of the theorem, notice that a line J; cuts the six 

planes a, — a, = 0 in six points Pix. By the substitution (ik) this Pix is not 

changed, but l; is transformed into that of set of 24 which corrresponds to (ik). 
To (3) we now adjoin 


(4) M(x, À; day Àa) = 0, 
N (ài de, Às, da) = 0, 

two equations of degree m and n and symmetric in the A’s, and also homo- 
geneous in order to make them of dimension 3. Then in a S3(d)-space (4) 
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represents two surfaces which we assume to intersect in a complete irreducible 
curve Cmn. To every point (A) of this curve correspond by the G2. 24 points 
(including the point itself) of the same curve and by (3) 24 lines l. As (A) 
describes Cmn, the ls generate a ruled surface R whose genus is the same as 
that of Cmn, because there exists a (1,1) correspondence between the points 
of Cmn and the generatrices of the ruled surface in S,(x). ‘To determine the 
order of R, the Xs and x must be eliminated from (3) and (4). Denote 
Da (Aj, Axs A1) by $*;, then elimination of » from (3) gives 


(5) (a) m (D aa — pale) + ts (Pas — Eds) + talp ys — pag #1) = 0, 
(b) x2(p*sp*,— Pas) + Ts (De — Pate) + Ga (Papa py") = 0. 


These are equations of degree r + s in the Vs. Elimination of the Vs gives 
a symmetric equation of degree mn(r-+s) in 2,% 3,2, and of degree? 
mn( + $) in Ze, Ug, Za, hence of degree mn(r + s) in Tı, £a, Za, Tae If however 
equations (4) and (5) have & points in common which are in the same order 
a, B,y,8-fold four the four equations, then the resultant is of degree 
n(r + s)? — kBy8 in the coefficients of M ; n(r + s)? — kayd in the coefficients 
of N; mn(r + s) — kad in the coefficients of (54); mn(r + s) — kaBy in 
the coefficients of (51). When è= y, then the resultant (reduced) is of 
degree mn(r + s) — kaBy. Hence 


THEOREM 3. The parametric equations (3) in conjunction with (4) and 
the indicated multiplicities represent a ruled symmetric surface R of order 
mn(r + s) — kaBy. 


3. Example of octic ruled surface. If (3) has the form 


pty = Asa + ps, 

( 6) pt2 = Asa + He, 
‘ pts = Moda + PAs, 

PTa = Axes + Hs, 


and 


M = She, 
(7) 


N= SAiAgAt > 


k = 4 (vertices of codrdinate tetrahedrons), « = 1, B—2, 8 =y=2, then 


3 The resultant of equations (4) and (5) according to the conventional methods 
is of degree 2mn(r + s), but reduces to the degree mn {r + s) after deleting extraneous 
factors. This is verified by means of the (1,1) correspondence which exists between 
the curves C,,,, and Cpns of indicated orders, obtained in a \-space by the mapping of 


C,,, (M XN) by means of the ¢*’s and y*’s. 


mn 
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the order of R becomes 3-2:4——-4-2-2==8. Ordinarily the elimination 
of the Vs and p presents great difficulties on account of the labor involved. 
In this example this task may actually be accomplished as follows: Let 
$1, P2; as os now stand for the elementary symmetric functions of the variables 
x, and Ly, Le, Ds, La tor the Vs. Then 


p $i = Ls + ply 
pp = Dala + p(Lils — 404) + pL 
(8) $s = LL + pLa (LiLo — LaLa) + p? (LoL —3L,L,) + pL, 
ppa = Lè + aLe (Ly? — 2L) 
E E I E E DSL) E A 


When (A) lies on the intersection C4 (rational with double points at the A.) 
of Dz == 0, Lg = 0, (8) reduces to 


p Pi = bla, 
(9) Phe = — pls, 
7 ps = LL = 8p?Lils, 


pipi = Lè + ph Dy? + 2D? + pLa 
Eliminating p, », Lı, L4 from (9) we obtain the octic ruled surface R: 


(10) 16 didshs — Spip: ha — 12h1 abs + 4hr p: — 164172” 
+ Rp" bade — Ipi h? -+ Adegs” == OQ, 


It cuts the unit plane ¢, = 0 in the conic (hi = 0, ¢2 = 0) C: and contains 
the three diagonal lines (¢1 = 0, ps == 0) as double lines. If P(A) lies on Oe, 
then by the cubic involution pd’; = 1/4, P(A) goes into P’(1/Ai, 1/2, 1/As,1/A4) 
= which lies in the intersection of D, and In, i.e., on Ca The join of P’P 
interpreted in S, is a generatrix of R. Thus 


THEOREM 4. The locus of joins of corresponding points in the cubic 
involution T in which O: and C are corresponding is an octic symmetric ruled 
surface R. 


This can be verified by the principle of correspondence: Let g be a generic 
line in S, and («) the pencil of planes on g. An æ cuts C in six points B: - 
to which correspond by T six points B’; on C2, which joined to g give six planes 
g’. Conversely to a plane & which cuts C, in two points B’; correspond by T 
two points B; on Co, thus determining two planes «. This establishes a (6, 2)- 
correspondence between the planes « and a’ with 6 + 2 =—=8 coincidences. 
Let «* be such a coincidence, then there lie on this plane two corresponding 
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points by T, P on Os and P’ on Ps, such that P’P is a generatrix of R. There 
are thus 8 such generatrices cutting g. R is of order 8. 


4. Developable ruled surfaces. Every developable surface which is not 
a cone has an “edge of regression” or cuspidal curve which may be any 
space curve. When the developable surface is symmetric, then a tangent of 
the cuspidal curve is transformed into 24 other such tangents by the Gos. 
From this follows that the cuspidal curve is symmetric and that it may there- 
fore be obtained as the intersection of two symmetric surfaces fm — 0 and 
gn = 0 of orders m and n respectively. I shall restrict myself to the case in 
which the intersection of fm and gn» is a complete irreducible curve Cmn. The 
tangent planes at a point of intersection (y) of the two surfaces, to each 
fm and gn are 

af ag 

(11) on 0 (12) 3% WT 
They intersect in a tangent t of the curve of intersection of the two surfaces and 
as (y) describes the curve of intersections Cmn; ¢ describes the developable 
surface D which is now symmetric. Its order is obtained by eliminating 
(y) from fm—0, gn==0, (11) and (12), which gives for the order of D 
mn(n—1) + mn(m—1) or 


(13) d = mn(m+n—R). 


The order of the double curve of D, since Cmn has supposedly no effective 
singularities is 

(14) 0 = 4mn(m + n— 2) [mn(m + n— 2) — 4], 

according to a well known formula (Cayley). D has a double curve of order 
4mn(m + n— 2) (which is always possible, because d is even) in each of the 
six planes +; — 2, = 0. Hence, outside of these components, the double curve 
of D contains a residual double curve of order 


(15) c= 4mn(m + n— 2) [mn(m + n— 2) —10]. 


.To find the point of intersection of ¢ with the unit plane, we solve (11), (12) 
and Se; = 0 for (x). Denoting @f/éy; and 6g/dy; by fı and g: respectively 


pt; = fogs — fags + fage — 294 + fags — fag2 
(16) pt, = — (fogs — fags + faga — figs + fags — foga) 
pts; = fogs — fage + fagi — fig + f192 — faga 


pta = — (fogs — fage + foga — figs + fage — fogs). 
10 
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As the point P(A) describes Cmn, the point (x) in (16) describes the curve 
of intersection D’ of D with the unit plane. The join of D’ with P is a tangent 
of Cmn or a generatrix of D. With x variable we have | 


THEOREM 5. The parametric representation of the developable tangent 
surface of Cmn the curve of intersection of fm and gn is given by 


ct, = faga — fags + fage — fogs F fage — fsg2 + pra 
— (fega — fags + fags — fags + figs — fg) + prs 
(17) GX; = faga — fage + fags — figs + fige — fog + pàs 
ot, = — (fogs — fs92 + fog — figs + fige — fog) + prs; 
fm = 0, gn = 0. 


a 
Ë 
| 


As may be expected these are precisely of the type represented by (3) and (4). 

Example. The simplest developable symmetric surface is obtained as the 
tangent surface of the ‘sextic Ce of genus four obtained as the intersection of 
the symmetric cubic and quadric 


M = Imd =0 and N= id, (ix k Al — 1,2, 8,4). 


In this case (17) becomes 


pt, = — (Az —Asz) (Az — Ag) (Aa — Az) + pi 
(18) pta = — (Ar —As) (Az — Aa) (As — M) + ne 
p&s = — (Ay — Az) (Az — Ag) (Ag — Ar) + pàs 
pta = (M — Az) (Az — Ag) (As — An) + mA 


a symmetric developable surface of order 12, whose equation in the 2’s is 
obtained by elimination of p, u, and the Ws from (18) and M =0, N =0. 
This is omitted on account of the enormous amount of labor which is required. 
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ON CIRCLES CONNECTED WITH THREE AND FOUR LINES.* 
By J. R. MUSSELMAN. 


I. Let us consider six points a, (i = 1,2- : -6) of a plane (or sphere) 
which are ordered. A quadratic covariant associated with them has been dis- 
cussed by the Morleys.* Here we study the six ae under the condition that 
the cross-ratio 

(as — a2) (as — ds) (as — as) 
1.1 AURAS SANT 67 
FR (ar as) (a — 45) (0—0) T” 
where p is any real number, Since this cross-ratio is invariant under 
homographies 


y = (as + B)/ (ys +8) 
we are asking that it be invariant also under antigraphies 
| g= (as + B)/ (ye + è). 


The significance of (1.1) is easily seen. For the equation 


(a, — az) (as — 2) 


(@2—@3)(e—a,) 


represents a circle on the points a, a, and as. Writing similar expressions for 
the circles d3@4@; and asaça., and multiplying the three equations together we 
see that (1.1) is precisely the condition that circles aya2%3, ds@aüs, Ag, have 
a common point. Furthermore, the condition that circles a@304, dattes, Ge102 
have a common point is 
(1.2) (aà — da) (aa — as) (as — m) _ oy 
(as — t4) (as — ds) (a, — az) 

Now the truth of either one of (1.1) or (1.2) implies the truth of the other, 
hence we have here a simple proof of the theorem if the circles a,4203, Assas, 
` Agile, meet at a point, say m; then the circles oasa, Qasas, Agha, meet at a 
point, say n. 

If we choose the points a; so that m is œ, then ae, as, ds lie respectively 
on the lines 4,4, Gads and 454. This gives us then the theorem of Miquel— 


* Read before the International Congress of Mathematicians, Oslo, July 17, 1936. 
Reeeived by the Editors, November 30, 1936; revised February 4, 1937. 
1 Inversive Geometry, p. 60. See also exercise 6, page 30. 
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if a point be marked on each side of a triangle, and through each vertex of the 
triangle and the marked points on the adjacent sides a circle be drawn, the 
three circles meet at a point. We notice also that the homography which sends 
& into a4, a3 into ae, and as into a, sends the line a3a,00 into the circle detan, 
so that in general a:@4, G3, @s&s, and mn are pairs in a homography. 


II. In this section we connect the above with the following generalization 
of an old theorem? that if a point p has images Ge, ds, as in the sides of a 
triangle Gass, then the circles assas, Asse, Qeli meet at a poini, say ñ, 
on the circle aaas: and equally the circles Miasas, Gsats, Asda, meet at a 
point, say m, on the circle amas. We give an analytic proof of the first part 
which enables us to construct the points m and n without the aid of the circles. 
Let the coôrdinates of the vertices of the triangle aasa; be turns tj, i.e. 
| tı | =1. The elementary symmetric functions of the ¢; will be denoted by oy. 
The reflection a. of the point p in the side a,a, will have as coôrdinate 
tı -+ ts — tıtap. Consider the equation 


(2. 1) Ci + ts)@ = 02 — oap + (tits — osp)T. 


For T ==—1, tst, tits! respectively, this circle (2.1) passes through the 
points ds, as, ae. Also for the turn value 


Pan (oz — oap) (ts — p) x — 29 
(o1 — p) (hits — osp) ? O1 —P 4 

a point on the circle a,aga5. Since the codrdinate of this point, n, is symmetric 
in t, ts, ts, the circles ag@i@2 and aa, likewise are on n, which proves the 
first part of the theorem. The second part follows immediately from the 
homography which connects the paire aus, as, Gsd2, Mm and n, for it is of 
period two. 

For if p and a, are images in the side a,a, then (a; — a2) / (az — 4s) and 
(a; — p)/(p— as) must be conjugates. Writing similar expressions for p and 
ig, p and ae and multiplying the three we obtain 


(dı — G2) (as — a4) (as — Ge) — 
(@2 — as) (as — as) (as — 43) ds 


But this is the condition that «as, @ets, a:@s be pairs in an involution. 


Naturally m and n belong to this involution. When m is œ, we have the 
theorem of Menelaus. 


*This is a generalization of a theorem of Canon, Nouvelles Annales de Mathé- 
matique, Fourth Series, vol. 8 (1908), p. 480, Problem 2108. See also R. Bouvaist, 
ibid., vol. 10 (1910), p. 136. 
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Now if H be the orthocenter of a,as¢5, any point on the line Hp will 
have as codrdinate r= (e, + Ap)/(1+ A). The codrdinate of n will be 
(o2—~o37)/(o,—7). Substituting the values for r and ř in this expression 
for n we obtain (0. —-osp)/(o1—p). Since this is independent of the 
parameter A, we see that the point n is a fixed point on aaas for all points 
on the line Hp. The Simson line of n is parallel to Hp, so n can be con- 
structed * without the use of circles. The codrdinate of the point m can be 
written as 








Seep he ax TH OH 
(2. 2) mM =o, PPS n are 
The line pn cuts the circle a,a,a5 at a point L, whose codrdinate is 
eet 
(2. 8) Tq gat 


Hence if O be the center of the circle a,a,a5, the point n can be constructed 
from the vector relation 


(2. 4) Om = OH — Op + OL. 


III. Casey * defines as “ twin points ” any two points such that the angles 
subtended by the sides of a triangle at these points are either equal or supple- 
mentary. With reference to the triangle a,a3a; the points p and m are twin 
points. It is also known that any two points at the ends of a diameter of a 
rectangular hyperbola are twin points with reference to any triangle inscribed 
in the hyperbola, The theorem in Section II connecting p and m enables us 
to state two interesting theorems about the rectangular hyperbola. (1) If we 
reflect any point p of a rectangular hyperbola in a chord aa, obtaining the 
point az, then the circle dazas will intersect the hyperbola at m, the diametrically 
opposite point of p. (2) Let Ax, As, As, P and Q be any five points of a 
rectangular hyperbola with P and Q at the ends of a diameter, and let Pi, Qu 
(i = 1, 2,3) be the reflections of P and Q respectively in the chords AAs, 
A341, 4142; then the circles AsA3P;, AsA:P2, A142P3 and P:P,P; will meet 
at Q and the circles A,AsQ1, AsA4iQo, A14:Q: and QıQ-Q; will meet at P. 

One application to the geometry of the triangle will indicate the im- 
portance of this theorem. The isogenic centers or Fermat points F, F’ of a 
triangle A,A2A; lie on the ends of a diameter of the Kiepert hyperbola which 
also passes through the vertices of the triangle. Hence if we reflect either 
Fermat point in the sides A:As, AsA:1, A142, obtaining the points Bı, Bz and Bs 
the circles A,A;,B;, A:A1Br, 4,A2B;, B:BB, are on the other Fermat point. 


3 See R. A. Johnson, Modern Geometry, page 208, Theorem 329. 
+A Sequel to Euclid, Sixth Edition, page 249. 
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IV. We consider here the reflections of a point p in four lines. Our 
codrdinate system is chosen so that the parabola which touches the four lines 
has the form : 

2 


oe 


If p be the focus of the parabola, and we reflect it in the triangle formed 
by the tangents at the points 4, tz and ts the coôrdinate of the point n will be 


2 2 


aiza EBT FA 


where Sy is the symmetric function of four points t;. For each triangle formed. 
by three out of the four lines we shall have a point n, and these four points n 
lie on the circle C4, whose equation is 


Rs 
1— 8, +t" 


The inverse of the focus of the parabola as to this circle is the point 


C= 


2 
1— 8," 





Z = 


For five lines òf a parabola, we can construct five circles as C4, and the inverse 
point of the focus in each circle will lie on a circle, namely on 


te N 
1— 0, +t’? 


where now o, refers to five points 4. The chain runs on indefinitely for lines 
of a parabola. 

When pis a point on the circumcircle of the triangle, we see from (2. 3) 
and (2.4) that L coincides with p and that m is at the orthocenter. Hence 
if we reflect the focus of a parabola touching any four lines in the four lines, 
the four points m, one for each three of the four lines, lie on a line—the 
directrix of the parabola. 

For p any point in the plane, the codrdinate of n is 


t= 


__R(F+P—?) = \ 

HE” (II = 1 — 01 + og — 03). 
The numerator of this fraction equated to zero is the equation of the directrix; 
the denominator equated to zero gives the orthocenter of the triangle of tan- 
gents at the points t, ta, ts We thus have the theorem if we reflect any point 
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on the directriz of a parabola in the triangle formed by three of tts tangents, 
the point n coincides with the focus. Naturally n is indeterminate when p is 
the orthocenter of the triangle of tangents. | | 


V. If we choose as the point p the cireumcenter of a triangle 414243, , 
then from (2.2) the codrdinate of m can be written as 


Ma = O1 — 02/01 


where o; are symmetric functions of the three symbols 4. If we take a fourth 
point A, on the circle 4,44, we can form four triangles from the four points, 
each determining a point m:, which four points m; lie on a circle. For 
en) Bi — K — tu: 
4 = C1 T2 te = eee a ’ 

where S; are symmetric functions of the four ¢;. This, for variable #,, is the 
equation of a circle; hence the four points m; lie on the circle Cs, whose equa- 
tion may be written as 

_ Qz — At 
A, — + 





where we write a, for S,? — Sz and a, for Sı. Now when t= 0, £ = 42/0; 
when t= œ, == m. Therefore, the points a,/a, and a, are inverse points 
as to this circle. Four other pairs of points in the involution set up by this 
circle are Agmg, ÁAsMg, Agme, Aim. Hence the five pairs of points a,/a and 
Qı, Ay and m; are pairs of an involution. Since 


fe Gr — Gite 

PTS 
where a; are the functions 8, and S1? — 8, written for five symbols t, we have 
shown that if we take five points on a circle, we can determine for each four 
of the five points a circle such as Cs and a point such as a, and the inverse 
point of each a, as to its associated circle gives five points which lie on a circle. 
This chain can go on indefinitely. 
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‘ON THE DENSITIES OF INFINITE CONVOLUTIONS. 


By AUREL WINTNER. 


It has been pointed out in a previous paper ? that, due to certain compact- 
ness properties of uniformly bounded functions of uniformly bounded variation, ` 
there exists for the “term-by-term” differentiation of infinite convolutions 
of distribution functions a theorem which does not assume any convergence 
property of the sequence of derivatives and is, therefore, useful * in applications. 
The present note proves an essential refinement of the theorem in question by 
showing that, for the “smooth ” term of the infinite convolution, the existence 
of an additional derivative need not be required.* In fact, it will be shown that 
if at least one term oj of a convergent infinite convolution o, * o2 *: * +, say 
the term oj = o, has for — œ < x < + œ a continuous density of bounded 
variation, then so does the distribution function o represented by the infinite 
convolution; and the continuous density of o,*- + -* oy tends, as n — + œ, 
to that of c =c, * 02%: + - uniformly in every fixed bounded x-range. 

Let Y (y) denote the total variation (S -+ œ) of a function W(x), where 
— œ <2<-+ co. Suppose that the derivatives #,(x) of a sequence of uni- 
formly bounded, differentiable functions pa (æ),— co < æ < + %, are such that 


(i) {#n(æ)} is equicontinuous for — œ < s < + œ; 
(ii) | ¢’n(%)| SC for some constant C; 
(ili) V(¢'n) Sc for some constant c. 


Then ° the sequence {p,(x)} cannot tend to a limit function lim n(x) almost 
everywhere unless lim ¢n(#) determines for — œ < x < +- œ a continuous 
function which has a uniformly continuous derivative of bounded variation, 
in which case 


pns) — lim ¢a(x) and ¢’n(x%) — ( lim ¢a(z))’ 


1 Received January 28, 1937. 

2 A. Wintner, American Journal of Mathematics, vol. 57 (1935), pp. 363-366. 

3 Cf. E. R. van Kampen and A. Wintner, ibid., vol. 59 (1937), p. 186 and p. 203. 

~ 4The assumption made loc. cit. was that o, has for — © < æ < + © an absolutely 

integrable and bounded second derivative. It is clear that this assumption implies the 
existence of a continuous first derivative which has for — œ < æ < + œ a bounded 
variation. Incidentally, a function of bounded variation, which is a derivative, cannot 
have discontinuities. 

5 This is a corollary of the facts proved loc. cit? pp. 364-365. 
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hold uniformly in every fixed bounded æ-range. Now if du = 01 *' > © ou, 
then {¢,(2)} is uniformly bounded, since #, is then a distribution function. 
Furthermore, ¢n(%) —>o (x) holds almost everywhere, since e = o; * ez *- - - 
is supposed to be a convergent infinite convolution. Hence it is sufficient to 
prove that the assumption of a derivative o”,(x), — © < x < + 0, of bounded 


variation implies for the finite convolutions dy = o, ** > : “ on the existence 
of densities ¢’n = #n(x) which satisfy (i), (ii) and (iii), no matter what 
the distribution functions o2,03,- -© - may be. 


First, if o == (8) denotes, for a fixed § > 0, the greatest lower bound of 
those numbers 8 > 0 which have the property that | o’, (21) —o’:(2*)| S 8 is 
a consequence of | st — x? | <8 for arbitrary zt, 2, then w(8) — 0 as 8 0. 
In other words, o’ (x) is not only continuous but uniformly continuous for 
—ocar<c-+o. In fact, o’1(— œ) = 0 and o’,(+ ©) = 0, since the dis- 
tribution function o:(x) is supposed to be such that V(o’,)-< + œ. This 
also implies that 0 S o’ (£) < V (o1) for every x. | 


On placing m = 02 #° > + *o,, it is clear that 
+00 à . 
Qu Ce) = n= o: ton =o * m= È oi (2— y) dral). 
-0 


Since ¢’, is continuous and bounded, and since r, is a distribution function, 
it follows that œn has for every x a derivative ¢’n which may be obtained by 
differentiation beneath the integral sign, so that 


+00 


gale) =f (ayants). 
-0 
Now | «1 — 2° | S 3 implies that | o^, (2t — y) — o'i (a? — y) | S o (8) for every 
y, since | gt — g? | = | (zt — y) — (z? — y) |. Hence 
+00 
| Palt) — $'n(a?) |S f w(8)dra(y) =(8) whenever |z!— 1° | ô. 


This proves (i), since (8) — 0 as 8—> 0. Similarly, since | o’, | < V(o's),. 


IE S Tidal) = V(r), 


so that (ii) is satisfied by C = F (o1). In order to prove (iii), notice first 
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that, since V(o’1).< +- œ, one can write the above representation of ¢’n(x) 


in the form 
+00 


gala) = [ray (e—y)]_— S ldo), 


where, as pointed out above, o7,(— œ) = 0 and o’;(+ œ) = 0, while mm(y), 
being a distribution function, is bounded. Hence í 


da) =— fly) de's(e—y), Le, Pale) = f aeni), 


and so, for arbitrary m and 2, 


+00 K 
z| $'n (1) — Pn (ti) E f 2 | ra (gi — y) — Ta (Li — Y) | | do’,(y)|. 
= 4 i= 
Now let to <` < am. Then t—y<-::<@m—vy for every y; hence 


m 
Z | ma (2: — y) — Ta (2i — 9) | E V (ra) = 1. 
Consequently, | 


+00 


Š gale) pate) f [de/s(y)|— Vor) whenever ay <: : < am 


and so V(¢',) = V(o/1); ie. (iii) is satisfied by c= F (01). 

It is clear from the proof that the theorem can be extended to the case 
of multi-dimensional distributions and also to the case where one requires for 
o =o; *o2*- - - derivatives higher than the first. 
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A REPRESENTATION OF STIELTJES INTEGRALS BY 
, CONDITIONALLY CONVERGENT SERIES.* 


By Ferrz JOHN. 


1 
In an earlier paper the author expressed Í, f(z)dz, where f(z) is a 


function of bounded variation by a series of the form = avf (Av), & and Av 


being certain constants not depending on f4 The ay ‘and ‘Ay contained an 
arbitrary rational parameter y. These expressions for the integral of a func- 
tion were generalized by H. Rademacher,” who assigned to y arbitrary algebraic 
values, and also proved the validity of the expansion for all Riemann integrable 
functions. 1 | 

In the present paper I am giving a similar representation for Riemann- 
Stieltjes integrals: 


D fJ teia) =È nto) 


where the ay and cy are independent of f. The sequences ay arid cy are not 
uniquely determined by #(æ). One might expect that the cy can be prescribed : 
arbitrarily to’ a certain extent (e. g. so as to form an everywhere dense set in 
the interval 12S 2) and that then coefficients ay depending on # can be 
determined such, that (1) holds for all functions f of a certain class. In this 
paper a special expansion of this sort is given for the case, that f is of bounded 
variation and that y is continuous; the arguments cy have the fixed values 
v/2Uces 7], independent of y. The series is in general only conditionally .con- 
vergent. By eee y =(a) as variable of integration, one can obtain 


new expansions > af (Av) for the Riemann integral fi f(y)dy, the coeffi- 


cients ay and the a arguments À, depending on an arbitrary continuous, mono- 

tonic function y(a). | 
_ It would be desirable, to prove the more general theorem, that ‘every 
continuous linear operator for functions of bounded variation f (the total 


* Received December 2, 1936. 

4“ Identitäten zwischen dem Integral einer Funktion und unendlichen Reihen,” 
Mathematische Annalen, vol. 110, pp. 718-721. | 

3“ Some remarks on F. John’s identity,” American Journal of Mathematics, vol. 58 
- (1936), pp. 169-176. 
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variation of f taken as its norm) can be represented by a series of the form 
> arf (ev). 
In what follows we shall denote with Z the function defined by 


cr 


T 
ese Dogs o] for z>0 
1 for c= 0. 


THEOREM. Let f(x) be of bounded variation and y(x) be continuous in 
lies. Then > 


2 œ 2 
J, FC) (x) = Saf), 
the coefficients ay being defined by the following conditions: 
(2) day = Fay + (y (v — 2) —y(2?v— 1) ) for positive integers v, 
(3) ay = à (46) —y(v—1) ) for odd positive integers y, 
(4) a =y(2) — (1). 
Proof. We have for y= 0,1, 2,-- - 
(5) | w=ry, 1£<v<2. 


Moreover, as y(x) is continuous, there exists for every positive e a (e) such 
that | y (21) —y(a2)| < € for 1 S q, S 2, 1 S ta S 2 and | 2,—2, | S 8(e). 

Let v be an odd number > 2/8(e) +1. Then [log: v] = [loge (v—1)] 
and 





- ——— 1 
| v—v— i | = zie =8; 


therefore | ay | S e/2. 
Let v be even and > 2/8(e) +1. Then 
[loge (v — 2) ] = [logs (v—1)], 


[v—2—v—1|— 


Sa on < à 
| w(v—2) —¥(v—1)| <6 
| av | = | bave + (ET) —¥O—1)) [SF | ae | +92. 
Thus for all v > 2/8(e) +1 
La | + | awya | + </2. 


Consequently we have, if M, denotes Maximum ay 
any <'2n 1 


Mas = IM, + €/2 
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for sufficiently large n; therefore lim sup M, S €, and as e was an arbitrary 


NOOO 
positive number, lim M,—=0. Hence 
NCO 
(6) | lim ay = 0. 
pO 


Let for n = 0, 1,2,- : - and for 1& s <2 


Sn (z) -r > Gy. 
2a Eng 
Then for positive n 
Sn(T) = 5 (dav + Gey) — 4-1 + On@ p22}, 


20-1215 


where 
g= 1 if [27] is odd 
” | 0 if [292] is even. 


Now according to (2), (3) 


aav + Aaya = dav + 4(y(2y— 2) —y(2v—1)) | 
+ 4(w(@v—1) —y (3—2) ) = dm. 





Hence 


(7) Sn(@) = Sn- (2) — oa + Entre ae 


As according to (6) | az. | and | age | are less than ¢/4 for sufficiently big n, 
we have for those n 


| sn(t)| Sd | sn-1(2) | + e/2. 
From this we may conclude, that 


(8) lim s,(x) = 0 uniformly i ing for lSr¢<2. 


n=? CO 


It follows moreover from (7), that 


(9) Z sa(2) =} E a(o) —Ÿ aa +B batuar 
Now for n= 1 
ara = $ (Y= 1) — y (2—2) ) (UT) — (RE —T)) 
Zara = WEI) — WO); 
besides for odd [2"2] 


bnti" = $ (HER TT) —y( [2s —11)) 
=4(y([2*]) —y([2"%2}) ) 
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and for even [2x] : [2x] = 2[2" 2] 


bnar"ei = 0 = $ (y (Te) — y (Er) 
Thus 


È bacs = (E — T) = 4 (VTP 


Substituting these expressions in (9), we obtain 


$3 60 (a) — psr (e) + 66(0)— WO —1) + WO) — Iv 
Now 
so(z) =m = $(¥(1) —¥(0)), 
1 
Tti ma) 
tim (2% — I) = 4(2), 
a) =e (Ge 


lim y([2%z]) =y(z) uniformly in ¢ for 1=zx<2?. H 
Nc 
follows that 


(10) È s (2) = y(x) —y(2) uniformly in æ for 1= 


Let the step function e(y, x) be defined by 
P _ fiif yse 
e(y, &) -{5 if y>. 
Then for 15S g <2 
3 ave(s, v) = > Gv 
vel =1 


1svSe 


[loge n}-1 
= $ X wt 
u=0 2Wgvs2be 2[log: LE min ue 
IR nl à if a 
[logo n] 
Su(& < 
à a w+; S Toga n1” ) it a: 
Because’ of (8) and (10) it follows that 
a ; 
(11) X ave(y, 2) = y(x) — y (2) uniformly in 
pel 


for 1sSSa<2 As lime(r,æ) =1 and limwy(z) = ¥(2 
g2 g2 


j i ry 
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ISe; ie 
O0 
(12) t DS av = 0. 


7=1 


Let now f(x) be of bounded variation in 1 =a 2, 
We first assume, that f is also continuous. Then 


fly) —— f oly, a)f(e) + f(2). 


Consequently 
> af (>) — -f3 ae, 2) df(2) + f (2) È a» 


Às À ave, æ) converges uniformly in x and f(x) is of boatidad variation: 
it follows using (11) and (12) ` 
À auf) —— f, (1e — 2) Jite) 
=— f E) + ¥@) (FO) —#)) 
= [la =E) +AA) 
A + ¥(2)F(2) —y(2)F(1) 

= f. Paa) HED GO). 
This proves our theorem ioe the definition of ao) for the case that f is 
continuous. 


Let f(x) be of bounded variation in 172 and have mé 
at the points u (u =1,2,: °). Let 


(En + 0) — F(êu —0) =— cp f(Eu) — F (éu — 0) = dp 
Let moreover y(x, y) be defined by 


oife 
x(2, y) = e if E 


Then f(x) = fı (2) + f:(r) + fs (x), where fı (x) is continuous and of bounded 
variation, i ; 


hG) =Š elmi) fele) = È dnx(én 2), 


æ% œ 
the series J, | cp | and X | dy | being convergent. It is sufficient to prove our 
ut Bei 


theorem for f = fa f = fo, f = fe separately. For f = f, it follows from our 
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previous considerations. As (1) holds according to (11) for f(a) = e(z, éu) 
wo 

and $ ave(5, és) converges uniformly in p and J; cp converges absolutely, it 
po B 


follows, that (1) holds as well for f—f,(x). In order to prove (1) for 
f =fs(x), it is only necessary to prove, that 


O0 
(13) À dx (rs fu) = 0 
uniformly in a. But, as 
x(g) = lim (efv, 2) — e(n e —h)) 


it follows from (11), that 


Š ax (7,2) = ya) —y(z—0) —0 
uniformly in g for iS #2. : 
Thus (1) is proved generally for any f(z) of bounded variation. 
Remarks. If there is an e such that | f(x)| >e for allzinlS2eS2, 


© 
then the series J, avf(v) is certainly not absolutely convergent, unless ÿ(x) 
v=0 ; 


is a constant. 
For if that series would be absolutely convergent, then Ð | av | would be 
v 


‘convergent ; consequently according to (11), (18) 
co oO a 
VC) —¥(2) = Z ave (y, 2) = Be D arte (2tv, 2) 
pol vo g=0 
co 
= DY D ave (Y, T) 
v odd 8=0 
00 
= Dre(v,z) X av 
v odd 8=0 
a m pe 
= Xv e(¥, 2) Z apx (57) = 0. 
v odd u=0 


II. Let y(x) be monotonically increasing and continuous and let 
y(2) = 2, ¥(1) =1. Then we obtain by substituting t = y(x) in (1) the 
identity 


[ro = Èo) 


valid for every function f of bounded variation, ay being defined by (2), (3), 
(4) and À, denoting yẹ (7). 
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NOTE ON THE DEFINITION OF FIELDS BY INDEPENDENT 
POSTULATES IN TERMS OF THE INVERSE OPERATIONS.* 


By Davin G. RABINOW. 


1. Introduction. The concept of a field involves two operations which are 
usually called addition and multiplication. When the definition of the field 
is given in terms of these operations, we say it is defined for the direct opera- 
tions. The inverse operations of these direct operations may be called sub- 
traction and division. It is possible to define a field in terms of these inverse. 
operations.? The inverse operation of multiplication, division, when used as 
the fundamental operation, allows us to define multiplication in two essentially 
distinct ways. The first involves the fact that 1/1/a = a under certain restric- 
tions on a. We can then define ab = a(1/1/b). This is the method used in 
the paper referred to in footnote 2. The second method is probably the more 
fundamental in that it is analogous to the definition of division in terms of 
multiplication. We shall develop the definition of a field in terms of addition 
. and division where our treatment of division shall be this second method. 
Instead of using subtraction we shall use addition, since this will simplify the 
proofs somewhat and since the use of subtraction has been completely discussed 
in the paper referred to in footnote 2. 


2. Postulates for a field and theorems deducible from them. Let us 
consider the following set of postulates in connection with the base (K, +, 0) 
where K is a class of elements a, b, c¢,: > - and +, 0 are binary operations. 


Postulate 1. ain K and bin K implya+6ink. 

Postulate 2. TIfa,b,c,a+b,b+c, (a+b) +c, a+ (b+c) are in 
K, then (a +b) + c=a-+ (b +c). 

Postulate 3. There existsin K at least one element Z such that a +- Z = a 

| for all a in K. 


* Received December 28, 1936. 

1E, V. Huntington, “ Note on the definition of abstract groups and fields by sets 
of independent postulates,” Transactions of the American Mathematical Society, vol. 6 
(1905), pp. 181-193. i 

2 D. G. Rabinow, “Independent sets of postulates for abelian groups and fields in 
terms of the inverse operations,” American Journal of Mathematics, vol. 59 (1937), 
pp. 211-224. 
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Poslulate 4. For each element a in K there exists at least one element 
a in K such that a ta’ =Z. | 

Postulate 5. ain K and b in K and b -£ Z imply aod in K. 

Postulate 6. If a, b, c, aob, aoc, (aob)oc, (aoc)ob are in K, then 
(aob) oc = (aoc)ob. . 

Postulate %. If a, b, c, a + 6, aoc, boc, (a + b)oc and aoc + boc are in 
K, then (a + b)oc = aoc + boc. 

Postulate 8. ain K and b in K and a=£Z imply the existence of an 
unique element 2 in K such that soa = b. 

Postulate 9. If a, b, aoa, bob are in K, then aoa = bob. 

Postulate 10. There exist at least two distinct elements in K. 


Note 1. If we wish we may remove the uniqueness requirement in Postu- 
late 8 and insert as an additional postulate either Lemma 2 or Lemma 8 proven 
below. However for compactness and for simplification of independence proofs, 
as well as for reasons which will become apparent in Section 4, the present 
form of Postulate 8 is desirable. 


Note 2. Throughout the subsequent work the terms Postulaie, Theorem, 
Lemma and. Definition will be referred to respectively by P, T, L, and D. 
Those theorems deducible from Postulates 1 through 4 shall be assumed as 
knçwn and will be referred to as G. 


LEMMA 1. If b54Z, then Zob =Z. 


Let a be any element in K. Hence since b s4 Z, we have by P5, P3, and PY, 
aob = (a + Z)ob = aob + Zob. Whence by G, Zob =Z. 


Lemma 2 If as4Z,b AZ, then aob Æ Z. 


Since b =£ Z, there exists by P8 an unique element x such that cob = Z. Hence 
by L1, « must be Z. If aob = Z, then a must be Z. But this is a contradiction. 
Hence aob =£ Z. 


Lemma 3. If a, b, c, aoc, boc are in K and if c 3&2 and if aoc = boc, 
thea a =b. i 


By P4 there exists an element a’ such that a +- a =Z. By P5 «oc is in K. 
Hence by P1 a’oc + boc = «'oc 4+ aoc. Whence by P? (a’ + b)oc = (a + a')oc 
= Zoc by P4. Hence by L2, a’ + b= Z. Therefore by G a =b. 

At this stage we are in the position to define: 


Definition 1. There exists an unique element U = aoa 54 Z. For, by 
Pi0 there exists in K at least one element a4 Z. Hence by P5 aoa is in K 
and by L2 aoa 4 Z. By P9 this defines the unique element U == aoa = bob. 
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Lemma 4. If under the-conditions of P8 the element b is also not equal 
to Z, then cob = a. 


For, b == zoa. Hence by P5 (xoa)ob = bob = U by Di. Whence by P6 
(vob)oa = U = aoa since a34 Z. Therefore by L3 rob =a. 

We can now define the product (written ab) of any two elements a and b 
as follows: 


Definition 2.1. b== Z, then ab =Z. 


Definition 2.2. b Æ Z, then ab shall be the element + of P8, that is the 
element + satisfying the equation sob =a. From these definitions we have 
immediately 


THEOREM 1. ain K and bin K imply ab in K. 
THEOREM 2. If a, b, ab, ba are in K, then ab = ba. 


Case I. b= Z, then by D2. 1 ab =Z. Ifa—Z, then by D2. 1 ba =Z. 
If a 4 Z, then by D2. 2 and L2 ba = Z. 


Case II. œZ, b242. By D2.2 ab —zx where zob =a. By D2.2 
ba = y where yoa = b and by L4 yob =a. Hence by L8 s =y. 


THEOREM 3. If a,b,c, ab, bc, (ab)c,a(bc) are in K, then (ab)c =a(bc). 


Case I. If a==Z or b= Z or c= Z, the theorem follows as in Case I 
of T2. : 


Case II. aA4,b2,c54Z. By D2. 2 let (ab)c— w where woc = ab. 
` Hence by D2.2 (woc)ob =a. Similarly let p — a(bc) = (bc)a by T2 where 
poa = be and hence (poa)oc = b by D2.2. By P6 b = (poa)oc = (poc)oa. 
Hence by L4 (poc)ob — a. Therefore (woc)ob == (poc)ob and by repeated 
application of L3 p = w. i 


THEOREM 4. If a, b, c, a +b, ac, be, (a + b)c and ac + be are in K, 
then (a+ b)e = ac + be. 

Case I. c—=Z. By D2.1 (a+ b)c= ac= be =Z; whence by P3 
(a+ b)e = ac + be. | 

Case IT. c2. By D2.2 let (a + b)c— p where poc =a +6. Also 
let ac =æ where soc—a and let bc—y where yoc =b. Then by Pi 
a + b = soc + yoc = (x + y)oc by PY. Hence by L3 p =v + y. 

THEOREM 5. If a, b, c, a + D, ca, cb, c(a + b) and ca + cb are in K, 
then cla + b) = ca + cb. | 
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This theorem follows immediately from T4 and T2. 


THEOREM 6. There exists an unique element u s£ Z such that au = ua =a 
for all a in E. 


Consider the element U -£Z defined in D1. 
Case I. a=Z. By D2.1 Ua—Z and by T2 Ua = aU. 


Case II. aZ. Let Ua— p where poa = U = aoa by D2.2 and Di. 
Hence by L3 p =a. By T2 aU — Ua. Now suppose there exists another. U” 
such that aU’ == U'a—a. From U’a =a we have by D2.2 aoa = U’. But 
aoa = U. Hence U = U’, and U is unique. 


THEOREM Y. For any elements a and b in K where a Æ Z, there exists 
an unique element x such that za = ax = b. 


Let « = boa. Then by D2. 2 p = za == (boa)a where poa = boa. Hence by L3 
p =b and by T2 az — ra. Now suppose there exists another element 2’ such 
that aa’ = z'a =b. Then by D2.2 2’ = boa. Hence à = x. 


THEOREM 8. If a,b, a + b, b + a are in K, thena+b—b+a. 
Let d be any element of K s4 Z and let D be the element x of T'Y such that 
dD =U. By T4 and T5 


(a+ b)(d+ d) =a(d + d) + b(d + d) = ad + ad + bd + bd. 
Likewise by T4 and T5 


(a+b) (d+ d) = (a + b)d + (a + b)d = ad + bd + ad + bd. 


Therefore 
ad + ad + bd + bd — ad + bd + ad + bd. 


Hence by P1, P2, P3, and P4 ad + bd = bd + ad or by T5 (a +b)d =(b +a)d. 
Multiplying by D and using T1, T8, TY and T6 we have a + b =b + a. 

But P1, P2, P3, P4, T1, T2, T3, T4, T5, T6, T7, T8 are the postulates 
for a field in terms of the direct operations of addition and multiplication 
(Huntington). Hence any system (K,+,0), which satisfies Postulates 1 
through 10, is a field with respect to the direct operations of addition and 
multiplication. Furthermore from Theorem 7 we see immediately that the 
operation o is the inverse operation of multiplication. To complete the proof 
that our set of postulates is both a necessary and sufficient set to define a field 
we must show that from P1, P2, P3, P4, T1, T2, T3, T4, T5, T6, TY, T8 
we can deduce P5, P6, P7, P8, P9, P10. For this purpose we define the 
operation o as follows: 
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Definition 3. If ais in K and b is in K and if a=£Z, then g= boa 
shall be the element x in TY satisfying za = b. 


Lemma 5. If a, b, c, ac, be are in K and tf cZ and if ac = bc, 
then a =b. í . 


For, by T? the element c’ exists such that cc’ = U. Then by T1 (ac) = (bc) ¢ 
or by T4, T7, T6 a =b. 


THEOREM 9. ain K,b in K and bZ imply aob in K. PARN 
Follows. immediately from D3. 


THEOREM 10. There exist at least two distinct elements in K. (P10) 
These are the elements Z and u whose existence is postulated in P3 and T6. 


Tuzorem 11. a, b, aoa, bob in K imply aoa = bob. (P9) 
By T6 ua = a for all a. If aZ, then by D3 u = uoa for all a for which 
aoa is in K. 


THEOREM 12. a in K, b in K, and asÆ&2 imply the existence of an 
unique element x in K such that voa = b. (P8) 


Take s = ba. Then by D3 zoa =b if a4Z. Now suppose there exists 
another element + such that z'oa =b. Then by D3, a’ = ba. Hence a’ = z. 


THEOREM 13. If a, b, c, a + b, (a + b)oc, aoc, boc, aoc + boc are in K, 
then (a + b)oc = aoc + boc. (P7?) 


By P1 and T9 (a + b)oc, aoc, boc are in K if c4 Z. By TY there exists an 
element æ such that szc =a + b. Also by TY there exists elements y and w 
such that yc = a and wc =b. Hence ye + we = a + b = sc = (y +w)c by 
Pi and T4. Therefore by L5 s — y + w and the theorem follows by D3. 


THEOREM 14. If a, b, c, aob, aoc, (aob)oc, (coc)ob are in K, then 
(aob)oc = (aoc)ob. (P6) 


Case I. a=Z. By D3 (aob)oc = (aoc)ob = Z by T7. 


Case II. a=&Z. By T9 aob, aoc, (aob)oc, (aoc)ob are in K if bAZ 
and c=£Z. Let (aob)oc =x and (aoc)ob =w. By D3 zc= aob. Take 
aob = y where by D3 yb =a. Likewise wb = aoc and aoc = p where pe = a. 
Since zc = y, then æcb = yb = a and since wb = p, then wbc = po =a. Hence 
(æc)b = (wb)c = (wc)b by T1, T2, T3. Hence by repeated applications of 
Li z =w. 


From the above we conclude that the set of Postulates 1 through 10 is 
both necessary and sufficient to define a field. 
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_ 8. Independence of the postulates. The postulates are examined for 
independence by exhibiting examples of systems (K,-+,0) which fail to 
satisfy the correspondingly numbered postulates but satisfy the remaining 


postulates. 


Example 


Example 
Example 
Example 
Example 


Example 


Ezample 


Example 


1) K is the class of two elements 0,1 with a +4 b and aob 
satisfying the following multiplication tables. The 
elements u, r, and s are elements not in K. 





a+b|0 1 aob | O 1 
010 u Oir 0 
111 0 lis 1. 


2) K is the class of all rational numbers, positive, negative, 
and zero. a-+-b=a-+ 26. aob == a/b. 

3) K is the class of all positive rational numbers. a+ b 
—a+b. aob —a/b. 

4) K is the class of all positive rational numbers including 
zero. @+b==a+b. aob=a/b. 

5) is the class of all integers, positive, negative, and zero. 
a+b—a+b. aob —a/b. 

6) K is the class of hypercomplex numbers of the form 
ml + wi -H pj where r, w, p are rational numbers, 
positive, negative, and zero. a +b =a +b. 


1 
pe + p? + (we — p)’ 
X (ral + ot + p15) (aol + w2t +- po)» 
where the product of the coefficients shall be the 
ordinary product of rational numbers and the “ units” 
shall follow the table. 


aob 


ilj ele R 


7) K is the class of all integers, positive, negative and zero. 
| atb=a+b. aob =a — b. 
8) K is the class of all integers, positive, negative and zero. 
a+b=a+tb. aob =Q. 
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Example 9) K is the class of all rational numbers, positive, negative 
l and zero. at+b=a+b. aob — ab. 
Example 10) K is the class consisting of the element 0 only. a+ b 
=a-+ b. aob is undefined. 


4. The concept of operational invariance. Let us consider the Postu- 
lates 1 through 8 inclusive. It is to be observed that the commutative 
postulate, that is aob == boa, cannot be deduced from these postulates. An 
independence example for this postulate would be: K is the class of all rational 
numbers, positive, negative and zero. a + b — a + b and aob =a. We note 
further that if the commutative postulate is added to the set of Postulates 1 
through 8, we obtain the definition of a field in terms of the direct operations, 
provided that we define aoZ = Z. In other words we have found a set of 
postulates (P1 through P8) which defines a field in terms of either the direct 
or the inverse operations depending on what additional postulates we desire 
to add to it. This naturally suggests the following problem: Suppose we 
consider the set P1 through P8 as a distinct set of postulates involving the 
operations + and o. Let us further consider the inverse operation of o, which 
may be defined by means of P8. Call this operation X. Replace o, wherever 
it occurs in the set P1 through P8, by X. We now have a new set Pl’ 
through P8’. The problem is can we from P1 through P8 deduce P1 through 
P8’? The purpose of this section of the paper is to prove that this is true. 
Any system (K,-+,0), which has this property of replacing o by X, is to be 
. defined as an operationally invariant system with respect to the operation o. 
It is clear that a field does not have this property but that there exists a subset 
of the postulates of the field, namely P1 through P8, which does. (This 
concept of operational invariance may obviously be extended to any type of 
system in which an inverse may be defined.) By P8 there exists a unique 
element x such that vob = a if b AZ. This enables us to make the following 

definition : 


Definition 4. ‘x—aXb if x is the element satisfying P8 when b Æ Z, 
that is, if x is the element such that rob = a. This proves 


THEOREM 15. ain K,b in K and bZ imply aXb in K. 


THEOREM 16. If a,b, c, a+b, (a + b)Xc, aXc, bXc and aXc + bXe 
are in K, then (a + b)Xc = aXe + bXc. 


By T15 aXc, bXc and (a + b)Xc are in K if eZ, Let (a+ b)}Xc =w 
where by D4 woc =a +b. Also let aXe—p and bXc =q where again 
by D4 poc =a and qoc =b. Hence by P1 poc + qoc =a +b or by PY 
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(p + q)oc==woc. Hence p + q =w by L3. (It is to be noted that Li, L2 
and L8 are still true since their proofs depended only on P1 through P8.) 


THEOREM 17. ain K and b in E and aZ imply the existence of an — 
unique element w such that wXa = b. 


Take w == boa. Since a4 Z, then by T15 (boa)Xa—r where r is in K. 
Hence by D4 roa — boa. Whence by L8r—0. Furthermore the element w 
must be unique since by D4 w = boa which by P5 is uniquely determined 
by a and b. 


Lemma 6. If a, b, aXb and (aXb)ob are in K, then (aXb)ob = a. 
Let w = aXb. By D4 this means wob = a. 


THEOREM 18. If a, b, c, aXb, aXe, (aXb)Xc and (aXc) Xb are in K, 
then (aXb)Xc = (aXc)Xb. 


To satisfy the hypothesis of the theorem we see from D4 that b s£ Z and ¢ s£ Z. 
Take (aXb)Xc == w where woc = aXb by D4. Take also (aXc)Xb = p where 
pob = adc by D4. Hence by P5 (woc)ob = (aXb) ob and (pob)oc == (aXc)oc. 
By L6 (aXb)ob =a and (aXc)oc—a. Hence (woc)ob = (poc)ob. Whence 
by L8 p =w. 


5. Consistency of the postulates. To show that the set of postulates for 
a field is consistent we exhibit the set of all rational numbers with ordinary 
addition and division as our operations. To show the consistency of the set 
of postulates considered in section 4 we may take the set of all rational numbers 
with ordinary addition and either ordinary multiplication or ordinary division, 


_ HARVARD UNIVERSITY. 


A CORRECTION. 


In my paper referred to in footnote 2, one of the postulates is incorrectly stated 
and several of the independence examples need to be restated. 

On page 215, Postulate 18.2 should be: If a* exists, then a* z (provided a x g, 
U g). 

On page 223, Example 12 should be: K is the class of all positive rational numbers 
excluding zero. a—b=a+b. aob = a/b. 

On page 223, Example 13 should have a — b = | a — b j. 

On page 223, Example 17 should be: K is the class of all rational numbers, positive, 
negative, and zero. a@a—b=a—b. aob = ab. 

On page 223, Example 18.2 should have aob = a/b except 1/a= 0, but 1/1 = 1, 


THE REPRESENTATION OF INTEGERS AS SUMS OF VALUES 
OF CUBIC POLYNOMIALS. IL* 


By R. D. James. 


1. Introduction. In a previous paper under the same title+ the author 
proved the following result. 


THEOREM 1. Let s be an integer = 9 and let P(x) be a polynomial of 
the form 


(1.1) P(x) =a(x*—x)/6 + b(a2? — s) /2 + ca, 


where a, b, c, are integers without a common factor, and a4 4c (mod 8). 
Then every sufficiently large integer is a sum of nine values of P(zx). 


The condition a 4c (mod 8) was an artificial one which could not be 
removed at the time. In the present paper we shall show that Theorem 1 is 
true without the restriction axé 4c (mod 8). The method of proof was sug- 
gested by two recent papers by L. K. Hua.? The new idea introduced by him 
may be explained briefly in the following way. If (s) is a polynomial of 
degree k with integral coefficients, an integer 4 was defined in § 2, I to be the 
highest power of a prime p which divided every coefficient of @(x). Hua 
defines # to be the highest power of a prime p for which p*|®’(x) for all in- 
tegers +. It may be shown that the two definitions are equivalent in the case 
of cubic polynomials except when p= 2. It is this difference when p= 2 
which enables us to avoid the restriction a 3£ 4c (mod 8) in Theorem 1. 

The results obtained by Hua in the second of the papers to which reference 
was made above are correct, but there is an error at the beginning of § 16, 
page 45. The proofs which he gives are therefore not complete. He makes 
the following statement: — “ Let 4 be the highest power of a prime p such 
that &(h) =:0 (mod p°) for all integers 2.” The ®(h) which he is using 
is an integral-valued polynomial and not necessarily one with integral coeffi- 
cients. Hence ®(h) need not be an integer and the congruence $ (h) = 0 


* Received February 18, 1937. 

1 American Journal of Mathematics, vol. 56 (1934), pp. 303-315. This paper will 
be referred to as I. 

3 American Journal of Mathematics, vol. 58 (1936), pp. 553-562; Journal of the 
Chinese Mathematical Society, vol. 1 (1936), pp. 23-61. 
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(md p°) is meaningless. In Lemmas 1 and 2 we shall show how to avoid 
this difficulty. ` 


2. The proof of Hua’s results. We first introduce the notation to be 

used. Let f 

L #+1)---(@+ 7-1 

P(2) = Ÿ a, 24 +1) A 5 ) 

3=0 7° 
where the a; are integers. Let d be the least common multiple of the de- 
nominators of 

dos My, M2/2!, 43/81, © +, a/l 


If the canonical product of an integer n is n =p,» > -p,'*, and if pa“|d, 
pass for i = 1, 2,---, r, we define n* by the equation n* = p, 4 --- pirrar, 

Let &(x) = d P(z) so that (2) is a polynomial with integral coefficients, 
For every prime p let 6 be the highest power of p for which ®’(z) =: 0 (mod p°) 
for every integer v. Let P(x) —p&(x). Let M(m) denote the number 
of solutions of 


(2. 1) Ÿ P(ay) = n(mod m), 0Z 4% < MX. 

i p=1 
For m == p} let N (p?) denote the number of solutions of (2.1) in which not 
every Po(zv) is divisible by p. 


Lemma 1. (Hua, Lemma 35). If d==p'D, where (p, D) —1, 
1 2 max(20 + 2 —t, 0 +2) and z= y + dzp'*, then 2 


P(z)=P(y) + 2p'*Po(y) (mod p!), 
Po(z) = Po (y) (mod p). 


| Proof. If we expand (x) = (y + dzp'**) by Taylor’s Theorem we 
obtain 


x) = B(y) + zdp tE (y) + Š (2dp!-0-1) 4 ae 
7=2 ! 
= (y) + Dpt- (y) + Š (2Dp"*1-0-1)4 = @) 
F2 j! 


Since (t + 13—0—1)j 22(¢+1—6—1) 2ti-+1 we have 
S(s) == (y) + 2Dp* g (y) (mod pi), 
dP (x) = dP (y) + 2Dp*'*Po(y) (mod p***), 
p'P (x) = p'P (y) + 2p"***Po(y) (mod pt), 
P(x) =P(y) + 2p**Po(y) (mod p!). 


This proves the first result of the lemma and the second follows in a similar way. 
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Lemma 2. (Hua, Lemma 36). If l = max(28 +2 — t, 6+ 2) then 
N(p') = pN (p°). 


Proof. The argument is very similar to that used in the proof of 
Lemma 8,1. If d= p'D where (p, D) = 1, then p* = pitt so that N(p!) is 
the number of solutions of 


(2. 21) > P (ay) =n (mod pt), OS ay < ptt!, pfevery Po(av). 
pri 
Hence N (p?) is equal to D-* times the number of solutions of 
(2.22) E P(av) =n (mod p’), 0S ay < Dpt, phevery Po(a). 
vel 


For every ay in (2.22) let zv = [a,/(Dptt*+)] so that 


0 s Yv < Dp, 


Ly = Yv + zy Dpit 2-1, Sz < p, 


Then by Lemma 1 we may write (2.22) in the form 


È P(w) + p È mPo(yr) =n (moû pt), 
p= p= 
0S y < Dp", 0S zy < p™, pfevery Po(yr). 


It follows that to each solution of (2.22) there corresponds a solution of the 
two, congruences 


(2.28) È P(y) =n (mod p), 0S y < Dp, phevery Po(yr), 


(2. 24) 2 tvPo(yv) = p(n — Z P(y»)) (mod p), 0Æ 2 < p. 


By the same method of proof as that used in Lemma 8, I, it can be shown that 
(2.23) has Dep-*N(p'*) solutions and that (2.24) has p%*** solutions. 
Hence (2.22) has pfsts-1Dap-68N (pt) solutions. Then 


N(p!) = Dp D pN (p) — pN (p), 
and this completes the proof. | 


3. The proof of Theorem 1 when a= 4e (mod 8). As explained in I, 
Theorem 1 is a consequence of Theorem 3, I, and this theorem in turn depends 
upon the fact that | 
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(3. 11) peo (pt) = pest), Z = y s$ = 9, 


where y is some fixed integer. If the proof of (3.11) as presented in I is 
examined, it is found that the restriction a s£ 4c (mod 8) was used only when 
b== 6c (mod 8), c odd. This was in (6.41). Hence in this section we shall 
prove that (3.11) is true when P(x) has the form (1.1) with a==4e, 
b == 6c (mod 8) and c odd. 

In sections 4 and 5 of I we have shown that the number of solutions of € 


(3.12) S P(vay + t) =n (mod p’), 0<æ<p 
pzi 


is = paud when p 2 3. Since p’* = p! when P(x) is a cubic polynomial 
and p > 3, it is evident that the number of solutions of (3.12) is the same’ 
as the number of solutions of 


(3.13) © Phy) =n (mdp), 0<y< pi. 
pal 


The congruence (3.13) has M(p') solutions by definition. Hence we have 
M(p') Z pe- when p> 8, and this proves (3.11) when p>3. Ina 
similar manner it can be shown that (3.11) is true with y = 2 when p = 3 
and 8|a, for in this case v = 1. 

Thus two cases, p = 3, 3 fa and p=}, remain. We shall dispose of 
them in Lemmas 3 and 4. 


LEMMA 3. If p—3, 3}a then (3.11) is true with y =1. 
Proof. In this case we have d = 3, 8* = 9, ®(x) = 3P(x), 
©’ (x) = Ba (s? + x) /2 + (6b — 8a)x/2 — (a + 8b — 6c) /2. 


From this equation it is evident that 3}@’(a) for all values of x since 3}a. 
Hence 6 = 0 and P, (z) = ®# (x). 
We distinguish two cases. 1). Suppose 3|b. Since 


P(a+1) + 2P(9— z) + P(x—1) = az (mod 8) 
there exists a solution 2 of the congruence 
P(a +1) +2P(9— z) + P(zo— 1) =n (mod 8). 


Hence the congruence 
A . 
= P(av) =n (mod 3), 0S wy < 3* 
pal 


3 See (1. 41)-(1.44) of I for the definition of v and t. 
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has the solution 2, = 0, £2 = To +1, v3 = T4 = 9 — To, Ts = To — l. Also, 
P,(0) =— (a + 8b — 6c) /2 and this expression is not divisible by 3. Hence 
for s = 5,122 =— max(20 + 2 — t, 0 + 2), it follows from Lemma 2 that 


(3. 2) M (8?) = N (8?) = 38-1 (811) tr oes 30-0 (8-D) N (3) = 30-1) Ce-1) | 


This proves the lemma when 3|b. 
2). Suppose 3fb. In this case we have 


P(x) + P(9— x) = ba? (mod 3) 


and so there is a solution of the congruence * 


È [P(m) + P(9—2)] =n (mod 8). 


As before we have a solution yı = 0, Yav = Tv, Yə = 9 — Tv, v = 1, 2,3, 
of the congruence 


T 


= P (yp) =n (mod 3), 0S yp < 3*, 
u= 


in which P,(0) is not divisible by 3. Thus (3.2) is proved in this case also 
with s= 7%. 


Lemma 4, If p= 2 then (3.11) is true with y = 5. 
Proof. In this case we have d = 1 or 3, 


(x) = da(s? — x) /6 + db (x? — 2x) /2 + dex 
P(x) = da (x? + x) /2 + d(2b — a)x/2 — d (a + 3b — 6c) /6. 


Using the relations a = 4c, b = 6c (mod 8) it is easily seen that ®# (s) = 0 
(mod 4) for all values of v, but that &’(x) s£0 (mod 8) for all values of a. 
Hence 6 = 2. | 

If n is even let + = 0 or 1 according as n = 2 or n = 0 (mod 4). Then 
since P(0) —0 and P(1) =c is odd, we have n— 2P (zo) =2 (mod 4). 
If n is odd let r= 1 or 8 according as n = 8c or n= c (mod 4). Then we 
have n—rP(1) =2 (mod 4). This shows that we can always write n in 
the form 

| n = rP (£o) + 2m, 


where r = 1, 2, or 3, and n, is odd. 


4B. Landau, Vorlesungen über Zahlentheorie, Bd. I, Thecrem 301. 
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Now P(a)'+ P(32 —x) = ba? (mod 32) and since b/2 is odd there 
exists a solution of the congruence * 


(8/2) Sa ne eet) 
in which z, is odd. It follows that 
= [P (av) + P(82—ay)] = 2m, Gels. lees 
and hence that | 
rP(to) +3 [P (av) + P(82 — ay) ] =n (mod 32). 


Moreover at least one of P,(a,) and P,(32 —x,) is not divisible by 2. For 
if both were divisible by 2 we should have 


dbaz,/2 == Po (%1) — P,(82 —2,) = 0 (mod 2), 
whereas d, b/2, and +, are all odd. Then for 


s2927r+6, 1 = 6 = max(20 + 2—t,6-+ 2), 
we have 


M(2") SN (2!) = AN (24) = -= 20D N (32) > 2U-H UD, 
This completes the proof for the case p = 2. 


Tue UNIVERSITY OF CALIFORNIA, 
BERKELEY, CALIFORNIA. 


5B. Landau, Vorlesungen über Zahlentheorie, Bd. I, Theorem 301. 


THE CONJUNCTIVE EQUIVALENCE OF PENCILS OF HERMITIAN 
AND ANTI-HERMITIAN MATRICES.* 


By JOHN WILLIAMSON. 


Let K be a commutative field of characteristic zero and let K(i) be a 
quadratic adjunction field of K, where i is a zero of the polynomial z? — a, 
irreducible in K. If A is a matrix with elements in K(i), or more shortly 
a matrix over K (i), the matrix A* is defined to be the conjugate transposed 


‘of A, so that A* = A’. In particular, if A is a matrix over K, A* = A’, the 


transposed of A. Let 
(1) A = rA + sB, 


be a pencil of matrices, in which 
(2) A*—=cd,  B*—5B, e= +], 


so that A is either hermitian or anti-hermitian and so is B. Let A, = 141 + sBı 
be another such pencil. Then the two pencils A and A, are said to be con- 
junctively equivalent, if there exists a non-singular matrix P over K(i) 
such that 

PAP* = A,3 


that is, if PAP* = A, and PBP* = B,. When the matrices A, B, A1, Bi are 
all matrices over K, the two pencils are said to be congruently equivalent, 
if there exists a non-singular matrix P over K, such that 


PAP = A, 


There are accordingly two -distinct problems to be considered; (a) to 
determine necessary and sufficient conditions that two pencils, which satisfy 
(2), be conjunctively equivalent and (b) to determine necessary and sufficient 
conditions that two such pencils be congruently equivalent. Problem (a) has 
been solved completely, for the case in which e = ô = 1, when K is the field 
of all real numbers + and also, under the restriction that B be non-singular, 
when K is a commutative field of characteristic zero.? In the other two cases, 


* Received November 30, 1936. 

1H. W. Turnbull, “ On the equivalence of pencils of hermitian forms,” Proceedings 
of the London Mathematical Society, vol. 39 (1935), pp. 232-248; M. H. Ingraham and 
K. W. Wegner, “ The equivalence of pairs of hermitian matrices,” Transactions of the 
American Mathematical Society, vol. 38 (1935), pp. 145-162. In both papers a treat- 
ment of singular pencils is given. 

2 John Williamson, “The equivalence of non-singular pencils of matrices in an 
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in which one or both of e, 8 have the value — 1, problem (a) may be reduced 


to the case in which «==§==1. For example, let e==— 1, è= 1, so that 
A==—A*, B=B*, Then, (14)*—1i4 and 
(3) A= tC + sB, 


where t = r/i, C = C*, B = B* and (8) is a pencil of hermitian matrices. 
Hence, when A is a non-singular pencil, problem (a) is completely solved. 

Problem (b) has been solved for the case, in which e == ô = 1, when K 
is the real field ê and also, under the restriction that B be non-singular, when 
K is a general commutative field of characteristic zero, (I). Itis however not 
possible to reduce the other cases to this one and they must be considered 
separately. The problem has also been solved for a non-singular pencil and 
general field K, when e—1, 8——1# The remaining problem when 
e = § == — 1, so that both A and B are skew symmetric matrices, is considered 
here. It is shown that two skew symmetric matrices are congruently equiva- 
lent, if they have the same kronecker minimal indices and the same invariant 
factors.” This is a much simpler result than those obtained in the other cases; 
but it is only natural that this be so, since two skew symmetric matrices of the 
same rank are congruently equivalent, while the same is not true of two 
symmetric matrices. 

Since, when A and B are both skew symmetric matrices of odd order, 
every matrix of the pencil A is singular, a treatment of singular pencils is 
absolutely necessary. Accordingly the conjunctive or congruent equivalence 
of two general pencils A, which satisfy (2), is first considered, so that the 
solution of both problems (a) and (b) is completed in all cases. The method 
here adopted is quite distinct from that used in the discussion of non-singular’ 
pencils of hermitian matrices, and has the advanatge that at no stage is a 
change made in the basis of the pencil. 

Section 1 is devoted to the proofs of subsidiary lemmas, section 2 to the 
consideration of singular pencils, section 3 to that of non-singular pencils in 
which B is singular, and 4 to the reduction of a non-singular pencil oe skew 
symmetric matrices to canonical form. | 


arbitrary field,” American Journal'of Mathematics, vol. 57 (1985), pp. 475-490. This 
paper will be referred to as I. 

8 Turnbull, loc. cit. 

“John Williamson, “On the algebraic problem concerning the normal forms of 
linear dynamical systems,” American Journal of Mathematics, vol. 58 (1936), pp. 141- 
163. This paper will be referred to as IT. 

5 This is a well known result in case E is algebraically closed. See L. E. Dickson, 
Modern Algebraic Theories, p. 125, or C. C. MacDuffee, The Theory of Matrices, p. 61. 

“Turnbull, loc. cit.; Wegner and Ingraham, loc. cit. 
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1. If A=rA + sB, we define the matrix pencil A” by 


(4) A” = er A* + 8sB*. 
Let p; be the matrix pencil 
r s + 0 0 
0 rs + 0 0 


(5) Di oe ment ak ceo Se A 


© 
Oo 
© 
© 


s 
0 0 0 - 7 5s 


of j rows and j + 1 columns. Then p;” is a matrix pencil of j + 1 rows and 
j columns, while the matrix pencil 


| (ri © 

(6) (5 ©) 

is a square matrix of 27 + 1 rows and columns. Let 
(?) N; = rH; + 8U;j, 


where E; and U; are respectively the unit matrix and the auxiliary unit matrix 
of order 7.7 We now prove a few elementary lemmas involving the matrices 
Ri and NV je 


Lemma I. Let 8 and T be two matrices, which satisfy 
(8) | SR = Ry'T. 
Then, if p < q, the first row of S is zero; if p =q, 
g | 0 =) 
9 s= 
( ) (oa O22)” 
where orz and om are diagonal matrices of orders p + 1 and p respectively. 


Proof. Since S and T satisfy (8) we may write O and T as two rowed 
square matrices of matrices, 


de (es =) T= Tit rs) 
on 922)” Tor Taf’ 
where oy: is a matrix of p -+ 1 rows and q columns, o,, a matrix of p + 1 rows 
and q + 1 columns etc. From (8) we immediately deduce the four equations 


+T, 2 +t, no 
(10) OiiPa == Pp Ti O1ofqg = Pp Tiz Gzip == PpT21; G22Pq = PpTe2- 


1 See Turnbull and Aitken, Canonical Matrices, p. 62. 
12 
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The first of these equations is of the form, 
(11) Cpa = pp” D, 


where C = (c:5) is a matrix of p + 1 rows and q columns, while D = (dij) 
is a matrix of p rows and q + 1 columns. As a consequence of (11) we have 


TCij À SCi, j-1 = ri; + 8sdi1,;, (t= 1,2,°°*, p+, j=, 2,¢°+,9g+ 1), 
with the understanding that 





(12) Cio = do,j = Ci an = dpu,j = 0. 
Therefore, 
(13) Cig = aj, Capa = Bin, Cig = DCist, j- 


and we see from the last of these equations that the elements in any counter 
diagonal of C are the same except perhaps for sign. But, as a consequence 
of (12) and (18), 
Cpst,j = Elpa, j = 0 
and also 
Ci-1,1 = €8Ci,9 = 0, (t= 2,3,--+,p+1). 


Hence the first column and the last row of C are zero, and consequently C is 
zero. Therefore o:, is zero. 

The second of equations (10) is of the form Cpa” = p;“D, where 
C = (ci) is a matrix of p + 1 rows and g + 1 columns, while D = (di;) 
is a matrix of p rows and g columns. Consequently 


Cij = hej, Cija == dia, Cig == OCH, Jury 
(t= 1,2,- “+, p+ i; g=1,2,--°,¢); 
so that the elements in any diagonal of C differ at most in sign. But 


Ciia = 8doj = 0 and Cpu, = edp, j = 0. 
Hence 
613 == 0, (j= 2--+-+,¢g+1), 
Cpu,5 = 0, (j = 1, 2,° . *,q). 


Therefore, if the number of rows of C is less than the number of columns, 
rie. if p <q, C=0 and, if p= q, C is a diagonal matrix. Hence, if p < q, — 
oi, = 0 and, if p =q, cı: is a diagonal matrix. Moreover, if p =q, D is also 
a diagonal matrix, whose first element is e times the first element of C. We 
have as a result the corollary: 


Corotzary I. If T == 8* and oy. is non-singular, oz is non-singular. 
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The proofs of the following lemmas, which are similar to the above, are 
omitted. 


Lemma 2. If SN; = Ré'T, the first row of 8 is zero. 

Lemma 3. If Misa re matris of order t and S(rM + sE:) = RaT 
the first row of K is zero. 

Lemma 4. If SN;—N;"T andi < j, the first row of S is zero. 

Lemma 5. If S(rM +sE) =N,’T, the first row of S ts zero. 


When G is a square matrix of order n, we may consider G as a matrix 
of matrices and write 


G = (Gi), (i, j =1,2,° ' ‘,t), 


where Gi; is a matrix of n; rows and n; columns. If H is a second n-rowed 


square matrix 
= (Hj;), (i j =1,2,- st) 


where H;; is also a matrix of n; rows and n; columns we shall say that G and 
H are similarly partitioned. If Gi; — 0, when i= j, we shall call G a diagonal 
block matrix and write | a 

G = [ Gi; Go, rty Git]. 


2. Let A be the pencil defined by (1) and (2) so that 
(14) A = A”, 


Let A annihilate the column vector u of dimension n, whose elements are 
polynomials in r and s with coefficients in K (i). Then 


Au = 0, identically in r and s, 
and consequently 
0 EA u” A” uA, by (14). 


Since u” is the row vector obtained from u* by replacing r by er and s by ês, 
the degree of u” in r and s is the same as the degree of u. Therefore the set of 
kronecker minimal row indices® coincides with the set of minimal column 
indices. In particular, if w,,us,- - -,Up form a complete set of linearly in- 
dependent vectors over K (i) annihilated by A and, if V is any non-singular 
matrix, whose first p columns are the vectors 11, Uz,’ ` * , Up, then 

f 


(15) VYAV = [0, A], 


8 Turnbull and Aitken, op. cit., pp. 119-125. 
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where A, is a pencil of the same type as A but of order n— p. Moreover none 
of the minimal row (or column indices) of A; is zero. Since (15) is a con- 
junctive transformation and since, when A and B are matrices over K, V* = V’, 
we may consider the pencil A, instead of A. Accordingly without any loss 
of generality we may assume that no minimal row or column index of A is zero. 

Let I be any pencil equivalent to A in the more general sense that there 
exist two non-singular matrices Q and P, such that 


QAP =. 
Then : 
an PYAP = P*Q-Tl — HN, 


so that the pencil HM is conjunctively equivalent to A. Accordingly, as a 
consequence of (14), 
(16) HU = W” H*. 

We now prove 


Lemma 6. Let O = [I, I] be a diagonal block matrix, where IL is 
of order ni, and let the matrix H,, formed from the first ny rows and columns 
of H, be non-singular. Then, if equation (16) is satisfied, there exists a non- 
singular matrix W such that 


W*HOW = [H,, H-1], 
is also a diagonal block matris. 


Proof. Let H = (Hij;), i, j= 1,2, be a partition of H similar to that 
of I. Then H,, = H, is non-singular. 
Equation (16) ‘implies 


Hi; = W” H* j, | (i j—1,2), 
and consequently 


H, (Ha) *H*a = Hu L” H * = Ha HM. 


It now follows by a simple calculation that, if 


E 0 ) 
W = ¥ 
(_ Any F: 
where F; is the unit matrix of order ni, 
WIW* ee [Æ;, Hy] (Th, IL, |. 


Since the matrix W depends solely on H we have the 
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COROLLARY. If H is a matrix over K, W is a matrix over K and W* = W”. 
We now take II in the canonical form ° 
(17) I= [Fi Ris +, Ri, Ni, Niy es, NT + sE]. 


In (17) each matrix R;, is defined by (6) and fa, fzs* * >, jx form a complete 
set of minimal row (or column) indices, each matrix N+, is defined by (7) 
and corresponds to an elementary factor rt of A; and rM + sE is a pencil 
whose second member is non-singular and can therefore be taken in this 
simplified form. 

For convenience we write (17) in the form 


(18) I = [r Tes ‘9 Thama ly 


where mi = Bip i< k; That == Nip t< M; Thema = 1M + sE. 
If H = (Hp), pP, q= 1,2,- *,b + m +1, is a partition of H similar 
to. that of IT in (18), it follows from (16) that 


(19) Hoera = rp” H* gp. 
Let the integers jı, jo," * * , je in (17) be so arranged that 
hi join je 


If H., is singular and, for some value of pc, Hyp is non-singular, 
by a conjunctive transformation involving an interchange of rows and the 
same interchange of columns, we may interchange H,, and Hpp without dis- 
turbing II. By (19) and Lemmas (1), (2) and (3), the first row of Hpg is 
zero, when pc and q >, and contains at most one element hpg, in the 
(jı +1)-th place, different from zero when pÆc and gÆc. Further, by 
the corollary to Lemma (1), hyp is zero, if, and ‘only if, Hp, is singular. 
Therefore, if Hy, is singular, hu = 0, and since H is non-singular at least 
one element in the first row of H is different from zero. Accordingly, for 
at least one value of pc, k1»=<0. Without any loss of generality, then, 
we may assume that the first row of Hy. contains the element hız distinct 
from zero. ‘ 

Let # be the unit matrix of order 27 + 1 = 27, + 1 and let 


E E E iE 
(20) w= (© ay wea (> 5) 


°? W, Ledermann, “ Reduction of singular pencils of matrices,” Proceedings of the 
Edinburgh Mathematical Society, vol. 4 (1935), series 2, pp. 92-105. 
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Then 
Wa (Aq) Chi, Ri] W": == (Gp) [Ez By], 
We (Hoa) LB, Ri] W*2 = (Fpa) [Ez Bs], (p,q =1,2), 
where 
Ga = Ha + Aye + Ha + Ha Fy, = Ay, + th — iHa — Ho 


Let gi: and f11 be the elements in the first row and (7 + 1)-th column of 
the matrices G,, and F, respectively. Then 
(21) Qui ha + hu + hia + ho fai == (Roi — Are) + has — Phoa. 
If H,, and Hye are both singular, hıı = hos = 0 and at least one of gi: or fu 
is non-zero, as otherwise k would be zero. Therefore at least one of G4, or 
Fy, is non-singular. 

If, however, we are restricted to congruent transformations over the 
field K, we are not at liberty to use the transformation W.. But, if 


Q ja [— Eu, E;, Bojer], 
[R;, By]Q = [— E; Ei Boj] Ri, Bi], 

and 

Q (Aq) (Bi, Bi] Q = (Koa) (Bi, Bi], - (p,q = 1,2), 
where 

Kis = [— Ein, Bi) Ais, Ka = Hal—E;, Ejal. 

Accordingly, if Wa = W,Q, equation (21) becomes 
ju = hae + hea, fu = ltor == ho, 

so that once again either G,, or Fy, is non-singular. Therefore, we may 
suppose that the necessary transformation has already been made and that 


Hı is non-singular. As a consequence of Lemma (6), there exists a non- 
singular matrix P,, such that 


P,HTP*, == [HukR;, HAL]. 


By repeating this process & times we prove the existence of a non-singular 
matrix P such that 


(22) PHTIP* = [H Rip H.B;,,° + >, AxR;,, Heerlen], 

where Mra = [Ni Nin e e Nin rM +s]. All matrices H; in (22) are 
non-singular and satisfy the equations 

(23) HR; = Bj” H”; (G =1,2,; -:,k), Hrs Wi == TO to De 


To simplify equations (23) we write H; = S, R;,— Rp, and with the 
notation of Lemma 1, have 
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s= ( ? 2) , 
21 O22 
where oi2 and os; are non-singular and satisfy 


th Mw a 
(24) O12Pp == Pp a*s, T22pp = pp0 22. 


Let W be the matrix 
-1 
Th ma (- A i) ; 
en 
aus a ar 5 — a +) #o* ”)= (= Pp — Fi) (24) 
D 
= ea Eo sr Ro, 


0 Bpa 
WSR,W* = (i; ; ) Bp 


and 


Therefore each matrix H; in (22) may be reduced to the form I;,, where 


0 Ejn 
(25) ua(, 5 ). 


Accordingly we have proved, 


THEOREM I. There exists a non-singular matrix P such that 
(26) PAP* = [I Bio [jin i * 14, Rijn, Halle], 
where I; is defined by (25) and R; by (6), while the pencil RaUlen is non- 


singular. 
COROLLARY 1. If the elements of A and B lie in K, the matrix P lies 
in K and P* = P’. 


COROLLARY 2. The canonical form on the right of (26) is determined 
completely by the minimal indices of A and the non-singular core Freshest. 


3. In considering the reduction of the non-singular case we could, by a 
change of the basis of the pencil, reduce it to one in which the second member 
is non-singular. As a change of basis is quite distinct in nature from the 
conjunctive transformations of the pencil it is more satisfactory to proceed as 
follows.1° For simplicity we write 


(27) ru = I = [Ni Nip’ ; bas rM + si], 
and 


(28) His = H = (Hi), (4,7=1,2,-+-,m-+1), 


10 Cf. Ledermann, loc. cit. 
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where (28) is a partition of H similar to that of I in (27). If 
(29) t = tp = = te > ten =" F = im 


it follows from Lemmas (4) and (5) that the first row of H,;,—0, when 
p >c, and that at most one element in the first row of Ag is different from 
zero, when pc. If H, is singular, we may suppose, as in the previous 
Hu Zz) 
T Ha Ha d 
is non-singular. Therefore by several applications of Lemma 6 we may reduce 
the pencil HII to a diagonal block form where each block is either of type (a) 


HN; or of type (B) a a) N: 0 ). 


section, that H,,-is non-singular and, since H: = eH*,,, that 


H 21 H 22 0 Ni 
It is now necessary to consider three distinct cases ; 


(1) e=d=1, (2) e= +1, 8 =— l], (8) «= ô = — 1. 


Case 1. Both matrices in the pencil are hermitian or both symmetric. 
A block of type (8) may be reduced to two of type (a) (I page 481). The 
matrix Hy, in (a) is of the form, 


Ay = Ti(gilr + geUr + + gtaUst+), 


where T+ is the counter unit matrix of order t. 
Finally Hı, may be reduced to the form 


(30) Hu gl, 
where g, lies in K. : 

In (30) g,-is not uniquely determined. In fact, the diagonal matrix 
G = [gs 92" © >> Jo], Where c is defined by: (29), may be replaced by the 
diagonal matrix F = [fu f» © <, fel, provided F and G are conjunctively 
equivalent (I pages 482-487), or 


THEOREM 2. If r° occur exactly c times among the elementary factors 
of a pencil of hermitian matrices A, in the canonical form for A there is a block 
[gilt gelt,’ © *,9Tt]. The diagonal matrix [g1, 92," * `> go] is determined 
apart from a conjunctive transformation. 

Theorems 1 and 2 together with the theorem in I, page 487, give a com- 
plete solution of problem (a). l 


Case 2. As stated in the introduction, it is only necessary to consider 
congruent transformations of pencils with elements in K. The matrix H, is - 
symmetric, while the matrix H,U: is skew symmetric. Therefore 


(31) Hy, = WH, = CH, where U = Ui. 
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Let 
0 0 1 
0 —1 0 
X= . . . . . 
(—1)* -à 0 0 


Then XU =— U’X, and as a consequence of (31) Hı = XG, where G is 
commutative with U. Hence . 
(32) u=<Af(U), 


where f(U) isa polynomial in U, with coefficients in K. 
‘Since ay = E 119 


Xf(U) = f(U)X’ = Xf(—U). 


Hence, if ¢ is odd, 
f(U) =f(— U) =g (V°), 
while, if ¢ is even, , 
f(U) =—f(— U) = Ug (V°). 


Let t be odd. The congruent transformation by the matrix W, of (20) 
reduces a block of type (8) to one in which H,,; is non-singular. Therefore 
we need only consider blocks of type (a). Let the matrix f(U) in (82) be 
written as : 

f(u) = gH + y, where y = y(U?) = U?y(U?). 


Then, if W =E—ig'y, 


WXf(U)NW = X (E — 79") (gE + y) (E—3g"y)N, 
=X (gE + 7°o)N, 


where ¢ is a polynomial in Ọ?. Since y? contains a factor U*, it is possible 
by a succession of such transformations to reduce H,; to the form XgH#. The 
element g is not unique. By an argument similar to that of II, pages 152-154, 
we have 


THEOREM 3. If t is odd and 1t occurs c times among the elementary 
factors of the pencil A, in the canonical form of A occurs a block matrix 
[J9 XtN t geX Ni, © +, geXiN:], where the diagonal matris [g1, ga" © * , gel 
is determined apart from a congruent transformation. 


Let t be even. Then Hy, is singular and only blocks of type (8) may 
occur. It is easily shown that 
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Ha He\_(XUfx(U)  Xfu(U) \ 
Ca Hop = Xfa(U) XUfz(U) a a 


hee ies (arc ea) , YUN, N] = [N”, N°]ÿ and 


PEN, N] = [N", Né. 
Therefore, 


(E — toy") (y + ¢) LN, NICE — dy") = (E — Sy") (y+ 6) (E — by") LY 1 
= (y— by"6 + typy e) [N,N], 
= (n+#)[N, N], 


where 


eta) 


and pi Cree 


Fe ou to) x0°4a(0)) 
Sinze y is non-singular, y, is non-singular, and we may repeat this process 
with y replaced by y, and $ by ¢:. After 4/2 repetitions the matrix @+,2 is 
the zero matrix, since U'—0. Hence a block of type (8) may be reduced 
to the form 


0 Ha\(N 0 
(58) (a. o)\o w)? 


where HN = N” H'an. But, 


E 0 H/N 0 
(34) ce Rect Ges VC aie 0 me) 


=(5°0°)(0 ma) Co w) =C o) 
AB 0 /\o Hr N” ' 
Therefore we have proved, 


THEOREM 4. If ¢ is even and tt occurs c times among the elementary 


factors of A, then c is even. Corresponding to each pair of elementary factors 
of 


ré, ré, there is a block matrix . 0 ) in the canonical form of A. 


Theorems 1, 3 and 4 complete the solution of problem (b) when «= 1, 
§==— 1. 


Case 8. The matrices Hi and HU are both skew symmetric so that 
Hy, == U'H,.. If T is the counter unit matrix of order t, 
= UT and Hna —Tf(U). Since Hau =— Hu, | 
Tf(U) =—f(U)T ——TF(U), so that f(U) —0 and Hi, —0. 


Therefore we need only consider blocks of type (8), : Hn 0) A x) 
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which is of the same nature as (33) and can be reduced to @ 0 ) by (34). 
Therefore, | 


THEOREM 5. If rt occurs c times among the elementary factors of a skew 
symmetric pencil A, c is even. Corresponding to each pair of elementary 


7 
factors rt, rt there is a block matrix (x w) in the canonical form of A. 


3. In sections 1 and 2 we have proved that there exists in all three cases _ 
a non-singular matrix P such that 


P*®AP = [A:, A] 
where the form of A, is determined and 
(35) A: = H (rM + sE), 


the matrix H being non-singular. 

As mentioned in the introduction a normal form for A, has been determined 
in case 1 (I) and also in case 2 (II). We now consider case 3. The matrices 
H and HM are both skew symmetric, so that HM = WH and, consequently, 
if Q is any non-singular matrix satisfying the equation 
(36) QM = WQ, 
then H = QG, where GM — MG. 

Let the elementary factors of rM + sE be the homogeneous polynomials 
(87) pa(r, s)", (i= 1,2, t; J =1,2, 0r) 


where p;(7,s) is irreducible in K[7, s]. 
We may take M in the canonical form 
M = [M M: - +, Mit], 


where the elementary factors of rl; + sEx are the polynomials (87), when 
i—k. Since there exists a non-singular matrix Qy such that Qui = M'iQu 
(I page 478), the matrix Q = [Q:, Q2,: © -, Q:] is non-singular and satisfies 
(86). Any matrix G commutative with M is also a diagonal block matrix 
[Gi Ge, + +, Ge] | and consequently 


H Si QG ps [QG Qola, ae QG]. 
Therefore it is sufficient to consider a pencil A, in (35), whose elementary 


factors are all powers of the same irreducible polynomial p(r,s) i.e. are 


u John Williamson, “The idempotent and nilpotent elements of a matrix,” Ameri- 
can Journal of Mathematics, vol. 58 (1936), pp. 747-758. 
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PS), mme zn. 


Accordingly we take M in the canonical form 


(38) M= [L, Lass s Li], 
where 

(39) L,=—p-H,+e-Ui, and write 
(40) N; rl + se- By. 


In (39), E, and U; are respectively the unit matrix and the auxiliary unit 
matrix of order m3; p is the companion matrix of p(1, À) ; e the unit matrix 
of the same order as p; and - denotes direct product. (I page 477). For 
example, if y = 38, 


pe 0 
L; = 0 p e . 
0 0 p 


It has been shown, I page 490, that there exists a non-singular symmetric 
matrix g such that gp=p’g. Hence, if T, is the counter unit matrix of 
order y, 


q` Tili =q: Tip Bite Ui) = (g Ei 4 e Wi) Ti = Kaq: Ta 


Therefore the matrix 
Q= [9 Taq; Ta t g T] 


satisfies (36), and is symmetric. 
Let | 
G = (Gi), (i, j = 1,2,: ; *ot) 


be a partition of a matrix G similar to that of M in (38). If G is coramutative 
with M, the form of G is known.’? In fact, if m = nj, 


(41) Gi; S (9) > Gji a (0, 831), 


where Si; and Sj, are square matrices of order »==7;, while 0 is the zero 
matrix of mi — 7; rows and 7; columns, Further 


9-1 qui 
(42) Sig = D sijaU st, Bj = E Sja ye, : 
a=0 a=0 


where Sije = si (p) is a polynomial in the matrix p. 
Since H = QG is skew symmetric, 
QG = — QR = — GQ. 


12 John Williamson, The Idempotent and Nilpotent Hlements of a Matrix, p. 457. 
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Hence q- PiGij = — @yig Ti, or, when i = j, 


. a Su = — 0 . : 
"4 r (or) (en)a Ti 


From this we deduce 
l q: Tiy =— Sig Ti. 
But, by direct calculation from (42), 
| q: PiBu = Sing Ts, 
and hence 


(43) Sij = — Sji- 


In particular Gi; == Si; — 0. Let y =q: =' ` t= qe > yen. Since G 
is non-singular and, when j'> c, the first column of Gj, is zero, Gi must be 
non-singular for at least one value of i, 2 ic. We may therefore assume 
that Gz is non-singular and, as a consequence of (43), that 


Ce o)—( 0 2) 
Gor Gz Ga 0 


is non-singular. Therefore by Lemma 6 there exists a non-singular matrix P 


such that: 
os 0 Hw\fN. 0 ) 
paP—[(z, 0 )G x.) Habe]. 


| 0 Ayw\f{Ni ON. 3 
Since the block (x. 0 ( 0 x.) is of the same type as (33), it may be 
| 0 ) 
reduced to the block matrix ( x, 0) 


We have therefore proved. 


THEOREM. 6. Hach elementary factor p(r,s)” of a pencil of skew sym- 
metric matrices must occur an even number of times. Corresponding to each 
pair of elementary factors p(r, s)", p(r, s)1, in the canonical form is a matrix 


7 
block (y pa ) where N is defined by (39) and (40). 


Combining this'with the results of sections (1) and (2) we have finally, 


THEOREM %. Necessary and sufficient conditions, that two pencils of skew 
symmetric matrices be equivalent under a non-singular congruent transforma- 
tion in K, are that the two pencils have the same kronecker minimal row 
indices and the same elementary factors. 


Tue JOHNS HOPKINS UNIVERSITY. 


SOME REMARKS ON CLASS FIELD THEORY OVER INFINITE 
FIELDS OF ALGEBRAIC NUMBERS.* 


By O. F. G. SCHILLING. 


Mr. M. Moriya recently investigated the theory of finite abelian extensions 
over infinite fields of algebraic numbers! He has shown that under certain 
restricting conditions on the infinite algebraic ground field there exists an 
analog to the classical class field theory: the finite abelian extensions of an 
infinite field can be.characterized by class groups of ideals in the pgroundfield. 
His results can be completed in several directions. In this note we shall 
characterize the finite algebraic number fields by an intrinsic property of the 
given field: a number field is finite if and only if there exists a finite number 
of cyclic superfields of some prime degree with a given defining modulus. 
Furtherfore we shall prove the analog to the theorem on arithmetic progres- 
sions for a certain class of infinite fields. Finally we discuss the norm theorem 
of Hilbert and Hasse. This connects our investigation with A. A. Albert’s 
results on algebras over infinite number fields.” 

Let k be an infinite field of algebraic numbers over the field P of all 
rational numbers. The field k can always be approximated by an enumerable 
tower of finite algebraic number fields k; over P; that is to say & is the join 
3 k; of finite fields k; such that 


Axe C kia kC. -C šk; =k. 


With the field kX there is associated a Steinitz G-number N (k, P); the absolute 
G-degree of k. The number N (k, P) is defined as the formal least common 
multiple of all the relative degrees [4: P] where À is any finite subfield of k. 
If a prime p divides almost all degrees [h:P]—or almost all degrees 
[kit ki] is sufficient too—then we say that p© divides N (k, P). Thus 
N (k, P) can be uniquely decomposed into an infinite part N, p(%, P) consisting 
of the product of all p% |N (k, P), and a finite part V,, (k,P) which consists 
of the exact powers of those primes p which divide only a finite number of 


* Received December 18, 1936. 

1M. Moriya, “Klassenkérpertheorie für einen unendlichen Zahlkérper.” Will 
appear in the Journal of the Faculty of Science, Sapporo (Japan). 

2A, A. Albert, “Normal division algebras over algebraic number fields not of 
finite degree,” Bulletin of the American Mathematical Society, October, 1933. 
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relative degrees [h: P]. Moriya has shown that exactly all those abelian ex- 
tensions K of k whose degrees [K : k] =n are prime to N „(%6 P) are class 
fields, that is to say the Galois groups G (K, k) of K over k are isomorphic with 
class groups a/ (H (K, k) derived from the group a of all ideals in k that have 
inverses.? 

It is not difficult to construct infinite fields Æ whose infinite parts 
N „e (£ P) of the respective G-degrees N (kX, P) are equal to one. Such fields 
k have then the property that all abelian fields K over X are class fields. There 
arises the problem of finding properties of these infinite fields & that distinguish 
them from the finite algebraic number fields. 

Now let ko be a finite algebraic number field which contain the J-th roots 
of unity & (1542). By f we denote an integral ideal of k whose prime 
divisors we shall later specify, and by oo the product over all the infinite prime 
places of o.t Assume that f is chosen in such a fashion that there exist cyclic 
extensions Z of ky whose degrees are equal to 1 and whose conductors f(Z, ko) 
are divisors of foo. Such moduli foo always exist. The number of different 
cyclic fields Z of this type shall be denoted by R (ko, l, foo). 

Let the prime divisors of 1 in ky be h,- - -,%s;.we obtain a decomposition 


(1) =D Le, and have N(ko, Pll) = (1)t where ¥ ¢(i)f(i) = [ko: P]. 
q=1 421 


Then the numbers w (ko, t4) = e(t)l(J—1)7? are always integral.» Suppose 


now that the ideal f = IT p Trio is chosen in such a way that the ex- 
Ypa Tile 


ponents v(t) are greater than or equal to the numbers w (ko, li) and that there 
occur sufficiently many prime ideals ÿ. Then there surely exist cyclic fields Z 
of degree 1 over k whose conductors f(Z, k) divide fee. 


Lemma 1. If ke is a finite extension of ko whose relative degree n is 
prime to l then 
E(k’, l, foo) > B (ko, L, foo). 


Proof. First we give an explicit expression for the number R (ko, l, foo). 
By w(p) and w(f) we denote the number of prime divisors p and I which 
divide f. The number of fundamental basic units of ky is equal to 
r(ko) = [ko: P] 2 — 1 because there exist no real infinite prime places in ko 
and the number of complex infinite prine places is equal to [k.: P] 27 as the 
following inclusion shows 


3 For details see the Paper of M. Moriya mentioned under no. 1. 

t For the class field theory over finite number fields see the Tract of H. Hasse in 
35 (1930) of the Jahresberichte der Deutschen Mathematikervereinigung. 

5 The following formulae can be found in Hasse’s Tract, part Ia, § 15. 

S Cf. Hasse’s Tract, part II. 
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PC P(E + 7) C P(g) Gk. 


Now let {a} be the multiplicative group of all numbers « in ky which are 
prime to f. The group {a} contains the subgroup {w} of all numbers w in ke 
for which w =a! (mod f) and (w) — r? where r are non-principal ideals of Xo 
which are relatively prime to f. (Written as t~ 1(ko).) Then the index 
[{a}: {w}] is equal to the m(k,)-th power of 1. Finally E (ko, l, foo) becomes 
equal to (IS — 1) (1 —1)+ where à 


S = w(p) + w(t) + m(ko) POO) — (r (ko) — 1) 
=w(p) + w(i) ++ m(ko) + [ko: P] 2%. 
Now we wish to calculate the expression S’ in k’ with respect to the same 
modulus foo. The prime ideal p may be decomposed as p =T pje? where 


g(..) = 9(p); then w(p’) = w(p) and the exponents e(j) can be normalized 


to one because they da not matter in the determination of S. For the 


gti) 
prime ideals 1; we obtain similarly 1; = [J V$”, and I1,° goes over into 
. yt 


TLPS? As a simple calculation shows, we have 
ij 

v(t)e(t, j) = w(k'o Pay) = e(i, j)w (ko, li) 5 
hence w(¥) = w(1). 

Moreover, m(k'o) = m(k,). This is seen as follows. Evidently it is 
sufficient to show that an ideal r ~+ 1 (ko) cannot become a principal ideal in #. 
Assume that r— 1 (k'o), then N(k,klr) =r” ~1 (ko). According to our 
assumptions, (w, 1) = 1; hence there exist two integers c and d such that 
on’ + dl = 1." This leads to the relation rt = ron’tdl == (y’)°(r')? ~ 1 (ko), 
for r? ~ 1 (ko). But this is in contradiction to the assumptions on the ideal r. 
Thus we obtain 

S= w(p') + wll) + mb) + [K : P] 24 
= w(p) + wT) + m(ko) + n[ko: P] 2°, 


so that certainly 8’ > S for n > 1. Thus we have 
R(k'o l, foo) > R(ko, 1, fo). 


Now let & be an infinite algebraic extension of ko such that N, (% P) 
is prime to J. 


Lemma 2. The number of cyclic extensions 8 of degree l over k whose 
conductors are divisors of foo is infinite. 
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Proof. Each algebraic extension K — (#8) of k is evidently the join of k 
and a finite field Ko. For take some finite subfield ko of k such that the 
coefficients belonging to the irreducible equation of ò in k lie in it; then 4, (Ÿ) 
is a field with the asserted property. Thus all cyclic fields Z of degree i are joins 
of finite cyclic fields Z; over k; C k with k. Now R(ki, J, foo) > R(kia, |, foo) 
for sufficiently high i, because ([hj:ki1],1) —1 as a consequence of 
(W,,,(% P) 1) =1. Thus there exist infinitely many cyclic fields Z with the 
described property. 


THEOREM 1. If k is an algebraic number field such that for a prime 
142 the class field theory holds, then k is infinite if and only if there exist 
infinitely many cyclic superfields Z of degree l over k whose conductors are 
divisors of a given modulus foo lying in a finite subfield of k. 


Proof. Without loss of generality we can assume that k contains the /-th 
roots of unity, because &(€,) is at most of degree 1 — 1 over k. Therefore the 
assumptions on & are carried over to k(&), N,,(k, P) = N pe (k (fx), P). 

Now if k is infinite we denote by k, some finite subfield of k such that 
it contains the l-th roots of unity and that N (k, ka) is prime to 1, The 
modulus foo shall be chosen as a modulus of the type investigated before; then 
' from the fact that for Z the class field theory holds—that is to say, all cyclic 
fields of degree / over k can be described uniquely by class groups of ideals 
in k—it follows that (N,,(k, P), 1) — 1. Hence Lemma 2 can be applied on k, 
it asserts that there exist infinitely many fields Z whose conductors divide foo. 
Conversely, if there exist infinitely many fields Z with these properties then £ is 
infinite. This is obvious because a finite field never possesses an infinity of 
cyclic superfields of degree whose conductors divide a fixed modulus fo. 


THEOREM 2. If K is a class field of degree n over the infinite algebraic 
number field k then there exists for every divisor f of n, where f is the order 
of an element of the Galois group G(K, k), an infinity of prime ideals p in k 
which are prime to the discriminant of K over k and whose prime divisors $ 
in K have the relative residue class degree f. 


Proof. We chose a finite subfield koin k such that N (k, ko) is prime ton; 
this is always possible because K was assumed to be a class field of degree n 
over k. If K —k(#) then there exists some finite field k; in Æ which contains 
ko such that K—Kik where K;:—k;(Ÿ). According to the theorem on. 
arithmetic progressions in k; there exist infinitely many prime ideals p(¢) in k- 
which are prime to the discriminant of K; over k; and whose divisors $ (4, 7 (4) ): 
in K are of relative residue degrees f over kz, if f is the order of an arbitrary 

13 
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element S; of the Galois group G(K4, ki) = G(K,k). Now the Artin symbol ` 
(K., bi/p(4)) = Si. Let kiv be any finite extension of kı which belongs to 
the approximation {ki} of k, and let p(i +v) be any divisor of a fixed p(i). 
The translation theorem of class field theory asserts that (Ki, kiw/p(i + v)) 
is also of order f because the degree [ki,v: ks] is prime to n. The residue class 
degree of any divisor P(i + v, j(i +v)) is therefore equal to f for any v. 
Now take a sequence {p(i1-+y)} of prime ideals p(i+-v) such that 
‘p(t GpH) C---Cp(t+v) C---. This sequence determines a prime 
ideel p in k and it is prime to the discriminant of K with respect to k. In the — 
same fashion we determine a chain of prime ideals P (i -+ v, j(i + v)) in Kew 
such that 


i) BI) SBE +FLIG+1)) S: - CBG+y70+%)) E 
and ii) patr) OBi+y,7+7)). 


The limit prime ideal P of {P (i + r, 7{¢-+v))} in K is then a divisor of p, © 
and the residue class degree of $ is equal to f.: The equalities 


F=f) —fG+1) =f) = 


for the respective residue class degrees assert according to Herbrand the norm 
relation.” ‘ 

Now the number of prime ideals p(t) belonging to a fixed order f is 
infirite; hence the proof of the theorem is complete. 

Now let » be an arbitrary prime ideal of the infinite algebraic number 
field k. Then p uniquely determines a valuation on the field k. The system 
of al fundamental sequences {au}—ou in k—with respect to that valuation 
form a field &(p), the so-called derived field of & with respect to p. If k is 
equal to X &,, then the intersections p(7) == p^ k; are prime ideals in the finite 
subfields k; cf k. Form 3 k:(p(i)). This field is in general an infinite 
algebraic extension of &,(p(0)) and it is not closed with respect to p; but 
the “ollowing lemma holds. 


Lemma 3. The derived field k(p) of an infinite algebraic number field 
k = 3 k; is equal to the derived field belonging to the field 3 ki(p(t)) where 
ki(p(t)) denotes the perfect fields of ki with respect to p(t) = po ki. 


Proof. According to the construction of the valuation belonging to p in 
k the value groups of p in k and of p = p ^ 3 k;(p(z)) coincide.® i 


7 J. Herbrand, “Théorie arithmétique des corps de nombres de degré infini, I. Ex- 
tensicns de degré fini,” Mathematische Annalen, vol. 106 (1932). 

8 W, Krull, “ Idealthecrie in unendlichen Zahlkérpern,” Mathematische Zeitschrift, 
vol. 23 (1928). 
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First we show that k(p) is contained in the derived field of 3 k:(p(i)). 
Let {æu} be an arbitrary fundamental sequence of elements au in k, it repre- 
sents an arbitrary element of &(p). Each of the elements a, lies already in a 
suitable finite subfield of k. Therefore the sequence {æu} consists of elements 
in 3 k;(p(i)) ; it is also a fundamental sequence with respect to p’ because the 
value groups of X k;(p(i)) and k resp. &(p) coincide. Hence {au} lies in the 
derived field of 3 k: (p(z)). 

Conversely, each fundamental sequence {4u} of X k;(p(i)) is an element 
of &(p). According to the definition of 3 k:(p(i)) each element «4 lies 
already in a finite p(u)-adic field ku(p(»)) D kp; therefore we always can 
choose some element æu in k which lies arbitrarily near to a’, in the sense 
of the valuation belonging to p’. The sequence {ay} is also a fundamental 
sequence of Xk:(p(i)), and according to the definition of the closure of 
%ki(p(i)) we have {ap} = {au}. The sequence {au} is a fundamental 
sequence of k, therefore {u} = {au} lies in k(p). 

M. Moriya and the author have proved in 2 papers that the class field 
theories over 3 4,(p(t)) and k(p) are virtually thé same. There exists a 
one-to-one correspondence hetween the ubelian finite extensions and finite 
normal algebras over both fields respectively.’ Therefore it is of no im- 
portance in which field arithmetic investigations are made. For convenience 
we shall work in X &;(p(+)) in the following considerations. 


THEOREM 3. If Z is a cyclic class field of degree n over the infinite 
algebraic number field k, then an algebra A = (a,Z/k) is a complete matric 
algebra if and only if A(p) = (a, Z/k) X k(p) are complete matric algebras 
for all prime divisors p of k. 


Proof. According to what we just stated the relation (a,Z/k) X k(p)~k() 
is equivalent to (a, Z/k) X 3 k:(p(i)) ~ Ski (p(i)). Now let ko Ck be a 
finite subfield such that N (k, ko) is prime to n; such a field ko always exists if 
Z is a class field of degree n. Now Z == k(#) ; let us take an extension ke of ko 
such that a and the coefficients belonging to the irreducible equation of # in k 
lie in ke, write Za == k»(0). Hence (a,Z/k) ~ (a, Z+/ke) X k. 

Now assume that (a, Z/k) -~+ k although 


(a, Z/k) X % ki (p(t)) — 5 ke (p(t) ) 
for all p in k, the infinite prime spots included. Then also (a, Z+/k+) + ke. 


°M. Moriya and O. F. G. Schilling, “Zur Klassenkérpertheorie über unendlichen 
perfekten Körpern,” and an additional note. Both to appear in the forthcoming volume 
of the Sapporo Journal. 
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According to the fundamental theorem on normal algebras over finite number 
fields there exists at least one prime ideal p. in k» such that 


(a, Zales) X Ten (pe) Ge leo (Be) 2° 
The field &.{p.) is a subfield of x ex (9 (i) ). Our assumptions yield 


(a, 2./k) X ee (Pe) X X lea (p(1)) ~ (a,24/k) X Skea (P(t)) ~X kes (P(4)), 


that is to say that 3 k;(b(i)) is a splitting field of (a, Z./k+) X k.(p.). The 
splitting must already be finished in a finite extension &)(p(A)) of k.(p.) 
because 3 k; (p(i)) is algebraic over k.(ÿ.). Hence according to the local class 
field theory over finite p.-adic fields, the degree [)(p(A) ) : k.(p.)] must be a 
multiple of the exponent belonging to the algebra (a, Z./k+) X k:(#). The 
latter is a divisor of n and certainly different from one if 


(a, Ze/ler) X Tea pe) A fo (pe). 


Hence ([h(p(A)) : & (p+) ], n) 1 and a fortiori ([k1:k.],n) 41. But 
this contradicts the choice of k. in k. Therefore we must have 


(a, Ze/ke) X ha( po) ~ (ge) 


and hence p. cannot be a ramified prime ideal. This means that (a, Z./k+) ~ ks 
and a fortiori that (a, Z/k) ~ (a, Z:/k+) X k ~k.—As always the converse 
is trivial. 


Remark. Theorem 3 holds of course for arbitrary simple algebras A over 
the field & because they all possess cyclic representations. 

Now let k = 3 k, be an arbitrary infinite algebraic number field. © We 
assume that there exists an algebra A of degree n over k which is not iso- 
morphic with a complete matric algebra over k. The algebra A then can be 
represented in the form 4, X k where À, is an algebra À. over a suitably 
chosen finite subfield ke of k. Then we have also A.~ k. and therefore there 
exists at least one prime ideal p(0) == p. in the field ko == ke which we shall 
take as field to start with the approximation {k;} of k, such that 


Ao X ko(p(0)) Æ ko(p(0)). 


The exponent of Ay X ko(p(0)) may be denoted by m(p.). By p we denote 
any prime divisor of p. in k; then p = lim p(i) where 


pe p(0) Ch(1)C---CpÜ GC: .. 





% For the theory of normal algebras see H. Hasse, “ Über die Struktur ete., , . . ,” 
Mathematische Annalen, vol. 107 (1933). 
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And the G-degree 
[3 (DD) : L(p(0))] = N (k, ko; P) = N (k, k»; p) 
is equal to the least common multiple of all the degrees | 


[ee (p(t) ) : kia(p(i—1))]. 

Lemma 4. If d= A. Xk is a proper non-matric algebra of degree n 
over the infinite field k = 3 k, then there exists at least one prime ideal p in k 
lying over a prime ideal bp. of ks C k, such that 

N (k, ke; p) £0 (mod m(yp.)). 


Proof. The relation À = 4. Xk (+k asserts that k is not a splitting 
field of A». Therefore no finite extension k; of ke = ko is a splitting field of As. 
Hence there exists according to Hasse’s criterion on finite splitting fields at 
least one prime ideal (0) in ko such that 


[ki (p(t) ) : ko(p(0))] £0 (mod m(p(0))) 
if p(i) is any prime divisor of p(0) ==. in ki. If we now select a sequence 
pe — (0) C(t) C+ CHOC: 
then its limit prime ideal p has the property that 
N (k, ke; p) £0 (mod m(p.)). 


Obviously there exist in general many prime ideals p lying over p» for which 
this relation is fulfilled. 
Now we are able to extend Theorem 3 to arbitrary fields k. 


THEOREM 4. Any normal algebra A over k of finite degree is a matric 
algebra over k if and only if A X k(p) ~ k(p) for all prime divisors p of k. 


Proof. Assume that A -+ k, in spite of A X k(p) #&(p), for all p. 
According to Lemma 4 there would exist a finite subfield k» of k and prime 
ideals p. and p such that N (k, ke; p) £0 (mod m(p.)). This contradicts the 
assumption À X k(p) ~ k(p) which is equivalent to 

AX Z ki(p(1)) ~ 3 k:(p(5)), 
for the latter asserts that 
[hs (P(7) ) : ka (pe)] == 0 (mod m(p.) ) 


for suitable j. 
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Finally we wish to show by an example that there exist proper division 
algebras D of degree n over certain infinite algebraic number fields k although 
the G-degree of k is divisible by n™. | 

Let ko be an arbitrary algebraic number field, and let n be an arbitrary 
positive integer. Suppose that p(0)” (»==1,2,: : :,s) is any finite set of 
prime divisors in k containing at least one prime ideal and such that we can 
attribute to each $(0)” a rational fraction of maximal denominator n p(0)” mod 1 
for which $ p(0)”==0 (mod 1), where one of them has exactly the denomi- 


nator n. Then there exists a uniquely determined division algebra D, over ko 
in which the p(0)” are ramified and which has exactly the exponent n. We 
now proceed to construct an infinite algebraic extension k of ky ‘such that 
D, X k is still a division algebra and such that N (k, ko) == n®. According 
to a theorem of Grunwald there exist infinitely many abelian fields kt of 
degree n over k such that the prime divisors p(0)” are totally decomposed in 
each of them. According to the criterion on splitting fields none of the fields 
‘kt is a splitting field of D. The fields 


Kos kokt = Ka, = Ia, kik? = ko, Bt URS Eg kiki = ki, os 


define an infinite field # of G-degree n over ko The field kX is obviously not a 
splitting field of D, because no finite subfield of k is splitting field. For the 
same reason D remains a division algebra. We may mention that 


k(p”) = ko (p(0)”) 
for a prime ideal p” = Jim p(t)’, p(i)”|p(0)” in ki 


Tue INSTITUTE FOR ADVANCED STUDY, 
Princeron, N. J. 


u W, Grundwald, “ Hin allgemeines Existenztheorem für algebraische Zahlkérper,” 
Journal fiir Mathematik, vol. 169 (1933). 


ON THE ADDITION OF CONVEX CURVES. IL* 


By RICHARD KERSENER. 


By the vectorial sum C,(+)C, of two convex curves O, and O; is meant 
the set of all points which may be represented in at least one way as the vec- 
torial sum of a point on C, and a point on Cz. It has been shown by Bohr* 
that C;(+-) C2 is either the closed interior of a convex curve Cn or is the closed 
annular region between two convex curves Cp and Oz, where Cz lies wholly 
within Cy. The outer boundary Cg of Ci(-+-)C2 was discussed by Haviland,? 
who found very precise relationships between Cy and the component curves 
Cı, C2 by the use of the Minkowski supporting function. For example, if 
Q, and Oz each possess a continuous positive radius of curvature then so does 
Cy and, in fact, if p1(9),p2(0),p, (8) are the radii of curvature of C1, C2, Ca 
respectively, at the point of Cı, C2, OC where the oriented normal has the 
inclination 6 then p, (8) = p1(8) + p2(9). 

Recently the author? has investigated the inner boundary curve Cr of 
Ci(+)C» The results obtained are similar to those of Haviland but the 
methods are essentially more complicated. The great distinction between the 
treatment and the results in the two cases is illustrated by the fact that the 
curve (;'may possess corners while both C, and C. are analytic. This fact 
contrasts remarkably with the above remarks concerning the radius of curva- 
ture p, (8) of Cz. 

The purpose of the present note is a discussion of the possible existence 
of corners in the curve Or. Specifically, it will be shown that if C, and-C. 
are analytic curves, then Cz can have but a finite number of corners. (It will 
be shown that this number may be arbitrarily large). On the other hand, 
if it be only required of C, and O, that they possess radii of curvature which 


* Received February 28, 1937, 

1H. Bohr, “Om Addition of uendelig mange konvekse Kurver,” Danske Videns- 
kabernes Selskab (Forhandlinger, 1913), pp. 325-366. For a short presentation of the 
proof of this fact cf. B. Jessen and A. Wintner, “ Distribution functions and the Riemann 
zeta function,” Transactions of the American Mathematical Society, vol. 38 (1935), p. 69. 

SE, K. Haviland, “On the addition of convex curves in Bohr’s theory of Dirichlet 
series,” American Journal of Mathematics, vol. 55 (1933), pp. 332-334. 

3R. Kershner, “ On the addition of convex curves,” American Journal of Mathe- 
.matics, vol. 58 (1936), pp. 737-746. | 

4 C£,, eg, R. Kershner, “On the values of the Riemann {-function on fixed lines 
s > 1,” American Journal of Mathematics, vol. 59 (1937), pp. 167-174, 
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can be differentiated infinitely often, then it is possible that C7 have an infinite 
number of corners. Finally it will be shown that if C, and C have each a 
continuous radius of curvature then the corners of Cr are nowhere dense. 

In the sequel it will always be assumed that C; exists. Then * one of the 
curves Cı, C2 may be placed in the other, after a rotation through the angle 7 
about the origin, by a translation. It will be assumed that C, is the “ larger ” 
of the two curves so that C, may be placed in C:, in the manner indicated 
above. By a point of Ci, C2, Cr, in the direction 8, or, briefly, a point 6, 
is mzant a point where the oriented normal has the inclination 6. Every point 
of Cr, except a corner, has a direction in the cases to be considered. A corner 
of Cr will be said to have the direction (04, 62) if 0, and @, are respectively the 
lower and upper limits of the directions of points in the neighborhood of the 
corner. 

Using these notations we prove 


Lemma I. If Cr has a corner in the direction (61, 62) and if Cı and C: 
have continuous, positive radii of curvature pi(0) and ps(0) respectively, 
then p1(0) = p2(0 + r) for some 0 in 6, < 8 < 623 and, on the other hand, 
if p1(0) = p2(0 + 7) for some interval 0's < 0 < 6’, then Cr has a corner in 
the direction (61, 8) where 0, S Oi < 6's S ba. 


Proof. In terms of the mechanical interpretation ê of C; it is clear that 
the existence of a corner of Cr in the direction (8,, 02) means that the curve Cs, 
after being rotated through an angle x about the origin, may be placed within 
C, in such a way that it has internal contact with C, at the two points of Ci 
which have the directions 8, #2. Lemma I follows’ immediately from this 
fact. Lemma I gives immediately 


THEOREM I. If C, and O, are analytic curves then Cy has at most a finite 
number of corners. 


For suppose Cz- had an infinite number of corners. Then the function 
p1(9) — p2(8 + x), where p;(@) is the radius of curvature of C;, would have 
zeros clustering as some particular point 8. But since p:(0) is regular analytic 
this would imply pi(@) =p2(@-+ 7) and Or would not exist. 

Now if p(@) is a positive, continuous, periodic function of 6, with period : 


ER. Kershner, loc. cit. 3, Theorem Ip p. 738. 

€ R. Kershner, loc. cit. 3, p. 741. 

T Cf., e. g., B. Mukhopadhyaya, “ Circles incident on an oval of undefined curvature,” 
Téhowu Mathematical Journal, vol. 34 (1931), pp. 115-129. 


ON THE ADDITION OF CONVEX CURVES. H. 425 


2x, then there will exist a closed convex curve of which p(@) is the radius of 
curvature, if and only if the closure conditions 


2r +27 
a) Í p(8) cos 848 — 0; Í p(0) sin 646 = 0 
0 0 


are satisfied.® Using this fact it is very easy to show that the number of 
corners of Or may be arbitrarily large even when both C, and C; are analytic. 
For let O; be a circle of radius r. Let 


(2) pi (6) =r + 1 + cos nð — ôn, (n = 2, 8, 4,: >) 


where à, > 0 is chosen so small that, first of all, p,(*? (8) is everywhere positive, 
so that ((1) being obviously satisfied) there does exist a closed convex curve 
C,™ having pi” (8) as radius of curvature; and secondly that Cz may be 
placed entirely within C,“™. In order to satisfy the first requirement on ôn 
it is obviously enough to choose 8, < r. To see that the second requirement 
may be satisfied it is enough to notice that if 8, == 0 then the corresponding 
C,™ has a radius of curvature never less and sometimes greater than r so that 
C can be placed entirely within C,™ by a known theorem.” Now let 8 be 
fixed satisfying the above requirements and consider the corresponding C,. 
There are clearly n disjoint 6-intervals in which the radius of curvature (2) 
of C,™ is less than r. Then, by Lemma I, the inner boundary C; of the 
vectorial sum OC,“ (-+-)C, will have a corner in the directions (6;, 0'1) for a 
set of direction intervals including these n disjoint 8-intervals. In general it is 
not true that two disjoint intervals in which p:( (9) SS p2(8 + x) correspond 
to distinct corners but in this case the symmetry of C, makes it obvious that 
the n intervals mentioned above actually correspond to n distinct corners. 
Thus, the inner boundary C;™ of the analytic convex sum C,™ (+) C2, where 
C,™ is defined by its radius of curvature (2) and C is a circle of radius r, 
has n corners. 


THEOREM Il. There exist convex curves Cy, Co whose radii of curvature 
pr(8), p2(0) have infinitely many derivatives and which are such that the 
vector sum C,(+)C: has an inner boundary Cr with infinitely many corners. 


Proof. Let C, be again a circle’of radius r so that po(@)==7. Let 


bos 815 © © On,° © * be an infinite sequence of 4-values such that 
(3) rA = h >>: > 0. 
Let 


(4) p1(8) =r if bon = 8 = Oons1 3 (n = 0, 1, 2,°° *} 


8 W. Blaschke, Kreis und Kugel, Leipzig (1916), pp. 115-116. 
a Cf., e.g, W. Blaschke, loc. cit., p. 116. 
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and 
(5) pi(@) =r + An(O) if Bons > 0 > Bons; (n—0,1,2,: >) 


where hn(6@) > 0 is a function *° (defined only on the interval ans > 0> Oonse) 
for which all derivatives (and the function values) exist, and approach zero as 
O —> Banı — 0 OF 6 — Dong + 0, and such that the first n derivatives are less 
than (6eni2)? in absolute value. Thus p,(8) is defined by (3), (4), (5) for 
the interval 0.< 0 7/2. Let the definition of p:(8) be completed by the 
requirement 

(6) _ pi(9) is periodic of period 7/2. 


Now p:(6) is differentiable infinitely often. This is obvious in the interval 
0 <8 xr/2. Thus, by (6), it is sufficient to show that all derivatives exist 
at the point 6—=0. But, by (4) for n = 0, the left-hand derivatives at 0 = 2/2 
and hence, by (6), at 0 = 0 are all zero. On the other hand, by (3), (4), (5) 
and the definition of hn(@), the right-hand derivatives are all zero also. For 
suppose it has been proved that the k-th derivative at 9 = 0 exists and is zero, 
then the (k + 1)-th difference quotients are bounded by (anse) ?/on4 —> 0. 

Now, by (6), the closure conditions (1) are obviously satisfied so that 
there exists a convex curve C, of which p,(6) is the radius of curvature. The 
` circle O, of radius r can be placed entirely within Ci since p:(8) =r. Thus 
the vectorial sum C,(-+)@» does have an inner boundary curve Cr. But if the 
“ mechanical ” interpretation of vectorial addition mentioned above be remem- 
bered, it is clear that each of the intervals involved in (4) will be directions 
of distinct corners of this inner boundary Cr. This completes the proof of 
Theorem II. 

It is noticed that the example was so constructed that the points of O, and 
C2 which corresponded to a cluster point of corners of Cr were points where the 
radii of curvature of the two curves were equal. This fact could not be avoided. 
In fact, it is a direct consequence of Lemma I that if the two curves C, and Ca 
have continuous radii of curvature p: (8) and p2(@) and if the inner boundary 
curve of 0,(-+)C, exists and has infinitely many corners clustering in the 
direction 6) then pi(@) =p2( + r). Thus 


THEOREM III. If O, and Cz have continuous radii of curvature and if 
the vectorial sum C1(-+-)C2 has an inner boundary curve Cr then the corners 
(if any) of Cr are nowhere dense on the mner curve. 


Tue JOHNS HOPKINS UNIVERSITY. 


10 Such a function may be taken in the form 
Tag (8) = Key EXPL (Fangs — 9) (Ponsa — 8) 
where the constant k, > 0 is chosen sufficiently small. 


REAL CANONICAL BINARY TRILINEAR FORMS.* 


By Rurus OLDENBURGER. 


1. Introduction. In 1922, E. Schwartz! found all of the canonical 
binary trilinear forms for the class of all non-singular linear transformations 
in the complex field, and distinguished them by means of algebraic invariants. 
In 1982, the author found these canonical forms independently, and classified 
them more briefly according to arithmetic invariants.” In the present paper 
the author obtains all of the canonical binary trilinear forms for the class of 
all non-singular linear transformations in the field of reals, and a complete 
invariant system. The number of canonical forms is finite and is one more 
than the number of such forms for the complex field. The method of treat- 
ment depends on the use of arithmetic invariants. 

Explicitly, the problem solved in this paper is the following: Given two 
sets of real constants Gr, rss, T, S, t = 1,2, find the conditions on ĝrat, Arst, 
such that there exist real solutions pr’, qe’, m7 of the equations 


Grat = por pr’ q Mt”, (r, 8, t, po, 7 = 1, 2), 
for which the determinants | p-°|, | gs7 |, | m7 | are not zero. 


2. Definitions. In another paper the author? defined and made a 
thorough study of ranks of n-way matrices and associated forms. A few of 
these definitions are given here. The rank r, of a 3-way matrix A = (tijm), 
i, j, e = 1,2, and its associated trilinear form F = aijaiyj2n3 1,9, & = 1,2; 
is the rank of the 2-way matrix 


(= Qiz Muzi an) 
Q213 Q212 Q221 ge 
The ranks r;, 7, are defined similarly. Assume that aij, (i, j, k = 1, 2) are not 


* Received June 16, 1936; revised November 11, 1936. 

1 E. Schwartz, “ Uber binäre trilineare Formen,” Mathematische Zeitschrift, vol. 12 
(1922), pp. 18-35. 

3R. Oldenburger, “ On canonical binary trilinear forms,” Bulletin of the American 
Mathematical Society, vol. 38 (1932), pp. 385-387. In this paper a complete biblio- 
graphy of earlier papers on binary trilinear forms is given. 

3 R. Oldenburger, “ Composition and rank of n-way matrices and multilinear forms,” 
Annals of Mathematics, vol. 35 (1934), pp. 622-657. 
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all zero. The 3-way rank r[ jk, i] of A and F is defined to be 2 or 1 according 
as the quantities.* ; | 


Qir ir Q211 Q212 ir Gore Q211 Arie 


























KeS 


are not all zero or are all zero. The ranks r[ij, k], r[ik, j] are defined simi- 
larly. Evidently r[jk, i] = r[kj, i]. These ranks are invariant under non- 
singular linear transformations on F. 

In this paper two binary trilinear forms F = aijytiyjen, G = Dggr2 pY a'r 
and their associated matrices will be said to be equivalent if there exist 
transformations 


Qi21 Aree Q221 Q222 Gi21 A222 Q221 A122 


4 P. # 
Ti = lipp Yi = Da’ 2k = Curry 


where the square matrices (dip), (bja), (Cur) of the second order are non- 
singular, and these transformations bring F into G. Similarly if F, G are 
bilinear forms. 


3. The canonical forms for which r; = r; = re = 2. By a theorem of 
another paper * if one of the ranks r[ij, k], r[jk, i], r[ik, 7] of A is 1, at least 
one of the ranks 7;, j, T} of A is 1. Hence 


PE] PCR, i] = rlik, j] = 2. 


Let A, — (xx), A2 = (dojx), jp k = 1,2. Since the coefficients of p?, po, 
o? in the determinant | pA, + «A4, | are the quantities (1), it follows that 


| pA + cå: | £0. 


If 4: is non-singular, while A, is singular make the transformation 2, = f’, 
tə =% on the form F. If A, A, are both singular and the matrix 
(pA, + cA.) is non-singular, then po 340. Let the bilinear forms aijxyj2n, 
Qe jkYj2k, J, k = 1,2, be denoted by F., F, respectively. Let 


P= Giga’ iy’ jn = PY + eB" 
denote a form for which 
I’, = pF, + oF2, FP Fi, 


where p, o are chosen so that | pA, + cA,|540. Equating F” to F —2,F,+2.F2, 
we obtain | 


t These are 3-way determinants of the second order. 
5R. Oldenburger, Annals of Mathematics, vol. 35 (1934), p. 649. 
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# 
Tı = pT 1; : 
Lo = ot’, + do. 


(2) 


The non-singular transformation (2), therefore, reduces F to a form Æ” for 
which (aij) is non-singular. Since in every case F is equivalent to a form . 
E = xE, + rE, where F’, is non-singular, it is no restriction to assume 
in what follows that F, is non-singular. 

The pair of bilinear forms F,, F, is now equivalent in the field of reals 
to the canonical pair $ 


(3) Fi = Yı + Yoo, F, = Yra + AYZ + by 222. 


It is to be noted that any pair of binary bilinear forms is rationally equivalent, 
in the non-singular case, to the pair (3) or to the pair 


(4) Yi + Yoo, (Yrs + Vote). 


Now F, Fa are not equivalent to (4), since, then, the form F = xF; + r2F, 
has r; = 1. | 

In what follows in this section, we shall assume that F = af, + al, 
where F, Fa are as given in (3). We shall consider three cases. 


Case 1. b? + 4a > 0. In the field of reals, the determinant 
D = | pA; + cå; | factors into distinct linear factors («p + Bo), (yp + 80). 
Let 


(5) . P = ap + Bo, 0 = yp + do. 
Then D= p's”. By another paper of the author’ the transformation (5) 


corresponds to a non-singular linear transformation on the +s of F, giving a 
new form FY == digne syst, for which 


(6) | pu six + oU oji | as po’. 


Since the coefficients of p? and o’? vanish in (6), the 2-way matrices 
(aije), (0’2jz) are singular. The form F’,; = a’'1;,4j2; is evidently equivalent 
to a form 

P” = Yi "a, LA 


Simultaneously Fy == d'ojxy;es transforms into a form 
F” iaei eyi Zi +r + fy Za + + GY 2B a + ha a Ze 440 
°L, E. Dickson, Modern Algebraic Theories, pp. 89-97. 


7R. Oldenburger, Transactions of the American Mathematical Society, vol. 39 
(1936), pp. 432-433. 
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Hence F” is equivalent to 
F” pes a P” + t Fe”. 


Since FP,” is singular, we can write 
Be = (ayn! + Bz”) (ya + Bas”). 


If 8, 8540, making the non-singular transformations 


on F”, we obtain the canonical form 
BE = dy + Topo, 


where, for simplicity, the primes on the variables have been removed. 
If 8 = 0, we can write 
F” = y” B, 


where B is a bilinear form in the #’s and 2s; whence the rank r; of F” is 1. 
Similarly if 8 — 0 
F” —_ 20, 


where Q is bilinear in the #’s and y's and 7 of F” is 1. In either case we 
obtain a contradiction of the assumption rj = 1, = 2. 


Case 2. b?+4a—0. In this case, | p4, +oAa | is a perfect square. 
The form F = #,F, + tF defined by (3) is now 
F = t, (Yazı + Vers) + ta (Yr22— JY + 2Gyo%e), 
where g == 0/2. Assume that b 4 0. Making the non-singular transformations 
D = g (V2 — 1'1), To = Vis 


J = Y2 Ye = — (Yi + Ya)/9, 
zı = (71 — #2)/9, Z2 = -— 2"9 


on F, we obtain 
L= TiY181 + 21% + LeY2%15 


where we have dropped the primes in L. 
If b = 0, then a—0. Interchanging zı, T2 and 2,2, in F, we obtain L. 


Case 3. b? +4a<0. In this case, | pA, + oA, | does not factor in the 
field of reals. Let 


l 
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M = a! PF’, + oF’, 
where 
* (X). F as y'i’ + Ya, À F’, = Y'a __ Y'a’ 


We shall prove that F —2,F, + a,F,, defined by (3), is equivalent to M.. 
Apply to M the non-singular linear transformation : 


(8) Da = pli + Tiz, La = oF, + Exe. 
This gives the new form | 
M’ = Ta (pls + oF”) + Ta (rE: + éF”). 


For F to be equivalent to M in the field of reals, it is evidently necessary and 
sufficient that there exist real quantities p, o, 7, €, such that, if we write 








|? 
A= | 
then 
(9) A 0, 


and there exist real non-singular transformations on the y’s and z’s so that M’ 
becomes F. Then there must exist real values of p, ø, 7, £ satisfying (9) such 
‘that the pair of bilinear forms pF’, + oF’, tE”, + éF”, is equivalent under 
non-singular transformations on the y’s and 2’s in the field of reals to Fi, Fa 
This equivalence is satisfied if and only if these pairs of forms have the same 
invariant factors? Let 


10 GANT oi 
1=(5 5), a=(_ 5) B-(; 


The characteristic matrix of F, Fa is 


CLL oti): 
which has the unique invariant factor 
(10) | M + aB | = X? + bry — auf. 
The characteristic determinant of pF’, + oF"2, tE” + EF, is 


(11) | A(el +04) +a (I + £4)| 
=NQ (es o) + 2ApB(p, 0,7; é) + #Q (7, é), 


where Q (p; e) =p? +o, B(p, 0,7, €) = (pr + cé). 


° L. E. Dickson, Modern Algebraic Theories, p. 115. 
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The invariant factor (10) is equal to the corresponding invariant factor of 
pF", + of», tE + EF, if and only if the coefficients of (11) are proportional 
to those of (10). Then there must exist real values of p, e, +, € satisfying 
(9), and a real & 540 such that 


(12) Q (p, 0) =k, Q (1; é) =— ka, B(p, 6,7, €) = kb/2. 


Since b? + 4a < 0, we have a <0. It follows, since Q(p,c) is a positive 
definite quadratic form, that Q(p,c) represents k,— ka where k>0. If 
Pis O1 Ta, € are a set of real values satisfying (12) for a given real & =40, the 
real quantities 
wes as 
P Vi ’ VE 
satisfy (12), where in (12) we set k = 1. We therefore restrict our study of 
solutions of (12) to the case k = 1. Solving (12,), (122) with k = 1 we obtain 





o == 1 TÆT—, Ë 


(13) p= EV1—o, t= + V—a— ë. 


Substituting the solutions (13) in (123) with k = 1, we obtain 


(14) + V(1—o*) (—a— À) = (b — 20é) /2. 
Set 
(15) = k V— a. 


Since a < 0, € is real if k, is real. Assume henceforth that k, is real. Sub- 
stituting (15) in (14), we obtain the following solution 


que BE VUE 4) Ge — 9) 


(16) == > 
—2V—a 

and from (13) the solution 

(17) t= + Va(k,?—1). 


Since b? + 4a, a'< 0, the quantities o, r are real if and only if 
(18) . ke? = 1. 


Substituting for p, é r from (18.), (15), (17) in A as given above (9), 
we find that A= 0 if 
P Æ k. 
Substituting (16) in the relation 


o= + ky, 
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transposing terms, squaring, and simplifying, we obtain 
(6? + 4a) 
2V¥—a- 
Since the right member of (19) is not zero, if there exist solutions of (19), 


the left member is also 0 and, for a given value of the + sign, (19) is of 
the form 


ak? = ? a, B Æ 0, 


(19) hy (4V—a+ b) =— 


which has at most two real solutions for k4. 
By (18,), p is real if and only if o? & 1; whence, by (16), assuming that 

ky? <= 1, so that o is real, 
(h? 2 4a) (EE) 
(20) PI EOE TOCE 
2V—a 


Taking the value of the + sign in (20) to be +, the right inequality of (20) 
can be reduced to 


(21) V (6? + 4a) (k — 1) S 2V—a — dk. 


£ 1. 


If b > 0, the right member of (21) is = 0 for 


2V— a 
b 


and, if b < 0, that member is = 0 for 





(22) = ka 


(23) v8 <I. 
If the right member of (21) is 2 0, and k,? 1, we can square both sides of 


(21). Simplifying the resulting inequality, we obtain 
(b —2V—a kı) 20, 


which is satisfied for every real value of ky. 

If b=0, e= + Vi— k, and p= + ky, whence p is real for every 
real value of k. 

Evidently, there is an unlimited number of real values of k, satisfying 
(18), (22) or (23), and not satisfying (19). Also, for any solutions of ø, é 
from (15), (16), the + signs in p,r can always be chosen so that (14) is 
satisfied. We have now proved that in every case we can chose k, so that 
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Pc, 7, € are real, A540, and (12) is satisfied. Hence F is equivalent to M 
for all a,b such that b? + 4a < 0. | | 


4 The canonical forms for which r; — 1. Assume that 7 = 1, 
rj—=1—%, We can reduce the form F = aijnmiyjen, i j, k = 1,2, at once 
to #,B where B is bilinear in y and z and of rank 2. Reducing B to canonical 
form we obtain 

H = tiy + Tiote. 


Assume that r; = r; = r= 1. F can be reduced at once to 
K = T1Y121. 


No form with r; = rj = 1, ry = 2 exists. We have therefore treated all 
cases. 


5. Fundamental theorems of equivalence. We have proved 


THEOREM 1. Two binary trilinear forms F == a, ;,0.y;2, and G = bray jen 
are equivalent in the field of reals, if and only if they have the same ranks'' 
Ti, Tj, and fr, and, if rı = r; = 1%, = 2, the determinants | paix + ota; | and 
| poijx + oboje | have both 

(a) distinct real linear factors, i 6 
or 
(b) coincident real linear factors, 
or ; . 

(c) no real linear factors. 


THEOREM 2. In the field of reals, a binary trilinear form F = Gijxtiy jh 
is equivalent to one of the following canonical forms: 

(a) B= aye, + Doyote, if ry = ri = Te = 2, and part (a) of Theorem 1 
is satisfied ; 

(b) L = tY + TaY + Togo, if Ti = r; = Ty —2, and part (b) of 
Theorem 1 is satisfied ; 

(e) M = tyi + Yala + BY — Voor, if ri = Tj = Ty = 2, and part 
(c) of Theorem 1 is satisfied ; 

(d) H = tiji + TiYote, tf ri = 1, Tj = fr = 2. 

(e) E = 2Y if ri = Tj = Tp = 1. 


6. Note concerning M. In the theory of forms, an arithmetic invariant 
called “factorization rank” plays an important rôle. The factorization ranks 
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of R, L, H, K have been studied elsewhere ° byethe author. ‘The factorization 
rank of M is 3, since the matrix (mij) of M can be written in the form 


3 
(24) (mijn) = ( 2 AaidajCax) » 
where io i l ; 
1 —1 01 OI 
(ai) =|1 1}; (bai) = ( Oj, (Car) = 10}, 
0 1 i-i —1 1 
and not in the form (24), where the range of « is 1, 2. 


7. Reductions. The transformations reducing any trilinear form to 
canonical form for the field of reals can be written down at once from the 
theory of this paper and known theory of bilinear forms. 


ARMOUR INSTITUTE OF TECHNOLOGY. 


e? R. Oldenburger, “On arithmetic invariants of binary cubic and binary trilinear 
forms,” Bulletin of the American Mathematical Society, vol. 42 (1936), pp. 871-873. 


A REMARK ON A THEOREM OF ARZELÀ.* 


By PHILIP HARTMAN. 


Let Z denote a bounded interval, and {f,(æ)} a sequence of functions 
defimed on J such that (i) {f.(æ)} is uniformly bounded on J and (ii) every 
fa(z) is continuous on I. Condition (i) implies that for every enumerable 
‘subst C of I there exists a subsequence of {f,(æ) } which is convergent at every 
poirt of C. Since C may be chosen dense on J, it follows from a standard 
theorem of Arzelà that if (i) is satisfied and (ii) is replaced by the more 
strir gent condition that {fn (x) } be equicontinuous on J, then {fn(z)} contains 
a subsequence which is uniformly convergent on J. The question now arises 
whe-her or not (i) and (ii) alone imply the existence of a subsequence which 
is convergent on J. This question will be answered in the negative by proving 
a sharper statement to the effect that there esist sequences {fn(x)} which 
satisfy (i) and (ii) but are such that every subsequence of {fn(x)} is divergent 
almest everywhere. For instance, every subsequence of the sequence 


sin g, sin 2a,- > +, sin ng, >> 


will be shown to be divergent almost everywhere. 

Let {kn} be any increasing sequence of positive integers. A theorem of 
Hardy and Littlewood (Acta Mathematica, vol. 37 (1914), p. 181) states that 
thers exists a set S — S ( {kn} ) of measure 1 in [0,1] such that if 9 is a point : 
of © then the sequence of numbers {(k,6)}, where (4,0) denotes the fractional 
part of knð, is dense in [0,1]. It follows that the sequence {sin 2rk,æœ} is 
dive-gent at each point of S; for if 0 is a point of S, the sequence of numbers 
{sin 2rk,0} is dense in [— 1,1]. 

Obviously, the above remarks also apply if sin æ is replaced by any other 
non-constant, continuous, periodic function f(x) and fn(z) is defined to 
be fina). 


THE JOHNS HOPKINS UNIVERSITY. 


~ Received January 6, 1937. 
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ON THE REPRESENTATIONS OF THE SYMMETRIC GROUP.* 


By F. D. MURNAGHAN. 


Introduction. The representation theory of the symmetric group (group 
of n! permutations of n letters) was initiated by Frobenius some forty 
years ago and was developed in the, now classical, papers of Schur and Young. 
More recently Littlewood and Richardson (18) have discussed in detail the 
problem of the construction of the character table and have used a recurrence 
formula (passing from the symmetric group on (n— 1) letters to the sym- 
metric group on n letters) due to Schur in order to determine the characters 
of those classes of permutations which contain at least one unary cycle (== fixed 
letter). ` We show in the present paper that this recurrence formula of Schur 
is but a special case of a general recurrence formula by means of which the 
characters of a class containing at least one cycle on p letters (1 =p <n) 
may be determined from the characters of the symmetric group on n—p 
letters. As the characters of the class containing just one cycle (on n letters) 
are trivially evident (as was pointed out by Frobenius) the construction of the 
character .tables for the various symmetric groups (n—1,2,3,: -:) is a 
routine matter demanding only paper and ink; and the easiest characters to 

` calculate are those of classes containing cycles on the greatest number of letters. 

The representation theory of the symmetric group is of importance in 
nuclear physics and in this connection the following two questions are of 
particular significance. 


.1. If we imagine the n letters, whose permutations constitute the sym- 
metric group, to be divided up in compartments or boxes containing, respec- 
tively, Ai, A2," © *, Ax letters (so that A: + À +°- e +H àg =n) we obtain a 


* Received May 31, 1937. This paper is an elaboration of an address delivered 
April 12, 1937, at the Institute for Advanced Study during.the author’s stay there as 
guest member 1936-37. 
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subgroup of the symmetric group by considering those permutations which do 
not send any letter out of its box. The cosets (right or left) of this subgroup 
furnish a representation (whose elements are permutation matrices) of the 
symmetric group; this representation is, in general, reducible and it is im- 
portant to determine its analysis into irreducible components. The solution 
of this question is quite simple and is well known when k = 2, i.e. when there 
are but two boxes. We give the solution in the general case. 


2. The “direct product” of an irreducible representation of the sym- 
metric group on n letters by an irreducible representation of the symmetric 
group on m letters furnishes a representation, in general reducible, of the 
symmetric group on n + m letters and it is important to determine the analysis 
of this reducible representation into its irreducible components. We show how 
to do this, without having to use the character tables, and record the results 
for all values of n and m for which n + m = 9. 

‘In the hope of making the theory of the representations of the symmetric 
group more accessible to workers in. nuclear physics we have made the following 
account somewhat self-contained. The original papers of Frobenius, and 
particularly those of Schur, arouse in a persevering reader an emotion akin to 
that inspired by one of the great symphonies; but they are by no means easy 
reading and we hope that a somewhat elementary orchestration may acquaint 
a larger audience with the work of the masters. It is a pleasure to here record 
our obligation, amongst others, to Professor Wedderburn for a pregnant remark 
which materially aided and simplified our treatment of the problem 1 of the 
preceding paragraph. 


1. The characteristics of a finite group. Let G bea finite group of order 
N; its elements will fall into r classes (of conjugate elements) Ci,° © -,C- 
such that if gr C C, each element of C, is of the form gg-g*, gC G. We 
denote by N, the number of elements in the p-th class Cp so that, C, being the 
class consisting of the identity element g,.N;—1landN,+N,+'--+N=N. 
By a representation of G is meant a linear group homomorphic to G and it is 
well known that G possesses exactly r non-equivalent irreducible representations 
T:,°:",1 These are distinguished from one another by their characters and 
we denote by xp? the character of T, associated with the class Cg; i.e. 
xe" = xp( ga) Where gg Cy. These characters satisfy certain fundamental 
orthogonality relations which are most conveniently stated as follows. If 
a(g), 6(g) are any two complex valued functions defined over G we denote 
by (a-b) the average of the product a(g)b(g) over G (the superposed bar 
denoting, as usual, the complex conjugate) : 


ye 
th. 
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-3 
, 


(a:b) = 5 Ze 


“4 
> 


We shall be interested only in the case where a(g) and b(g) are class functions: 


a( ga) = 01; b(gq) = 01; ga C Ca and then (a-b) = y Wata Then the 
| > 


orthogonality relations referred to are 
(1) (Xn Za) = 0; PHS (Kn Xo) = 1; @=LR: > +r). 


These imply that any class function a is a linear combination of the r functions 
%p a = Cfa (usual summation convention) where c? = (a-%). Denoting 
by s a class function whose r components s%, (¢==1,--+-,7), are indetermi- 


nates the expression ¢(s) == (S` Zp) +5 N gXp%s? is called the characteristic 
q 


of the irreducible representation I, and the characters xp? are called the com- 
ponents of this characteristic. Any representation of G is of the form cIa 
where the coefficients c? are integers (positive or zero) and the characters of 
this representation are c%y,%; the corresponding expression c%pa(s) being 
termed the characteristic of the given representation (with components cfyat). 
When all the coefficients c? vanish save one which is unity, so that the repre- 
sentation is irreducible, the characteristic is termed simple; otherwise it is 
called compound so that the characteristic of a reducible representation is com- 
pound. It is occasionally convenient to allow the coefficients c? in the expres- 
sion c%ba(s) to take negative integral as well as positive integral or zero values 
and then c%$a(s) is termed a generalized characteristic, it being clearly under- 
stood that if any of the coefficients c? are negative the components c*y,% of the 
generalised characteristic are not the characters of any representation. 

If (s: cy.) is a generalised characteristic with components c%y,! == a? we 


see at once from the orthogonality relations ( 1) that (c%yxa - C xa) -= (02)? 


so that (a:a) — 1 implies all the coefficients c? zero save one which = + 1. 
The generalised characteristic will, therefore, be simple if (a:a) = 1 and if 
1 
N 
yields, on multiplication by N, the dimension of the corresponding irreducible 
representation of G, and is, accordingly, positive). Amongst the irreducible 
representations (T: * :,1;) of any finite group occurs the identity repre- 
sentation T, (in which to each element gC G there corresponds the one 


a, the coefficient of s =, > 0 (for the coefficient of st in a simple characteristic 
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dimensional unit matrix) and the associated simple characteristic is called the 
principal characteristic of G; its explicit expression is ¢:(s) — > Nast so 
g=1 


that the coefficient of st in ¢,(s) yields, on multiplication by N, the order of G, 
the number of elements in the class Cy. Finally the orthogonality relations 
(1) express the fact that the numbers up! = VNo/N ' xp? are the elements 
of an r X r unitary matrix; so that 





(2) È Xa? — 0; qp; Z xako" = N/N g. 


Hence the equations ġp(s) = x > Naxos? may be solved for the indeterminates 
q R 


s? the solution being 


(3) : s = & xa'pa(s). 


Before passing to our subject proper, the symmetric group, it is necessary 
to say a few words concerning a basic theorem of Frobenius which enables us 
to derive from a characteristic of a subgroup H of G a characteristic of G itself. 
Let H be of order M and denote by h a typical element of H; the class of H 
to which À belongs is a subset, proper or not, of the class of G to which h 
belongs. But a class C; of G may contain several classes of H or none at all; 
we say that H refines the classes of G. If T is any representation of G it 
‘induces a representation I- of H where I~ consists of those linear operators 
of T which remain after the operators which correspond to elements of G which 
are not in H are rejected. If, in particular, T is an irreducible representation 
of G I~ will be, in general, a reducible representation of H (since it may be 
possible to find a proper, non-trivial subspace of the carrier space of T which 
is invariant under all the operators of I~ although the irreducibility of r 
guarantees that no such subspace exists which is invariant under all the opera- 
tors of T). If we have any class function a(g) defined over G it induces by 
the process of projection: a*(h) = a (h) a class function a*(h) defined over H. 


r Tr 

Since a(g) = È (a: %a)xa(g) we have a*(h) => (a: %a)xa(h) or, equiva- 
acl azi 

lently, a* = 5 (@°%a)%*a- In particular when a is the indeterminate s whose 

a=i 

components s? appeared in the definition of the simple characteristics of G 

we have s* — S a(S) 2% where the numbers x*,/ are the characters of a 
a-i 


representation (in general reducible) of H the index 7 running over the classes 
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of H. If these number ¢ and if the characters of the irreducible representations 
of H be denoted by &/ (k, j = 1,- - -, t), we may write 2*5 — 6,8, where the 
coefficients cp? -are positive integers. The expression (s*- degg) = d®(s* - $o) 
where the coefficients d’ are integers, positive, negative or zero, is a generalised 
characteristic of H, it being clearly understood that the indeterminates s*(h) 
are conditioned by the fact that they are the same for all elements of H which 
lie in the same class of G (and not merely the same for all elements of H which 
lie in the same class of H). On substituting for s* its expression given above 
this generalised characteristic of H appears in the form 


È $a(s) ("a + 8s) — À de(s) > (caf dB) 


owing. to the orthogonality relations amongst the characters of the irreducible 
representations of H. Since = (cad?) is an integer, positive, negative, or 


zero, it follows that any a characteristic of H furnishes by the pro- 
cedure outlined a. generalised characteristic of G (of which the components 
corresponding to classes of G which.contain no elements of H are zero). As a 
trivial instance of this theorem let G be the symmetric group on 2 letters and 
H the identity element. The principal characteristic of H is st and this being a 
generalised characteristic of @ its components are (2, 0) since.st== $( 2st + 0-s?). 
The. generalised characteristic of G obtained in’ this way contains the principal, 
characteristic $1(8) =} (s + 8”) once since ct = 3(2. 1 + 0. 1) = 1 and the 
remaining characteristic is $(s'—s?). This characteristic is simple since 
${(1)?.+- (—1)?} = 1 and, in addition; the coefficient of st is positive. Thus 
thé two simple characteristics of the symmetric group on two letters are 
p(s) =$(s'-+ 8?) and a(s) =4(s'—s?) the corresponding characters 
being (1,1) and (1, — 1) respectively. As a less trivial example let G be the 
symmetric group on 3 letters; N = 6, N, = 1; N: = 3, N;—2 and let H be 
the symmetric group on two of the three letters. The principal characteristic 
of H is 4(st-++s?) and writing this in.the form 4(3s! + 35? + 0-s*) its 
components (when viewed as a generalised characteristic of G) are (8, 1,0). 
It contains the principal characteristic œ: (s) = 4(s! + 3s? + 28°) of G once 
since ct = 4(1.8.1 + 8.1.1 + 2.0.1) = 1 and the remaining characteristic is 
4(2s" + 0.s?-— 2.87) with components (2,0,—1). This characteristic is 
simple since 4(22 + 0? + 2.(—1)*) = 1 and the coefficient of st is positive. 
We have, then, the two simple characteristics $,(s) = §(s* + 35? + 28°) ; 
pots) = §(2s" + 0.s? — 28°) of the symmetric group on 3 letters. Starting 
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with the characteristic 4(s*— s) of H we find ct—0, c? = 1 the remaining 
characteristic ¢3(s) = 4(st — 3s? + 2s?) being simple. ¢:(s), de(s), ps(s) 
are the three simple characteristics of the symmetric group on 3 letters the corre- 
sponding characters being (1,1,1), (2,0,—1), and (1,—1,1) respectively. 

We obtain a representation, in general reducible, of G in the following 
manner. Any subgroup H, of order M, of G has d= N/M right cosets 
H, =H; H, = Hga, - -,Ha= Hga and if we define (H’,,- : +, H'a) by the 
equation H’, = Hpg where g is an arbitrary element of G the symbols H” con- 
stitute a permutation of the symbols H; i.e. H’ = P(g)H where P(g) is a 
permutation matrix. The matrices P(g) furnish a representation of G; if gg 
is any member of the class Cy of G (q = 1,- - -,r), the character x? associated 
with the class C, in this representation is the number of ones in the diagonal 
of the permutation matrix P(g 7) i.e. the number of elements gp for which 
Ha = Hy In other words x? is the number of elements gp for which 
929a9o C H, or, since this number is the same for each gg C Co, x3 == (number 
of times gpCqgp7 lies in H) + Ny. But gpCqgp* = Ca so that as p runs from 
1 to d we obtain C4: d = N/M times. Hence y? N/M times the number of 
elements of H C C3 N; This suffices to show that the generalised char- 
acteristic of G obtained from the principal characteristic of H by the method 
of the previous paragraph is really a compound (or simple) characteristic; 
in fact the characteristic of that representation (by permutation matrices) 
which is furnished by the cosets of H in G. For the principal characteristic 
of H is 1/M 3\s(h) ; written as a generalised characteristic of G it appears as 

h 


1/N © Ns(h)/M so that its components cya? are N/M times the number of 
h 


elements of H in Ca — Ny. These being precisely the characters of the repre- 
sentation referred to, the theorem stated follows since two representations with 
the.same characters or characteristic, are equivalent. 


2. The principal and alternating characteristics of the symmetric 
group. Construction of reducible representations. Each permutation of the 
symmetrie group on n letters may be written in a unique manner as a product 
of cycles, no letter appearing in more than one cycle. Two permutatir-- with 
the same cycle structure, i. e. containing the same number «, of cycles on one 
letter (— unary cycles), the same number, & of cycles on two letters (= binary 
cycles), the same number, &, of ternary cycles and so on, belong to the same 
class. For example if n= 5 and P— (12) (345), Q — (23) (154) the per- 


an) = (128) (45) transforms P into Q: Q =TPT=. We 


mutation T (sein 
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refer to the class with the cycle structure (a) = (a1,- * +, æn) as the class (a) 
and observe that #, + 2a,-+:---+ nan =n so that the number of classes, 
and hence of irreducible representations, is the number of solutions of this 
equation in non-negative integers. Writing 


Oy Oe Hal; do + Ho; "En An 
it is clear that 
Ap de =: ‘ZM; Mà tH: tan =n. 
If k is such that Ay > 0, Ars = Aue =" * = An = 0 we have 
Mtt Ap 55 Ay Ae aO 


so that the number of classes, or of irreducible representations, is the same as 
the number of partitions of n into sums of positive integers. We shall indicate 
a partition by the symbol (A;,A2,° * *,A%) where the parts A1,°°-,Ax are 
. written in non-increasing order and shall use an obvious exponent notation for 
the sake of brevity when two or more parts are equal. E.g. (8,22, 1°) denotes 
the partition (3, 2,2,1,1,1) of 10: 34+24+2+1+1+1=—10. Each 
partition is conveniently indicated by a diagram of horizontal rows of dots all 
beginning on the same vertical line; thus (3, 27, 1°) is indicated by the diagram 


By a simple interchange of the rows and columns of a diagram we obtain a 
secorid diagram (termed the associate of the original diagram) and hence a 
second partition of n (termed the associate of the original partition). E. g., 
the associate of (3, 2?,1°) is (6, 3,1). ‘When the associate is identical with 
the original the diagram (and partition) are termed self-associated. E. g., 
(8, 2,1) is a self-associated partition of 6. We shall see how to attach to each 
diagram, or partition of n, a uniquely determined irreducible representation 
of the symmetric group and then the representations attached to associated 
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diagrams, or partitions of n, are termed associated; a representation attached 
to a self-associated diagram or partition being termed self-associated. We shall 
denote the partition associated with (A) = (ài, Àn °°, Ax) by (p) = (way * ta pi) 
and it is an immediate consequence of the definition that u, = k, j = M; it is 
also clear that there are a, ones, a twos, a threes etc. in the partition (y) 
where a, = (Ay — Àz}; Go = (àz —Azs),° °°, Sn = Àn OF, equivalently, 
Oy + Ge + Han; Ge fot Lan; En Mn. 

The number Wa; of elements in the class («) is readily found. If any 
such permutation is written down with the a, unary cycles appearing first, 
the a binary cycles next, and so on, we obtain by mere permutation of the 
letters n! permutations all in the class («). But there are repetitions due to 
the fact that each cycle may begin, without changing it, with any one of its 
letters and to the fact that the a, r-cycles may be permuted amongst themselves 
without affecting the permutation. Hence 


n! n! 
Na = g CAE ag! onin anl” 
II p”: ap! ; 
p=1 
If (s1, ` *, Sn) are n indeterminates the expressions s“ — $,%s,%- - + 5, are 


class functions defined over the symmetric group and we use them in the 
definition of the simple characteristics of the symmetric group: 


1 és 
ga (8) = (84m) = DM wx Ps. 
ni (a) 


We shall denote the principal characteristic (i.e. the simple characteristic 
corresponding to the identity representation) by qu(s) so that 


These polynomials (n == 1, 2,- - -) in the indeterminates (sı, s2,- - +) are the 
bricks with which will be built the characters of the irreducible representations 
of the symmetric group and we write out explicitly the first seven of them: 


a(s) =s; g(s) Hot); de(s) — gy (S1 + Beisa + 2s) 


1 
a (s) = 41 {s:t + 681282 + 88185 + 282? + 6s4} 


g(s) = a (5,5 + 108,85. + 205128 + 158182 + 308184 + 208085 + 2486} 
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de (s) = x {18 + 15s,4s. + 405183 + 458,7s,? + 905,284 + 120815083 
+ 1448,85 + 158,5 + 908284 + 408.2 + 1205} 
"q (S) = A {s,7 ++ 215,582 + 108,485 -+ 1058,38: + 2108,84 + 420s,%s085 


-+ 50481785 + 1058152 + 6305152584 + 28051832 + 8405256 
+ 2108253 + 504885 + 420838, + 72087}. 


The terms are arranged so that s,"1s.™2- + - comes before s,"1so%- - - if the first 
non-vanishing number of the set m,;— nı, m2— na’ +» is positive. The 
polynomials g,(s) furnish at a glance the structure of the corresponding sym- 
metric group. Thus from ge(s) we see that the 6!— 720 permutations of the 
symmetric group on 6 letters divide into 11 classes there being 45 elements, 
for example, in the class «= (2, 2, 0,0, 0,0). It is clear from the defining 
formula (4) that the polynomials g,(s) satisfy the interconnecting relations 


» 4 


a : NE 
ico Qn-1 5 s, T n-23 | je = bas oy generally, 
On 1 l 
(5) ne . # (p=1,2,- ayn) 


where, to secure the universal validity of these formulae, we define go(s) = 1; 
g-1(8) = @-2(s) =: —0. We shall see that the relations (5) have the 
following significance; they enable us to construct, in a yery simple manner, 
the characters of any class of the symmetric group on n letters which contains 
at least one cycle on p letters, p = 1,- + ‘,n—1, from the, supposed known, 
characters of the symmetric group on (n — p) letters. 

Since any cycle on p lettérs may be written as the product of p — 1 binary 
cycles (= transpositions): E. g., (1234) — (12) (18) (14), the order of the 
factors being from left to right: every cycle on an even number of letters is an 
odd permutation and every cycle on an odd number of letters is an even one. 
Hence all permutations in a given class («) are either even or odd and we may 
‘speak of even or odd classes; a class (a) being even when @ + a+ as +: ts 
is even and odd when it is odd. Now the symmetric group on n letters possesses, 
in addition to the identity representation, a second one-dimensional representa- 
tion; namely that one which attaches to each even permutation the number I 
and to each odd permutation the number — 1 (this being merely a sophisti- 
cated way of saying that the product of two even or odd permutations is even 
whilst the product of an even by an odd permutation is odd). .This representa- 


446 F. D. MURNAGHAN. 


tion is known as the alternating representation and the corresponding simple 
characteristic is known as the alternating characteristic; we shall denote it by 
an(s} so that 


— 1) stars. 8, \% /g,\% Sn \% 
_s{ i a(s)... (S 
ms) Estate =al) (3) o 


(6) Tn (S1 S25 ° € <, Sn) = Qa (S1, — S2, Sas — Sas ` 7 Ju 


implying 


Before passing to the question of associating with each partition (A) of n 
a (reducible) representation of the symmetric group on n letters we find it 
convenient to remark that the characters x,,)% of the irreducible representations 
are ell real (it appears in the sequel that they are all integers, positive, nega- 
tive or zero, but this fact does not lie on the surface as does the fact of their 
reality). Indeed since the reciprocal of a cycle is the same cycle written in 
the reversed sense: E.g., (1284)- == (1432): each class (æ) contains the 
reciprocal of each of its permutations so that the character of any element is 
the same as the character of its reciprocal. But every representation of any 
finite group is equivalent to a representation by means of unitary matrices and, 
the reciprocal of a unitary matrix being its transposed conjugate, its trace is 
the conjugate complex of the trace of the original matrix. Hence the char- 
acter x(g%) (for any representation of any finite group) is furnished by the 
relation x(g*) = x(g). For the symmetric group we have, in addition, the 
relation x(g) = x(g) and the two relations together imply x(g) =x(g) 
i. e. the reality of the characters of any representation of the symmetric group. 
We may, therefore, drop the conjugate complex sign in the explicit expressions 
for the simple characteristics and write 


(7) sal) =E AR (EN. 


(a ll: + Gy! 


In order to associate with each partition (A) of n a (reducible) representa- 
tion of the symmetric group on n letters, we have merely to imagine the n 
letters placed in compartments or boxes containing, respectively, Ai; A2,° °°, Ax 
letters and then to consider the subgroup H of the symmetric group G which 
consists of those permutations which do not send any letter out of its box. 
This subgroup is of order M = M!à2! >+ - A4! and a typical permutation 
of it is of the form P — P,P,- - - Px where P; denotes a permutation on the ` 
letters of the j-th box (7 = 1,2,- + +, k). Since the various P} operate on dis- 
tinct letters the order in which the factors P; are written is indifferent and we 
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agree to write them in the natural order P,P- Px. If (a?) = (01f,**' , an) 
denotes the cycle structure of P; then the cycle structure of P is furnished 
‘by the formula 


k 
Gp = X ap; (p=—1,2,:::,n). 
2= 
Hence 
` k 
sta — SAS + + + Sp == II stat) 
jet 
and so the principal characteristic of H is 
3 ‘ : 
PE RECS EE Oe et I > gay) 
Alda! A “Axl ja j 


where $, denotes summation over the.A;! permutations on the letters in the 
3 


j-th box. On writing this principal characteristic of H in the form 


it appears as qa(s)qx.(s) : - - qx.(s). ‘This product is, accordingly, a com- 
pound characteristic of the symmetric group G on n letters; namely, the char- 
acteristic of the representation of G furnished by the permutations of the cosets 
of H in G. Since the representation is by means of permutation matrices its 
characters are integers positive or zero and so the components of the char- 
acteristic (compound) 9 ,(s)°--9,,(s) of G are integers positive or zero. 
We shall denote by AA, A2," + *, Ax) the representation (reducible) of the 
symmetric group on # letters whose characteristic is gx, (s) © © : qa,(s)- 


AA + +5 Ay) is sometimes referred to as a tensor representation for a reason that 
will be clear from the following examples: 


1. If k=2, so that n is partitioned into two parts, A (A À) is of dimension 
i ! 
y = at and the cosets of H permute like the products of n letters (#,,---,@,) À, 
2 Pa a 
at a time. These products may be regarded as a basis in a carrier “tensor” space of 


G ) dimensions in which A(À,,X,) is presented by means of permutation matrices. 
2 


Thus for »=5, A == (3,2) there are 10 products £ 2,- . -,#,2,3 the characters of 
A(3,2) are the number of these products which are left invariant by the permutations 
of the various classes and are at once seen to be (10, 4, 1, 2, 0,1,0) which checks with 
the result 


1 
dg (s) dy (s) = gy {108,5 + 408,38, + 208,28, + 308,8, + 208,85} 


For 


2. A, =n—2,d4,=1,A,=1. The cosets permute like the products «,22,. 
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n=5.A(3,12) is of dimension 20 and its characters are (20, 6,2,0,0,0,0) (the per- 
mutetion (12), for instance, leaving invariant the six products DD y 0,2, DD V0.2, 
ED., D 57) 5 à result which checks with ` 


1 
dg (s)g,? (s) = gy {208,5 + 60,8, + 40s,25,}. 


It is clear that the space spanned by the expressions v w, (s, + æ,) etc. is an invariant 
subspace of the carrier space of A (n — 2, 1°) as is also the space spanned by the expres- 
sione æ,2(&, +æ,+...+4x,) so that A(n—2,1*) is in general reducible. Similarly 
the basic tensors for A(n — 3, 2,1) are @,? (2,2) ; for A(n— 3,18) they are 230,72, 5 
for £(n— 4, 3,1) they are @?(@,0,0,) 5 for A(n — 4, 22) they are (æ,æ,)2(x,æ,) ; for 
A(n — 4, 2, 12) they are x 8x,2(x,æ,) and so on. The attempt to solve one of the main 
prob ems of the present paper; namely, the analysis of the reducible representation 
A (ñ: © +s Ap) into its irreducible components, by the geometrical method of “ tensor 
representations ” soon becomes hopelessly complicated and we shall make no use of this 
geometrical viewpoint. 


The subgroup H whose elements are P = P,P, - -- Py may be termed the 
direst product of the subgroups, G, G2,- + -, Ge where G; permutes only the 
letters in the j-th box, leaving all the other letters fixed (j=1,---,k); 
so taat G; is of order À;! We indicate the direct product relationship thus: 
H=G,X GX- `- X G and observe that if T; is any representation of G; 
(j=1,: +, k), the Kronecker product r, X Ta X- > : X Ty is a representa- 
tion of H whose characters are the products of the corresponding characters of 
T,,::°,Tx: If js) is the characteristic of G; associated with 4 the char- 


acteristic of H associated with T, x Te x * - -Th is, accordingly al $;(s) and 


this furnishes a compound A PEE of G; (when the speeda T; 
(j =1,2,: - <, k), are all the ey representation $; (s) = qy (s) and we 


recover the compound characteristic Uh qa; (s) of G). We shall be particularly 


interested in the sequel in the case ee T, will be an irreducible repre- 
sentation of the symmetric group on A, letters and T an irreducible repre- 
sentation of the symmetric group on A; letters. The compound characteristic 
of the symmetric group on n =A, + À letters obtained in the manner described 
above corresponds to a reducible representation of this group on n letters which 
may be termed the direct product of r, and T, (and denoted T,-T2). Our 
protlem is the analysis of T; : IT, into its irreducible components. The dimen- 
sion of the direct product T,- I, is the product of the dimensions of T, and t 
by nr! All, since its characteristic is $1(s)¢2(s) and the coefficient of the 


A times the product -of the dimen- 


AR i 
highest power of s, in this product is — 
Ai! Az! 


sions of D, and-T. 
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The formula of Frobenius for the simple characteristics of the sym- 
metric group and its modification by Schur. If we suppose the indetermi- 
nates (s,,° * *, Sn) which occur in the expressions for the characteristics of the 
symmetric group to be the power sums of other indeterminates (21,° > *, Zn): 


Sy = ay ok Le + + + aks $ (k =1,: n) 


the principal characteristic qm(s) of the symmetric group on m = n letters 
becomes, when expressed in terms of the indeterminates (2:,: © *, Zn), merely 
the complete homogeneous symmetric function p.(#) of degree m in the n 
variables (21,° © -,2n). The first few of these functions are | 


Po(s)=1; pr(#)—= 32; p(s) == 32? + Berta; po(B)—= Ber® + 32122 + Bertats 
and they are the coefficients of the development of the generating function 
F(t) = { (1 — zt) (1 — zat) < + - (1 — zat) }™ in a power series in t: 


AO = pole) Hae) + pals) E+: m Ena. 
But . 


log f(t) — È (tab + Ba + dept > 2) sat + dealt + deat to 2 
so that 


f(t) == gsrt gaeat? pasat. . . 
{81 (Ve) {SL (2) ee) 
-{25(3) t } Se) ' 
-$f e oo GC) Gy- oe EY} {2a1t2aat o o o +jas 
E G1! Get Qj: 1 2 j 


and this implies p;(x) =qj(s) (j= 0,1,2,---,m). The homogeneous. 
products p;(%) = X (21°12: + canin), t+ t ++, = are intimately 
connected, in a reciprocal manner, with the elementary symmetric functions: 


oo(3) = 1; 01(7) = 32; o2(8) == Seite; on(B) = 280 * en 


either set being expressible as polynomials with integral coefficients in the other 
set. In fact the generating function for the elementary symmetric functions 
ox (2) is i 


g(t) =Ü (1 +a) = Èo) 
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and on taking logarithms we find 
log g(t) = sit — safe + sst — + - 


so taat o; (2) = q; (81, — 82, 83, — S4,° * *) == 7j($). In other words the alter- 
nating’ characteristic of the symmetric group on j= n letters becomes, when 
expressed in terms of the indeterminates (4, - *, Zn), simply the elementary 
symmetric function oj;(z). The two generating functions f(t) and g(t) are 


oO co 

such that g(t) = {f(—t)}* and hence { 3 ojt} { E (—1)* prt} = 1 and 
0 0 

this yields the series of relations 


Topo = L; coP1 —01Po = 0; cope—oipi + d2Po = 0; * +. 


These may be expressed by the statement that the two matrices 


Po Pre ° © Pj- So — 01 O2° °° 
P; — Po" * * Pie and 3 = Oo — 01° °° |; 


Po To 
(j=12,:: ) 
are reciprocal (the elements below the diagonal in each matrix being zero). 


Since po = 1 =» the determinant of each matrix is unity. and so each element 
of either is a cofactor of the other; thus 








Pı Pz Ps 
O1 = Pi; O2 = TS Tg = eae Pe 
Po Pr 


anc so in general. o, is an r rowed determinant whose diagonal elements are 
all p, the non-diagonal elements being obtained by increasing the suffix carried 
by » methodically by one as we move from each column to its right-hand neigh- 
bor and decreasing this suffix by one as we move from each column to its left- 
hard neighbor (it being understood that p1—pe2—=:::=0). The result 
of “his calculation needed for our immediate purpose lies on the surface: the 
symmetric functions p;(z) may be used instead of the elementary symmetric 
furctions oz(%) as a basis for symmetric functions. More particularly any 
symmetric polynomial in with integral coefficients may be expressed as a 
linear combination of products of the functions py with integral coefficients : 
anc if the polynomial is homogeneous of degree n the products entering 
the linear combination are of the type px (z)pa.(x) * © * pa.(z) where 
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Ait Ag+ + + +A, =n. Since p(z) = g; (s) this furnishes the basic result: 
any homogeneous symmetric polynomial of degree n in the variables (2,---,2n), 
with integral coefficients, is, when expressed in terms of the variables (s,,-- -, $n) 
a generalised characteristic of the symmetric group on n letters. Frobenius’ 
essential contribution to the theory was the discovery of those particular sym- 
metric functions of which yield the simple characteristics; and to Schur we 
owe the recognition of the importance of a very elegant and useful expression 
of them (due to Jacobi) as determinants whose elements are the functions - 
Pis) = qi (s), j SEn. 

The expression just given for o,(z) as a determinant whose elements are 
members of the set p;(z) is merely a special case of a general reciprocal rela- 
tionship between determinants whose elements are members of the set 
aj(s) ==a;(s) and determinants whose elements are members of the set 
pi (%) = gifs); which merely reflects the fact that the matrices P; and 3; are 
reciprocal. We shall need a special case of this relationship and it is convenient 
to derive it here. Let (A) = (A,: ` `, àx) be a partition of n and consider 
the determinant 


Pra Pass °° Phasks 
Pro-t Pa ` | l Prek- 
Prr-k+1 °° Pr 


This determinant is a certain k rowed minor of the matrix P),,,; in fact the 
one obtained by erasing the first X, columns and retaining the Ist, the 
Ai — Az + 2)-nd, the (A, — às + 8)-rd,- - + and the (A — às + &)-th rows. 
Save for a question of sign, into which it is profitless to go since it can be 
settled in a trivial manner later, {A} is, therefore, equal to that minor of the 
reciprocal matrix Sax which is obtained by keeping the first A, rows and 
omitting the 1-st, the (A. — às — 2)-nd, the (Ai — às + 3)-rd--- > and the 
(Ar — An + k)-th columns. Since Ar > 0, the last column of Zax is kept and 
the suffix attached to the © in the lower right-hand corner is & (for the minor 
has A; rows and the suffix attached to the o in the upper right-hand corner is 
À + &—1 whilst the suffixes diminish methodically by one as we step from 
each row to its neighbor below). Counting from the last column the first 
column omitted is the (A, + 1)-st; and the suffixes of the last A, diagonal 
elements of the minor of X1,,4 in question all equal k; since the second column 
omitted is ‘the (Az: + 2)-nd, counting from the last, and so on, the next 
diagonal suffix, counting upwards to the left, is less than & by the number 


452 F. D. MURNAGHAN, 


of Vs that equal A4. Continuing in this way we see that the diagonal suffixes 
of the minor of 3,4 constitute the partition (p) = (ju, ue, * * * , pnm) ofn which 
is associated with the partition (A) of n. For instance if n = 4 and (A) = (2, 1?) 
so that (u) = (3,1) we have proved that 





Pa Ps Ps _ a 
€; 17} = | Po Pı P2 | =S= > p A 
0 fo P 0 3 


The negative signs may be removed from the o’s carrying odd labels by 
changing the signs of all columns having a o with an odd suffix at the bottom 
and following this by a change of sign of all rows having a o with an even 
suffix at the end. On reflecting the o minor about its secondary diagonal (an 
operation which does not affect the value of the determinant) we find 


Mott ou * 
{a} == © Ph * = ` Om * ; (m = k, i= `) 
eee Ph + op, 


where the non-diagonal elements of each determinant are filled in by increasing 
methodically the suffixes by one as we move to the right (and diminishing them 
by one as we move to the left) ; it being understood that a p or o carrying a 
negative suffix is to be replaced by zero and that the partitions (A) and (u) 
of n are associated. That the undetermined sign is +, rather than —, is im- 
mediately evident when we recall that p;(z) = q; (s) 


oj(%) = ri(s) = qi (Sr — 82, 83, — Sa," * *). 


On setting sı = 1, s2 = s; =` ` ` = Sn = 0, p;(z) = q;(s) takes the value 
1/7! as also does o; (z) = m; (s). And on writing 


à + (k— 1) =}; à + (k — 2) =l; ohh 


it is clear that the determinant {A} becomes the quotient by l! L!---h! of 
a k rowed determinant of which the element in the j-th row and p-th column 
is 1;(1; —1)--+-(4, +p+1—k) there being k— p factors (the elements 
in the k-th column being all unity). Since the element in the j-th row and 
the p-th column is a polynomial in l; of degree k — p (the coefficients of the 
polynomial being independent of the row number j and the coefficient of the 
highest power being unity) it is at once clear, on subtracting from each column 
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an appropriate linear combination of the succeeding columns, that the determi- 
nant is equivalent to the Vandermonde determinant whose j-th row is 
(ja, Uj?,- + +,1;,1). “Its value is, therefore 


A(l) = II (ln — la). 
p<a 


Since the partition (À) of n was arranged in non-increasing order: 





Ay 2 Ag == + + +=, > 0 the numbers (1) are arranged in descending order: 
L>kh>-+:+:>k>OandsoA(l)> 0. Hence when s; = 1, S2 = 53 =: “+S, = 0 
both the determinants 
Pr * Ta 
© Ph and Oh 
© Pa ee op, 


are positive ; they must accordingly be equal and not one the negative of the 
other. Moreover if we set pı + (7 —1) = m3, * , p; = m; the two numbers 
A(I)+hllole: -Wl and A(m)-milmel: : :m;l are equal. Finally we 
remark that the theorem of the present paragraph may be stated in the fol- 
lowing convenient manner. Denoting by {A}* the result of changing the signs 
of Sa, 84° * * in {A} then 


W — {ut 


where {A} is the determinant 


gx(s) 
gx(s) 
qu(s) 
and (a) is the partition of n associated with (A). 

We now proceed to the determination of the simple characteristics of the 
symmetric group on # letters (remembering that any homogeneous symmetric 
polynomial of degree n in the n indeterminates (2,,---+,2n) yields, when 
expressed in terms of their power sums (s,,:::,8) a generalised char- 
acteristic of this group). What is needed is a criterion which will decide 
whether or not a set of generalised characteristics are simple, and this is. pro- 
vided as follows. Let % (p= 1,---,7), denote the characters of the r non- 
equivalent irreducible representations of the symmetric group on n letters 
_ (r being the number of partitions of n) so that p(s) = (S- Zy) are the r : 
` simple characteristics. Let £ be a second indeterminate and form the products 


2 
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pos) ` dp(#) and then sum these products as p runs over the values 1, 2,:--,7. 
We have 


1 
$p(s) = D xe(P) 8 "Sn 
* P 


where the summation is over all elements P of the symmetric group 
(Ca) = (%,° * +, @n) indicating the class to which P belongs). Similarly 


p(t) = POLE < > 4,Bn 


where (B:,: * +, Bn) indicates the class to which Q belongs. On forming the 
product and summing with respect to p we have a triple summation; namely 
with respect to P, with respect to Q, and with respect to p. Performing first 
the summation with respect to p we obtain zero unless Q belongs to the same 
class as P (owing to the orthogonality relations amongst the simple characters). 
For a fixed P there are Ng) choices of Q, namely all the Q’s in the same class 
as P, and summation with respect to Q gives X Naxo xp =n! There 


remains only the single summation with respect to P and we find 
1 
E pr(s)pr(t) = P 2 (sit) + + (Sntn) ™ = qu(u) 
p P 


where u == st in the sense that u, = Sibi, Ue = Solo," * * , Un = Snbn. The real 
force of this result lies in the fact that its converse is true in the following 
sense: suppose we have 7 generalised characteristics F,(s) (p—1,::":,r), 


possessing the property that $, Fp(s)F (t) = qu(st); then each of these 
p=1 
„characteristics is either a simple characteristic or the negative of one. In fact 


F,(s) = crta (s), where the coefficients cpf are integers, positive, negative or 
zero and so 


È t(s) b(t) = qa (st) = È Fo(s) Fo() = À crerfa(s)#5(#). 


Now the r simple characteristics are linearly independent; for a hypothecated 
relation cpa(s) —0 would imply cc —0 and this would imply c? =0 
(p=1,-+-,r), owing to the orthogonality relations (1). Equating then, 
the coefficients of $,(s) on both sides of the equation just written, we obtain 
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MORS > caleba); EE .,r) 


and this implies, again on account of the linear independence of the simple 
characteristice, 


X Cle = 0; j 9; È (ent)? = 1. 
p=1 pal 


Since the numbers cp? are integers it follows from the second of these two 
equations that, for a fixed q, all cp% vanish save one which is + 1; and then 
the remaining equations show that for a fixed p all cp? vanish save one which 
is +1. In other words the generalised characteristics F,(s) are merely a 
rearrangement of the simple characteristics p(s) followed, possibly, by a 
change of sign of some of them. | 

Let (01,° + +, Vn) be n integers, positive or zero, no two of which are equal, 
supposed arranged in descending order of magnitude: vı > v2 >` D> 1%, 
and denote by A(v,- * *, Vn) the n rowed determinant of which the elements 
in the j-th row are the v/-th powers of the indeterminates (2,,: : -,22) 
(j=1,---,n). When v, =n — 1, ve = n—2,- +> `, Un = 0, A (01, + +, Un) 
is the Vandermonde determinant whose value is the difference product 
A= A(z) -=g (25 — 2x). It is clear that A(v,,* * >, Un) contains A as a 

1 

factor and since both A(w:,: : :,%) and A are alternating functions of z 
the quotient is symmetric and it is at once seen to be a polynomial of degree 
(v + Ve ++ +++ on) — (n—1+n—2 +10) with integral coefficients. 
If, then, (A) = (Ay,- - +, An) is a partition of n and we write 


=A, + (1 —1), Va = he + (1 —2),° + +, Un = Àn 


the quotient A (#,,: - +, Un) +A is a symmetric polynomial of degree n, with 
integral coefficients, in the indeterminates (2:,° ` : , 2) ; it furnishes, therefore, 
when expressed in terms of the power sums (s,- : *, Sn), a generalised char- 
acteristic of the symmetric group on n letters and the basic result of Frobenius 
is to the effect that the characteristics obtained in this way are simple. Let us . 
denote the quotient A (1,: * *, n) +A by {A}; then in order to derive the 
result of Frobenius we have first to show that = {A} (s) {A} (t) = qa (st) and 


‘then that the coefficient of sı in {A}(s) is positive. We first remark that the 
relations 


85 = + a + + an; ty gl + gel +--+ + y 


„è 
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imply sjt; = S(2pyq)43 (p= 1,---,n3 q—1,::,n). Hence if we denote 
the n? quantities zpyq by zy the relations s — z, t — y imply st — zy and, in 
particular, gn(st) = pa (zy) ; so that the first part of our problem may be 
re-phrased as follows: we must show that {A} (z) {A} (y) = pr(zy) the 


summation being over the r partitions of n. 

To do this we first consider a determinant of order n of which the element 
in the i-th row and j-th column is (a; + b;)-4 On subtracting the first column 
from each of the others and removing the common factors 


(bı — b2) (bi — 03): -: (bı — bn) + (01 + &1) (b1 + a2) © + - (bi + an) 


we obtain a determinant of which the elements in the i-th row are 1, 
(ai + D), - +, (ai + bn). On subtracting the first row of this determinant 
from each of the others and removing the common factors 


(di — a2) (m — a3) ` © > (a1 — an) + (1 + b2) (a1 + bs) * + > (mi + bn) 


we obtain a determinant of order 7 — 1 of which the element in the i-th row 
and j-th column is again (a; + 6;)* where now à, j run from 2 to n instead 
‘of from 1 to n as before. It follows at once that the n-th order determinant, 
of which the element in the i-th row and j-th column is (a + b;)71, has the 
value A(a)A(b) + II (a; + bj); (= 1,--+, n, 7=1,2,--+, 2), where A(a) 
denotes the difference product (@,—— 2): > > (an-ı — ün) (a result due to 
Cauchy). On writing a; = a;, b; = — B; this result of Cauchy appears in 
the following equivalent form: the determinant of order of which the element 
in the i-th row and j-th column is (1 — x;8;) * has the value 


A(&)A(B) + (1 — ai). 


But if A denotes the n X œ matrix of which the elements in the i-th row 
are (1, a, @;7,- - +) and R the œ X n matrix of which the elements in the 
j-th column are (1, B;, 87°, © <+) the product A- B is an n X n matrix of which 
the element in the i-th row and j-th column is 1 + aß; + @;78;? +-- - or 
(1—«i8;)7. The determinant of the product AB may be found by selecting 
any n-th order matrix from A, multiplying its determinant by the determinant 
of the corresponding matrix from B, and adding all products so obtained ; 
that the number of products is infinite need cause no concern since & and § are 
indeterminates and we may regard them so chosen that the components a, B; 


‘Se 
= 


oe 
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are all < 1 in numerical magnitude so that: the infinite series which appear 
are all absolutely convergent. All determinants of order n selected from the 
matrices A and B are of the type A(p,,: - -, Pn) where we may, without lack 
of generality, agree that pı > pe >` °> px > 0. Hence we have 


2 A (Px: g >, Pa) (a). A (Pz: i “5 Dn) (B) = A(«)A(B) + (1 — a8;). 


On setting B = Gt i.e. Bi = Bit, Bo = Bot, ` ` , Bn = nt, where t is an in- 
determinate, we have A (pı: : : pn) (B) = A (Pu © +, Pn) (B) PAP- +r, 


A(B) a A(S) HD +(n-2)+ -e 4140 
and on writing 


Pi — (n — 1) = M; pe — (n — 2) = Àz; Fe a Pn = An 
we find 
Z (AJ (A) (A) (B) At — (TEL — audit) J> 


co 
= > Pala) dr, 
0 
On equating coefficients of ¢” we obtain 


Z (A) (#) {4} (8) — pr (43) 


where the summation is over all partitions (A) of n. This proves that the 
symmetric polynomials {A} (z), furnish, when expressed in terms of the power 
sums (s:,-°-,8n), either simple characteristics or the negatives of these; 
all simple characteristics being obtained in this way. To show that we have 
actually the simple characteristics, and not the negatives of any of them, we 
must show that the coefficient of s,” in {A}(z) > 0. To do this we shall first 
derive Jacobi’s expression for {A}(z) as a determinant whose elements are 
members. of the set p; (z) —g;(s), j<n. Before doing this we remark that 
Frobenius stated his result in a slightly different form. From 


dr (s) = A(%,° > +, Un) + A(z) 
and (8) we have | 
gD) — Z xo PA (v sa ; Un) + A(z) 

€) 


so that xa)“ is the coefficient of A (v1, v2, * `, Vn») in the development of 


Z A(z)s@ Be { H (2p — 2q) Yssa e e Spn, 
Bog 


+ 
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To obtain Jacobi’s expression it is necessary to point out some trivially evident 
properties of the homogeneous products P;l4,--.,2,). The generating function for 
these products was {QU — zt) Se (1—2,t)}4:; 


{(1—2,t) She Qz t) j= Sp lepep: + +58) 0% 
0 


It follows, on multiplication by (1 —2,t), that 


œ 7 œ 
D rzy fo x o Bpa) E = Îl— 2,t) > ?; (2,5 Zost . 52, )U 
0 0 


so that Pj lp ee ty aa) =p; (z: + +5%,) m (C 2%,) or, f equivalently, 
Pj (Zot +58) =2,p; (45. + aa) + Dy ley o osna). Applying this “reduction 
formula ” to both terms on the right-hand side we obtain 


By CBr Byres By) = Bn {EaP in (ys +e 9 Bn) H Pjg (Sys ny) } 
+ 2p sPj_4 (2, RES) Ba) + P; (2, Leg Baa) 
a Za Pje (2 Se : Za) + (2, + ep) Dj (2, es Zaa) + P; (z,, vs) Zn) 
a relation which may be written in the form 
P; (z,; eaey Za) = Dy (Zn) Pj aly Wis s Zp) 
+ LAC En) Pj (A> ean 2%y_1) + P; (2,5 Esg 8,0) 
which suggests the relation 
Pj (Baita By) = Pm (Sy) Pj nes.) 
(8) F Pinar Bip Enr) CT el gh Bees oe ee a), 
That this relation actually does hold is readily proved by induction; for assuming its ` 
validity for a stated value of m its validity for m + 1 follows at once. Thus 
?; (2,, eae 7%) = Pan (Za) {nP im- (2 he Za) + Djam žy Tong Zaa) } 
E Pons w Zn) (En jm (pna) + Piom (pto Mya) } He 
= Pinya (Pn) Ppa Pp o Zn) + By lp Bat) Pme Bpa) e 
Since the relation (8) is true for m = 1 it is true for every positive integer; it being 
always understood that a p with a negative label is assigned the value zero. It is also 
understood that all Pg (Zy ++ +,%,) are assigned the value zero when s < 1. 
We need one other property of the homogeneous products p gpt .,2,). Writing 


the basic recurrence relation Py (Zy ++ 2a) 8,0; (es 2) + Pi (%,, esp) 
in the equivalent form 


Pia les: taa) = Py Zp: ELAT, By yyP j-e (en: e aBn) 
we find 


P; (z ay Ba) = By { Pia (z,, ES Sar) — 2a Pie (z> S | Zaa) } + P; (2,5 Bienes | 2,4) 
and, on interchanging +, and 2n4, and subtracting, 


(9) Pjr (Zt ts Ban w Bng) 


= {?; (z,, > hn as Bng) —P;(2,,- é to Bnin) } = (p43 — ën). 


+ 
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We are now ready to carry out Jacobi’s transformation of the symmetric 
polynomial A (vı, * `, n) — A(z). The determinant A(v,'°-+,02) has 
25% == py,(z;) as the element in the i-th row and j-th column. On subtracting 
the last column from each of the others and removing the factors 


(21 — Zn) (Z2 — 2n) © © ` (@n-1— Za) 


we obtain an n-th order determinant of which the element in the i-th row and 
j-th column is Po,-1(2j, Zn), (J =1,° + +, n— 1); the element in the i-th row 
and n-th column remaining Pv, (Zn). We now subtract the (n — 1)-st column 
from each of the columns which precede it and remove the factors 


(CA =z Zn-1) (22 = 2n-1) es (2n-2 — 2n-1) 


obtaining a determinant of which the element in the i-th row and j-th column 
IS Pu,-2(2j, 2n-1) Zn) (J = 1, + +,m— 2), the elements in the last two columns 
remaining Pois (2n-1 2n) and Pu,(Zn). Proceeding in this way we see that 
{A} (3) = A (v> + +, Un) + A(z) may be expressed as a determinant of order 
n of which the element in the i-th row and j-th column is po, cn—jy (2jy Zias" * * » 2n) 
(j= 1,2,---,n), (it being always understood that the p’s with negative 
labels vanish). Upon multiplying this determinant by unity in the form 
of an n-th order determinant of which the element in the i-th row and j-th 
column is p;:(21, * *,2:) (so that the diagonal elements are all unity whilst 
the elements below the diagonal vanish) and using (8) (the multiplication is 
done row into column as in matrix multiplication) we find that 


A (V © +5 Un) + A(z) 


may be expressed as an n-th order determinant of which the element in the 
i-th row and j-th column is Po,-çn-5) (#) = Quj-cn-i) (S). On setting 


vi = À Hai, ` (i= 1,:--,n) 


we see that {A} (z) is expressible as an n-th order determinant whose diagonal 
elements are gy,(s) the other elements in any row being obtained by methodi- 
cally increasing (decreasing) the suffix carried by g(s) as we move from any 
column to its neighbor on the right (left). If k is such that Ay > 0 whilst 
Moa = Ang ==" == An = 0 the last n — k rows of our determinant have unity 
in the diagonal and zero’s preceding the diagonal. Hence, and this is the 
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essential simplification, {A} (z) may be expressed as a determinant of order k 
of the type described above. The coefficient of s,” is obtained by setting 
Sı = 1, S2 =: - = Sn = 0 and turns out to be positive (the calculation having 
been performed already on p. 453). 

We restate the main theorem (Frobenius-Schur) of the present section 
as follows: Attached to each partition (A) of n: M+A +: tA. =n, 
hy Z àe Z + + =r, > 0, is an irreducible representation D(X) of the sym- 
metric group on n letters. Its characteristic is the determinant of order k 





gx (s) 
(10) {A} (2) =¢a(s)=]  : os) 
5 qu(s) 


(where the remaining elements of any row are obtained from the diagonal 
element by methodically increasing (decreasing) by unity the suffix carried 
by q(s) as we move from any column to its neighbor on the right (left)). The 
characteristic of the irreducible representation D (u) which is attached to the 
associated partition (u) of n is 


pa (s) = " ms) + = © T(S) 


so that pou ($) = po (S1; — S2; 83, — Sa © * *). In other words, the characters 
of D(u) which correspond to even classes are the same as the characters of 
D(A) whilst those which correspond to odd classes are the negatives of the 
characters of D(X) ; so that in constructing the character tables it is unneces- 
sary to give the characters of D(u) if those of D(A) have been already given. 
The common dimension of the irreducible representations D(A), D(a) is 


(11) nlA(l) +h!L!---k! 

where : 

l = M + (k— 1), lz =M + (bk— 2), > +, te =x and A(1) = TT (tr — la). 
- p<q 


The construction of the character tables for the various symmetric 
groups. From the expression (10) for a(s) and the relations (5) it follows 
at once, on applying the rule for differentiating a determinant, that pda, (s) /0Sp 
is the sum of k determinants of which the j-th differs from pa, (s) in that the 
suffixes of the q’s in the j-th row are all diminished by p; (p—1,::-,n). 
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The suffixes of the diagonal elements of this j-th determinant, namely 
(An Ae, * +547 -—P,° * +, An) add up to n— p but they will not, in general, 
constitute a partition of n — p for À; — p may well be negative and even if it 
is not the normal non-increasing order may well be destroyed. However, an 
interchange of two adjacent rows of our determinant, which amounts only to 
a change of its sign, changes two adjacent diagonal suffixes by interchanging 
them and at the same time decreasing the one which was originally on the 
right by unity and increasing the one which was originally on the left by unity. 
By doing this sufficiently often the sequence (Ai, As," © *, Àj — P, © -, An) may 
be put in non-ascending order. If it then ends in a negative integer we discard 
the corresponding determinant, whose last row consists entirely of zeros; if it 
ends in one or more zeros we ignore these as the corresponding determinant has 
units in the diagonal places in the last one or more rows, all preceding elements 
in these rows being zero. We shall understand by {à Ant © +, Aj — p, +» Aw} 
the simple characteristic of the symmetric group on #— p letters (p = 1, 2, 
++ +,n-—~-1) corresponding to the partition of n— p obtained in this way 
provided the number of necessary interchanges 1s even and the negative of 
this simple characteristic of the number of interchanges is odd. Since 
{-++a@b,---}=—[--b—1a+1---} it is clear that {£+ -a,b }=—0 
if b =a + 1; similarly { >- -a,b,c d -© -}=Oifco—a+2 orifd=a+3 
andsoon. With this understanding of the symbol {A;, À, * © © ,Aÿ— 9," +, An} 
we have, then, 


a s) k 
(12) p fot = X (Ay àg > Àj — p,’ z -, À}: te 
3 p ja 


On writing out a(s) thus: 
= Xo @ 81 a te Sn an 
CON 8) rar 10) >) 


apa _s Xa yE.. (aN. f5n\™ 
sp alter pj P 


where ap = &p— 1 and (a’) = (a, *,@p, : *,an) is that class of the 
symmetric group on n— p letters which contains one less cycle on p letters 
than the class (a) of the symmetric group on n letters. On equating coeff- 
cients of s,%- - - 8p? - + - s,% on both sides of the equation (12) we find 


we have 





k 
(a) ta’) 
XO) 2 Xn RTE EEE ABD 
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a relation which we find convenient to write in the form 


k 
(13) {àz $ * ; x} a) = À {Aa ha" "À — By * "s Anjan 
ue j=1 
` 


This basic formula enables us to write down at once those characters of the 
symmetric group on n letters which correspond to a class containing at least 
one cycle on p letters when the characters of that class of the symmetric group 
on n— p letters which contains one less cycle on p letters are known; 
(p=1,-+-,m—1). The same formula yields directly the characters of the 
class containing but one cycle on n letters; since Ax = 1, A2 Z As 2 = MSL 
we have A, Æ(k—1)< nthe equality holding only when do = Às =" == 
and so à — + (k— 1) < 0 and this implies {A — n, Az, * ` * , Ax} = 0 unless 
Ae = Àa = t = Ay = L since then the last term, when it is rearranged in 
non-increasing order, namely A, — n + k— 1, < 0. The other terms 
{An A2 — n, As, °° * , Ax} etc, are zero for all partitions (A) since 
ào — n + (k—2) <A:.—n+hk—1< 0 and so on. Hence the characters 
of the class containing but one cycle on n letters are zero unless the partition 
(A) is of the type (n— k -+ 1,1%). On subtracting n from the first 
number n—k + 1 of this partition of n we obtain {1 — k, 1**} and k— 1 
rearrangements are necessary to write this as {0*} which — 1. Since 


n 1% (s) = Xe 
| OSn 
we have 
(14) Xo er) = (1); all other xy = 0. 


This formula has the definite advantage, over the recurrence formula (13), 
that it tells us explicitly, without referring to data concerning the symmetric 
group on a lesser number of letters, the characters attached to a particular class 
of the symmetric group on v letters, namely the class containing but one cycle 
on 7 letters. The formula (11) of Frobenius giving the dimension of D(A), 
or, equivalently, the character attached to the unit class, has a similar ad- 
vantage. We may combine our recurrence formula with the dimension formula 
- of Frobenius to determine directly characters of classes containing one or more 
unary cycles. H.g., suppose we wish to calculate the characters of the sym- 
metric group on n = 20 letters corresponding to the class containing &; = 12 
unary and a = 1 cycle on 8 letters. We shall illustrate by considering the 
representation D(9,6,3,2). Applying our recurrence formula with p = 8 
we obtain | 
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{9, 6, 3, 2}a = {1, 6, 8, Bar + (9, — 2, 8, 2}ar 
| + {9, 6,—5, Bart {9, 6, 3,—6}e°5 


of the four terms on the right the first, third and fourth vanish; the first 
because 3 = 1 -+ 2; the third because — 5 +- 1 < 0 and the fourth because 
—6 <0. There remains {9,— 2,3, 2}Jw =— {9, 2, — 1, jw = {9, 2, 1} 
and since & is the unit class the dimension formula of Frobenius yields, since 


12! 


| (ls lz, Is) = (11,8,1), 111811! 


(8) (10) (2) = 320. 

Similar, although not quite such convenient, formulae may be found for the 
characters of a class containing only cycles of the same length. E.g., let 
n= 2m and consider the class containing m binary cycles. The characters 
of this class are found by setting sz = 1, Sı = 83 ==: ` * = Sn = 0 in the ex- 
pressions for the simple characteristics; it being clear that then q; = 0 if j is 
odd whilst gop == 1/27. pl. Thus, for n == 12, the character of the class a, = 6 
of D(5, 4, 2,1) is 


2.3120 (2.41)2 


0 ( 

0 (22270 (2.31) 
1 

0 


2°. 6! m= 6!{(4121)-t— (3!1)2} =— 5. 


0 2-4 0 
0 1 0 


Similarly the character of the class a, = 4 of D(6, 3”) is 


(32.21)20 0 
34,4! 0 310 | =12 
0 0 32 


whilst the character of the class «= 8 of D(7,287?,1) is 


0 (4.21)2 0 0 
0 O0 op 
8 3! = 
SU Se a 3. 
0 oO 10 


Two more examples will suffice; suppose for n = 15 we wish the character of 
the class a;==3 for the representation D(5, 4, 3, 2, 1). On setting ss —1 
S1 = So =: + + == Sis = 0 all the q; vanish save those for which jis a multiple 
of 5 and gs takes the value (59. p1). Then the desired character — 
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510000 
0 0100 
553110 0001 | =—150. 
f 0 1000 
0 0010 


If we wish, for a final example, to obtain for n == 12 the character of the class 
@ = 1, a = 2, 43 = 3 for the representation D(7,15) we may proceed as 
follows. On applying our recurrence formula twice, first with p == 1 and then 
with p = 2, we find 


{7, 19}, = {6, Ye + (7, 14}a 
= (4, 1a" — (6, 13e + (8, ar — {7 Pe" 


where œ” is the class, of the symmetric group on 9 letters, consisting of per- 

mutations each of which has three ternary cycles. Since this class is positive 

{4, 15}a = {6, 1°}ar and we have merely to calculate {5,1*}," and {7, 1°}or. 

We find’ 

(3.2:)10 0 (3%.3!)7 
0 0 37 
1 
0 
0 


{5, 1#}a = 33.3! 


oo GS mm © 


0 0 (35.31) 
{7,1} —=3%.31|10 0 =1 
01 0 


so that the desired character is — 3. The most trivial example of this method. 
furnishes directly the characters of the class a = 1, an-ı = 1 of the symmetric 
group on 2 letters. All characters are zero save that of the identical representa- 
tion and those associated with the partitions 


à = n — k, M = 2, Às = * * em Àg = 1 


and these have the value (— 1)#1, 

The character tables for the various symmetric groups from n =}? to 
n = 10, inclusive, are given in the paper numbered (15) in the list of references. 
The character table for n — 11 is given in the paper numbered (16); (anyone 
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using this table should note that the characters of (5,3, 1%) are given with the 
wrong signs for the odd classes). And the character tables for n = 12 and 
n == 13 are given in the paper numbered (17). 
We may derive by the method just described explicit formulae for the 
characters of those classes of the symmetric group on n letters which consist of 
%, = n — p unary cycles and «==1 cycle on p letters; (p—2,8,4,: °°). 
These formulae were given by Frobenius (4) for p—2 (the transposition 
class) and (5) for p = 3,4. Since they are of importance in the physical ap- 
plications we give their derivation here. We first remark that a partition (A) of 
n may be conveniently specified as follows: draw the principal diagonal of the 
diagram of the partition (i.e. the diagonal starting at the upper left-hand 
corner) and suppose it strikes s columns. Denote by bı > ba >... >b = 0 
the number of dots to the right of the diagonal in the rows 1,2,-- -,s, 
respectively, and by & > @ >- -> D> as Z0 the number of dots below the 
diagonal in the columns 1,: - -,s respectively. Then the partition is described 
by b = (bı, > +, bs) and a = (a, > ', as) it being clear that the partition is 
self-associated when and only when a = b. The number of dots in the first 
row and column together — b, + a, + 1; when these are deleted the number 
of dots in the new first row and column = b,-++a,-+1. Proceeding in this 


8 
way we have n= $ (b;+a; +1). It is clear from the definition that 
jl 


bj = àj — ] (J=1,---, 8), whilst the differences p — àp (p = 8$, + k — 1), 
satisfy the inequalities 


OS 58 — Asay < 8 + 1 — A L: i -< k— 1 — àg < k— i. 


Hence they are the complementary set to the set & > a > > - > as in the set 
0,1,--+,4—1. In fact A, > 0 shows that a, = k — 1 is not in the set; 
if A, > 1, ag = k — 2 is not in the set and so on. The following will serve 
as illustrations of the definitions of 6 and a: 


(A) = (8, 2%, 17); s=2; b= (2,0); a= (4,1) 
(A) = (4217); s=2; b= (3,0); a= (3,0) 
(A) = (47,1);  s=3; b= (3,2,1); a= (8,1,0). 
We denote, for convenience, by xix (p) the characters of the class a, = n — p, 


ap == 1 so that, for instance, xin (2) are the characters of the transposition 
class whilst y,,)(1) are the characters of the unit class (i.e. the dimensions 
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of the various irreducible representations). Our object is to obtain for xo (p) 
(p = 2,3,4,-- +), an explicit formula analogous to (11) which furnishes ` 
xa) (1). The recurrence formula (13) tells us that xo; (p) is the sum of the 
dimensions of the irreducible representations | 


Dh: ",A—p:",A) (=k), 


of the symmetric group on n — p letters (where we follow the previously agreed 
on convention for the restoration of the normal non-increasing order of the 
(Àr, Ae,‘ © +) when this has been destroyed by the subtraction of p). Writing, 
as before, 

=A, + (k—1), h = Ao + (kK — 2), + le m= Ae 


the dimension of D(A, — P, Az," * +, Ax) is 


(n— p)! (4 —p— h): + + (h—p—Ik) (lz — ls) ++ + (4a — lx) 
| Sehpa 


and there are similar expressions of the dimensions of the other irreducible 
representations. On dividing through by 


xa (1) =n! (it): (ah) +h! Ge! 
the quotient x (p) — xo (1) appears as a sum of # terms of which the first is 
a(l — 1) ct (Lp +1) (h—p— h): e (h—p—k) 
-an(n — 1): (a— p + 1) (hi): e (h — h). 


If we write f(z) = («—1,)-- - (e—4) this may be written as the quotient 
ofla (hn— 1) (a—p+l)f(a—p) by —pn(n—1) +++ (n—p +1) (l) 
where f” indicates the derivative of f; hence 


xem (2) _ = EU) = Gp + D — p) 
x) mai (n—p+ if FU) 


Now the analysis of the function &(æ — 1): - :(x—p+1)f(x—p) +f (a) 
into simple fractions yields a polynomial in + plus terms A; + (æ-—1;) where 
Am) —p+1)f(h—p) +P (h) so that | 








xo (P) = x (1) ——(34)) + pn(n—1)- : - (n—p +1). 


: k 
On writing (z —1,;)7 = (1/x) + (lj/a?) +--+ it is clear that $, À; is the 

ja 
coefficient of (1/x) in the development of 
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2(z—1): -  (z—p + f(e—p) +4) 


as a series of descending powers of s. The zeros of f(x) are the k numbers 
(ls: > lx) so that, if y—«—k, the zeros of f(y + k) are the k numbers 
l,—k,+ + +,l,.—k i.e. the k numbers A;——7 (j= 1, --,k). Of these the 
first s are the numbers (bı, > -, bs) whilst the remaining & —s are the nega- 
- tives of a; + 1 where the two sets a = (a,- ``, as) and & = (es, * `, Ox) 
together form the set 0, 1,- > +, (k—1). Hence 


49+) TT yb) H+ a+) 
=Ü (wb) ta $0). GD +H. 
It will be convenient to denote the function | 
(y—bi)+ + (y—b:)/ (y +a +1): (y +a +1) 
by P(y) and then f (2) = f(y + k) = F (y) (y +1) +++ (y +F). The desired 
sum » Aj, being the coefficient of 1/x in the development of 


a(e—1)-+-(e—p+1)f(e—p) +f (2) 


_ in a series of descending powers of 2, is, equivalently, the coefficient of 1/y 
in the development of this same function in a descending series of powers of y. 
But 


s(a — 1): - (z— p+ 1)f(z—p) +f(x) : 
= (y +k) (y +k +1— p): (y +Hk— p): (y +1 pE — p) 
(y +1)--- (y +k)F(y) 
=y(y — 1): : (y—p + 1)F (y — p) =F (y). 


J 


_ and we have merely to seek the coefficient of (1/7) in the development of this 
function. An application of Taylor’s expansion yields 


F(y—p) + Fly) =1— p (y)/F (y) + PF” (y) /21 Fy) 
— PP’ (y)/BI Fy) +; 


on taking the logarithmic derivative of 


F(y) a! {(y—b;)/(y + a; + 1)} 
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we find | 
F’(y)/F(y) -2 a= 1 —LWV/y ta +0) 
== (n/y?) + (6s/y*) + (e/t) +: °° 
where 


Co X {bi —(ay+ 1)7} 5 u= 2 (bs? + (as + 1)*} 5 com D {b — uH 1) 4} + 
5 j= 3= 
(we have availed ourselves of the relation > {bj + (a + 1)} =n). On 
j=l 

successive differentiation of this relation we find 
P” (y) /E (y) = ((y)/F(y) + {F y) /PO)Y 

= (— 2n/y*) + {(n? — 808) /y*} + {(2ncs — dos) /y*} + - 
Py) /F(y) = {PM /FY) HE C) SEQ) FP’) JPM 

= (6n/y*) + {(L8cs — 6n?)/y®} +: 
BOC) TE (y) = {F (u) EY) SE) BY) + E” (y)/F(y)Y 

= (—24n/ys) fo. 
Hence 
F(y — p) +— pF (y) =— (1/p) + (n/y*) + (pn + cs)/y° 
+ (204 + 8pcs + 2np* — pn?) /y* 
+ {cst 2pes+ p(2p—n)es-+ np’ (p —n)}/y 
This has to be multiplied by y(y— 1): : : (y— p+ 1) and the coefficient 
of y? in the product then determined; equivalently we may multiply by 
(y—1)::-(y—p+1) and determine the coefficient of y?. This coeffi- 
cient yields, when divided by »(n—1)-- : (n— p + 1) the desired quantity 
xœ (Pp) = xx (1). We carry out the calculation for p = 2, 3, 4. i 
p=2; Xa) (2) =x (1) = (n + e) n(n — 1). 
Since 


a=30— (a+) m= Br + (G+) 


ca + m= À {04 (bs + 1) — a (a; + 1)} 
so that f 


E E OES È {by (by + 1) — u (a; + 1)}] + a(n —1) 


p = 8; here we must multiply by (y — 1) (y — 2) and the coefficient of y? is 
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(204 + cs — 3n? + 4n) /2 = FE È { (2b; + 3b? + By) 
+ 2(as +1)°—3(4 +1)? + (a +1)} —3n(n—1)]. 


Hence 
(16) xà (8) + x00 (1) = [È (0s (bs +1) (20; + 1) 
| + a;(a; + 1) (2a; 4+ 1)} — 8n(n —1)] 4-2n(n—1) (n—2) 
p = 4; here we must multiply by 
(y —1) (y — 2) (y—3) = y — by’ + lly — 6 
and the coefficient of y? is cs + 2c, + cg — 2(2n — 8) (cg + n) 


=È [070 + 1) a (as +19} 220 —8) 010) + )—4(aj +2] 
so that i 
(17) xw (4) xa (1) = [È 00s ata + 1)} 

—2(2n—8) {5 (bs +1) —as (a; +1) }]-+n(n—1) (n—2) (n—3). 


For higher values of p it is more serviceable to use the recurrence formula 
(13) as the expressions deduced by the manner described above become too 
complicated. The formula (15) of Frobenius may be readily transformed into 
an equivalent formula due to Hund (see reference (23)). We have b; =A; —j, 
(j= 1,--+,8), a; +1=j—À, (j=5s+1,:::,k) where a= (a, : -, as) 
- and @ == (su, ` +, %) together form the set (0,- - -,4#—1); so that 


Š a(a, 4) —Srlp Pi — (a + 1) 


=3 (1) —3 Qi (WI +). 
Hence | 


È (5,65 +1) ula +1) QD Ai +1) —È pp —1) 


k 
— ZM — 2j +1) 
so that 
k 
xa (2) =al) = Bs — 2j +1) n(n—1) 
which is Hund’s formula. 

The analysis of the reducible representations A(A,,: - -,A,) into irre- 
ducible components. The characteristic of A(A,,: - +, Ax) is gas) °° - qa,(s) 
whilst that of the irreducible representation D (Àn ' © +, Ax) is 

8 
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Glee ee 
wasl | |; 
+ qu(s) 


the problem confronting us is that of writing gas): - -q\.(s) as a linear 
combination, with positive or zero integral coefficients, of the various simple 
characteristics {A}(s). When k = 2 the solution is trivially evident: 


ASESI (s) Tuas (S ) 
Gro-2(S) Gras) 


KEI (s) VESTES (s) 


Gru (S) qu(s) aaa a (8) qu(s). 


so that — 


+: 








(18) ‘AA, As) = D(A, Xe) + D(A +1,12 —1) 
+ D(A. +2, àa — 2) +H -+D(n). 


For k > 2 the problem may be solved as follows (we illustrate by considering 
the case k == 3). Let x; be an operator whose effect is to replace ga,(s) by 
o Gus): 259, (8) = gaa (S) (j = 1,2,3). Then the determinant 


| Qu(s) an(s) guses) 
{A} (s) = | quais) ques) quua(s) 
du (S) Gros (S$) rs (5) 


may be expressed as the result of operating with 


1 a, g? 
1 æ 2 
1 3 ts 


upon the simple product qy,($)qr.-1(S) Gr -2(8) and since the operators +; 
operate on different symbols, x; operating on q,, they are commutative so that 
we may apply the ordinary rules of commutative algebra. Thus 
{A} (8) = (22 — t) (£s — di) (Ts — T2) Gr ($) gua (S) Gaa (8) 
and so 
Gra ($) Gro-2 (S) Yra-2 (3) = (22 — ta) (ts — t1) (T3 — &2)*{A} (s). 

We write now é = 2;" (j=1,2,8), so that é; operates on À; so as to decrease 
it by unity: éga, = gx,1. Then 

ee (to — 2) = é (1—&21) 7; (ts — T1)” é (1 ét) 5 

(£ — ta) = é (1 — t)" 
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and so 


Qu(s)qu(s)qu(s) = GoFs"Gry (S) Pae (S) Yro-2(8) 
== (1 — &2,)*(1 — ém) (1 — és) *{A} (s). 
The product 


(i— ét) 7 (1 — ét)“ 1 + Pitt Ta) És + Pe (#1, z2)? + 


and the series may be stopped at px, (11, 72)é** since each {A} with a negative 
number at the end vanishes. Then this must be multiplied by 


(1 — éz) = 1 + Pr(@1)& + 


and this series may be stopped, for each {A}, at Prp (1) &:’2*? since each {A} 
whose next to last member < — 1 vanishes. It is clear then that A (A) contains 
D(A) once and contains no D(X’) for which (A) > (A) ; it being understood that 
(A) > (X°) when the first non-vanishing member of the set À; — 2’; is positive 
(j= 1,2,-- +). The argument is evidently perfectly general; thus for k = 4 
we first operate with 1 + pi (#1, de, Ta) £a + Pohi, Do, ds) Ë4? +--+ on {A}; 
then follow this by 1+ p1(21, %2)& + paf, Go)? +--+ and finally by 
1+ pi(ti)& + pelr) +: - >. 

The following example will sufficiently illustrate the method: consider 
A(4, 2°). Applying 1 + pi(ti, v2)é + Daft, 2)é? to {4,2,2} we obtain 


{4, 27} + {5, 2,1} + {4 3, 1} + {6,2} + {5,8} + {4,4}. 

Applying 1 + pi(ti)ée -+> <- to each of these we obtain in turn 
{4, 2, 2} + {6, 0, 2} + {%, cats L 2}; {5, 2, 1} + {6, 1°} + {8, — 1,1}; 

{4, 3, 1} + {5, 2, 1} + {6, 1?} + {8, — 1, 1}; {6, 2} + {7, 1} + {8}; 

{5,8} + {6,2} + {7,1} + {8}; {4,4} + {5,8} + {6,2} + {7,1} + {8} 
and adding up we find 

A(4, 2) = D(4, 2*) + D(4,8,1) + D(4*) + 2D(5,2,1,) + 2D(8, 3) 
+ D(6, 1?) + 38D(6, 2) + 2D(7,1) + D(8). 


When there are but three elements (A, Àz, As) in the partition the theory 
just given leads to the following convenient formula. Denoting by 12 the 
operation 1 + tié: + 2178? +: - - we have to apply to (A, Az, As) the operator 


13 + (te + 2a, - 12), + (22 + aya, + 80° - 12) 8? 
+ (a2 + Pains? + 82,2% + 2,3 - 12)£ + 


For example let us consider the analysis of A (4?, 2) ; the application of 12 gives 
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{2 2} Gp {5, 3, 2} F {6, 27} + {7 1, 2} E {8, 0, 2} + {9,— 1,2} 
== {42,9} + {5, 3,2} + {6, 27} — {8, 1°} — {9,1}; 


tots yields {4, 5,1} = 0; 2a,-12-& yields 
2[{5, 4, 1} + (6, 3,1} + (7, 2,1} + {8, 1°} — {10}] 


(£: + Rtite) E? yields 
(4, 6} + 2(5°} — {5°} 


whilst, finally, 32,°- 12 - £ yields | 
3[{6, 4} + {7,3} + {8,2} + {9,1} + (10}]. 


Combining these results we obtain 


A(4?,2) = D(10) + 2D(9,1) + 3D(8,2) + D(8, 1°) 
+ 8D(7,3) + 2D(%, 2,1) + 3D(6,4) + 2D(6,8,1) 
+ D(6, 2°) + D(5*) + 2D(5, 4,1) + D(8,3,2) + D(4%,2). 


Whilst the formula just given may be regarded as a complete theoretical 
solution of the problem of analysing the reducible representation A(A) into its 
irreducible components it becomes very tedious when k, the number of elements 
in the partition (A), = 4. Fortunately the necessary information, up to 
n = 11, is available in tables prepared by Kostka.! This writer was interested 
in the general question of symmetric functions and in the course of his investi- 
gation took up the question of expressing a product ox, (x) : - + o,,(%) of the 
elementary symmetric functions of n variables (2:,° * +, Z») as a linear com- 
bination of determinants 


On, (2) 7 TOT On (z) 
Ona-1 (z) on, (2) FT Ongj-2 (z) > Ny, F No + o Hn =n. 
í < an (2) 


Since om(%) = am(S) = Qm(S1, — 82 $3, —Ss,° °°), MZE n, it follows that 
such an analysis of the product o,(%)- - ‘o,(#) furnishes the analysis of 
the product qx(s) : : - qx.(s) as a linear combination of the simple char- 
acteristics {#1,: >, nj}; or, equivalently, of the reducible representations 
A(Q\4u,'* +à) as a linear combination of the irreducible representations 


1 The fact that these tables, up to n = 8, were published in 1882 long before the 
representation theory of the symmetric group, and its applications, were dreamed of, 
recalls to mind the verse in Ecclesiastes: “Nothing under the sun is new, neither is 
any man able to say: Behold this is new: for it hath already gone before in the ages 
that were before us.” 
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D(m%,* + > nj). The paper numbered (18) in the list of references gives the 
tables for 28; that numbered (19) the table for n—9 and that 
numbered (20), which is inaccessible to us, the tables for 10 Sn S 11. In 
using these tables note that the A(A) appear at the bottom (the symbol K 
being used instead of A and the partition being indicated by a suffix, a non- 
decreasing rather than a non-increasing order being adopted: thus A(3?, 2) 
appears as Ke); the D(A) appear on the right (the symbol O being used 
instead of D, and the partition being indicated by a suffix, the normal non- 
increasing order being used: thus D(4, 2?) appears as Ci). The tables are 
square but the part above the main diagonal serves another purpose and is not. 
used in the problem that concerns us. The following method of deriving 
Kostka’s tables (or, more particularly, that part of them which is effective for 
our problem) was suggested by Littlewood and Richardson (18), on the 
assumption that the character table of the symmetric group in question is at 
hand. The product gx. (s) ++: qa,(s), which is the characteristic of A(A1, ‘++, Ax) 
is a linear combination, ¢(a)s, say, of the quantities 54 = s,%8,%- + - Sy'n 
and hence, by (3), a linear combination, à Cea) x Php (s) of the simple 


characteristics of the symmetric group on n letters. Hence the coefficient of 
D(B) in the analysis of A(A) is Ca Yx P ; in other words it is obtained by 
taking the indicated linear combination of those columns of the character 
table which correspond to classes (J) for which s? appears in the product 
gu(s)° "© :qu(s). This method is particularly suited to those partitions (A) 
for which many of the A; are unity. For instance if they are all unity 
gu. (8) * © :qu(s) = {qi(s)}" = s,” and so the coefficients in the analysis of 
A(1*) are merely the characters of the unit class; in other words the coefficient 
of D(A) in the analysis of A(1") is the dimension of D(A); a fact of which 
we have independent knowledge since A(1*) is the regular representation, 
of dimension n!, of the symmetric group. For A(2,1*2?) the product 
qus) © + guhs) is (si + ss.) = 2 and hence the coefficient of D(A) in: 
the analysis of A(2,1"-?) is the mean of the characters xoy”, x 4%? of the 
unit class and the transposition class, respectively. But it is clear that whilst 
the analysis of A(p,1"-?) is relatively simple by this method a partition with 
three or more parts = 2 leads to somewhat complicated calculations. Thus to 
make the analysis of A(3, 2*) we would have to evaluate 


sq = (81 + 88182 + Rss) (s? + s2) + 31(2!)8 


and then form the indicated combination of the many columns of the char- 
acter table (of the symmetric group on 9 letters) involved. We give below the 


474 | F. D. MURNAGHAN. 


analysis of all A(A) for n <9 and in making the calculations found the 
following method the most convenient. It rests on a knowledge of the analysis 
of the product {A}{x} of two simple characteristics which is given (for 
SA + 3459) in the following section. Suppose we wish to analyse the 
reducible representation A(3,2,1) of the symmetric group on six letters. We 
have gag: = {3} + {21} so that, since ga = {3}, gagga = {3} {3} + (3){2, 1). 
From the values given at the end of the next section we read off 


{3} {3} = {6} + {5,1} + {42} + {3°}. 
{3} {2, 1} og {5, 1} + {4, 2} + {4, 1} + {3, 2, 1} 
so that 


qaqaqa = {6} + 2{5, 1} + 2{4, 2} + {4,12} + {87} + (8,2, 1} 
or, equivalently, 
A(3, 2, 1) = D(6) + 2D(5,1) + 2D(4,2) + D(4, 1) + D(3?) + D(3,2, 1). 


In the following tables the irreducible representations are written across the 
top, the D being omitted in the interest of space, and the reducible representa- 
tions are written down the left. For convenience of printing, Table 8, n = 9, 
is turned around so that the bottom of the page is the left-hand side of the table 
and the left-hand side of the page the top of the table. As examples of how 
the tables are read we cite the following: 


m= 2; A(1?) = D(2) + D(1?) 
n=3; A(2 1) —D(3) + D(2,1) 
n—4; A(2,1) = D(4) +2D(3,1) + D(2?) + D(2,1) 
n= 5; A(2,1) =D(5) + 2D(4,1) + 2D(3, 2) + D(3, 12) + D(2°,1) 
n= 6; A(2*) = D(6) +2D(5,1) + 3D(4, 2) 
+ D(4, 1*) + D(3*) + 2D(3, 2,1) + D(X) 


The numbers to the right of the main diagonal are all zero and are not written 
in. It may be observed that there is considerable duplication in the tables, 
the coefficients of the analysis of A(A) being independent of n for the earlier 
partitions. Thus the coefficients in the analysis of the first twelve partitions 
of 9, from (9) to (5, 1*) inclusive, are the same as those in the analyses of the © 
first twelve partitions of 8, from (8) to (4, 1*) inclusive. The table for n — 10 
coincides with that for n — 9 for the first 19 partitions (from (10) to (5, 15) 
inclusive) it being understood that the column under (5?) is filled with 1’s 
(from the partition (5?) to (5, 1°)) ; the correspondent to this column, namely 
(4,5), being absent from the table for n—9. In completing the table for 
n == 10 it is convenient, in dealing with a four or five element partition which 


ON THE REPRESENTATIONS OF THE SYMMETRIC GROUP. 475 


ends in a 1 or 2, to use the corresponding partition in the table for n == 9 or 8, 
respectively. Æ.g. to obtain the analysis of A(4,3,2,1) we use, from the 
table for n — 9, the result 


1932 = {9} + 2{8, 1} A 3{7, 2} + {7, 1°} + 3{6, 3} + 2{6, 2, 1} 
+ 2{5, 4} + 2{5, 3,1} + {5,27} + {4,1} + {4, 8, 2}. 


Hence 
GaQQ2Q1 = {9} {1} + 2(8, 1} {1} --- 


and from the theorem concerning the‘analysis of the direct product of irre- 
ducible representations, given in the following section, we have 


{9} {1} = {10} + {9, 1}; {8, 1} {1} aes {9, 1} + {8, 2} + {8, 1} ete., 
so that on collecting we obtain 
A(4, 8, 2,1) = D(10) + 8D (9,1) + 5D(8, 2) + 8D (8, 17) + 6D (7, 3) 
+6D(?,2,1) + D(%, 1°) + 5D (6,4) +7D(6,3, 1) 
+ 3D (6, 22) + 2D(6,2, 1?) + 2D(5*) + 5D (5, 4, 1) 
+ 4D (5,8,2) + 2D(5, 8,17) + D(5, 27,1) + 2D(4, 2) 
+ D(42, 1) + D(4, 3*)'+ D(4, 8, 2,1). 


Tables furnishing the analysis of A(\) for values of n from 2 to 9 
inclusive. 


J.n=2 (2) (1%) 2.n=8. (3) (2,1) (15) 
{2 1 1 
AB 1 | 1 aD 1 E 1 | : 
A | 


3. n=4, a (3,1) (22) (2,12) (14) 4. n 


Il 


5. (5) (4,1) (3,2) (3,12) (22,1) (2,15) (15) 











A(4) A 1 

A(3,1) i 1 A(41)} 1 | 1 

AG) 1| 1 A(3,2)) 1 | 1 | 1 

AG 1| 2| 14 2 A312} 1 | 2 | 1 | 1 

AGE 1) 3| 2] 3] 1 a2 1 | 2 | 2 | 1 | 1 
a219 1 | 3 | 3 | 3 | 2 | 1 
ads} 1 | 4 1 5 | 6 | 5 | 4 | 1 





5. n=6. (6) (5,1) (4,2) (417) (82) (3,2,1) (3,1%) (23) (22,12) (2,14) (18) 
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The direct product of irreducible representations. We consider two sets 
of n and m letters, neither set having a common letter so that the number of 
distinct letters in the two sets taken together is n + m. If (A) is an arbitrary 
partition of n and (w) an arbitrary partition of m and D(A), D(u) the 
attached irreducible representations of the symmetric groups on # and m 
letters, respectively, the direct product D(A): D(a) is a representation, in 
general reducible, of the symmetric group on n + m letters whose characteristic 
is the product {A} {x} of the characteristics of D(A) and D(a). Our problem 
is the analysis of D(A) D (p) into its irreducible components. For the sake 
of brevity we shall omit the symbols D and write (A) (æ) for D(A) -D(p). 
If (v) is a typical partition of n + m a relation (A) - (p) = > cv) (v) implies 
{A} {pn} = > Cv) {v} since {A}{u} is the characteristic of (A) (u). In order 

v) 


to arrive at a solution of our problem we first remark that the fundamental 
recurrence formula (13) may be generalised as follows. Let é; be an operator 
which decreases the j-th member À; of the partition 


(A) = (às + +, An) = (Aus + An) 
by unity (j—1,::-,n). Then 
EPA, * : An} = EP {Àa Sty Ana} = Aye: ts Ài — P t +5 An} 


so that £)?{A.,° > +, Ax} = 0 if j > k for then {A1,- - -,Ay;—p,- + -,À,} ends 
in a negative integer after the zeros at the end have been discarded. On writing 


Sp = éP +: - < + Ex? we have 
SO +, Ae} = Apt, de p) 


so that our formula (13) may be written in the form 
{à to Ae} = SpA : t s Àk} ta’) 


and we may say that we have stripped off one cycle of p letters from (a). 
Following this by stripping from (a’) a cycle of q letters we obtain 


Qt + Acta = Sosa * +5 Anha” 


where (x”) is the class, of the symmetric group on n — p —q letters, which 
contains one less cycle on p letters and one less cycle on q letters than the 
class (a) of the symmetric group on n letters. More generally we may strip 
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off Bı unary cycles, Bs binary cycles etc. ; to write the corresponding generalisa- 
tion of the recurrence relation (13) it is a little more convenient to change the 
notation slightly so that n is replaced by n + m. Then (a) is a class of n + m 
and we strip off 8, unary cycles, B; binary cycles, - - : B, n-ary cycles where 
(B) is a class of n. Denoting by (y) the class of m which is such that 
(B) + (y) = (a) our generalised recurrence relation appears in the form 


{A} cay = S > + SaPA}. 
By means of (3) this may be written in the form 


(19) {A} ca) =Z xo Pho (S) {Jen 


where the summation is over the partitions (4) of n and (8), (y) are any 
classes of n and m, respectively, whose sum is the class (a) of n + m. 
Let now i 


1 
pw (8) == ZE Noxo Vs” 
N: () 


be any simple characteristic of the symmetric group on n letters (so that (e) 
is a partition of n) and, similarly, let 


1 
$m (8) =— È Menx Ps? 
Mi Cr) 


be any simple characteristic of the symmetric group on m letters, (v) being a 
partition of m; their product is 


1 
m! 


1 
$w (8) doy (s) = DV Mery xX Ps 
Ms M+) Cr) 


and since (8) + (7) is a partition of n + m we have, from (3), 


+r) = 2 xw DED bay (s) 
a 


the summation being over all partitions («) of n + m. On substituting for 
Xa) O*™ its value X x9) {po (S)4a} P from (19) and summing with respect 
o 


to (8) we obtain, in view of the orthogonality relations (1) between the char- 
acters of the symmetric group on n letters, 


1 
(20) ce) (8) dy (s) = nl Sexe be (S) Kay} dia) (8) +> *. 


kad 
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Now ġa (S) is a symmetric function, of degree n, with integral coefficients, of 


the n + m operators é; and so is of the form > ca[é,*1- - - &:7"] where (a) is a 
ir) 
partition of n and [émé - - 7] denotes the symmetric function of the 
n + m operators (,' - `, gnm) whose leading term is 4.72: - -& "=, The 
result of operating with €,7- - -&™ on Zra) is 
Z (4-71, Ag-TMe, we ey An TW Ani ees Anim) 
and we may denote the result of operating with [é,7- --& 7] on xa) by 


Zia- The summation with respect to r yields zero, owing to the ortho- 
gonality relations between the characters of the symmetric group on m letters, 
save when (a) is such that one member of [(«) — (z)] is the same as (v), 
with the same convention as before regarding the rearrangement of disordered 
partitions; in which case the coefficient of ay (s) is cer. The simplest ex- 
amples may serve to make the theory clear; thus let (e) = (1) so that we wish 
to analyse {1}{v1,- ` -, vx}; the only ġia (s) which appear in this product are 
those for which (a) is obtained from (vı,* > -, vr, 0) by adding unity to one of 
its members and these all occur with coefficient unity ; for 


$a (S) = = Ë + é +: + na 


Hence 


{1 Hrn m} = {v1 + 1, vatt, ve} eee fasse in 1} + nsc ou 1} 
E. 8 {1} {4, 27} = {5, 27} + {4, 3, 2} + {4, 2, 3} + {4, a 1} 
=, {5, 22} + {4, 3, 2} + {4, 2°, 1} 


or, equivalently (1) - (4,22) = (5, 2?) + (4,3, 2) + (4, 27,1). The next sim- 
plest example is furnished by {2}{v1,- - -, vx}; here 


Pa(S) = pa (8) = BE)? + Séién 


and so 
Rte + + ve} = fn +R yee} be + {nye + ve, 2} 
+ ti dy sd ig SE 
+ fn Hd sym lps: 


the terms {v, + 1,: - +, vr, 0,1} vanishing and the terms {v1,- © - , vx, 0,2} and 

{vst © +, ve, 1,1} cancelling one another. 

E. 8 {2}{3, 2} = {5, 2} + {3, 4} + {3, 27} oe 14, 3} + {4, 2, 1} + {3?, 1} 
= {5,2} + {4,3} + (4,2, 1} + (831) + (3, 2}. 


‘ay 
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Similarly since | 
$s(S) = po (8) = SEP + SEE + Séérén 


we have 


{8} sm} {mn +8. me} ++, 8) 
+ii+2,ve+4,- ++ ym} tee: 
Hint ++, m1} +--- 

+ filme) 
{nt lv t lv +1: ym} Lee. 
+t Lytle mwl 


(the remaining terms vanishing or cancelling each other). 


E.g, {3}{2, 12} — {5, 12} + {2, 4, 1} + {2, 1, 4} + {2, 12,3} 
+ {42,1} + {3,1} + {4, 1,2} 
+ (8,1,8} + {2, 3, 2} + (2%, 3} 
+ {4,1} + {2, 3, 17} + (2,1, 3, 1) 
+ {3, 1?, 2} + (2%, 1, 2} + (2,1, 2} 
+ {3,2} + {8, 2, 17} + (8, 1,2, 1} + {2% 1} 
= {5,17} + {4, 2, 1} + {4,19} + (3, 2, 1°}. 


Since pu, (S) =o2(8) = Xéjés we have 


{1 Hr, + +m} = {r +1, v +1,- + +, ve} 
+ {rai +1, e om I} + + Qu, +, ve, 1,1) 
E. g., {17}{8, 2, 1} = {4, 3, 1} + {4, 27} + {3°,2} 
+ {4, 2,17} + {87,12} + {8, 27,1} + {3, 2, 15}. 


It is clear that whilst this method is entirely practicable when one of the 
factors is {2}, {3}, {17}, {1°} it rapidly becomes very tedious in other cases. 
We give below tables of all direct products (A) - (4) for which n + m = 9 and 
we found the following method, which is sufficiently illustrated by an example, 
entirely convenient. Suppose we wish {3, 1} {27} ; we write {3, 1} — {3} {1}— {4} 








(since 7 q+} — g,9, — qu) and we see that the calculation rests on that of 
0 
{4} {27}. But (4, 2°} = {4} {2°} — {1} {5, 2} + {5, 3} since 
: a = 9, q2 Ws — q qs fe f de 
qo qa qo qı Ye qı f2 de Ys 
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Hence 
{4} {27} = {4, 27} + (1}{5, 2} — {5, 3} 
E {6, 2} + {5, 2, 1} + {4, 27}. 
Similarly 
{3} {27} = {5, 2} + {4, 2, 1} + {3, 22} 
and so 


{1} {3} {2}? = [{6, 2} + {5, 3} + (5, 2, 1}] 
+ [{5, 2,1} + (4,3, 1} + {4 2°} + {4 2, 1} ] 
+ [{4, 27} + {37,2} + {8, 2, 3} + {3, 2%, 1}] 
= {6,2} + {5,8} + 2{5, 2,1} + {4 3,1} + 2{4, 27} + (4,2, 17} 
+ {3?, 2} + {8, 27, 1}. 


Hence 


{8, 1} {27} a {5, 3} + {5, 2, 1} : 
+ {4, 8,1} + {4,27} + {4, 2, 1°} + (8°, 2} + {8, 27, 1}. 


In the following tables the irreducible representations are written across the 
top and the desired direct products are indicated down the left. As examples 
of how the tables are read we cite the following: 


n+ m3; (2): (1) = (8) + (21) 
nt m= 43 (2,1): (1) = (8,1) + (2) + (21) 
n+m=5; (8): (12) = (4,1) + (8,1) 
n+ m=—=6; (2,1): (21) = (4,2) + (4 1) + (8) 
+ 2(8, 2,1) + (2) + (8, 1°) + (2, 1°). 


Since a change of sign of (so, 54, * +) sends {A} into the associated character- 
istic {x} it is clear that {u}{’} is obtained from {A}{A’} by merely taking the 
associated characteristics or representations ; e.g. from {3} {17} = {4,1} + {8,17} 
we read {1°}{2} == {2, 1°} + {3,17}. We use this trivially evident fact to 
materially cut down the size of the tables (without causing trouble to the user) 
by writing {u}{#} on the right side of the table directly opposite {A}{a’}— 
where {a} and {A} are associated simple characteristics of the symmetric group 
on n letters whilst {x} and {A} are associated simple characteristics of the 
symmetric group on m letters. It being understood that when we pick up our 
direct product on the right-hand side of the table-we find the irreducible 
representations of the symmetric group on n -+ m letters which occur in the 
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analysis of the direct product at the bottom of the table; whilst when we pick 
up the direct product on the left-hand side of the table we find the representa- 

‘tions which occur in its analysis at the top of the table. For convenience of 
printing, the tables for n + m = 8, 9 have been turned so that the top of the 
page is the right-hand side of the table and the left-hand side of the page is 
the top of the table. 


Tables furnishing the analysis of the direct product (A) : (X) for all 
values of n + m from 2 to 9 inclusive. 


i. n+m=2, 
(1).@) =(2)+(2) 
2. +m= 3. (3) (2,1) (13) 
(2) ore TAT J0 Oe 


(3) (2,1) 4 


3. ntm=4. (4) (3,1) (2) (2,13) (19 


(3).(1)[_ I 1 (13).(1) 
(2,1).(1 1 1 1 (2,1).(1) 

(2).(2)} 1 1 I. 12).(12) 

(2).02 1 1 12).(2) 





a9 (28) (2) (3,1) 4) 


4 ntm=5. (5) (4,1) (3,2) (8,12) (22,1) (2,15) (15) 
I 








(4).(1) 1 (14).(1) 
(8,1).(1) 1 1 1 (2,12).(1) 
(22).(1) 1 1 (22).(1) 
(3).(2) 1 1 1 (13). (12) 
(2,1).(2) 1 1 1 1 (2, 1).(12) 
(18). (2) 1 1 (3).(12) 





(15) (21) (2,1) (8,13) (3,2) (4,1) (5) 
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5. n+m=6, 


(6) (5,1) (4,2) (4,12) 


t 
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THE HEAVISIDE OPERATIONAL CALCULUS.* 


. By D. G. Bourern and R. J. DUFFIN. 


In its primary form the Heaviside calculus is concerned with the inter- 
pretation and application of functions of the operator p where p takes a” into 
na", Various representations are,’ of course, possible. Heaviside’s develop- 
ments as well as the closely related work of Volterra? on permutable functions 
of the closed cycle, depend on series expansion of F(p) and term by term 
interpretation according to the association p” = "t/r (v). The particular 
representation used in this paper is that of the Laplace-Mellin integrals, . 
namely, F(p) = f(x) è stands for 


(1.1) F(p) = [_ e*f(a)de 
(1.2)° $ Meto tie NL P (p) dp. 


This paper may be considered a study of some special results in the theory 
of these integrals. 

The specific concerns of this work include the validation of the asymptotic 
expansion theorem of Heaviside for a wide class of functions and two theorems 


*This joint work was completed in all essentials while the junior author, R. J. 
Duffin, was in the physics department of the University of Illinois. Received by the 
Editors January 9, 1936; Revised October 5, 1936, and March 6, 1987: 

+H. Jeffreys, “ Operational methods,” Cambridge Tracts; T. ©. Fry, Annals of 
Mathematics, vol. 34 (1921), p. 184; N. Wiener, Mathematische Annalen, vol. 95 (1926), 
p. 95; P. Levy, Bulletin Mathematique de France, vol. 1 (1926), p. 174. 

2 Volterra and Peres, Leçons sur la Composition. 

# The notation is due to B. van der Pol, Philosophical Magazine, vol. 8 (1929), p. 801. 

# In this article wherever f(x) stands alone on one side of an equation, the meaning 
(f(æ +0) + f(æ—0))/2 is to be ascribed to it. 

5 Since there is no finite natural boundary for F(p) in the present work, it is 
tacitly assumed that analytic continuation is used in the cut plane. For operational 
application such continuation is usually carried out by the principle of “ permanence 
of form.” 

Operational interpretations may, of course, be developed for specific function classes 
by introducing simple closed circuits or Hankel or Pochhammer contours instead of the 
ordinate R (p) =e. Such interpretations, in the writers’ opinion, are not strictly 
speaking of “ Heaviside ” type, in general, since the property of vanishing of the fune- 
tions, thus defined, for negative real values is given up. Moreover the intimate relation- 
ship with the Fourier integral stressed in this paper, is lost. 
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which may be used to establish mahy of the formal identities in the literature 
of the Heaviside theory as well as certain extensions of that discipline for 
instance to a conjugate Heaviside calculus. The most interesting contributions 
are those connected with the development of certain reciprocal kernel relation- 
ships and the solutions of the Laplace integral equation. 

Closely allied to the study of Eqs. 1. 1, 1.2 is, in a sense, that of Fourier 
transforms; one writes e~°*f(2) in place of the usual f(z) and eI (p) instead 
of F(p), viz. 


(1. 11) F(e+it) = Oa 


(1. 21) eaf (2) => f “Fe + it) ettedt, 


These are precisely the integrals of Eqs. 1. 1 and 1. 2. 

In general, Fourier integral theorems imply results for the Mellin Trans- 
formation. Evidently, then, conditions such as the bounded variation of f(x) 
in the neighborhood of a point and the absolute integrability of esef (s) over 
the axis of reals,° are sufficient for the inversion formulae, Eq. 1.11 and Eq. 


À œ 
1. 21, provided that the Cauchy principal value D, _,,, Í. f is understood 
- -00 


in evaluating the infinite integrals. 

In order to extend the set of operators, f(x) in Eqs. 1.1 and 1.2 is 
assumed to vanish on the negative real axis and all “ permissible ” operators 
are such as to leave this function class invariant, (i. e. the lower limit of the 
integral of Eq. 1.1 may always be taken as 0). This rules out, for instance, 


SE. W. Hobson, Functions of a Real Variable, Cambridge Press, 2nd edition, vol. 2, 
p. 721. Throughout this paper the bounded variation condition introduced to guarantee 
the limit may be generally replacéd by any other: of the Fourier integral or Fourier 
Series conditions for convergence at a point. | 
7 Some such condition is essential for the integral (with real f(a) ) 
° 


Co Le] * 
f f eipla-t)f (x) dadp 
-00 V -œ 
may be written 


[se] © foe) oo 
f f f(s) cos p {æ — t)dædp +i f f f(x) sin p(#— t)dadp. 
-0 -00 e 00O ~O 


The second integral on the right requires much stronger conditions than does the first 
for convergence.. P. Pi Collega, Mathematische Zeitschrift, vol. 40 (1935), p. 349. How- 
ever, the integrand is easily seen to be an odd function in p so that the Cauchy limit 
on p exists anå is 0 for functions satisfying the condition for existence of the Fourier 
cosine integral. 


a. 


ok 
Ry 
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the operator et? for ef (æ) is f(s + h) fotmally, which is non-zero in general 

for (h > 0)—h<æx<O0. However, eh, h > 0 is a permissible operator. 
We proceed now to establish in a direct fashion, an asymptotic expansion 

theorem of considerably greater content and precision than Heaviside’s “rules.” 


THEOREM 1. (a) F(p) is analytic except for poles of order py,* ` *, Bn 
at Pa,° + +, Pn; F(p) has essential singularities at e:,- © >, es In each sufi- 
ciently small deleted neighborhood F(p) is analytic and expansible in a Laurent 

co © ` 
series À Arn (p — er)” + > Ben(p — ex) "4 F(p) has branch points of finite 
0 0 


order at D, * +, Dm in the neighborhoods of which — 


F(p) = (p—bi)*Wi(p— di) + bip— bi), a > 0; 


the power series 
yil p — bi) = 3 Gin(p—bi)",  bi(p— bi) =Z cin(p — Bi)” 


converge for |p—bi|=<ri>0 (b) Ly | F(p)| +0 uniformly for 
n/2 Sarg p— oS 37/2. If b is the abscissa of the singularity furthest right 
the ordering is such that R (pj) = R (bi) = R (ex) = for the first 1 values 


of j, the first q values of i, and the first f values of k. 


Under these hypotheses on F(p) 


(2) F(p) = f(x) ~> mesters Res. F(p)(p— pj) H/E (pj) 
+ > 3 etaient /T (a; — n) oF > > eert Byna” /T(n + 1) i 


For x > 0 we use the closed contour made up of the ordinate R (p)= c > b, 
the left hand infinite semi-circle on this ordinate together with the necessary 
non-intersecting branch cuts and small circles about the poles. By Cauchy’s 

_ Theorem F 


0+400 
(2. 1) at eF (p)dp— >, (resides + integrals about essential singu- 
| c-i E ? 
larities + integrals around branch cuts + 
integrals on the semi-circle) = 0. i 


The residues evidently contribute just the terms involved in the first 
summation in the theorem. 

Surround the essential singularities by non-intersecting circles of radii s 
lying within the regions of convergence. of the Laurent series. Because of the 
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uniform convergence of these series on the circles term by term integration is 
justified. The inverse powers alone contribute to f(x) and their effect is 
epitomized in the third group of terms of Eq. 2. Evidently 


| Bin |” = 0 (sx). 


Lise 


CO 
The function >) Bint"/T(n + 1) is then an entire function of minimal type, 
0 


and thus is dominated, for large « by Ae*, e arbitrarily small > 0. The 
minimal property indicates that the contributions of efi, (w=1,:--,¢—f), 
are to be compared according to the value of the exponentials e-7@, For 
k = f + w these are negligible for large +, and accordingly these terms as well 
as those arising from pis, ` `, pn are unimportant. 

Consider now the third term under the summation sign in Eq. 2.1. The 
branch cut for b; may be taken as a straight line inclined at an angle # with 
the real axis 87/2 > Ÿ > 7/2. For ease of exposition alone, Ÿ will be taken 
as 7 in the work below. The contour around the cut may be taken as made 
up of the part of the upper and lower edges of the cut terminating to the left 
of b; within the circle of radius r; and a loop, denoted hereafter by Ci, around 
the branch point and lying entirely within this circle to complete the cycle. 
The transformation z = p — b; brings the branch point b; to the origin and 
introduces the factor e*. On writing — œ <S R (z) S—p; > —r; with 
arg 2 = mt or — ri for the upper and lower boundaries of the cut, the absolute 
value of the contribution due to these parts of the dissected contour may be 
exhibited as 


(2. 2) | = os f ere] F(rei™ + bi) —F(re*™ + bi) |dr | S KyeOrer e/g 
t 


since F'(p) is bounded on the cut away from the branch point by 27K,. This 
is later shown to be negligible in comparison with the other terms in the final 
developments so that the behavior of F(p) in the immediate neighborhood 
of the branch points determines the result. 

For the term 2"-%4;, the loop integral around the branch point may be 


written, on making the substitution zx = — u, as 
(2. 3) Sin queqai-n-t f e” (— u) udu 
Rri i 


where C”; is the Hankel loop starting from the point on the upper edge of the 
cut (in the u plane) of abscissa p;x and passing counter clockwise about the 


8 Indentations to avoid possible singularities are tacitly neglected since their sole 
effect is at most a change in K, of Equation 2. 2. 
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origin to the point just below on the lower: edge. For + large enough this 
approaches ° 


€ 


Cin parn- gin air e2 T(n + 1— a) (— 1)”. 


(2.31) 
For identification as a term in the second expansion in Eq. 2 one need remark 


here and later that 


sin Gr = sin (a — nr) 
T 


(—1)" = [T (1 — (u —n)) (a — n) J". 


The maximum difference between Eq. 2. 81 and Eq. 2.3 is found, essentially, 
$ co 
by bounding f ereyn-didy, For sufficiently large + this difference is then 
p 


easily shown to be inferior to 
(2. 82) Korets, 


We wish to show now that the series defined by the sum of terms of 
Eq. 2. 31 exclusive of the e”!” factor, is an asymptotic series, namely that 





(2.4) Leo ae sal, ey; (a) 42 
ae 


M 
—* D Gim sin œil (n + 1 — aj) a9" (— 1)" | > 0 
0 | 


where yi(z)z% is written instead of F'(z + b:) since evidently the loop in- 
tegral for ¢;(z) is 0. 

The expression under the absolute value signs in Eq. 2.4 is surely 
inferior to 


2.5) ferme | rare + rome 
Cy 


where ¥i(z)2™*1 is the remainder after subtracting off the first M + 1 terms 
of the series expansion of #:(z). Our immediate problem is to show that 
Eq. 2.5 is at most o(x%"M-1) for ~—> œ. Hence the last terms in that 
expression is unimportant. 

Evidently (z) is analytic for |z| = p:i and so ÿ(z) < Ks. We may 
deform the loop into a circle | z | = oi/2, oi < pi and the upper and lower 
edges of the cut in the range — p; S R (2) S—oi/z. 

The contribution from the integrals along the cut is less than 


? Whittaker and Watson, Modern Analysis, 3rd edition, p. 244. 
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; P: pis 
(2. 6 ) gt -M 2K, ertg at At tdr 





o 
< K, | gui M-2 A et utMelgy | < K, | gei-M-2 |. 
ot 





Similarly the integral around the small circle is inferior to 
(2.61) Kyot M+? garM-2, 


The dominants found in Eqs. 2.6 and 2. 61 guarantee that Eq. 2.5 is at 
most o(a%-™*1) for & — œ. The asymptotic character of the expansions con- 
sidered has thus been established. 

According to a simple extension of a classical lemma due to Jordan the 
integral on the infinite semi-circle vanishes when account is taken of (b). 
Furthermore, since the dominants given in Eqs. 2.2 and 2.22 involve an 
exponential decrease faster than that of terms with an eè” factor, it follows 
that the value of the Mellin integral in Eq. 2. 1 is asymptotically approximated 
by the expansions in the statement of the theorem. The assurance that the 
Melin integral really exists follows on the observation that the terms under 
the summation sign in Eq. 2.1 remain finite for a divergent sequence of 
suffiziently large semi circles erected on R (p) =c and that Eq. 2.1 is valid 
for zach of the resulting closed contours. 

The proof is complete.1° 

If F(p) is restricted to correspond to a real function f(x) (of the real 
variable x) then ain and By, are real and each exponential of imaginary 
argument is replaced by a sine or cosine. This follows immediately on re- 
marxing that then 

RF(p)—RF(ÿ);  AF(p) ——AF(p) 


L 


which imply that b;, e; and p; occur in conjugate pairs. 
Volterra composition, namely 


F,(p)Fa(p) = f° fs(#)fa(e—2) de 


™ This clears up the doubts arising in the minds of some of the Heaviside followers, 
for iastance those of Carson, concerning the validity and applicability of the asymptotic 
Heaviside expansions. Cf. Carson, Hlectrical Circuits, p. 84. Carson’s difficulties are 
but imperfectly answered in Levy’s paper, ibid., and the main point is not touched. 
The situation is, of course, summarized in Equation 2. March, Bulletin of the Mathe- 
matical Society, vol. 33 (1927), p. 311, has utilized a similar method for a rather 
restricted case. He does not, moreover, give any exact sufficient conditions for validity 
and cmits the demonstration of the asymptotic property of the development. 
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follows under suitable restrictions from Eqs. 1.1 and 1.2 when it is recalled 
that f(x) and f(z) vanish for negative values of their arguments. Here 
we are interested in the (inverse) composition on the p functions, namely 


O P) gf Fa(p— 2) Fa(e)ae 
=f "f(a) f(a) erde = f(t) fala). 
Taroren 2. If fi(w)e%*, fa(a)e belong to La(0, ©), 
(b) .R(p)=d>c+te, Cu 


then Eq. 3 is valid and F,(p) is analytic for R (p) satisfying (b) is at worst 
o(1) for | q | —> œ, q = à (p) and the Mellin integral with F,(p) is summable 
C1 to fı (x) fe(z)t wherever this has meaning. 


The proof is immediate, for it 


(3.1) Fi(o +) —Lim. Í i(e)es onde with o > ci 
0 


it is well known that F;(o + it) is not only analytic in the half plane o > ci 
but that 


g+i00 
(3.2)? s | F(a) |? dt < 0. 


This guarantees that F, (c -+ it) and Fa (d + ig— (c -+ it)) are Fourier trans- 
forms of class Lz on the ordinates provided c > c, d— c > c2. It is easy to 
see that the analogue of the Parseval identity becomes 1° 


1 4. f . 
(3.3) Laso pg | Pale + it) Fa(d + ig— (c+ it) at 
Orta B 
= Las pe f F,(2)Fe(p—2)d2 = Dose | fi (2) fe (0) erda. 


The first integrand evidently belongs to L by the Schwarz Inequality. The 


1 Somewhat similar theorems, involving. different conditions, in connection with 
Dirichlet Series, occur in the recent literature. Cf. D. V. Widder, American Journal 
of Mathematics, vol. 49 (1927), p. 321, for the case f,(æ) absolutely integrable; V. 
Bernstein, Series Dirichlet, Appendix I for the case f,(æ) analytic in sectors. ‘ 

1 Paley and Wiener, “ Fourier transforms,” American Colloquium Publications 
(hereafter designated P. W.) Theorem 5. 

18 For instance by paralleling the steps in N. Wiener, Acta Mathematica, vol. 118 
(1930), p. 55. i 
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œ 
last integral may be written f g(zjer"iDde, g(x) C Ia(0, ©) where 
0 


h = d — cı — cz > 0 and g(x) is the product of two functions each of which 
belongs to L:(0, co) 
(3.4) gr) = (emf, (x) ) (efa (x)). 


Accordingly, the integrals in Eq. 3. 3 not only exist but, by Eq. 3.4, define an 
analytic function * F,(p) in the half plane determined by (b). In the event 
that the first integrand of Eq. 3.3 or g(x) also belongs to L, then, of course, 
F;(p) belongs to Lə as well. 
The deduction Lijo] Fs(p)|=0(1), & (p) = d ‘is correct whenever 
fa(z) (here g(x)) of Eq. 1.1 belongs to L,(0, œ), viz: 
Lee] 
+S, 
ATI 


œ A Al 
| f g(x) eer de |< | Af a | f g(s) io dg 
o 0 À 


For A sufficiently small the moduli of the first and last integrals on the right 
are inferior to e uniformly in q. The second integral goes to 0, by the Riemann- 
Lebesgue lemma, for | g | — œ. 
The remarks in the introduction make it clear that C 1 summability follows 
by direct extension from the known Fourier integral result since g(x) C Ty. 
On making use of the relation e™®F (p) = f(x— À) we may write Eq. 3 
in a form convenient for many applications. 














1 +100 
(8.01) 2 f enp, (p —2)F,(2)dz 
¢-400 


Rri 
=S (A) fa (à — ©) dà = fem hater — T) da. 


The analyticity of F;(p) in the right half plane indicates that the singu- 
larities of F, (p— z) lie to the right of R (z) == c and those of F.(z) to the 
left. In the special case of polar singularities and F(z) Fi (p — z) = 0(2") 
uniformly in argz—c on either the right or left infinite semi-circle con- 
structed on the diameter R (2) ==c for instance it is possible to close the 
contour at infinity and to contract in such wise as not to pass any singularities 
included in the interior. Thus the closed contour contains all the polar singu- 
larities of just one of the functions involved.: 


14, Bochner, Vorlesungen über Four. Int., Leipzig, p. 145. 

15 This special case comprehends the usual Heaviside rules. f,(@) = 1, e-az, an 
(n integral) leads to the Cauchy formula, to F (p + a) and (—d/dp)» respectively. 
For non-integral n in the last example Theorem 2 provides the basis for a theory of 
fractional differentiation and integration of p functions comparable to that known for 
the œ functions. In this connection compare Equation 5. 1. 
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The following simple identity may be made the basis for many novel 
developments as well as for a number of formal results already in the Heaviside 
literature. 


(4) Len (7 + æ) dx = femfe a) Filo + 2)dz. 


It is convenient to use ¢i(z) = e*f;(z). Eq. 4 is then obviously valid when 


oO co o0 %0 
(4.01) f f $x (©) bo(A)e*dada — f f $1 (@) do (A)e™drde. 
9 0 0 0 
The indicated inversion is justified for hypotheses such as 17 


THEOREM 3. (2) is integrable Lı over any finite closed range of posi- 
tive z values not including 0 or œ and either side of Eq. 4 exists for absolute 
values of the integrand. 


A simple extension of Titchmarsh’s theorem +° 2. 62 suffices. 


‘A 
THEOREM. 3A. fol dx (2)| de, f de (A) DOA < ©, f uaa 
0 0 0 
(i = 1,2), esist, as Riemann integrals. 


1f,(æ) and p, are treated as real for the proofs below. However, the results are 
valid generally, on splitting up the integrand into the four combinations 


RAJAT) X RAHA, 
if the hypotheses are satisfied for the separate products. The normal case in operational 
theory involves only p, complex in which case Theorem 3A alone is affected. 


17The van der Pol result f 

0 
which one of the functions is 1 and p, =p, =0. This identity has been of extra- 
ordinary utility in the work of B. van der Pol, loc. cit. and later Philosophical Magazine 
papers. The Riemann-Stieltjes equation 


CO [ee] 
h(y) =f, Pipleredn = f fla) Ja +y da 
0 0 


oo fee] 
ras f f(æ)/æ dx is the special case for 
o 


arises on taking one of the ¢’s as e-Ay. 
18 E. C. Titchmarsh, Theory of Functions, Oxford Press. (Hereafter designated T.). 
19 This theorem admits cases such as p, (x) = exeez sin eee*, For this function 


oO 
f e-app, (x) dæ converges conditionally, only, for p=0. Eq. 1.2 with F, (p) requires 
Q 


generally a summability interpretation. For summability C1 the validation follows 
from a result of Hardy’s, G. H. Hardy, Messenger of Mathematics, vol. 47 (1917), p. 178. 
Since the central inequality, Eq. 4. 2, does not require uniform convergence, it is evident 
that the hypotheses of Theorem 3 and 3A may be further considerably weakened. 
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The proof is straightforward. We assert that 


(4. 1) f. a f NG ered f $ f “bu(2)ba(A)e*dade. 


Under our hypotheses both iterated integrals exist for absolute values of the 
integrand. Hence the integrations may be interpreted in the sense of Lebesgue, 
but then the integration order is immaterial *° and this result must hold also 
for the Riemann interpretation.” 

After a preliminary integration by parts, it is easy to demonstrate the uni- 


œ 
form convergence of f pal AJedA for s = 0. Accordingly 
0 


| f. an (x) i (A) e-®**\dvdax 





x oo 
= f | d1(a)| de | f pal Aed | 
= af | ġa (x)| de < m 
for (a) A fixed = A, and all X, (b) X fixed and all A = Ag. 


The absolute integrability of ¢2(A) over finite ranges justifies the assertion 
that for fixed A, X, exists such that 


A 
(4.3) <a f | ga (À) | GAS ma for all X = Xi. 
0 


f f AJA fat) eads 


Eqs. 4. 1, 4. 2 and 4. 3 are sufficient to establish the validity of the change 
in integration order * involved in Eq. 4. An obvious generalization to cover 








A 
the case that f | pa (à) | dà exists for 1 > 0, A < © only is included by inter- 
l 


changing the rôles of 0 and œ in the above proof. 
THEoREM 8B. ;(z) belongs to In (0, 0), 1< k= 2. 


The first half of the conditions of Theorem 3 are easily shown to be 
satisfied for integrability La implies integrability Z, over finite ranges. We 
show now that the last condition of Theorem 3 is also met. 


I£ yi (z) = fe | bi(x)| de it is known * that 


œ oo + fie 
Í, Inle <e( f Lepa), e< 


20 T., Theorem 12. 6. 

aT., p. 340. 

2 W. H. Young, Cambridge Philosophical Transactions, vol. 21 (1910), p. 48. 

33 G, H. Hardy, Journal of the London Mathematical Society, vol. 8 (1933), p. 114. 
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and 1/k +-1/k’ = 1. It may easily be shown that #:(2) is continuous for 
z > 0, hence ÿ:(2) is measurable and therefore ¥i(z) belongs to Ly Se co ). 
By Holders inequality 


Sonos f nore] (face) 
<o( f iaka) (Sf l eo)" < o. 


Thus the sufficient hypotheses of Theorem 3 are implied by those of 
Theorem 3B. 

As a first direct application of Theorems 2 and 3, we present an in- 
dependently interesting development of a calculus, conjugate, in a certain 
sense, to that of Heaviside. Negative integral powers of the variable are not 
comprehended ** by our representation (Eq. 1.1 and Eq. 1.2) of the Heaviside 
calculus. However, an operational theory can be stated for such functions on 
interchanging the meaning of operator and variable in Eqs. 1.1 and 1.2 so 
that q and æ correspond to the previous x, p respectively. The new variable 
(z) now ranges over the entire complex plane. An operational expression may 
be interpreted simultaneously according to both the Heaviside and the con- 
jugate symbolic theories on decomposing the operand 


Y(p)g(x) =y (p)f (2) + ¥(q) F(a) 


where g(x) = f(x) + F(x) and the notation for the functions indicates the 
sets to which f(x) and F(x) belong. This decomposition is no longer unique 
when fractional powers are present for a distinction regarding domain of con- 
sideration must be made for s”, 0 < y < 1, for instance, accordingly as it is 
included, in the Heaviside set or the set of the conjugate theory functions. 

The following algorithms are straightforward consequences of Theorem 3 
for functions fulfilling the restrictions stated there. 


Fe) = Re) EI) + Flo) 
@) ore) = (S erana) S reta f° rae 


(From the viewpoint of Volterra composition there is a formal analogy here 
to the usual p*f (x) interpretation 


ee f. “HOMe— 1) at | = f rt) 


*4 Formally p log p == — #-1, but this is not in the domain of Equation 1.1. 
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with k(y) the unit function vanishing on the negative axis of reals. For the 
special case of the conjugate theory cf. (a) when æ is real, the same com- 
position formula may be considered to apply, but 4(y) now represents the unit 
function for negative real values. The composition property with the reflected 
unit function holds throughout the conjugate theory when « is real. Vide (b) 
and (c) below. | 


(b) (+ c)F(x) = f SOR eae f Feet F(t) dé 
(©) (a+ or( = ( f efaa oran) 
= f eM P(A + g) /T(n) dà 


(5.1) 


The last result may be obtained operationally (for n a positive integer) by 
formally differentiating (q + c) F(s) with respect to —c. With c—0 
Eq. 5.1 may be interpreted as a fractional integral of a p function. 
Theorem III determines the function associated with f(#") at least for n 
integral. For n — 2 we start with 
f(x) = exp(— N/2)/4(50) 4 = Fi (p) = exp(— Ap") /p%; 
whence quite directly . 
(se) 
drfa(at) = f. Pa(z*)exp(— p°)/#4d2. 
0 


The application to constant coefficient differential equations is direct 
and may be briefly summarized. Consider the differential equation with 
constant coefficients 


O = L(d/de)y = L(— q)y = F (e); 


(5.2) my, + +, y" — 0, & (x) Se. 


We may write, on the assumption of no positive real zeros, 
(6.3) -¥(e) = f Traf CAJ — Ad, where f(A) = F(a). 
In accordance with Theorem 3 (or Eq. 5.1) this may be expressed as 
(5. 4) y (a) = [SO re ayaa 


where A(A) is the ordinary “ indicial” function on the Heaviside theory 
corresponding to L(— à). It is well known in fact that 
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A() =z + Zea  L(— a) es Bu) 


_ if the zeros are distinct and not positive real. 
‘However, another viewpoint may be used in connection with Eq. 5. 3. 
Define 
œo-g(asx) 
plae) =en f "oodo, A (v) =A (— aa) 


-ag 


then for the case F(s) = a1 Eq. 5.3 reduces to 
- d 
y(t) =B(x) => POR e q) |as 
3 


for distinct not positive real zeros of L(— p). 

This is the analogue of the Heaviside-Carson “indicial” function’s 
derivative. For the equation with a general F(x) the inverse composition 
process of Theorem 2 gives, as an alternative to the formula of Eq. 5.4, the 
solution 


(5. 41) sta) == ga J BOP — Hat. 


The more usual formulation of the Mellin integrals is connected with the 
operator s = æd/dx and is expressed 


(1. 1 bis) G(s) = f * pty (0) dv 
(1. 2 bis) ri g(v) = f ON G(s) ds 


Combination of the operators s and p may well be expected to have special 
interest in operational theory. Consider then 


(6) y(s, p) = i vee (v) dv. 


Some striking inversion relations arise through the intermediation of 
Eq. 6. We write 


(6.1) TOR fv FO). 


The nature of the reciprocal formula is indicated by the following purely 
formal developments 


(6.11) bé) = f Z f meg (v) f(A) dda = Í v-e (v) F (v) dv 


if Theorem’ 3 applies, where 
5 
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F(v) = S “af (2) da. 


Then 
d+ioo 
o(v)F(v) = (1/2ri) f° orsp(s)ds 
and 
cio d+ioo 
Go) = GA) (UT ferry (s) /é (0) dsdo 
(6.2) = (1/2) f MOTO 
with 


c+100 
K(s,x) = (1/2ni) f erry-*/b(v) dv." 


The rigorous validation of this mode of derivation of the important Eq. 
' 6.2 presents difficulties because the integrals involved are generally not abso- 
lutely convergent? For the case ¢(v) = (1 — e”)*, 


(5,0) =T()E(s, 0) where £(s,v) =È (vn) 


is the generalized zeta-function, Eq. 6.2 takes the elegant form 


d+io0 
(6.21) f(x) = (1/2ri) f [ass — 1 (s — 1)**]y(s)ds 
d-ico 
1(z) =0 forz < 0, = 1 for z > 0, and = 1/2 for z = 0. 


THEOREM 4. Lg. 6.21 is valid if 
gz, g — 1, + +,e@—r (z —r Z A, > e—r—1) 


are interior to neighborhoods of bounded variation of f(x) and A, > 0, A: = œ% 
and furthermore that f(x) belongs to Lı (A, ©), provided that R (s) =d > 1. 
Consider 


drig dib œ 
(6.3) (1/2xi) f wy (s) ds — (1/2ri) f g f f(A) E(s, A) dads 
4-18 d-iß JA 
i . oo d+iß 
— (1/2ri) f FO) f a-t (s, A) dsdà 
1 d-iB 
= d+iB oo 
— (1/2ni) f FO) S (+ n)-sotdsaa. 
Ay d-iB 0 
The inversion of order of integration is justified by the observation that for 


wo À ~ A 
If g(v) =1/5 A,e-Bw then K(s,0) = Y 4,- la —B,)L(#—B,) formally. 
0 o É 


26 In fact Litle% y(d + it, p) may not exist. K. Ananda-Rau, Proceedings of the 
London Mathematical Society, vol. 19 (1920), p. 114. 
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R (s) =d > 1, | £(s,A)| is continuous in À and s when A, << o and 
accordingly the integrals are absolutely convergent. 
On carrying out the integration there results 


(z/n + a 
(6.31) A TA ) ie (an A) sin B log (z/n + A) da. 
The term by term integration is correct for 5 a (s/n + )* is uniformly con- 
0 
vergent (in &(s)) for R (s) =4 > 1, 8< œ. 

We may write 
S__(æ/n+a)t 
Na Tg log (£/n + À) 
for Nz (> x) sufficiently large, uniformly in 8 and À Thus 


(6.4) SWI | SAAS ain (Blogz +0 |A < e 


sin (Blog (s/n +2)) | <a 





Since also 
Lee] 


(6.41) Lies 5 >0 


uniformly in @ for finite N’, x we may invert the operations in Eq. 6. 31 to get 


(afm +a)t 
=f FO) ea) Sn (Blog a/n +d) dr 
or what is essentially the same thing according to Eq. 6. 4 
(ema)? | 
(6. 5) >. F(A) salg mAN] sin (8 log z/n + A) dà. 
Accordingly, 


6.32) Lo (1/2) (7 wtw(s)ds | 
(6.82) Lys (1/2ri) | ay (s)ds 


ee (a/na a 
De 500 > S: f(A) malog (s/n F A) Sın (8 log z/n + À) dA 
=i os f uh eDaf(xes — n) a m 


(6.6) f a eU-Daf(xe* —n)| dz 
où [2f (A)/(n +A) | da < o. 


Because of Eq. 6.6 and Eq. 6. 41 the Riemann-Lebesgue lemma may be 
applied to show that the Dirichlet integrals in Eq. 6.32 vanish unless 
s= n+ A. Accordingly, the limit of the first integral in Eq. 6.32 is 
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(6.7) f(e) Api @ =) a ee) 
where z — r = A, > s —r— 1, provided the function is of bounded variation 
in the neighborhoods of the arguments in question. 

Similarly 


(6.8) Lg so, Gi) f ie GD) NGO flo) 


Subtraction of the expressions in Eq. 6.8 from those in Eq. 6.7 yields the 
desired result. 


THEOREM 4A. If f(r) C L:(A:, co), Eq. 6.21 is valid in the sense that 
the right-hand integral is summable (C,1) wherever f(z + 0) + f(æ—0) 
exists. 


We have merely to investigate 
+8 
Lgr (1/2) f°" (1—L SGM) (ars —1(e— (e—a 
ip 


The steps and reasoning of the oak are precisely the same in detail as in 
the proof above. The only change is that the resulting integrals (Eq. 6. 32 
for instance) are of Fejer instead of Dirichlet type. 

One immediate application is furnished by the Laplace integral equation, 
Eq. 1.1 where p is now a real variable, F(p) is supposed known for p= p 
and f(t) is required. There is no fundamental restriction in assuming f(x) 
bounded and of class £,(0, œ ).?” 

For f(x) satisfying the conditions of Theorems 4 or 4A we may exhibit 
solutions in the form 78 


(1) (2) = (i) ("or 
~1(e@—1)(©—1)) fi (PF (p)/T(8) (1 — 0?) )dpas 


B 
Lipsy (1/2mi) | (1 — Elam 


—1(e—1) (@—1)"*) f° (pF (p)/T(s) (1— 69) dps, 
f(z) =0 for x < Ay 


or 


These solutions are easily established on noting that for ¢(v) = (1 — e”) 


= PL W., p. 87. 
28 Evidently the general formal solution may be written 


1 g+10 œ 
af ‘K(s, @) f. vs-1¢ (v) F (v) dv. 
2ri 9a o 


-400 


a 
* 
- 
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Theorem 3 applies to the inversion indicated in Eq. 6.11. In fact it.is manifest 
+ 00 
| F(v)| < Metw/v and accordingly Í | vF (v) (1 —e”)| du is certainly 
: 0 
absolutely convergent for R (s) > 2. 

A solution, Eq. 7.4, formally somewhat similar to that given by Paley 
and Wiener *® (who, however, work in the domain of Ls functions) follows on 
using the specialization p—1, p(v) =v or y(s,p) =I (s-+1) in Eq. 6. 
This may be rigorously established for f(x) belonging to L:(0, ©) as follows: 


(7.1) f reva 42) *de = [1/P(s + DI fer (ayaa —y¥(s) 
by Theorem 8 and Eq. 5.1 for œ (s) > 0. Writing z + 1 = 


(7.2) it 5 esf (e —1) ds. 
Clearly, 


Lente frontale [ira dr o. 
Hence Eq. 1.2 applies and 
(7.3) fle —1) = T esy(s)ds  c>0, 


or 
(14) fle) = (ari) (+ Dpt 


site oO 
= (1/27i) ied e+e | er8F (A) dads. 
The result holds when x is interior to a neighborhood of bounded variation 
for f(x). 

Here also a generalization is afforded by replacing convergence by summa- 
bility (C,1) or Sommerfeld type, in that the last integral of Eq. 7.4 is 
summable to f(x) when f(s + 0) + f(x— 0) has meaning. This observation 
hinges essentially on the fact that the summability property of Fourier in- 
tegrals since f C L, is patently directly extensible to Eq. 1.21 and hence to 
Eq. 7. 3 and thus to Eq. 7. 4. 


UNIVERSITY OF ILLINOIS, 
URBANA, ILL., 


PURDUE UNIVERSITY, 
LAFAYETTE, IND. 


29 P, W., p. 37-39. (Here references to D. V. Widder’s work may be found as well.) 
The P. W. solution apart from its implication of L, function classes and an apparent 
integration order change, is essentially transformable to the type of Eq. 7.4 with the 
specialization. 
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NOTE ON FORMAL LOGIC.* 
By M. H. STONE. 


It has been observed that the theory of Boolean algebras assumes a 
particularly satisfactory algebraic form when developed in terms of the sym- 
metric difference a +- b and the product a:b as fundamental operations: for 
Boolean algebras are then characterized as rings with unit in which every 
element is idempotent.1 The close connection between Boolean algebras and 
the formal (Aristotelian) logic of propositions therefore suggests that a logistic 
system built up from corresponding operations would be of some interest, and 
would have the special advantage of reducing the proofs of most logical 
theorems to simple and essentially familiar algebraic calculations. In the 
present note we shall develop such a system, based on results of Leśniewski and 
Bernstein.” ; | 

Propositions are to be regarded as abstract entities and denoted by the 
letters a, b, c,- : +. We postulate three primitive operations on propositions, 
each of which results in a new proposition; and indicate the propositions 
resulting from their application by a + b, a'b, and a’ respectively. We may 
read a + b as “a if and only if b” or “a is equivalent to b”; we may read 
a:b as “a orb”; and we may read a’ as “nota.” To indicate that a particu- 
lar proposition a is to be placed on the list of asserted propositions we write 
ta. As primitive assertions, we postulate that for arbitrary propositions 
a, b, c (whether given directly or expressed as “ polynomials” in terms of the 
postulated operations and other directly given propositions) 


(1.1) -[(a+6) + (¢+a4)]+ [6+ ¢] 
(1.2) [a+ (6+¢)]+[(a+6b)+¢] 
(2.1) t+ [a:(b-c)] +[(a-b) -¢] 

(2. 2) [a +b): c] +[(c-a) + (c-b)] 
(2.3) k(a-a) +a 


(3.1) © H[la 4+): b] +0. 


* This note was written while the author was a Fellow of the John Simon Guggen- 
heim Memorial Foundation in residence at the Institute for Advanced Study as a 
temporary member. Received by the Editors January 7, 1937; revised March 22, 1937. 

1 Stone, Transactions of the American Mathematical Society, vol. 40 (1936), pp. 
37-111, especially pp. 39-48. 

2 Leśniewski, Fundamenta Mathematicae, vol. 14 (1929), pp. 1-81; B. A. Bernstein, 
Annals of Mathematics (2), vol. 37 (1936), pp. 317-325. | 
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x | 
In order to bring other propositions upori the list of asserted propositions, we 
postulate the informal deductive rules 


(A) if Ha and +a+b, then Lb; 
(B) if Ha, then Hab. 
The application of these rules will be indicated by the schemes 


Ha 


(ay Est 


Fa 
Kb (B) 


cab’ 
We introduce a relation == between propositions as follows: 
DEFINITION 1. a=b if a+b. 
We can then introduce two further operations either through the definitions * 
| Derinirion 2. +[a&b] +[(a+b) + (a-b)], 
Derinirion 8. + [a—>b]+ [b+ (a-b)], 


or through the equivalent definitions 
DEFINITION 2’. a&b= (a+b) + (a-b), 
DEFINITION 8. a—>b =b + (a-b). 


The proposition a & b may be read “a and b,” the proposition a—>b may be 
read “a implies b.” We shall see that the interpretations of the primitive and 
defined operations are all justified by subsequent results. 

We commence our investigation by considering the consequences of (1.1), 
(1.2), (A) and Definition 1. The system so described is due to LeSniewski.* 
We obtain the following fundamental result: 


THEOREM 1. In terms of the operation + and the relation ==, taken as 
an equality-relation, the system under consideration is an additive abelian — 
group in which every element is of order 2. If the zero element of this group 


3 The usual form of definition would be to describe a & b, a> b as abbreviations for 
(a+b) + (a.b), b + (a-b) respectively. For comments on the present form, which 
is better suited to our later algebraic considerations, if not to the requirements of a 
strictly formal logic, see Tarski (Tajtelbaum), Fundamenta Mathematicae, vol. 4 
(1923), pp. 196-200, especially p. 197. 

* Leśniewski, loc. cit. We write + in place of his =. 


th ve 


508 M.‘H. STONE. 


be denoted by 0, the statements a = 0 and ta are equivalent. In particular, 
we have, for all a, b, c, d, 


(a) a—a; (a) if a=b, then b=a; 

(a) if a=b and b =c, then a =c; 

(8) tf a=c and b =d, then a+ b =c +d; 

(y) a+b=b+a; (8) a+ (b+c)= (a+b) +e; 


(ce) the equation x + b =a has a + b as a solution. 


It is well known that the properties («)—(8), together with the existence 
of a solution of the equation & + b = a, are characteristic for abelian groups.® 
They imply that the solution of «+ 6a is unique (in the sense that 
z -+ b =a and y + b =a imply t= y) and that the zero element 0 exists 
and satisfies the equation « + a == a for every a. Thus the property (e) above 
yields the special relation a + a == 0 for every a; in other words, every element 
is of order 2. Accordingly, we need establish only the properties («)—(e). 

We begin with several lemmas, as follows: 


(1.8) (a+b) + (b+); 

(A’) if a+ b, then Hb +a; 

(4”) if +b and a- b, then +a; 
(1.4) a+ a; 

(1. 5) Hp pal + [(c+b) + (a+e)]; 
(1.6) a+ [b+ (b-+a)]. 


Ad (1.3). Substituting 6, a, b for a, 6, c respectively in (1.2), and 
b, a+b, b + for a, b, c respectively in (1.1), we obtain 
the scheme 


H [b+ (@+6)]+[(+4) +8] 
(A) EC + (@+5)]1+[(6 +4) +h +{(a+b) + (b+a)} 
H (a+b) + (b+a). 
Ad (A’). Using (1.3) we have the scheme 


+ a+b 
(a+b) + (0 +4) 
(A) Hb +a. 
Ad (A”). We now have the scheme 
NA Fa+b 
tb (a Hb +a 
Fa. 


(A) 


5 See. for instance, van der Waerden, Moderne Algebra, Berlin, 1930, vol. I, pp. 15-19. 
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Ad (1.4). Substituting b, a for a, b respectively in (1.3) and b, a, a for 
a, b, c respectively in (1.1), we obtain the scheme 


H (b+ 4) + (a+b) 
(A) [O +4) + (a+5)]+ [e+] 
Fa + a. 


Ad (1.5). Substituting c, b, a for a, b, c respectively in (1.1), we obtain 
the scheme 


(ay EUeb) + (a+ e)l [oa] 
Eb Fal + [e+8) + Fo] 


Ad (1.6). Using (1.3) and substituting a, b, b + a for a, b, c respectively 
| in (1.2), we obtain the scheme 


+ (a+b) + (b+a) 
(ar ee ibt G+a)]}+{(a+56) + (b+a)} 
H.a+[b+ (b +a)l]. 


This completes the proof of the lemmas listed above. 
We turn now to the properties (#)—(e), taking them up in a somewhat 
altered order. 
Ad (a). By (1.4) and Def. 1, we have a — a. 
Ad (&). By Def. 1, a=b means ta+b. Hence «=b implies b +a 
| by (A’) and thus b =a by Def. 1. 
Ad («”). Ifa=6b and b =c, then +b+aand +-c + b by (¢’) and Def. 1. 
Hence, by using (1.5), we obtain the scheme 


t b+a 
(A) al +[(e+6) + (@+¢)] 
er H(c+b) + (a+c) 
a a+c. 
Thus a = c by Def. 1. 
Ad (y). By (1.8) and Def. 1, we have a + b =b + a. 
Ad (8). By (1.2) and Def. 1, we have a + (b + c) = (a+b) +c 
Ad (8). If a—c, we have +a + c by Def. 1. On substituting c, a, b for, 
a, b, c respectively in (1.5), we obtain the scheme 











kate 


(A) Fla+e]+[(6+4) +(c+b)] 
i (bta) + (¢+ 6). 
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By Def. 1, we have b + a =c +b; and by (y) and («”) we 
infer that a + b =c +b. If b= d, we can substitute b, c, d 
for a, b, c, respectively in this equation, obtaining b + c = d + c. 
Applying (y) and («”), we infer that c + b =c + d. Thus a 
final application of (a) yields a + b = c + d. 

Ad (e). By (a), (8), and (y), we have (a+b) +b= (b+a) +b. By 
(«”) and (y), we then have (a+b) +b=b + (b +a). 
On the other hand, (1.6) and Def. 1 yield a =b + (b + a). 
Hence («’) and (#”) yield (a+b) +b =a. 





We still have to establish the equivalence of a = 0 and ta. From the 
preceding results, we know that a = 0 if and only if a = a + a; and that the 
statements a =a +a and a -+ (a+ a) are equivalent. Now, using (1.4) 
and substituting a, a for a, b respectively in (1.6), we obtain the schemes 


Hapa =a 
m Hat (a+ a) a+ [a+ (a+a)] 
oe en Ea aa 


Hence the statements a and Ha + (a + a) are equivalent. It follows that 
the statements a = 0 and Fa are equivalent. 

We next consider the effect of introducing (2.1), (2.2), (2.3) and (B) 
into the system studied in Theorem 1. We obtain the following fundamental 
result : 


THEOREM 2. In terms of the operations + and - and of the relation = 
of Definition 1, the system under consideration is a Boolean ring—that is 
a ring (necessarily commutative) in which every element is idempotent.® in 
particular, we have, for all a, b, c, 


(n) if a =c and b =d, then a:b =c: d; 

(£) a:b =b:a;  (:) a: (b-c) = (a:b): c; 
(x) a: (+0) = (a'b) + (ae); 

(A) a-a =a. 


It is well known that the properties («)—(8), (ņn)—-(x), together with ine 
existence of a solution of the equation æ + b—a are characteristic for a 
commutative ring.” We may remark that (A) implies a + a = 0 and hence 
(e): for obvious applications of (#”), (8), (£), (x), and (A) yield 


€ Stone, loc. cit. 
7 See, for instance, van der Waerden, Moderne Algebra, Berlin, 1930, vol. I, pp. 36-40. 
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a+a—=(a+a)-(a+a)=[(a+a) a]+[(a +a) a] 
=[a: (a +a)]+[a: (a +a)]—=[(a-a)+(a-0)]+[(a-a)+(a-a)] 
=[a +a] + [e + a]. 


We now discuss the indicated properties in a somewhat altered order. 


Ad (1). By (2.1) and Def. 1, we have a: (b-c) = (a-b)-e. 

Ad (A). By (2.3) and Def. 1, we have a- a =a. 

Ad (€). By (A) we have (a+ b) - (a+b) a+b. By (2.2) and Def. 1, 
we have (a + b) - (a +b) —[(a + b) -a] + [(a + b) -b], 
(a +b) -a= (a-a) + (a:b), (a +b) b= (ba) + (b-b). 
Applying (a), (@”), (B), (y), (8), and (A) in an obvious 
manner, we therefore obtain [(a-b)+(b-a)j+[a+b]—a-+b. 
Theorem 1 now shows that (a-b) + (b-a) = 0 and hence that 
a-b=b-a, 

Ad (x). Substituting b, c, a for a, b, c respectively in (2.2) and applying 
Def. 1, we have (b+c)-a— (a:b) + (a-c). Then by (é) 
and (a”), we have a- (b + c) = (a-b) + (a'c). 

Ad (y). If a= c, then Ha -+ cby Def. 1. On substituting a, c, b for a, b, c 
respectively in (2.2), we therefore have the scheme 











H a+c 
H (a<+c):b 
) EL +e) 5 + (0-9) + (0)] 

Fa) + (6-¢). 
By Def. 1, we then have b-a—b-c. If b= d, we can sub- 
stitute b, c, d for a, b, c respectively in this equation, obtaining 
c'b—c:d. Applying («”) and (£) in an obvious way, we 
obtain a-b==c-d. 


(B) 


We observe that the informal rule (B) has been used: only in the proof 
of (n). It is therefore of particular interest to note further that (B) can be 
deduced from (1.1), (1.2), (A), (2.2), and (7), as we shall now show. If 
ta, then a= 0 by Theorem 1; and a = a + a, also by Theorem 1. By (a), 
(n) and Def. 1, we therefore have [a:b] + [(a+a):b]. Hence, on sub- 
stituting b-a for a in (1.4) and a, a, b for a,b,c respectively in (2.2), we 

obtain the scheme 
+ (b-a) + (b-a) 
(4) He) b] +[('a) + (6:2)] 
tr (a+a)-b 
(A”) [a:b] +[(a+a)-}] 
+ a'b. 
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Thus (7) and (B) may be regarded as equivalent with respect to the primitive 
propositions and the informal rule (A) of the system. 

We now introduce the last of our primitive propositions, (3.1). This 
proposition is due essentially to Bernstein.® We then have 


THEOREM 3. The postulation of (8.1) is equivalent to the postylation 
of a unit e in the Boolean ring of Theorem 2 together with the definition 
a =a + e. 


By (8.1) and Definition 1, we have (a + a’) : b = b for every element b. 
The element a + a’ thus has the properties of a unit in the Boolean ring of 
Theorem 2. Since two units in a commutative ring are necessarily equal,® 
we see that the unit a + a’ is independent of a. Denoting the unit by e, we 
therefore have a + a’ == e; and we conclude by Theorem 1 that a’ = a + e for 
every 4. On the other hand, if the Boolean ring of Theorem 2 has a unit e and 
a’ = a + e, we can apply (a), (2”), (#”), (B), (8), (e), and (4) to obtain 


(a+0)b—=[a+ (afe)]-b—=[(a+a) +e]-b—[0+e]-b 


= e: b =b; 


and Def. 1 then yields (3.1)+-[(a+a’)-b] +8 
The results obtained in Theorems 1, 2, and 3 may now be inverted as 
follows: 


THEOREM 4. In an additive abelian group, with O as its zero element, 
let the truth of the equation a — 0 be indicated by t-a. If this group has the 
property that every element is of order 2, then (1.1), (1.2), and (A) are 
theorems ; if this group is a Boolean ring under a suitable multiplication, then 
(1.1), (1.2), (2.1), (2.2), (2.3), (A), and (B) are theorems; and, if this 
group is a Boolean ring with unit under a suitable multiplication, then (1.1), 
(1.2), (2.1), (2.2), (2.3), (8.1), (A), and (B) are theorems. In each of 
these cases, a= b if and only if a + b =Q or ta-+b. 


The proof may be left to the reader. 

In order to illustrate the demonstration of logical theorems, in accordance 
with the principle established in Theorem 1 that the statements Ha and a = 0 
are equivalent, we give the following result: 


THEOREM 5. In the logistic system under consideration we have for 


all a, b, ¢ 


8B. A. Bernstein, loc. cit. 
° See, for instance, van der Waerden, Moderne Algebra, vol. I (Berlin, 1930), p. 40. 
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(4.1) + (a = a) — a; 
(4. 2) -a— (ab); 
(4. 3) kla—bl—[(b—c)—{(a-c)]; — 


together with the informal deductive rule 

(C) if aand +a—b, then b. 
Corresponding to the informal rule (C) we have for all a, b 
(5.1) + Fa & (a—b)]— bd. 


According to Definitions 2, 3 (2’, 3’) and Theorems 1, 2, 8 we have to 
establish the algebraic identities 


(&1*) a+ [a+ (a+e)-a]-a—0, 
(4.28) (B+ [(a-+0)-b]) + (a: (b+ [(a+e):5]))—0, 
(4.3*) [fe + (a-¢)} + {Le + (6: ¢)]: [e+ (a-¢)]}] 

+ [ (b+ (a-b)): (fe H(a-2)} + {Lo +(b-0)] Le +(a-e)]}) J=9, 
(5.1*) b+ [ (la+ [b+ (a-b)]} + {a [b + (a-b)]}) 0] = 0, 
together with the rule 
(0*) if a= 0 and b + (a-b) = 0, then b = 0. 


Since the operations are to be carried out in a commutative ring with unit e, 
we can expand these expressions in a familiar way—we can drop all brackets 
(using the convention that multiplications take precedence over additions), 
we can write the factors of any product in alphabetical order, and we can 
drop e as a factor from any product in which it occurs. Our alleged identities 
then assume the respectively equivalent forms 


(4.1**) .ata-a+da-a'ata:a—0, 
(ARE) bta- b+b+a b+a-a b+a-b—0, 


(4 BE) c+a-c+c-c+a-c:c+b-c:c+a b'c:c+b-c 
+a-b-c+b-c-c+a-b-c-c+b'b-c°c 
t+a-b-b-c:cta-b-c+a-a-b-c+a-b-c-e 
+a-a-b-c:-cta:b-b-c-cta-a-b-b-c:c=—0, 


(5.1**) b+a-b+b:b+a-b-b+4-b:b+a-a-b-b-=0. 
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By application of the special rules a-a—a, a + a= 0, these relations are : 
seen to be identities, as we wished to prove. As to (C*), we note that a = 0 
implies b + (a-b) =b + (0-b) =b + 0 =b, and hence that a—0 and 
b + (a-b) = 0 together imply b = 0. 

It has been shown by Lukasiewicz and Tarski *° that a complete logistic 
system for the Aristotelian logic of propositions can be based on the primitive 
operations — and ° with (4.1), (4.2), (4.8) as primitive propositions and 
(C) as the sole informal deductive rule. Hence the system discussed here 
contains all of the ordinary logic of propositions. Our system has a similar 
relation to that of Russell and Whitehead, whose primitive operations corre- 
spond to our-and’. On the other hand, it can be shown that the Zukasiewicz- 
Tarski and Russell-Whitehead systems contain ours (under suitable definitions 
of + and : when not taken as primitive). Since this aspect of the situation 
is quite familiar, we do not go into detail. 


HARVARD UNIVERSITY. 


1° Lukasiewicz and Tarski, Comptes rendus de la Société des Sciences et des Lettres 
de Varsovie, Classe III (1930), pp. 30-50; Tarski, Fundamenta Mathematicae, vol. 25 
(1935), pp. 503-526, especially p. 506. 


A CASE OF COLORATION IN THE FOUR COLOR PROBLEM.* 


By C. E. Winx. 


In studying the four color problem we assume + a map divided by a con- 
nected trihedral network into a finite number of polygons. Errera ? has shown 
that, if no polygon has more than 6 sides, such a map is reducible, i.e. its 
coloration can be made to depend on that of one or more maps of fewer polygons. 
In his treatment, however, the reduced figures are not generally maps of the 
original type, as they may contain polygons of more than 6 sides. Con- 
sequently, the resulting map cannot be further reduced by the same method. 

In the present paper we shall obtain reductions or sets of reductions which 
preserve the type of map in the reduced figure, with a view to proving that 


I. A map 8 containing at most one polygon of more than 6 sides can be 
colored. 


We shall start by obtaining new reductions which, in conjunction with 
those already known, may be embodied in the result 


II. Any polygon of less than 7 sides in an irreducible map must touch a 
polygon of more than 6 sides. 


We now quote the known reductions required here, giving an explanation 
of how the reduced figures are formed. 


A. A polygon of less than 5 sides.* 


The reduction is made by removing any side; only, in the case of a 


* Received March 31, 1937. 

1 For a general account of the subject see Sainte-Lagué, “ Géométrie de situation et 
jeux,” Mémorial des Sciences Mathématiques, fase. 41, and the thesis of M. A. Errera, 
“Du coloriage des cartes, etc.” Bothy, Ixelles, 1921. 

2“ Une contribution au problème des quatre couleurs,” Bulletin de la Société 
Mathématique de France, vol. 53 (1925), p. 42. 

3 A. B. Kempe, “ On the geographical problem of the four colors,” American Journal 
of Mathematics, vol. 2 (1879), p. 198. 
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quadrilateral in a 2-ring,* we must remove a side bounding the ring, in order 
to avoid the creation of an isthmus.’ 

It will be seen at once that the reduction of a digon and a triangle 
diminishes the vertices of the adjacent polygons by two and one respectively, 
while that of a quadrilateral deprives of one vertex the two polygons abutting 
the suppressed side. 


B. À ring of 5 polygons or fewer enclosing more than one polygon. 


The reduced maps for a 2- or 3-ring are formed by suppressing the part 
of the map on one side of the ring. : 

Two of the reductions for a 4- or 5-ring are made in the same way; and 
the others are obtained from them by a further removal of two non-adjacent 
sides of the quadrilateral or pentagon newly formed (i. e. including more than 
one polygon of the given map). 

The reductions A and B are fundamental in as far as they ensure the 
presence of two successive rings about each polygon of an irreducible map, 
without which all other known reductions and those given here might fail, 
should an isthmus occur in the reduced figure. 


C. A polygon completely surrounded by pentagons.® 


In the reduction the polygon coalesces with alternate regions on the fur- 
ther side of the ring, except the last two when the number is odd. 


D. A polygon bounded by hexagons and pairs of pentagons, if not by an 
odd number of hexagons only." 


In the reduction the whole ring is suppressed except the sides joining the 
free vertices (i.e. belonging to one polygon only of the ring) of each 
hexagon and pair of pentagons. 

It may be remarked that the reductions of a pentagon or hexagon flanked 


t A ring may be defined as a cyclic sequence of polygons each of which touches that 
before and after it, but no other one, in the sequence. The polygons of a 2-ring have 
2 separate contacts. : 

5 An isthmus occurs at a boundary which can be crossed once only by a closed 
circuit not meeting the network again. 

€ G. D. Birkhoff, “The reducibility of maps,” American Journal of Mathematics, 
vol. 35 (1913), p. 116. 

7 Birkhoff, loc. cit. (8) and P. Franklin, “The four color problem,” American 
Journal of Mathematics, vol. 44 (1922), p. 225. 
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by 3 pentagons along adjacent sides are not employed here. In fact the latter 
might involve more than one polygon of 7 sides or more in the reduced figure. 

In order to establish II, we must show how to reduce any ring composed 
of pentagons or hexagons about a pentagon or hexagon. Actually we need only 
consider those rings in which the pentagons are isolated. For, following a 
remark of Franklin, we may derive the reduction of a ring containing a pair 
or pairs of pentagons from that of a ring obtained on replacing them by pairs 
of hexagons, assuming every pair reduced as in D. The derived cases are 
given in brackets at the head of each reduction. 

With a view to saving space our reductions are mainly set forth in tabular 
form referring to the appropriate figure. Under numbered variants are given 
all essentially distinct groups of the colors 1, 2, 3, 4 bounding the reduced 
configuration, i. e. which are neither permutable nor symmetrically equivalent. 
Obvious abbreviations are employed, such as b = 1 to mean that the polygon b 
bears the color 1. 

If the solution for any variant is immediate, we mark the color of the 
central polygon, from which the ring can be filled in without difficulty. Other- 
wise one or more similar color chains are assumed (1st column), admitting 
an alternation of the intermediate complementary chain or else a change due 
to the absence of former chains (2nd column). There are now two possi- 
bilities: 


(a) The new distribution may lead to a direct coloring (3rd column), 
in which case we may suppose the assumed chain absent, and replace the 
previous change by one affecting a polygon named in the first chain, at the 
same time allowing for consequent modifications elsewhere (4th column). If 
a direct solution is not yet available, we may assume another chain in the new 
distribution, and so on until a coloring is finally obtained. 


(b) The change first made may not yield a direct coloring. We then 
examine one or more chains occurring in the derived scheme, continuing as 
in (a). The digression is distinguished from the main case by means of 
brackets, which are closed as soon as a solution is forthcoming. In fact a com- 
pleted bracket is tantamount to a direct coloring of the previous scheme. In 
complicated cases it may be necessary to insert more than one bracket in 
succession. | 


8 Loc. cit (8), p. 232. 
6 
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E. 5665 (n > 5). See fig. 1. 





Fig. 1. 


Note that, if a were a pentagon, an isthmus would occur in the reduction. 


(1) a1, dAf ord=f—2 u=}? 
(2) a=1, d =f =3 





23btof - c—e—4 u= 4 "b= 3; d, h =20r 83 
u= 8 
— l 
(3) a = 3, dÆ f o d =f =4 u == 1 
(4) a =3, d= f=2 
24btohord a= i orc =3 u == 2 b = 4, f = 20r 4 
u = 1 





(5) a—3,d—f—3 


24btoh a= 1 (1) b = 4 
u= 1 








F. 56666 (or 56655 or 56556). See fig. 2. 
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(1) d==2 u=1 
(2) d = 4, fh 48 u= 1 
(3) d= 4, f = 4, h = 3 
48 dtoa bc = 13 u=—=1 d==2 | 
u= 1 
(4) d= 3, Fh or f =h = 4 u=1 
(5) d= 3, f= h =83 
anaes c=—4 u = 3 d=} | 
U1 


(6) d= 3, f =h =2 


42 f toa g =i =3 

32 d tob e=4 U == 3 d == 2 

42ftodora e=—3,1—lor u=3 f = 4; d, h =2 or 
u= 3 f=2, h=2 or 4 
u= 1 


The next reduction is due to Mr. Choinacki. 


G. 66666. See fig. 3. 


A ~t 
~N „A % 
4 s a ~ 
L Sor?” c 
\ 
i ui 
LL ee | 
A Ye a 7 à 
1° 


Fig. 3. 
(1) cegi not all? 2 : u= 1 


°? Cp. the reduction of 666666 about a hexagon by Birkhoff, loc. cit. °. 
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(2) c =e = g =i =? 
24a toe b =d =3 


[23 i to a j=4 
{24 e to cor g d= 1 or f=3 u—2 





24etoa =d =], 
c =g =4 

(23 a toi j=l u=1 a—3,e—R or 3 
u= 1) e= 4 

43 j to b or da = 1, c =2 or 1 u= j=3 

24itogoreh—3,f—l1or3 u—3 

247 toc b=j=1 u=1 i—4,a—R or 4 
u = 3} i=g—3% 

24 etoa d=b=1 u=1 

24 etoc d=1 

(816 todorje ora=4 u=1 b—1 
u= 1) e =4 
u= 3] a= 4; c, g, 1 = 2 0r 4 
u=1 





H. 566666 (or 566655 or 565555). See fig. 4. 





Fig. 4. 


(1) If d—2, we get a direct coloring with u = 1. 

(2) If d= 4, we may suppose the 42 chain from d to a present. Hence 
we have 423 or 342 for Imn, directly or after inverting 31 of bc. One of these 
yields a solution with u = 1, whatever be the colors of f, h, 7. 


1° By symmetry the chain 23 from e to g is also absent. 
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(3) If d = 3, the coloring is direct, provided f—4. And, when f == 2, 
the presence of a 24 chain from a to f allows the inversion bede = 1318. 
Again one of the alternatives affords a solution for any colors of h and j. 


(4) If d = f = 3, we get a direct coloring for h == 2 or 3. When k = 4, 
we proceed as in (2). 


The above method can be extended to reduce any polygon enclosed by an 
odd number of hexagons and a pentagon. , 

The next two reductions are much simplified if we reduce symmetrically 
by joining the free vertices of the two pentagons across the ring. Unfor- 
tunately, however, the two new polygons resulting may both have more than 
6 sides, even after A is applied. 


_ J. 565666 (or 565556). See fig. 5. 
PA | 





(1) d=2, e = 3, gi 4 34 u=1 
(2) d=2, e==3, g = 3, i= 4 











12 jtohorf i= 3, g =30r4 u—1 
12 j toc b= 4, h =f =32 u=2 ja = 21 
u=1 
(3) d=2, e=4 
43 e tob cd = 21 u=] or? e—3 
| (1) or (2) 





(4) d= 3, e = 2, gi + 34 u= 1 
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(5) dm3,6—9,g—3,i—4 | 





437106 ja = 21 


(24 e tot fgh = 313 u= 3 e=4 
i u= 1) i = 3; d, g =3 or4 
u =i 





(6) d = 4, e=2% gior g =i = 83 u=1 
(7) d= 4, e = 2, g =i =? 





28etogorb f—4ored—41 u=? e=3,i=2 or 3 
| u— 1 





(8) d= 4, e = 2, g =i =4 


43itob ja = 21 


(42 d to j abe = 313 u= de = 24, g = 4 or 2 
u= 1) 1 =3; d, g =40r 3 
u= 1 
(9) d= 4, e = 3, gi £ 32 u=1 


(10) d == 4, e = 3, g==3,i1—2 


32 e tob cd = 41 








(42 ctoa b= 1 u= 1 c= ?, t=? or 4 
` u==1) e=2; g,i=2 or 8 
(6) or (7) ` 
(11) d=38,e—4, gi or g =i =3 
42 etoa bed = 131 u= 1 e= 2 
(4) or (5). 


(12) d=3,e—4,g9—=i=2 


42 etoa bed = 131 : 

(23atoc b = 4 u= 2 a= 3; g,i =? or 3 
u= 1) e =}; g, i =2 or 4 
bo 


A CASE OF COLORATION IN THE FOUR COLOR PROBLEM. 523 


(13) d=3, e—4,g—i=—4 





43 itob ja = 21 

(14aorcetot j =3,b=20r3 u—1 a = c = 4 

43 itoa, gore j = 1, h =2 or 

kh =f =2 u= 4 i= 8 

82 dtoborj c= 1,0 =40or1 u=1" d=2 

84 i toe h—f—2 u=— 4 t= 4; a, g =40r8 
u= 4) i=3 
(9) or (11) 


K. 566566. See fig. 6. 





(1) c—e—2" u=] 
(2) c =?, e = 3, gi 42 u=1 
(3) c=?, e = 3, g = 4, i=? 


32 etoc d= 4 u=? e=; aq i=2or3 | 
u=] i : 


(4) e= 3, e = 4, 9 Æi or g =i=3 u—1 
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(5) c= 3, e = 4, g =i =? (g = i = 4 equivalent) 





43 etoc d=}? 

[42 e toa be = 31 u= 1 
42 etoi f=h=3 

{23 atoi j=4 

(48 j toc, h,f ab = 12, i = 1, 


g=i=1 u = 3 
u = 3) 
u == 3} 
u= 2] 


equivalent of (2) or (8) 





(6) c = 3, e = 2, g 1 or g =i =}? 





23e (ora) tocd (or b) =4 u= 32 
(1) 


j=3 

a = 3, c=3 or2 
e = 32, g =2 Or 4 
e—3 


c=}? 





(7) c= 3, e =?, g =i =3 


24 etoa bed == 318 

[34 b tod c=}? 

{31 d tof e=4 

(34dtobori c—1l;a—?2ori u—1 
34 dto g de = 43, g =4 u=}? 





32 etoc d=1 u = 8 
u= 1) 
u= 1} 

34b tog d=4 u = 
u= 1] 
u= 1 





(8) c = 3, e = 2, g =1 =4 








42 e toa bed = 318 
{43 b tot aj = 12 uxt 
(d tog) 
43 b tod b=d=—4 
(41 8 toj e =3 u= 1 
equivalent to (7)) 
u= 1} 
(4) or (5) 





de = 43 
e = 2; g i =2 or 3} 
d=1,b—1 or 3 


bed = 141 
b—4,g—30or4 
e=4;9,t==4 or 2 
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L. 565656. See fig. 7. 





(1) a= 1, deg 4 234 
(2) a—1, d—2,e—8,g—4 











84 dtobori c—3,a—1or3 u—2 d = 4, g=4or 2? 
u= ' 
(3) a—3,d—3 u=1 
(4) a = 8, de = 32, 9 Æ 4 u=1 
(5) a = 3, de = 28, g = 4 
23 d tob c=4 . u=? d = 3 
u= 1 





(6) a—3, de = 24 











23 d tob c=4 u=2or4 d=3 
u= 1 
(7) a == 3, de = 42, 9 Æ 3 u=? 
(8) a = 3, d = 4, e =2, g =3 
34 9 tod ef = 12 u=1 g =4, a =3 or 4 
u = 2 
(9) a = 3, de = 43, g 542 u=1 


(10) a == 3, de = 43, g =2 


42 dtobori c—3,a—1 or 3 u=? | d=, g=? or 4 
(4) or (5) 
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We proceed to color a map S which may contain one polygon .v -of more. 
than 6 sides—otherwise we let v be any polygon of 8. 

First we apply the reduction A to any polygon of less than 5 sides. The 
removal of any side plainly leaves us with a map of type S; and an exhaustion 
of the process leads either to a map of 3 digons, which is colorable, or to one 
free of A polygons. 

Next, B is used in conjunction, if necessary, with A. The suppression 
of the configuration flanking a B ring again leaves a map of type S, as the 
only new polygon has at most 5 sides. It remains for us to examine the other 
reductions already explained for a 4 or 5-ring, concerning which we shall 
justify the following assumptions: 


(1) Any 3 polygons abc of a 4-ring R have at least 2 free vertices on either 
side of R, and therefore at most 4 when R is composed of pote one and 
hexagons only. 

. For, if abc have one vertex only on one side of R, the fourth polygon d ie 
one or more vertices on this side. In the former case'R encloses 2 polygons with 
a total of 8 vertices (unless they form a 2-ring). In the latter case we get a 
3-ring with d. Further, if abc have no vertex on one side of R, they touch a 
quadrilateral or a polygon making a 2-ring with a pace ea one o the 
previous reductions is applicable. : 


(2) Any 4 polygons of a B 5-ring À have he at least 3 vertices on 
either side of R, and so 5 at most when R is composed of Par and 
hexagons only. 

For, if not, we should get in the same way a ring of 4 or less, or else 
2 polygons with a total of 9 vertices or 3 with a total of 13 or 14, according 
as all or only two of the latter touch the fifth polygon of R. 


(3) If occurs in a B 5-ring oat a, the other polygons bcde possess at most 
4 free vertices on either side of À, unless both b and e nave a free vertex on 
each side of R. ame ‘ m 

Otherwise, we can replace b or e by the polygon touching abc or dea. It 
is easily verified from a figure that the new ring has at most 4 vertices on 
either side, and on account of (2) surrounds more than one polygon. 

Now consider the reduction of a 4-ring composed of abcd which is made 
by uniting a and c into a new polygon y. If a or c= q, :there is clearly no 
gain of vertices except for z. Otherwise, if x still occurs in R, let b = z. 

We see that y = 5 or 6 unless a, c have 3 or 4 vertices outside R (i. e. on 
the unreduced side), in which case y= or 8. In view of (1), however, 
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d then possesses one or no free vertex outside R, and so becomes a triangle or 
digon on the further reduction of which we get y — 6, as required. 

Let us pass to the other reductions of a B ring composed of abede, first 
supposing a= xæ. As the fusion of a with c or d will yield no gain of vertices 
elsewhere, we need only deal with the two figures formed by uniting bd (or ce) 
and be. : ` 
In the former case the new polygon y will le r + 5 vertices, where b 
and d have together r free vertices outside R. Thus y > 6 only when 
r== À, 8 or 4. 

When r= 2, we.can further reduce ¢ (< 5) so as to diminish™ the 
vertices of y to less than 7. 

When r= 3, since c, e have, according to (2), at most 2 free vertices 
outside R, either c < 5, e < 5 or c=2. In each case their further reduction 
brings down the number of vertices of y by 2 to less than 7. 

When r = 4, it follows from (3) that c, e have no free vertices outside R, 
so that their further reduction diminishes the vertices of y by 3 to less than 7. 

The proof for the reduction of a 5-ring in which b and e are united, runs 
on similar lines, use being made of the further reduction of ¢ and d, when 
necessary. , 

Finally, if z does not occur in R, we can no longer appeal to (3). But 
the above proof holds for r = 2 or 3 without change, while the further re- 
duction of a yields the required result when r == 4. Moreover, as no polygon 
of R has more than 6 sides, a single reduction suffices, the other cases being 
derived by symmetrical or cyclic interchange. 

When the reductions A and B are no longer possible, we obtain a map 
of 3 digons or one of type S for which any of the other reductions quoted or 
proved are available without the danger of an isthmus appearing in the reduced 
figure. In each case we shall see that the resulting map is of type S. We 
apply these reductions in the following order: 


(1) D, E, F, G, H, J or K to a polygon u connected with x by the com- 
mon side of two hexagons. In each reduction the unreduced sides of the two 
hexagons are separate, so that, except in E, u and x form a single polygon. 
There is consequently no gain of vertices elsewhere. 


(2) D, E, F, H, J, K or L to a polygon connected with x by the common 


“Tf c has 4 sides left, the previous reductions of 2-rings obviates the creation of 
an isthmus on the further reduction of c. The same is true of other quadrilaterals 
to be reduced later. 
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side of a hexagon and a pentagon. By employing one of the reduced figures or 
its symmetrical or cyclic equivalent we again ensure that u and v be united in 
the reduction, except possibly in the case E. Thus in F, if b = <v, we join 
the free vertex of the pentagon to those of the other adjacent hexagon. 
Similarly, a cyclic adjustment of fig. 7 for L may be necessary to make x 
coalesce with u, the other new polygon having at most 6 vertices. 

As regards E, if c, e or g = x, then a, being a hexagon, is reduced to a 
digon. Consequently, the new polygon comprising u, which has not more than 
8 vertices, retains at most 6 when the digon is reduced. Again, if b (or h) =< 
and c = 5, the new polygon including c has at most 8 vertices, which we can 
diminish to 6 or less by further reducing d or f. On the other hand, if b = g 
and c = 6, we apply instead D or H to the hexagon 7, which touches ¢ and à in 
common with x. 


(3) C to x, when surrounded by pentagons only. The reduction is seen 
to produce no gain of vertices except for v. 

Since one or other of the above configurations is always present, we have 
shown how to reduce S to a map of the same type, and hence to obtain the 
required coloration. 
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ON THE FUNDAMENTAL GROUP OF A CERTAIN CLASS OF 
PLANE ALGEBRAIC CURVES.* 


By W. S. Turpin. 


1. Introduction. The problem of existence of algebraic functions, z, 
of two independent variables, x and y, possessing a preassigned branch curve 
of order n 


(1) În(c, y) = 0 


has been considered by Enriques* and Zariski.? Zariski has shown that, in 
view of a result of Enriques, this question may be reduced to the consideration 
of the Poincaré (fundamental) group of the residual space of the branch curve 
(1) relative to its carrying complex projective plane and the application of the 
Riemann existence theorem for algebraic functions of one variable having 
preassigned branch points. 

It is sufficient for the theory of algebraic surfaces from the point of view 
of birational transformations to consider branch curves (1) possessing only 
ordinary double points and cusps. Zariski has shown that if a curve possesses 
only ordinary double points then its fundamental group is necessarily cyclic. 
A simple case of a curve whose fundamental group is not cyclic is that of the 
branch curve of a cubic surface. If the cubic surface is general, its branch 
curve is a sextic, fe, with six cusps on a conic: 


(2) fo: [tsli 9) 1? + [ue y) 8 = 0, 


where ¢; and yz are polynomials in æ and y of respective degrees 3 and 2. 
This curve was treated in detail by Zariski and its fundamental group specifi- 
cally determined. 

An obvious generalization of the curve (2) is the curve fem, of order 6m, 
with 6m cusps at the intersections of two curves, dam(z,y) —0 and 
Yom (t, Y) = 0, of orders 3m and 2m respectively, where m is a positive integer. 
Such a curve is given by the equation: 


(3) fom = [bsm(x, y) ]? + [Yem(a, y) ]? = 0. 


* Received December 1, 1936. 
1F. Enriques, “ Sulla costruzione delle funzioni algebriche di due variabili posse- 
denti una data curva di diramazione,” Annali di matematica pura ed applicata, ser. 4, 
vol. 1 (Nov., 1923), pp. 185-198. 
20. Zariski, “On the problem of the existence of algebraic functions,” American 
Journal of Mathematics, vol. 51 (1929), pp. 305-328. 
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The methods of investigation used for the fundamental group of (2) are 
peculiar to the sextic of this type and do not admit of an extension to the more 
general class of curves (3). Hence, it was deemed of interest to investigate 
the structure of the fundamental group of curves of the type (3). One may 
expect that the methods developed in this investigation may point the way 
to a possible’ procedure for other types of curves, for instance for the branch 
‘curves of general surfacés of any order in 84. As it is known, these curves 
have been completely characterized by B. Segre.* 

This investigation of the structure of the fundamental group falls under 
three classifications : | 


1°. The determination of the fundamental group, G, of a degenerate 
limit curve, f, of curves (3). ; 

2°. The factorization of the relations of @ into relations belonging 
formally to the fundamental group G” of a virtual curve f with 6m? cusps, 
of which f is a limit curve. 

3°. Verification of the fact that G’—G, where G denotes the funda- 
mental group of a curve f of type (3). 


Our method of attacking the problem in our special case contains the nucleus 
of a perfectly general procedure, applicable to an arbitrary plane curve with 
nodes and cusps, provided the complete continuous (irreducible) system {f} 
of curves having the same singularities as f contains some special curve f, for 
instance a degenerate curve without multiple components, whose fundamental 
group can be directly determined. However, to date, a method has not been 
found for the step 3° of the above procedure that does not appeal to the special 
geometry of the curves f. This verification is necessary due to the fact that 
the factorization obtained in 2° is not unique. It seems probable that an 
equivalence of possible factorizations can be established by purely group theo- 
retic considerations, but, efforts in this direction have not been successful up 
to the present. 


2. General properties of the fundamental group G and its associated 
group 7’.* Consider the curve f determined by the equation f(z, y) == 0 where 
f(a, y) is a polynomial, of degree n, in the complex variables x and y. 


2? B. Segre, “Sulla caratterizzazione delle curve di diramazione nei piani multipli 
generali,” Mem. Accad. Ital., Mat., vol. 1 (1930). 

‘The concepts and results in this section are compiled from the following sources: 

S. Lefschetz, “ Topology,” American Mathematical Society Colloquium Publications, 
vol. 12 (1930) ; E. R. van Kampen, “On the fundamental group of an algebraic curve,” 
American Journal of Mathematics, vol.'55 (1933); O. Veblen, “ Analysis situs,” Ameri- 
can Mathematical Society Colloquium Publications, vol. 5 (1922); O. Zariski, “On the 
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We shall be interested in the Poincaré group, G, of the residual space, S, 
of the curve f relative to its carrying complex projective plane (x, y). 

Let us suppose that the coürdinate axes have been chosen in such a manner 
that f does not pass through the point at infinity on the y-axis and that it 
possesses no multiple components. A generic line of the pencil {x = const.} 
will thus have n distinct intersections with the curve f. Moreover, lines of ` 
this pencil having less than n distinct intersections with f are finite in number. 
We shall call such lines singular lines of the pencil and denote them by x = q; 
(i=1,2,: ::,v). Denote by & a point distinct from the set [@:]in,2,...,0 
and let [Vi], 2 v be a set of non-intersecting loops in the plane of the 
variable + emanating from + = a, and surrounding respectively the points of 
the set [osjia,e,...,v Let ys = br (k—1,2,::-,n) be the roots of 
f(%,y) =0 and choose loops g in the plane of the complex variable y, 
emanating from the point at infinity and surrounding bx, in such a manner 
that g: and g; have only the point at infinity in common for 134 j. We denote 
this base point of the loops gx by O. | 

If we define the Poincaré group G of f in the usual manner, it is well 
known that the loops gx may be taken as generators of G and that G is 
independent of the choice of O to within an isomorphism. It is evident that 
the generators gx satisfy the following relation: | 


(4) l 9:92° * -Ja = 1. 


As x traverses a closed path in its plane, starting from and returning to %, 
the set of points [b+] will move continuously describing certain paths in the 
y: plane and returning finally to its original, position, although the individual 
points may have been permuted among themselves. As the points by move, 
their corresponding loops g, will also vary and this variation is completely 
determined by the motion! of the points by and the condition that the set [gx] 
should always consist of non-intersecting loops. 

If, under cyclical variation of x from %, a root y traverses a path from 
bi to b;, the loop g; is transformed into a loop g’: surrounding b; alone and 
which must therefore be a transform of g; by some element of G. Moreover, 
gi and g'i are equivalent elements of G and, thus, corresponding to every 
cyclical variation of x from a, we obtain a relation between the elements of G. 
In particular, if » traverses the loops [8’:]ia,...,» we obtain motions of the 
roots y which yield the relations 


problem of existence of algebraic functions,” Loc. cit.; O. Zariski, “On the Poincaré 
group of rational plane curves.” American Journal of Mathematics, vol. 58 (1936). 
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(5) Pa, (Jo 92° * ‘> Gn) = Ge Gratis = 1 ¢ 2 : ean j ") 
where {1,i, Pas, * `s Pi} is a permutation of {1,2,---,n}. It has been 
shown that the relations (5) together with the relation (4) constitute a com- 
plete set of generating relations for the group G. 

The class of motions of the set of points [bẹ] induced by cyclic variation 
of x incident to the point « which carry this set into its original position, 





y:plane 


Fig. 1. 


in such a way that the roots y, remain distinct during the motion, constitutes : 
a group of motions T. Two such motions, m, and ma, correspond to the same 
element of T if the motion m, may be deformed into the motion mz by suitable | 
deformation of the path of x so that, during the latter deformation, the induced 
motions keep the roots y; distinct. 

Let 5; (j—1,2,: :-,n—1) denote an oriented arc'from b; to bj of 
such a type that the adjacent arcs have only an end point in common and non- 
adjacent arcs do not intersect (see Fig. 1). Let T; (j = 1,2,---:,n—1) 
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‘denote a motion in which the points b; (i=£ j,j + 1) are fixed while the 
points b;, bj. are interchanged, y; moving from.b; to bj along the right- 
hand edge of 5; and yj. moving from bjs to b; along the opposite edge. Any 
motion, m, belonging to 7 can be deformed into a motion, m’, which may be 
expressed as a product of the elementary motions T;. The deformation of 
m into m affects not only the paths but also the velocities of the points bx. 
The elementary motions T; satisfy the relations: | 


(6) TT = TT, |i—j| #1 
(7) | TiTiaTi = PTT iar 





Q | ] 
i Y:P ane 
Fig. ?. 


The commutative relation, (6), holds due to the fact that, under the assump- 
tion | i— j | Æ 1, 5: and 5; have nothing in common and the motions T; and | 
T; are thus independent of the order of their performance. The proof of (7) 
is as follows: Introduce the motion T* sending y: from bi to b; along the 
- right-hand edge of the oriented arc 5* and y; from b; to bisz along its opposite 
edge, where o* is chosen as indicated in Fig. 2. Then the following equalities 
hold; TP = TinTi = T;T*. Solving these for T* and equating the solu- 
tions, we have that Pia T iT? Le TitTinT;. Multiplying this relation on the 
right by Tia and on the left by Ti, we obtain the desired result. 

If we now choose g, to be any loop on O surrounding b, which does not 
intersect the arcs &2,- - - , Gn, and let g; be the loop into which g;., is deformed 
as Yi-1 moves from 6;, to b; along the are aj, for (i = 2,- - : ,n), then the 

Y 
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motion T; induces a transformation of the following type on the set of 
loops [gx]: 

f Gi=G, (tAGZ7+1) 
t; 


(8) 95 = Gin 
Gf ja = Iaia (j = 1,2,-°°,n— 1). 
If we denote the complement of the set of points [ailin,e,..., v relative 


to the plane of the complex variable v by C[a:], then, as + describes a cyclic 
path incident to a in O[2;], the points [bx] undergo a motion belonging to 
the group T, the loops gx are subjected to the corresponding transformation 
which, in turn, yields a generating relation of the group G. In particular, 
the motions Tẹ, generated as x describes the loops 8’; induce transformations 
which yield the relations (5) for G. In consequence, a knowledge of the 
motions Ty, is sufficient to determine the structure of G. 

It will be useful to examine the motion induced on the roots y as x 
describes a loop about a singular value corresponding respectively to a tangent, 
ordinary double point and cusp of f. 


(A) Suppose z = % is a simple tangent to the curve f and that y, = bi, 
Yz = D, are the two roots of f(%,¥y) — 0 which tend towards coincidence as 
æ—> a. Then, as x describes &;, the motion of the roots yx is equivalent to 
one in which y; is fixed for j > 2 and the motion of y, and yz is typified by 
that of the roots of y? = x as x describes the loop |z|—1. This motion has 
the form T,. If we do not make the simplifying assumption to the effect that 
the two roots which approach coincidence as æ — a; have consecutive indices, 
the corresponding motion will have the form 77,7 where T is a product of 
elementary motions T}. 


(B) Suppose «=a, is a singular value corresponding to an orrdinary 
double point of f. Then the motion of the roots induced as æ describes 3’; is 
equivalent to 7',”, or, in the general case, to T+7,°7. Such a singular value 
a; may be considered as the limit of two singular values a; and «,”, corre- 
sponding to simple tangents of f, at each of which the same pair of roots is 
permuted. 


(C) Suppose «== g; is a singular value corresponding to a cusp of f. 
Then the motion of the roots induced as x describes 8’; is equivalent to 7,5, 
or, in the general case, to 7“7,°7. In this case, the singular value æ; can be 
considered as the limit of three singular values corresponding to simple tan- 
gents which have approached coincidence and at all of which the same pair of 
roots is permuted. 
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The relations arising between the generators g; of G due to singular 
values of types (A), (B) and (C) are, respectively, of the following forms: 


(a) gi1=ge (b) gige = gigi (e) P9291 == ÿ29192. 


Let us now consider a variable curve f and let f denote a limit curve under 
continuous variation of f. If f and f have the same singularities, they are 
isotopic and, accordingly, possess the same fundamental group. Suppose, how- 
ever, that as f tends towards f it acquires new multiple points or multiple 
points of higher order. For the sake of simplicity and definiteness, let us 
suppose that as f—>f the simple singular values «, and æ of f approach 
coincidence in « so that f acquires a new ordinary double point. Any 
generating relation for f corresponding to a singular value distinct from a, % 
remains a true relation for f. The relations for f relative to a, and a, viz. 
91 = Ga, are destroyed for F since, in the limit when a, a. —> a, both the loops 
8’, and &, pass through a. On the other hand, the relation g:g2 == gogi for f 
which arises from a circuit, 8’, of « about both a, and @ is not destroyed 
for f since, in the limit, it becomes the relation corresponding to a circuit of x 
about the singular value a for f. This reasoning is perfectly general and 
applies to any new multiple point, or point of higher order, acquired by f. 
In fact, the following theorem has been established : 

All generating relations of the fundamental group G of a limit curve f 
of a variable curve f are also true generating relations for the fundamental 
group G of f. This theorem holds even if f is degenerate provided that it 
possesses no multiple components. 


8. Consideration of the motions, T, occurring at the singular values 
of a degenerate case of fon(x,y). We wish to investigate the fundamental 
group of curves of the type 


(3) fom (2, y) = [hom (2, 9) ] + [Yom (a, y) = 0 


where am and Yom are polynomials in the two complex variables z and y of 
respective degrees 3m and 2m. It is supposed that the intersections of pan = 0 
and Yom = 0 are distinct. If the curves dan = 0 and Yen = 0 are general, 
the curve fem = 0 will possess 6m? cusps at the intersections of the curves 
sm = 0 and Yom = 0 and no further singular points. For a general choice 
of codrdinate axes, fem will possess, under these restrictions, 6m? distinct 
critical values corresponding to cusps and 6m(3m — 1) distinct critical values 
corresponding to tangents. 
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We postpone the consideration of (3) temporarily and consider a de- 
generate case of a curve of this type, namely, 


3 Fa g, y) = Yon — gm — Q. 
(8) Pom (09) =y 


The critical values for this function are s = 0 and s = œ. The singularity 
corresponding to each of these values consists of 3m branches having simple 
contact and vertical branch tangent. We now proceed to ascertain the motion 


O, 


y 


(d,s Ox =1 ) 
X: plane 





Fig. 3. 


T” induced as x describes a loop about the critical value s = 0. Let us choose 
s = % to be z = 1 and as 8, choose | x | = 1. Now, the roots of f’em (0, y) = 0, 
which we denote by bz, are the 6m-th roots of unity. Let us select loops g; in 
the y: plane as indicated in Fig. 3. Then as x describes the loop 6’:, a motion 
T’ is set up which sends b; into the diametrically opposite point bsms along 


> 
the arc bidams;. Let T; denote the elementary motion corresponding to the 
arc 04 of Fig. 3. Then the motion T’ may be expressed in terms of the 
elementary motions T; as follows: 
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(10) T = (Tem-1T em-2 oS TT) 3m, 


Since the loop 8, may also be considered as a loop about s == œ, the 
motion of the roots induced as x describes a loop about the latter critical point 
is again equivalent to 7”, 


4, Factorization of the motion 7” into elementary motions belonging 
to virtual cusps and simple tangents. The curve (9) is a member of the con- 
tinuous subsystem of the system {fem} consisting of the curves 


(11) fom : y™ —= (s —a)™ (s —b)™, 
and is isotopic to the general curve of this subsystem. In fact, the equations 


g — rb 
a Un) 


= y 
¥ Te FI—7( +a) 


where r is a parameter, define for each value of + such that 
7 —r(1+a) +10, 


a non-degenerate collineation +, in the projective (x, y) plane which carries 
the curve (9) into a curve of the system {Fom}. Moreover, ro is the identity 
while m, (Fem) is the curve (9). 

The curve f*om is a limit curve of the general curve, fom, and we have, 
in the pencil {a = const.}, only two singular lines for f*om, & = a and æ = b. 
These singular lines each absorb a certain number of singular lines. with respect 
to the general curve, fem, and since the singular lines s = a and s = b can be 
interchanged by a continuous variation of the curve f*sm in the system (11), 
it follows that each of these lines absorbs 3m? lines x = const. passing through 
cusps of fem and 3m(3m—1) simple tangents of fom. It must therefore be 
possible to factor the motion T”? into a product of motions T;, 6m? of which 
correspond to cusps and the remaining 6m(3m— 1) of which correspond to 
simple tangents. We proceed to exhibit formally one such factorization of T”, 
making use of the relations (6) and (7), and we shall show afterwards that 
this factorization actually belongs to the curve f*sm considered as a limiting 
case of the general curve of the system {fem}. 

We first write T” in the form 


(18) TR = (Tom1T om-z ye Lajon = [ (Tem-1Tem-2 kay He 


It will be useful to establish two lemmas. 
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LEMMA 1 TiTiaTio(T T5) = (jal j- TT jal jo 
Proof. Making use of an alternate form of (7) we have 
PjTyaTj2T 3 T = TIT p Tia i275 
and in virtue of (6) 
TTT ia i-aT 7 = TE TT aT Ty 
Repeating the first process, we obtain 
PRT Tall j = TT TT a T's 


3-27 j-1 
which is the desired result. 


LEMMA 2. (TTia)? = (77775473) Tja 
Proof. Using (7), we may write 
TiTaT iT ja = Tal iT’ ja = (Ta TT) TS 


and making use of an alternate form of (7) we are enabled to write the last 
member in the desired form. 
Let us now write (Tem-1Tem-2* © * T1)? in the following manner: 


{[T em- Ereg T] [ (T em-1T em-2)™ (T em-4T'em-5)™ 
Pag oe (TT 1) 2 (Tem-1T em-2) : (Pom-sT am-5 )? 
va (TaLi)? (Tom1T am-2)* (T em-41'em-5)™ 
oe (aTa) [Tema TAS 


. This arrangement is possible due to the fact that the center bracket reduces to 
the identity in virtue of the relation, (6). If we again make use of (6), this 
expression may be rearranged as follows: 


{LT em-1T em-2T'om-s 7 (Tom1T'om-2) T om-aT om-sT om-o (Toma ms) + 
Re TTT; i (TT) TT, (T:T:)72] [ (TomTem-2)*(T'om-4T'5m-5) z 
ma et (T2T:)°?] [(T'om-1T om-2) IT om1T 6m-2 (Toma T'6m-5) * ‘ Pom-sl'om-sT om-s 
<> + (TaT) PPT, 


If we perform the obvious cancellations and apply Lemma 1 to the last bracket, 
we obtain: 
{[Lom-1P em-2F om-s (Lom-1T om-2)* ro, Ts "P's (TT a) 7] [(T'em-1T'em-2) ; 

Dee (T:T;)?] Fem-al em-41 ems (T'om-3T 6m-4) * re T3727 (TT) >]} 


and, applying Lemma 2 to the elements of the middle bracket, we are thus 
enabled to write T” in the form 
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(14) T = {[Von-sT om-2T om-3 (T om-1T om-2.)* + °° TT eT (TT a) 1] 
DORE em-2T em-t) T Sem (T Pa a T om-sl ems) TSom-s (T. 2°17.) T. 151 
[T em-31 em-41 em-s (Tem-31'em-4) oe PsP Ty ( TsT2) aj ph 


which is the desired type of factorization. 


5. A function fe», of type (3), whose critical values correspond to 
induced motions given by the factors of (14). Consider the curve 


(15) . Fem (4, y) = (aim — 1) — (y — 1)? — 0. 


The critical values of the function Fon(x, y) are divided into two classes 
according to the following classification : 


1l. £= aj = ofm (j = 0,1," - :,8m— 1), where wsm denote the 3m-th 
roots of unity. Each of these critical values corresponds to a line 
containing 2m cusps of the curve Fem = 0, each having a vertical cusp 
tangent. 

2. a — qu = | 2 |m. e ir 
for k == 0, 1 and l —0,1,- : + ,8m— 1. Each of these values corre- 
sponds to a flex tangent having contact of order 2m — 1 with the 
curve Fem = 0. 


Let us choose x = 0 as common origin of loops 8’j, 8'sı in the x: plane selected 
as indicated in Fig. 4 The roots ys = b, of Fem(0, y) = 0 are given by: 


biss = € CD 


Dos; = | 2 |2/2m . eiri/m 
cea Le 2) 
bass; == € [ i Sm 
for j =0,1,:--,2m—1. We now choose oriented arcs 5 as indicated in 


the diagram of the y: plane of Fig. 4 and choose loops gx, surrounding br, 
in the manner outlined in Sec. 4. Let us examine the motion induced on the 
roots yy as x describes one of the loops 8 in the x: plane. This examination 
will be somewhat simplified if we also consider the auxiliary curve 


(16) Y: = X? 


obtained from the curve Fem (z, y) = 0 by setting Y = y?” — 1 and X = xt — 1. 
The critical values of the function Fem(7, y) are evidently divided into three 
classes: the values a; corresponding to the cusp of (16), the values co: corre- 
sponding to the ordinary value X = à and the values ¢,,: corresponding to the 
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ordinary value X = — i. The initial value, v — 0, of the loops 8 corresponds 
to the ordinary value X — 1. It is therefore clear that as x describes a loop 8’;, 
X describes a loop A, and, as x describes a loop 8x1, X describes a loop Ax 
where A, A, A, are loops in the X: plane emanating from X == 1 and sur- 
rounding respectively the values X = 0, i, — i. If we denote the roots F, of 
(16) for X = 1 by B, where Ba = e[ (2mi/3)(n—2)] (n —1, 2,3), then, 
clearly, the image of the points bu,s; in the Y: plane is the point By» for all 
values of j. Let us define elementary motions T, of the points b with reference 





Fig. 47. 


to the oriented arcs p of Fig. 4, and elementary motions T*; of the points Bz 
with reference to arcs 3; chosen as positively oriented arcs of the unit circle 
joining B; to Bin for i=1,2. As æ describes the loop 3's, X describes the 
loop A and, therefore, the points B, undergo the motion (7*,7*,)?. It there- 
fore follows that the image points, bu,:;, in the y: plane are subjected to the 
motion (To35T1155)? for all values of j. Thus, as + describes the loop 84, 
we have that the corresponding motion of the points b+ is given by 


(17) (T:71)?(TsT 4)? - T° (Tom1Tem-2)? 


for s==0,1,---,2m-—1. 


FUNDAMENTAL GROUP OF A CLASS OF PLANE ALGEBRAIC CURVES. 541 


Suppose x describes the loop 8,6; then X describes the loop Ay. Since 
A, does not surround a critical value of the function (16), it follows that the 
motion 7* of the points Ba is the identity. Consequently, the motion of the 
points by must leave the set [bnis;|(;) invariant- for each n. This motion is 
due to the flex line æ— cz, of the pencil {= const.} and interchanges the 
points D(s_2%:35 in a cyclical manner. This motion has the following descrip- 
tion in terms of the elementary motions T;: 


veg = 





y:plane 


Fig. 4y 
2m-2 
(18) TE = | E | (Pomson-aj-2l smsox-sj—4 omsox-aj-s (L ema2k-3j-3 1 oms2k-3j-4) >) 
g=0 


where | e] indicates multiplication on the right. 


For the curve Fom(z, y) — 0, certain of the singular lines of the pencil 
{æ = const. } are coincident. These coincidences are not intrinsic and are due 
to the special choice of the coördinate axes. In order to eliminate these 
coincidences from the considerations, we proceed in the following manner. 

If we denote by Fem(0) the function obtained by rotating Fem through a 
positive angle 8, then, for small values of 6, the curve Fem(0) — 0 will have 
cusps near to the cusps of Fem == 0; however, the cusp tangents will no longer 
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be vertical. In fact, the critical value æ — a; of Fem has associated with it 
critical values @ = aj, corrresponding to cusps of Fem(0) == 0 and values 
x = Gj, corresponding to simple tangents of the curve Fem(0) == 0, where ax 
and &;% are in the vicinity of az, for k —1,2,: : -, 2m. 

When a singular line of the pencil {x = const.}, which passes through a 
cusp having this singular line as cusp tangent, breaks up into a pair of singular 
lines, one of which is a simple tangent and the other a line through the cusp, 
the motion (T'sT's)* breaks up into either the product of Ts, and T1 Tele 
or of T° and Tr T,T..:, according as which of the two, essentially distinct, 
possible choices of loops in the z: plane is selected. If we are interested merely 
in the generating relations of the fundamental group and not in the actual 
motion of the roots, it is indifferent, which of these choices is made, due to the 
fact that the resulting relations among the generators of the fundamental 
group are the same in both cases. 

The singular lines of the pencil {x = const.} passing through flexes of 
Fem = 0 break up into distinct singular lines passing through points of simple 
tangency of Fem(@) = 0. Once more, there is ambiguity concerning the 
determination of the actual motions corresponding to these singular lines, the 
motions again being dependent on the choice of loops. However, the flex as a 
unit imposes the same relations on the generators gx as does the corresponding 
number of distinct simple tangents which approach coincidence to form the 
flex. Consequently, for any choice of loops, the motions corresponding to these 
simple tangents must impose the same relations on the elements gx as the 
factors of the flex motion (18) which correspond to simple tangents. Thus, 
from the standpoint of relations on the generators gx, it is sufficient to treat 
the set of singular lines which approach coincidence in a flex tangent as a unit 
and merely say that the imposed relations are those of the original flex, the 
individual motions corresponding to the tangents being left out of the con- 
sideration entirely. 

To summarize, Fgm(@) will have the following properties: 


1°. Possesses 6m? critical values aj, corresponding to cusps of the curve 
Fem(6) — 0 such that, for a proper choice of loops in the v: plane surrounding 
these values, the induced motions are (Ta,1)° where k == 0,1,: + -, 2m — 1 
and j = 0,1,- -,83m—1 

2°. Possesses 6m? critical values dj, corresponding to simple tangents 
of the curve Fgm(@) = 0, such that, for a proper choice of loops in the z: plane, 
the induced motions are TZ „Terns for k==0,1,---+,2m—1 and 
j—0,1,:--,8m—1. 

3°. Possesses 6m sets of 2m—1 critical values us corresponding to _ 
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simple tangents of the curve Fém(8) == 0 of such a type that, for a proper 
choice of loops in the x: plane, the induced motions relative to a set cez for 
k and 1 fixed impose the same relations on the generators g; as do the motions 
(19 ) T'omsok-st-3T em+2k-8t-41 em+2k-3t-5 (T 6m+2k-3 t-a.L oms2k-st-4 ) oh 
for t= 0,1,- - -,2m— 2, where k and 1 may assume any of the values 
k—=0,1;1—=0,1,---,3m—1. 

These properties are exactly those desired for the function f*sm and, 

accordingly, we define f*gm to be the function Fem(@). 


6. Determination of the structure of the fundamental group G* of 
the curve f*en(z,y) == 0. The component transformations of t? associated 
with the motions corresponding to the critical values of the function f*on(æ, y) 
give rise to relations among the generators g; of G* of the following types: 

1°. From the transformations associated with the motions (19), we 
obtain the relations 


(20. 7) Jom-3j-29em-3j-1Jem-3j == Jom~3j-1Jem-3jJom-3j+1 
and the relations 
(21. j) Jom-3jJom-3j+19em-3j+2 == RS EN TS 
where 7—1,2,- - -,2m—1. 

2°. The transformations Ha give the relations 


(22. 7) GJom-3j41 J om-3j+2Jom-sj+1 == Jom-3j+2Gom-3j+1 J em-3j+2 
for j = 1,2,- - +, 2m. 

3°. The transformations teh ajeztem-aj+bom-sj+2 yield the relations 
(23. j) Jem-3j+1 = Jom-aj+3 for 7 = 1,2," +, 2m). 

In addition, the generators gx also satisfy the trivial relation 


(4) 9:92" * ga =L. 
If we now apply (23.7-+1) to (20.7) we have 


Jom—zj-2J om-3j-1Jem-3j-2 == Jem-aj-1Jeam-aj-2J om-3j+1 


and, on application of (22. j + 1) to the left-hand member of this expression, 
we obtain 


Jem_-3j-19 6m-3j-2Jem~sj-1 == Jom-3j-1J9 em-3j-29 em-3j+1 
whence 


(24) Yom-3j-1 = Jom-3j+1 for j = 1, goka > Rm — l. 
In the same way, if we apply (28.7) to (21.7) we obtain 


Jom-3jJom-3j+1 J om-3j+2 = Jem~aj41Jom-3j+2J am-sj+1 
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and, by application of (22.7) to the right-hand member, this expression 
reduces to 
Jom-359om-3j+1G om—3j+2 = Jom-3j+29 6m-3j+19 em-sj+2 
whence, 
(25) Jom-3j = Jom-3jan for j = 1,’ > °, 2m — 1. 


On combining the relations (23), (24) and (25) we obtain 


(26) J= Js" = Jem; Ja = Ja =` = Jom- 

If we make use of the relations (26), we are enabled to eliminate the 
generators gs, 94," * * ; gem from the relation (4) obtaining 
(27) (gig2)°" =1. 


Thus, G* may be generated by two elements g, and gə satisfying the relations 
(22. 2m) and (27). The relation (22. 2m) gives as a consequence the relation 


(g1g2)° == (919291)? and conversely. 
Let us define new elements U and V in the following manner: 


(28) U = 9192913 V = gigo- 
Then the relations: 
(29) U? = V’; Um — ], 


together with the defining relations (28), give as consequences the relations 
(27) and (22.23m). Hence, it is possible to generate the fundamental group, 
G*, of the curve f*sn(2,y) — 0 by the two elements U and V satisfying the 
relations (29). 


7. Conclusion. The curve f*gm==0 is of the same type as fem = 0. 
Moreover, the number and kind of singularities are the same for both curves 
and the restrictive hypothesis to the effect that the cusps of fen(x, y) == 0 
should be distinct is also satisfied for f*om(z, y) — 0. Consequently, it is clear 
that the curves are isotopic and, therefore, that their fundamental groups 
possess the same structure. Hence, we may conclude that the fundamental 
group G of the curves 


(3) fom (2, y) = [dam (2, y) |? + [Yom (2, y) |* =0 


may be generated by two elements U and V, of respective orders 2m and 3m, 
satisfying the relations U?V-* = 7?" = J. 


Tue JOHNS HOPKINS UNIVERSITY, 
BALTIMORE, MARYLAND, 


GEOMETRY OF TURBINES, FLAT FIELDS, AND DIFFERENTIAL 
EQUATIONS.* 


By Epwarp Kasner and Joun Dz Crcco. 


In this paper, we study the geometry of the oriented lineal elements of a 
plane. We give additional results to those found in a paper by the senior 
writer entitled “ The group of turns and slides and the geometry of turbines,” 
published in 1911 in the American Journal of Mathematics, vol. 33, pp. 193- 
202. The present paper, however, can be read independently of the earlier 
paper. 

We define cot elements to be a series of elements; this includes a union 
or curve as a special case. Of course, co? elements form a field of elements, 
which corresponds to a differential equation of first order F(z, y, y) = 0. 
A turbine is the series, which is obtained by converting each element of an 
oriented circle into one having the same point and a direction making a fixed 
angle « with the original direction. A flat field is the field that is obtained 
from the totality of all elements which are determined by either the set of all 
oriented circles containing a given element, or as a special case, the set of all 
oriented lines, which are parallel to and possess the same orientation as a given 
line. We desire to study the relationships between general series, general fields 
(differential equations), turbines and flat fields. 

For the analytic representation of an element, it will be found convenient 
to use two systems of codrdinates, called the cartesian and hessian codrdinate 
systems respectively. The cartesian codrdinates of an element Æ are either 
(x,y, y) or else (æ, y, 8), where (x,y) are the cartesian ‘codrdinates of the 
point of the element and 8 is the inclination of the line of the element. The 
hessian codrdinates of an element are (u,v, w) where v is the perpendicular 
from the origin to the line of the element E, u is the angle between the 
perpendicular and the initial line, and w is the distance between the foot of 
the perpendicular and the point of the element. 

The final theorems constitute wide extensions of Scheffer’s? theory of 
isogonal trajectories and equi-tangential trajectories, including his two dual 
theorems as very special cases. 

The main theorems in our paper are those numbered 8, 14, 15, 16, 19, 


* Received November 13, 1936; Revised December 18, 1936. 
1 Mathematische Annalen, vol. 60 (1905), pp. 491-531. 


545 


546 EDWARD KASNER AND JOHN DE CICCO. 


20, 28, 30, 38, 35, 36. The theory of conjugate differential equations moar 
ing the same ©? osculating circles, Theorem 19) is noteworthy. 


The turbine. A turbine is the set of oriented elements which are obtained 
by converting each oriented element of an oriented circle into one having the 
same point and a direction making a fixed angle « with the original direction. 
We call the turbine non-linear or linear according as the circle is non-linear 
or linear. 

In cartesian codrdinates, the equations of a non-linear turbine are 


æ— a+ R sin (8+ a), y—=b—R cos (8 + a); 
and in hessian codrdinates, the equations are 


v =Q cos u + b sinu +r, w = — asin u + b cosu + s, 
where 
r= R cos g, s = R sina. 


These equations show that the points of the elements of a turbine form 
a circle, which we call the outer circle of the turbine; and that the lines of the 
elements are the tangent lines of a circle, which we call the inner circle. 

In cartesian codrdinates, the equations of a linear turbine are 


g Cos u + y sin u =v, 0 + a = u + r/2 + ler, 


where u and v are constants and, in hessian coördinates, the equations of a 
linear turbine are 


U = u — a + 2k, V cosa + W sin a =v. 
We obtain the following two theorems: 
THEOREM 1. Two elements determine a unique turbine. 


THEOREM 2. Two turbines possess either no common elements or one 
common element. 


If a number of elements are all on a turbine, we shall say that these ele- 
ments are co-turbinal. 

If a number of turbines all have one element in common, we shall say 
that these turbines are co-elemental. 4 

Let T be the turbine, which is obtained by converting each element of the 
oriented circle C into one having the same point and a direction making a fixed 
. angle a with the original direction. Then the turbine NT is defined to be the 
conjugate turbine of T, if it is obtained by converting each element of the 
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oriented circle C into one having the same point and a direction making a fixed 
angle — æ with the original direction. (By means of a certain representation 
R of the elements of the plane by the points of space, studied in the paper of 
1911, conjugacy is defined as polarity with respect to a basic null-system N). 
In hessian codrdinates, the conjugate turbine NT of the non-linear 
turbine 7 
v—acosu+bsinu+r, w = — a sin u + b cos u + s, 
is i 
v =& cosu + b sinu +r, w = — a sin u + b cos u — s. 
The conjugate turbine NT of the linear turbine T 
U = u— a + 2kr, V cosa + W sin a =v, 
is | 
U =u + à + 2lr, V cos a — W sin a = v. 
THEOREM. 3. The conjugate turbines of two gwen turbines possess no 


common elements or one common element according as the two given turbines 
possess no common elements or one common element. 


The flat field. The totality of elements determined by the set of all 
oriented circles, which contain a given element, is called a non-linear flat field. 
The given element is called the center or the central element of the flat field. 
All the elements of the field are thus co-circular with a fixed (central) element. 

In cartesian coördinates, the non-linear flat field is given by 

Pts 


y—B 





6 = — y — 2 arc tan 


where (x, B,y) are the cartesian codrdinates of the element which is the 
negative (or reverse) of the given element contained in the oriented circles. 
In hessian coérdinates the non-linear flat field is given by 


w = (v + b)tan &(a—u) +6, 


where (a, b, ¢) are the hessian coördinates of the element, which is the negative 
of the given element. 

The set of all elements obtained by setting u — constant, say a, is called 
a linear flat field. 

It is easy to prove the following theorems: 

THEOREM 4 Three elements determine a unique flat field. 

Turormm 5. Two flat fields have in common one and only one turbine.. 


THEOREM 6. Three flat fields have in common one and only one element, 
or else they have a turbine in common. 
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The envelopes of a one parameter family of series of elements. We 
define co* elements to be a series of elements. The points of the elements of 
a series form a curve which we call the point-curve of the series, and the lines 
of the elements of a series are the tangent lines of a curve which we call the 
line curve of the series. 

Now we consider a one parameter family of series of elements. Let us - 
determine the envelope of the one parameter family of point-curves and the 
envelope of the one parameter family of line-curves of the one parameter 
family of series of elements. 

Now consider any particular series of the one parameter family of series. 
The point of intersection of the envelope of the one parameter family of point- 
curves and of the point-curve of this particular series belongs to an element 
of this particular series. This element is defined to be an element of the point- 
envelope of the one parameter family of series of elements. | 

Again consider any particular series of the one parameter family of series. 
The common tangent line of the envelope of the one parameter family of line- 
curves and of the line-curve of this particular series contains an element of 
this particular series. This element is defined to be an element of the line 
envelope of the one parameter family of series of elements. 

If the one parameter family of series is given in cartesian coôrdinates by 
the equations 


y = f(z, t), 0 = g (x,t), 
where ¢ is the parameter, then the point-envelope is given by the equations 
y =f (a, t), 0 = g(x, t), fi(x, t) = 0. 


If the one parameter family of series is given in hessian coördinates by the 
equations 


v = F(u, t), w = G (u, t), 
where ¢ is the parameter, then the line envelope is given by the equations 
v = F(u, t), w = G (u t), F(u, t) = 0. 


THEOREM Ÿ. For the point envelope and the line envelope of a one 
parameter family of series of elements to be identical, it is necessary and 
suficient that either the one parameter family of series be a one parameter 
` family of oriented curves; or, if the one parameter family of series is given 
in cartesian codrdinates by the equations 
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z= ġ (0, t), y = (6, t), 
where t is the parameter, thé eliminant with respect to 6 of the two equations 
pr(8,t) = 0, Wx (0, 4) = 0, 


be identically zero, or if the one parameter family of series is given in hessian 
` codrdinates by thd equations 


v=f(u,t), w=g(u,t), 


where t is the parameter, the eliminant with respect to u of the two equations 


fi (u, t) = 0, gr (u, t) = 0, 
be identically zero. 


If a familv of series of elements is given in cartesian codrdinates by the 
equations 


t= $(6,t), y=vw(6,t), 
and, if the eliminant with respect to @ of the two equations 
$:(8,t) = 0,  y:(0, t) = 0, 
js identically zero, we define the series, which is obtained from the equations 
t—$(6,t), y=¥(6,t), 
where 4 = 0 (t) is the common solution of the two equations 
$:(9,t) = 0, yr (0, t) = 0, 


to be the envelope of the family of series of elements. 
If a one parameter family of series of elements is given in hessian 
coürdinates by the equations 


v= f(u, t), w=g(u,t), 
and if the eliminant with respect to u of the two equations 
© Put) =o,  g(w, t) =0, 
is identically zero, we define the series, which is obtained from the equations 
v=f(u t), w=g(ut), 
where u = u(t) is the common solution of the two equations 
` filu, t) =0,  gi(u, t) =0, 


to be the envelope of the one parameter family of series of elements. 
8 
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It is easy to prove that the above two definitions are equivalent. 


THEOREM 8. The necessary and sufficient condition that the one 
parameter family of turbines 


p= a(t)cosu-+ b(t)sinu+r(t), w= —a(t})sin u + b(t)cosu-+ s(t) 


possess an envelope is that 
a+ prit se, 


Moreover the envelope is unique and it is given by the equations 


cosu Pes sin u g le 
a? + b2 > PE + b2 ? 
v =a cosu + b sinu -+ r, w == — a sin u -+ b cos u -+ s. 


For the eliminant of the equations 
a’ cos u -+ b’ sin u -+ 1 = 0, — d sin u + b cosu -+7 = 0, 
is obviously the above condition. The series is unique since cos 4, sin 4, v, W 


satisfy linear equations. The theorem follows. 
From Theorem 8 we obtain the following: 


THEOREM 9. The one parameter family of conjugate turbines does or 
does not possess an envelope according as the given one parameter family of 
turbines does or does not possess an envelope. 


THEOREM 10. The necessary and sufficient conditions that the one 
parameter family of turbines 
v = a(t)cos u + b(t)sin u + 7(t), w == —a(t)sin u + b(f)cos u + s(t), 
be all co-elemental are 
a? + b = r +? ab” — ab! == 1/8" — 15". 
The tangent turbines of a series of elements. Any series of elements, 


which has the property that consecutive elements are non-parallel, may be 
given in hessian codrdinates by the equations 


v ==v(u), w = w(u). 


In what follows, we use hessian coördinates. 
Let u and u + Au determine the two elements of the series 


(u,v, w) and (u -+ Au, v(u + Au) =v + Av, w(u -+ Au) = w + Aw). 
Since these two elements cannot be parallel, they determine a unique non- 
linear turbine, which is given by the parameter values 
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1 3 : 
ag fee 4(i — A 
a= Ja [— Av sin 4 (2u + Au) — Aw cos 4 (2u + Au) j], 


1 | : 
dg aoe 4 = 3 
b E [Av cos 4 (2u + Au) — Aw sin 4 (2u + Au) ], 


r = 0 + 44v + 4A cot FA, 
s = w + dAw — $Av cot Au. 


The limiting turbine (of the above set of turbines), as Au approaches zero, 
is given by the parameter. values 


a = — v (u) sin u — w (u) cosu, 
b = v (u) cos u — w (u) sin u, 
-= v(u) +w (u), 

s = —v (u) + w(u). 


We call this turbine the tangent turbine of the series at the element (u, v, w).? 

It is found that the rate of turning with respect to the are length of the 
point-curve of the series of the element of the series is + 1/R where E is the 
radius of the outer circle. 


THEOREM 11. The necessary and sufficient conditions that a one parameter 
family of turbines be a set of tangent turbines of a series of elements, are that 
the one parameter family of turbines be not a co-elemental family of turbines 
and possess an envelope. Moreover the envelope is the series to which the 
turbines are the tangent turbines. | 


The proof of Theorem 11 follows immediately from a consideration of the 
- equations for the parameter values of the tangent turbines of a series. 
From Theorem 7 and Theorem 11 we obtain 


THEOREM 12. The necessary and sufficient conditions, that a single in- 
finitude of turbines be a set of tangent turbines to a series, are (1) that the set 
of turbines be not co-elemental and, (2) if the turbines are not all circles, the 
line and point-envelopes of the turbines be coincident and, if the turbines are 
all circles, the envelope of the circles consist of one curve. | 


THEOREM 13. If a one parameter family of turbines is a set of tangent 
turbines, then the conjugate turbines are either a set of tangent turbines or a 
set of co-elemental turbines. 


* If the series is a curve (union), the tangent turbine at the element Æ becomes 
the osculating circle of the curve. 
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The osculating flat fields of series of elements. The flat field, which has 
three consecutive elements in common with a series at an element Æ of the 


series, is called the osculating flat field of the series at Æ. 
Let the flat field 


w = (v + b) tan &(a—_u) +o, 
be the osculating flat field of the series 
v—v(u), w = w(u), 


at the element E. Then if a, 8, r, s are the parameter values of the.tangent 
turbine of the series at W, we must have 


ar’ — p's’ sin poe as’ + B'r 
of + “a? + Bp > PE + 8” ? 


b =a cosa + 8sina—r, ‘c= — asina + 8cosa+ s. 


COS Q4 == 


These equations show that the centers (central elements) of the osculating 
flat fields of the series are the elements of the envelope of the conjugate 
turbines. 


General fields of elements. The two parameter family of tant which 
is given in cartesian codrdinates by the equation 


0— g(x,y), 


or in hessian codrdinates by the equation 


w = f (u, v), 


where f is of period 27 in u, is called a field of elements. 

Let the field be given in hessian coérdinates by w= f(u, v). Then, if 
v = v(u), the functions v = v (u), w = f (u, v(u)) define a series of elements, 
which we call a field series of the field. 

Now let a field series contain the element (u,v,w==f(u,v)). The 
parameter values of the tangent turbine of this field series at the element 
(u, v, w = f(u, v) ) are given by 

a = — v (sin u + fy cos u) — fu cos u, 
b = v’ (cos u — f, sin u) — fu sin u, 
r= 0 + fu + ofo 

s=f—v. 

If the field is given in cartesian coördinates by 6 == g(s, y), then the 
parameter values of the tangent turbine of the field series at the element 
(z, y, 0 = g (2, y) ) are 
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a =z —Y/ (gs +89), 
b =y + 1/ (92 + Y9)» | 
R= + V1 ++ y”?/(gs + Y 9), 


cos(6 + @) er sin (9 + a) = + 


y 
Viy” 

From these formulae, we easily obtain the following fundamental theorems 
on the structure of a field in the neighborhood of any one of its elements. 


THEOREM 14. Consider any field F and any element E of the field. 
Then we study the totality of series starting at E and contained in the field. 
From this totality, select that subset of series whose point-loci pass through 
the point of E in a given direction and whose line loci thereby necessarily touch 
the line of E at a fixed point. This subset (although it contains © series) 
determines a unique tangent turbine. 


THEOREM 15. By varying the gwen direction in Theorem 14 we thus 
obtain co? turbines. These turbines have their centers on a straight line. This 
line we shall call the central line relative to the given field F and the given 
element E. 


From Theorem 15 we obtain 


THEOREM 16. The outer circles of the «1 turbines of Theorem 15 form 
a pencil in the sense of ‘elementary circle geometry, that is, the circles have two 
points in common. One of the fixed points is, of course, the point of the 
element E and the other is a new point which we denote by P. The inner 
circles of the turbines form a pencil in the sense of higher circle geometry, 
that is, the circles have two lines in common. One of the fixed lines is of 
course the line of the element E and the other is a new line which we 
denote by T. | 

The central line is given either by the equation 


«(cos u — fs sin u) + y(sin u + fe cos u) + fu = 0, 


or by the equation 


The hessian coôrdinates of this straight line are determined by 


fe i 
u) + VI Fi? 





cos(U — u) = 
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The tangent flat field. We say that the two fields f and F are tangent 
to each other at a common element F, if any two field series of the fields f and 
F respectively, which contain the element # and which have the property that 
either their line curves or their point curves have a common tangent element 
at FẸ, are such that their tangent turbines at E are identical. 

It is then obvious that two fields w — f (u,v) and w == F (u, v) are tan- 
gent at a common element F if 


fu = us fo—=# 


Similarly the two fields 0 = g(x, y) and 8 = G (x, y) are tangent at a common 
element EF, if 
Ju = Gas Gu = Gy. 


We call the flat field, which is tangent to a field F at an element E, the 
tangent flat field of the field F at F. 
Let the flat field 
w= (v + b) tang(a—u) +o, 


be the tangent flat field of the field 


w = f(u, v), 
at the element E(u, v, w = f(u, v)). Then we must have 


a = u + 2 arc tan fy + Bkr, 
b = — v — 2fu/(1 + fr”), 
c = f(u, v) + 2fufo/(1 + fr). 


One parameter family of fields envelope—Characteristics. The equation 
w = f (u, v, a), 


defines a one parameter family of fields. 

The series, which is a field series of each of two consecutive fields of the 
family, is called a characteristic of the field. The locus of all the characteristics 
of the one parameter family of fields is a field and we call it the enveloped of 
the one DER family of fields. The equations 


w = f(u, v, @), Je(u, v, a) = 0, 


for each a represent a characteristic of the family and, when we eliminate a 
from the above two equations, the resulting equation represents the envelope 
of the family of fields. | 

It is easily seen that the envelope is tangent to each member of the family 
of fields at all elements of its characteristics. 
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The locus of the.elements, which are common to consecutive characteristics 
of a one parameter family of fields, is called the edge of regression. The 
eliminants, with respect to a, of the equations 


w = f(u, v, a), fa(u, v, a) = 0, faa (u, v, @) = 0, 


give the equations of the edge of regression. 
It is obvious that the tangent turbines of the edge of regression and any 
characteristic at a common element are identical. 


Developable fields. The envelope of a one parameter family of flat fields 
is called a developable field. The characteristics of the one parameter family 
of flat fields are turbines and these turbines are called the generators of the 
developable field. 

Since each flat field is tangent to the envelope along its characteristic, 
it follows that the tangent flat field to a developable field is the same at all 
elements of a generator. The edge of regression of the developable is the 
series to which the generators are the tangent turbines. Moreover, since con- 
secutive generators are consecutive tangent turbines of the edge of regression, 
the osculating flat field of the series is that flat field of the family which con- 
tains these generators. But this flat field is tangent to the developable. Hence, 
the osculating flat field at any element of the edge of regression is the tangent 
flat field to the developable field. 


THEorREM 17. For the field w=f(u,v) to be a developable field, it is 
necessary and sufficient that 


(1 + fo + 2fuv)? T 4fev (fuu + fufv) = 0. 


For the tangent flat field at the element (u,v, f(u,v)) has parameter 
values 
a == u + 2 arc tan fy + 2h, b = — v — ?f1/ (1 + fè), 
c = f + 2fufo/(1 + fr’). 


The necessary and sufficient condition that b = b(a), c = c(a) is then 
seen to be the above equation. 


Conjugate fields of elements. We define the tangent turbines to any field 
series of a field to be the tangent turbines of the field. In hessian coördinates 
the tangent turbines of a field are given by the parameter values 


a = — v (sin u + f, cos u) — fu cos u, 
= y’ (cos u — fe sin u) — fa sin u, 
r= v + fu + vfo 


s=f—v. 
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The conjugate turbines of the above turbines are given by the parameter 
values 


ā = q = — v (sin u + fo cos u} — fu cos u, 
b— b = v’ (cos u — fo sin u) — fu sin u, 
F= r =v + fu + vfo 
F=—s=—f+v’ 


Since the tangent turbines of the field w—f(u,v) at the element 
(u, v, f(u,v)) all contain the element (u, v, f(u,v)), the conjugate turbines 
of these turbines must also contain an element and it is unique. We call the 
element (ù, v, Ww) the conjugate of the element (u, v, w). If Ẹ is any element 
of the field w = f(u, v), then we denote the conjugate element by #. The 
element # is given in hessian codrdinates by the equations 

TER. sin (à u= pe, 

T =v + 2fu/(1 + fr"), 
w = — f (u,v) — 2fufo/(1 + fr’). 


and in cartesian codrdinates, the element Ẹ is given by the equations, 


E= t — 2Gy/( G92” + gr”), 
= y + 2G0/(ga" + 91"); 
0 = — g(a, y) +2 arc tan gy/go + (2% + 1). 


From these equations, we obtain 





cos (ù — u) = 


THEOREM 18. The necessary and suficient condition, that the conjugate 
elements of a field be the elements of a field, is that the gwen field be non- 
developable. 


For, it is obvious that the necessary and sufficient condition, that the set 
of conjugate elements be at most a one parameter family of elements, is 


(1 + fè + 2fuv)? + 4 fev (fun + fafo) aa 0, 


which means that the field w = f(u,v) must be a developable field. The 
theorem follows. 

If a field is non-developable, we term the field of conjugate elements the 
conjugate field, a fundamental concept in our theory: 

From this follows 


THEOREM 19. Fach tangent turbine of the conjugate field is the con- 
jugate turbine of each tangent turbine of the given field. From this it follows 
that two conjugate families of curves have the same osculating circles. 
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or 
Qe 
= 


For a non-developable field, the equations: 
fo 
T+ AP? 


Linh 
1 4 fo"? 
V =v afu/(1 + fo”), 








cos (@— u) = sin (&— u) =— 


define a line transformation. We call it the conjugate line transformation for 
the field. 


For a non-developable field, the equations 


X =£ — 2gy/ (ga? + gy”), 
Y = y + 2gz/ (J + g9), 


define a point transformation. We call it the conjugate point wanstormation 
for the field. The following four results are deduced : 


THEOREM 20. For a line transformation to be a conjugate line trans- 
formation of a field, it is necessary and sufficient that the corresponding P on 1 
of any element E on lbe in projective involution with the element E on l, 
which is the tangent element on l of the oriented circle which contains the 
algen E and which is tangent to the line 1. 


THEOREM 21. Let a line transformation be a conjugate line trans- 
formation. Then it is the conjugate line transformation of a unique field 
w= p(u,v), which contains a given element (Uo, Vo; Wo). Moreover, any 
other field, of which it is the conjugate line transformation, is obtained by 
applying a slide to the elements of the field w = ¢ (u, v). 


THEOREM 22. For a point transformation to be the conjugate point 
transformation of a field, it is necessary and sufficient that the correspondent # 
on P of the element E on P be in projective involution with the element E 
on P which is the tangent element on P of the circle which contains the element 
E and the point P. 


THEOREM 23. Let a point transformation be a conjugate point trans- — 
formation. Then it is the conjugate point transformation of a unique field 
9=wW(a,y) which contains a given element (Xo, Yo, 0). Moreover, any other 
field, of which it is the conjugate point transformation, is obtained by applying 
a turn to the elements of the field 8 = y (x, y). 
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The tangent turbines of a field. Let us consider the tangent turbines of 
the field. The parameter values of the turbines are 


a = — w (sin u + fy cos u) — fu cos u, 
b = w (cos u — fo sin u) — fu sin u, 
r =v + fu + wfo 


s=f—w, 


where the turbine determined by u, v, w is the tangent turbine of any field 
series which contains the element (u, v, f(u, v)) and whose line curve contains 
the tangent element (u,v, w) at the element (u, v, f(u, v)). 

By means of the above equations we are able to prove the following 
theorems: 


THEOREM 24. For the set of tangent turbines of a field to be a three 
parameter family of turbines, it is necessary and sufficient that the field be not 


a flat field. 


THEOREM 25. For the set of tangent turbines of a field to be a two 
parameter family of turbines, it is necessary and sufficient that the field be a 
flat field. 


THEOREM 26. For a two parameter family of turbines to be the tangent — 
turbines of a flat field, it is necessary and sufficient that the conjugate turbines 
all contain a given element. Moreover, the given element is the center of the 
flat field. 


THEOREM 27. The necessary and sufficient condition, that every one 
parameter family of turbines of the tangent turbines of a field possess an 
envelope, is that the field be a flat field. 


THEOREM 28. For the tangent turbines of a field to be field series of the 
field, it is necessary and sufficient that the field be a flat field. 


Let us now consider the three parameter family of turbines 
v = aA, p, v)cos u + b (à, p v)sin u + 7(A, mv), 
w = — a(A, p v)sin u + b (à, m, v)cos u + s (à, py). 


Since the above set of turbines is a three parameter family of turbines, 
at least two of the jacobians 


D(a, 6,1) D(a, b, s) D(a,r,s) D(b,r,s) 
D(A, mv) É D(A, mv) : D(A, pv) | D(A, p, v) + 


are not identically zero. 
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A three parameter family of turbines, whose inner circles are all distinct, 
is called a general three parameter family of turbines. It is seen that the 
necessary and sufficient condition for a three parameter family of turbines 
to be a general set of turbines is that the jacobian 


D(a, b,r) 
D(A, mv) 


be not identically zero. Hence, any general three parameter family turbines 
may be given by the equations 


v =a cosu -+b sinu +r, w = — asin u + b cos u + s(a,b,r). 


A three parameter family of turbines, such that it consists of turbines 
which contain an element of a fixed seriés, is called a co-serial set of turbines. 


THEOREM 29. The necessary and sufficient conditions for a three para- 
meter family of turbines to be a co-serial set of turbines are that the family 
be a general set of turbines and that the equations 


Sa” + Sy? = 1 + Sr", 
(1 + 8,7) (Saa + Sov) + Ser = (Rsa + suSr) Sor + (— 2s + SaSr) Sary 


be identically satisfied. 


The fixed series is uniquely determined and is given by the equation 


; — 85 + Sasr : Sa + SoSr 
COS u = —— sin u = ———- 
| 1+s, ’ 1+s,? ’ 
v =Q cosu + bsinu +r, w = — a sin u + b cos u + s(a, b,r). 


THEOREM 30. For a three parameter family of turbines to be a set of 
- tangent turbines of a field, it is necessary and sufficient that the family be not 
a co-serial set of turbines, that the family be a general set of turbines and 
finally that the equation 

Sa? +s? —1+s/ 
be identically satisfied. 


The field, to which the turbines are the tangent turbines, is unique and 
it is given by the equations 
__ = S F Sa8r R __ 8a + Sosr 
COS U = its? ? sin u = tts?” 
veacosu-+-+bsinu+r,° w=—asinu+bcosu+s(a,d,r). 
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THEOREM 31. The necessary and sufficient conditions, that a three pa- 
rameter family of turbines be a set of tangent turbines of a field, are (1) that 
the set of turbines be not a co-serial set of turbines, (2) that the set be a general 
set of turbines, and (3) that, with each turbine T of the family and its con- 
jugate turbine NT, there be associated two unique elements E and E respectively, 
where the element E is on T and the element Ñ is on NT, such that every one 
parameter set of enveloping turbines Q of the family has the property that, 
either the series, to which the turbines are the enveloping turbines, consists 
of the elements E, each of which is on a turbine T of Q or that the series, 
(to which the one parameter family of enveloping turbines NQ, each of which 
is the conjugate turbine of a turbine of Q, is the enveloping set of turbines) 
consists of the elements E, each of which is on a turbine of NQ. 


Treorem 32. If the series, to which thé single infinitude of enveloping 
turbines NQ (or Q) are the enveloping turbines, consists of the element Ë 
(or E), then every element of the series, to which the single infinitude of 
enveloping turbines Q (or NO) are the enveloping turbines, is the element 
of a turbine T (or NT) of the enveloping turbines Q (or NQ), which is on 
the line q, such that the tangent line of the curve of centers of the turbines at 
the center of T (or NT) is the bisector of the angle, whose sides are the 
oriented line of Ë (or E) on NT (or T) and the line q. 


A characteristic property of whirl transformations. We begin by con- 
sidering certain simple operations or transformations on the oriented lineal 
elements of the plane. A ‘turn Te converts each element into one having the 
same point and a direction making a fixed angle a with the original direction. 
By a slide S; the line of the element remains the same and the point moves 
along the line a fixed distance k. These transformations together generate a 
continuous group of three parameters, which we call the group of whirl trans- 
formations and which we denote by Gs. It is easily seen that any whirl trans- 
formation may be put in the form * 


TST g. 
The slide §y is 
i= u, 7 =v, D =w + k 
The turn Ta is 
Ü = u + a, D — v COS à + w sin g, W = — y sin g + w cos g. 


3 See Kasner, American Journal of Mathematics, 1911. The name whirl for TST 
was suggested by D. Sole in my seminar. Recently this theory has been extended to 
spherical geometry by K. Strubecker, Jahr. d. Math. Ver., vol. 44 (1934), pp. 184-198, 
who suggests the term turbine-rotation for whirl. 
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It is then seen that any whirl transformation may be given by the equations 
a=utatp, t=veos(a+f) +wsin(a+f) + ksing, 

-D = — v sin (a+ B) + w cos(a + B) + k cos B, 


It is found that the only contact transformations of the set of whirl trans- 


formations are 
TrySxT 1/25 Pr j2Sul'n jo. 


The first represents a dilatation D; and the second, which may be written 
DxTr, represents a dilatation accompanied by reversal of orientation. 
Our group of whirl transformations may be written in the simple form 


SxDaT a; 


and hence anv whirl transformation is given in the form 


i=u+a, 
© = v cos & + w sin a + d, 
w = — v sin a + w cos a + k. 


We give now, without proof, a new characteristic property of whirl trans- 
formation in terms of the central lines of a field. 


| Taroren 33. For an element transformation to be such, that the cen- 

tral lines of every field w — f(u, v) are identical with the central lines of the 
corresponding field ii — f(a, T), it is necessary and sufficient that the element 
transformation be a whirl transformation. 


We remark that the group of whirls is isomorphic to the group of motions. 
- These two groups are commutative and together generate a new group of siz 
parameters, of considerable interest in the geometry of elements. 


Extension of Scheffer’s theory of isogonal and equi-tangential tra- 
jectories. First we state the following: 


THEOREM 34. If two fields are related by a whirl transformation, then 
the two conjugate fields are related by a whirl transformation. 


Let F and G be two fields such that G is obtained from # by applying 
a whirl transformation W to F. Then, by means of the above theorem, we 
know that there exists a whirl transformation W such that the. two fields 
F and G, the conjugate fields of F and G respectively, have the property that 
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G is obtained from F by applying W to F. We call W the conjugate whirl 
transformation of W. 

Let F, and Sy be a fixed element and a fixed series respectively. There 
exists a unique one parameter family of transformations T, which is a subset 
of the group of whirl transformations W, such that any transformation of T 
carries E, into an element of So. It follows that with any element E of the 
plane there is associated a unique series 8, such that any transformation of T 
carries the element Æ into an element of S. We define S to be the quasi-path 
series of for the set of transformations T. It is seen that the set of quasi- 
path series for the set of transformations T is at most a three parameter family 
of series. We denote the totality of quasi-path series for the set of trans- 
formations T by 3. 

We say that the one parameter family of transformations T is the con- 
jugate set of transformations of the set of transformations T, if each trans- 
formation of T is the conjugate whirl transformation of a transformation of 
T and conversely. We denote any quasi-path series of 7 by 5 and the totality 
of quasi-path series of 7 by 3. We shall say that two series are conjugate with 
respect to T or 7’, if one is a series of 3 and the other is a series of 3. 

Now let us apply T to a one parameter family of curves F,. We then 
obtain cot new one parameter families of curves, or collectively, a two parameter 
family of curves Fẹ. Similarly let us apply Ÿ to the conjugate family of 
curves F, of the family of curves F,. From Theorems 33 and 34 we obtain: 


THEOREM 35. Consider any one of the quasi-path series Y of the set 
= connected with T. Each element of S determines a curve of the doubly in- 
finite system of curves F, generated by applying T to any simply infinite 
system F,. The locus of the centers of the œ} circles osculating these curves 
at these elements is a straight line. Hence these circles touch a certain series 
5 of the set X conjugate to % with respect to T. 


THEOREM 36. According to the previous theorem, the system F, obtained 
by applying T to F, induces a definite correspondence between the set of series 
3 and the conjugate set 3. There exists another system F, obtained by ap- 
plying T to F,, for which this correspondence is precisely reversed. 


If we place on T the restriction that it be a group of transformations, `’ 
then the quasi-path series become path series and moreover the path series are 
turbines all congruent to each other. The set of transformations T is also a 
group of transformations and its path series are turbines, which are the con- 
jugate turbines of the turbines which are the path series of T. Thus we 
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obtain the following two theorems due to Kasner* which are themselves 
generalizations of Scheffer’s® fundamental theorems on isogonal and equi- 
tangential trajectories: 


THEOREM 37. Consider any one of the path turbines S of the set Z con- 
nected with the one parameter group of transformations T. Each element of S 
determines a curve of the doubly-infinite system Fa generated by applying T 
to any simply-infinite system F,. The locus of the centers of the œt circles 
osculating these curves at these elements is a straight line. These circles touch 
a certain turbine Š of the set 3 conjugate to 3. 


THEOREM 38. According to the previous theorem, the system F, obtained 
by applying T to F, induces a definite correspondence between the set of 
turbines X and the conjugate set 3. There exists another system Fa, obtained 
by applying T to F,, for which this correspondence is precisely reversed. 


In; Theorems 37 and 38, if we let T be first the group of turns and then 
the group of slides, we obtain Scheffer’s theorems on isogonal and equi- 
tangential trajectories. (Part of Scheffer’s first theorem was discovered by 
Cesaro). The most general families whose central loci are straight lines have 
been studied by Kasner ê (velocity families and the dual type). In this con- 
nection we may obtain characterizations of both the conformal and the equi- 
long groups. 
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PARALLELISM AND EQUIDISTANCE OF CONGRUENCES OF 
CURVES OF ORTHOGONAL ENNUPLES.* 


By R. M. PETERS. 


It is the purpose of this paper to develop some theorems relating to angular 
and distantial spreads? of congruences of curves of orthogonal ennuples lying 
in an n-dimensional Riemannian space Vn. We shall be particularly concerned 
with congruences belonging to a sheaf; that is, to a totality of œ" con- 
gruences of which each two cut under a constant angle. It is assumed that 
the linear element of the Vn is defined by the positive definite quadratic form 
ds? = g;;dv‘dvi, the x’s being codrdinates of the Vp, and the g;;’s real analytic 
functions of the +’s. The curves considered are assumed to be real and analytic. 

We begin by considering the angular spreads (or associate curvatures, in 
Bianchi’s terminology) of n mutually orthogonal congruences Cy, (h = 1, 2, 3, 
++ +, m), with respect to any fixed congruence of curves O. Let Ax|* and é be 
respectively the unit vectors tangent to the curves On and C. Then 


ét = Y cos a An|*, > cos? ar = 1, 
h h 


where a, is the angle between the curves On and O. We denote by m|? the 
angular spread vector, and by 1/r: its length, the angular spread, of the curves 
Cı with respect to the curves C. Then 


(1) pal? = Alf: É = E cos ar Alf: Anlè = D; cos an pli, 
h h 


where p|? is the angular spread vector of the curves C; with respect.to the 
curves Cy, and yii|/ the first curvature vector of the curves Cr. From (1) 
we conclude 


THEOREM 1. If the curves Cy of one congruence are geodesics and are 
parallel with respect to the curves of every other congruence of the ennuple, 
then the curves Ci are parallel with respect to the curves of every other con- 
gruence in Va; that is, their tangent vectors form a field of parallel unit vectors. 


* Received February 20, 1937. 

+ For the definition and significance of these terms see Graustein, “ The geometry 
of Riemannian spaces,” Transactions of the American Mathematical Society, vol. 36, 
no. 3, p. 555, and Peters, “ Parallelism and equidistance in Riemannian geometry,” 
American Journal of Mathematics, vol. 57 (1935), pp. 103-111. 
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Turorem 2. If the curves of each congruence of the ennuple are geodesics 
and are parallel with respect to the curves of every other congruence of the 
ennuple, then their tangent vectors form n fields of parallel vectors.” 

. Introducing the coefficients of rotation y» of the orthogonal ennuple, 
we have 


(2) puit = Axl? Ari = E Yarr At — X yri Arlt, 
f r 
and 
(3) 1/ Pak = > Vars 
r 


where 1/1 is the angular spread of the curves Cr with respect to the curves Cx. 
Substituting (2) in (1), 


(4) mal = — Y cos ax yrin Alf, 
yh 
and 
(5) 1/7 == E cos an COS Oe yrin Yrike 
rħ,k 


Now let us consider a second orthogonal ennuple of mutually orthogonal 
congruences of curves Ön, (h ==1,2,---+,n), with unit tangent vectors Xl! 
and let both ennuples belong to a sheaf. Expressing the vectors n|? in terms 
of the vectors Ax|*, we have 


ral? stile z cos Bre dal, 


where fix is the constant angle between the curves C, and Cr. Since the two 
ennuples are orthogonal, the angles Ai, satisfy the relation: 


(6) | | > COS ny COS Bu = OLA 
h 


è: being the Kronecker delta. 

Let |’ be the angular spread vector and 1/#, its length, the angular 
spread, of the curves x with respect to the curves C. We inquire what rela- 
tions exist between the two sets of n vectors jia|/ and pa|i, and between the 
quantities 1/*, and 1/ra: | 


(7) Tali = Mis ét = 2 COS Bax An] i; E = x COS Bux pul). 
Since C, may be any congruence of the sheaf, we can state 


2 The ennuple is then Cartesian and the V, is Euclidean. See Graustein, loc. cil. 
p. 564. 
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THEOREM 3. The angular spread vector of any congruence of curves Č 
belonging to a sheaf with respect to an arbitrary congruence of curves C is 
linearly expressible in terms of the angular spread vectors of any orthogonal 
ennuple of curves On of the sheaf with respect to the same curves C, the 
coefficients of combination being the cosines of the constant angles between 
the curves Cy and C. 


THEOREM 4. If the curves of any orthogonal ennuple of congruences of 
the sheaf are parallel with respect to an arbitrary congruence of curves O, then 
the curves of every congruence of the sheaf are parallel with respect to the 
curves O. 


This result combined with Theorem 2 gives 


THEOREM 5. If the curves of each congruence of any orthogonal ennuple 
of a sheaf are geodesics, and are parallel with respect to the curves of every 
other congruence of the ennuple, then every congruence of curves of the sheaf 
is parallel with respect to every congruence of curves in the Va. 


For the angular spread 1/7; we have 
1/F? = Z cos Buz COS Bar Jaz ml? mil’. 
Summing over À and using (6) 
(8) 21n = D lr. 


In this result is contained a theorem given by Bortolotti: ° the sum of the 
squares of the angular spreads of the curves of an orthogonal ennuple of con- 
gruences of a sheaf with respect to an arbitrary congruence of curves is the 
same for every orthogonal ennuple of the sheaf. 

We shall show that corresponding facts hold for distantial spread vectors, 
providing the curves C, previously chosen arbitrarily, are required to belong 
to the sheaf. 

Let v:|7 be the angular spread vector of the curves C with respect to the 
curves Ci. Then 


nf? = lé; 
= Ali X, (cos an Ar|? a + Anl? 8 cos a,/0x*) 
h 


= >) (cos an par]? + Anj? 8 cos o/0s*), 
h 


? Bortolotti, “Stelle di congruenze e parallelismo assoluto,” Rendiconti dei Lincei 
(6), vol. 9 (1929), pp. 530-538. 
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where s? is the arc of the curves O; and 9/8s! denotes directional differentiation 
in the positive direction of the curves C1. 
If we denote by b;|/ the distantial spread vector * of the curves Cr and*C, 


bai = pli — vi]? 
= X [cos on (pin |? — um |5) — dali ô cos an /0s*] 
h 


(9) = Ÿ (cos on bin]? —An|? 8 cos an/0s*), 
h 


where by} is the distantial spread vector of the congruences of curves O: and 
Cy. Formula (9) holds when the curves C are the curves of any congruence 
in Vn. 

We recall that the distantial spread vector of two congruences vanishes 
identically if and only if the two congruences lie in a family of two-dimensional 
surfaces, and the curves of each congruence are equidistant with respect to the 
curves of the other.’ Hence we conclude from (9) 


THEOREM 6. If the distantial spread vectors formed for the curves Ci 
and every other congruence of curves of the ennuple are null vectors, then the 
curves Cy are equidistant with respect to the congruences of curves C which 
intersect the curves of all congruences of the ennuple at angles which are 
constant along the curves C1. In particular, the curves C1 are equidistant with 
respect to the curves of all congruences belonging to the sheaf. 


If we require that the curves C belong to the sheaf, (9) becomes analogous 
in form to (1). 
(10) bi? = > cos ah Dial). 
h 


An ennuple is called a Tchebycheff ennuple ° if the distantial spread vector 
formed for each two congruences of the ennuple is a null vector. Hence we 
have from (10) 


THEOREM 7. If the orthogonal ennuple is an ennuple of Tchebycheff, 
then the curves of the ennuple are equidistant with respect to every other con- 
gruence of curves of the sheaf, and vice versa. 


Returning to the second orthogonal ennuple of curves C of the sheaf, let 
|? denote the angular spread vector of the curves C with respect to the curves 
‘C1, where the curves C are again arbitrary. 


4 For the definition of the distantial spread vector, see Graustein, Loc. cit., p. 555. 
taken in the order named, then 

5 Graustein, loc. cit., p. 559. 

e Graustein, loc. cit., p. 563. 
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(11) m1 = UE ŠÍ , = $, cos Bu Ax|* E, = X cos Bin vil 4. 
k k 


We note that (11) holds regardless of whether or not the angles Bix are 
constant. That is, (11) gives the relation between the angular spread vectors 
of an arbitrary congruence of curves C with respect to the curves of two 
arbitrary orthogonal ennuples. 

For the angular spread, 1/51, of the curves C with respect to the curves G1, 
we have 


(12) 1/p.? = > cos Bin cos Bux Jij va]? vel? 
5 h,k 
= Y cos Bin COS Bix COS Ox/pnprs 
hk 


where 8x is the angle between the vectors va{* and vz|4, and 1/pn is the angular 
spread of the curves C with respect to the curves Cy. In particular, if we take 
the curves C7 as coincident with the curves C, we obtain 


(13) 1/p? = 2 COS On, COS Oy COS Onx,/ pnpres 
1/p being the first curvature of the curves C.7 

From (11) and (13) it follows that if the curves C of an arbitrary con- 
gruence are parallel with respect to the curves of any orthogonal ennuple of 
congruences, then-the curves C are parallel with respect to the curves of every 
congruence in the V,; that is, the tangents to the curves C form a field of 
unit parallel vectors. The curves C are then geodesics. 

Summing over } in (12) we obtain 


(14) 2 1/p = = 1/p7’. 


This formula gives a theorem corresponding to the one quoted from Bortolotti, 
the rôles of the curves C and Cn being interchanged. ` 


` THEOREM 8. The sum of the squares of the angular spreads of the curves 
of an arbitrary congruence with respect to the curves HAS an orthogonal ennuple 
is independent of the ennuple chosen. 


Returning to the consideration of distantial spreads we have from (7) and 
(11) for the distantial spread vector b:|? of the congruences Ci and C, in the 
order named, 


TThis is a generalization of a form of Liouville’s formula for geodesic curvature 
in a V, given by Graustein, Transactions of the American Mathematical Society, vol. 34, 
no. 3, p. 571. 
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(15) biji = pal! — ff = E cos Bux del’, 
r k 


where the curves O, and C; now belong to orthogonal ennuples of the same 
sheaf so that the angles By, are constants. This result is entirely analogous 
to formula (7) for the angular spread of the curves ©, with respect to the 
curves C, in both cases the curves C being entirely arbitrary. We draw con- 
clusions analogous to Theorems 3, 4, and 5. 


THEOREM 9. The distantial spread vector of any congruence of curves C 
of a sheaf and an arbitrary congruence of curves C is linearly expressible in 
terms of the distantial spread vectors of any orthogonal ennuple of curves Cy 
of the sheaf and the same curves C, the coefficients of combination being the 
cosines of the constant angles between the curves Cy and C. 


Turorem 10. If, for an arbitrary congruence of curves C and each con- 
gruence of any orthogonal ennuple of the sheaf, the distantial spread véctor 
is a null vector, then the distantial spread vector of O and each congruence 
of the sheaf is also a null vector. 


Furthermore, using Theorem 7 and requiring that the congruence of 
curves C belong to the sheaf, we have 


THEOREM 11. If an orthogonal ennuple of the sheaf is an ennuple of 
Tchebycheff, then every congruence of curves of the sheaf is equidistant with 
respect to every other congruence of the sheaf. 


We note that this result.includes that of Theorem 7. 

Let 1/b; and 1/61 denote respectively the lengths of the distantial spread 
vectors b,|/ and bi. Multiplying (15) by gi; bijt, summing over 1, and 
using (6) we obtain 


(16) = 1/52 = x 1/b?, 


a result analogous to (8) and (14) for angular spreads, which gives the 
theorem corresponding to Bortolotti’s theorem and Theorem 8. 


THEOREM 12. The sum of the squares of the lengths of the distantial 
spread vectors formed for the curves of an arbitrary congruence of a sheaf and 
the curves of every congruence of an orthogonal ennuple of the sheaf is in- 
dependent of the ennuple chosen. 


Instead of the single congruence of curves C, let us now consider n 
mutually orthogonal congruences Cr, not necessarily belonging to the sheaf, 
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with unit tangent vectors &| 6. In the previous work we attach an h to each 
symbol formed with respect to the curves O; for example, ax, now denotes the 
angle between the curves Cx and C*1. Formula (5) becomes 


(17) 1/18? == Š, COS Ope COS Agu Yrip Yria 
bay ad 


where we have replaced 1/7;, the angular spread of the curves Ca with respect 
to the curves O, by 1/1*n, the angular spread of the curves On with respect to 
the curves C*,. Summing over k, we have 


(18) 2 Lr? = È Y rim 
: oe 
since the angles a, satisfy the relation 
D cos aux COS Agr = Sy”. 
k 


Using (3), (18) becomes 


(19) S/n = S/n, 

and, summing over h, 

(20) > dr = D 1/77. 
hk hk : 


Incidentally we note that (19) is essentially identical with (14). 


Since we have seen from formula (8) that © 1/r*? is independent of the 
h 


ennuple of curves Or, and since (20) shows that $ 1/r*? is independent of 
hk 


the ennuple of curves O*;, we conclude 
2 


THEOREM 13. The sum of the squares of the angular spreads of each 
congruence of curves of an orthogonal ennuple of a sheaf with respect to the 
curves of each congruence of an arbitrary orthogonal ennuple is the same for 
any choice of both ennuples. 


Formula (18) furnishes incidentally a proof of the known fact that the 
quantity © 1/1? is the same for every orthogonal ennuple of the sheaf.® 
k 


hy 
If we denote by b*3:[ the distantial spread vector of the curves C1 with 
respect to the curves C*;, (10) becomes 


(21) b* 1.4 = E cos aux Baal, 
I 


where, we recall, the curves C*, now belong to the sheaf. Multiplying by 
gij b*n,|* and summing over 1, j, k, and h, we have 


®Graustein, Transactions of the American Mathematical Society, vol. 36, no. 3, 
p- 579, and Bortolotti, loc. cit. 
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(22) > 1/052 = J, 1/07, 
hk hik 


where 1/b*x is the length of the vector b*wlf. 
By (16) > 1/b*? is independent of the ennuple of curves C chosen from 
h : 


the sheaf, and by (22) X 1/b*? is independent of the choice of the ennuple 
h,k 


of curves C*,. Hence we have the following 


' THEOREM 14. The sum of the squares of the lengths of all the distantial 
spread vectors of the curves Cy of an orthogonal ennuple of a sheaf formed 
with respect to all the curves of a second orthogonal ennuple of curves C*;, of 
the sheaf is independent of the choice of both ennuples. 

Here also we have an indirect proof of the fact that 11/67, is the same 
hk 
for every orthogonal ennuple of the sheaf.? 
Let us now consider the special case when the sheaf contains an orthogonal 
ennuple of normal congruences. If we take these as the congruences Ch, 
(18) becomes, since yri = 0 for r, h, p all distinct, 


2 1/ me = > Pour + > Vu = DV are + 1/7? 
: r r r 
1/rim being the first curvature of the curves Cr. Summing over h 


(23) 2 ri = À 2 1/1? nn. 
h, h 
Now (2) becomes 


pr |*? = 


Yrkt Ar|? 
‘and hence | 
i Dar? = Yarr Arlt — yenn Auf? 
1/b?re = Vue + Yerri 
Summing over h and k, 


> 1/ Dur = 2 = 1/ T in 
h 


hk 
Hence from (20), (22), and (23) 
(24) 5 oi == > 1/bx — À > 1/7 == > 1/7? = 5 Lv she 
lnk : hk h hk hk” 


Equations (24) show that we have to deal with the following five 
properties : 


5 Graustein, loc. cit., and Bortolotti, loc. cit. 
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(A) 1/tn = 0, (h = 1,2,: -+ n): Curves Ci geodesics. 

(B) 1/rm—0, (hk—1,2,---,n; h s&h): Curves Cy parallel with 
respect to the curves Cx. 

(C) 1/brs = 0, (h,&=1,2,- : -,n): Curves Or equidistant with respect 
to the curves Or. | 

(D) 1/r*n = 0, (h, k =1,2,: :-,n): Curves Cy parallel with respect 
to the curves C*, of any orthogonal ennuple in Vn. 

(E) 1/b*m ==0, (hk=—1,2," : -,n): Curves Cy equidistant with 
respect to the curves O”; of any orthogonal ennuple of the sheaf, and vice versa, 
and each ‘pair of congruences C;, and C*, lying in a family of two-dimensional 
surfaces. 

From (24) we conclude 

THEOREM 15. If an orthogonal ennuple of normal congruences of curves 
Cr has any one of the above properties, then it also has the remaining four, 
and all congruences of the sheaf consist of geodesics. 

Let us add a few properties to the above list so as to summarize and extend 
some of our previous results. We rewrite (D) and (E) in slightly different 
form : 

(D) Curves Cr, (h—1,2,: +, n), parallel with respect to the curves 
of every congruence in Va. 

(E) Curves Ch, (h = 1, 2,-- +, n), equidistant with respect to the curves 
of every congruence in the sheaf, and vice versa. 


(F) The curves of every congruence of the sheaf parallel with respect to 
the curves of every other congruence in Vy. 


(G) The curves of every congruence of the sheaf equidistant with respect 
to the curves of every other congruence of the sheaf, and each pair of con- 
gruences lying in a family of two-dimensional surfaces. 


(H) Curves On (k= 1,2,- +, n), all normal. 


By Theorem 2, properties (A) and (B) lead to (D) ; by Theorem 5, these 
same properties lead to (F), a result superseding the former since (F) in- 
cludes (D). 

By Theorem 7, (C) leads to. (E); and by Theorem 11, (C) leads to (G), 
(G) including (E). 


1° Part of this theorem, to the effect that if (C) holds, then (A) and (B) hold, and 
conversely, has been proved by Graustein, loc. cit., p. 564, for a non-orthogonal ennuple 
in which the curves of each two congruences intersect at an angle constant along the 
curves of both congruences. 
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We recall that if an orthogonal ennuple is an ennuple of Tchebycheff, 
it consists of normal congruences.** Furthermore, if (B) is valid, then so is 


(C). Hence we have finally 


TuzormM 16. If either property (B) or (C) holds, then all the remain- 
ing properties hold. 


We shall now denote by p the sheaf containing the curves Cy, and consider 
a second sheaf p’ and the relations ‘between the angular and distantial spread 
vectors of the curves of the two sheaves with respect to an arbitrary congruence 
of curves C with unit tangent vectors é. Let C'n, (h—1,8,: >+, n), be the 
curves of any orthogonal ennuple of g’, and X’,|* their unit tangent vectors. 
Let Bn, be the angle between the curves O'r and Cr, where Bu is now a variable. 
Then 
Mit = 2 cos Bue Ax|*. 


Denote by w|° the angular spread vector of the curves O'n with respect to the 
curves O, and by v’;|* the angular spread vector of the curves O with respect 
to the curves C’;. Then 


walt = E Nal’, 
= $l 2 (cos Br Nal 43 + dx|* 8 cos Bux/0x?) 


(25) => (cos Bux pelt + Ax|* 9 cos Bix/8s), 
where s is the arc of the curves ©. And 
val = alt ty = = cos Bra velt. 


For 6’,|*, the distantial spread vector of the curves 0”, and C, we have 





(26) balt == wal? vrli = 2 (cos Br brl? + Alt ô cos Bax/8s). 
The relations between the lengths of the vectors in question are given by 


(27) 2 Vr? = > 1/r + 2 > Gti pl Alf cos Bar 8 cos Bni/0s 
t j k,l 5 


+ 2 (8 cos Bix/ds)*, 
hy 
and 
(28) 1/5? = BD 1/b + 2 z Jij bel? Arl? cos Bax 0 cos Bur/Os 
h h hk,l 
-+ 2 (9 cos Bnr/ôs)?. 
Ry 


41 Graustein, loc. cit.. p. 563. 
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The equations (25) through (28) can, of course, be regarded as the 
relations between the angular and distantial spread vectors of the n congruences 
of any two orthogonal ennuples with respect to an arbitrary congruence of 
curves C, without bringing in any notion of sheaves. 

From (27) and (28) we conclude 


THEOREM 17. The sums of the squares of the lengths of the angular or 
distantial spread vectors of any orthogonal ennuples of the two sheaves are the 
same with respect to the curves along which the angles Buz are constant. 


In particular, if all the curves C, of the ennuple of p are parallel with 
respect to a congruence of curves C along which the angles By, are constant, 
then all curves of both sheaves are parallel with respect to the curves ©. A 
corresponding result can be stated for equidistance. 

If the n congruences Or are normal and consist of geodesics, then (25) 
becomes 

pal = 2 Alf ô cos Bu/05, 
and. 
(29) 1/1/%x = z (8 cos Bux/Os)?. 


Hence, 


THEOREM. 18. The square of the length of the angular spread vector of 
any congruence of curves C in a Euclidean Va with respect to the curves of 
any other congruence of curves C is equal to the sum of the squares of the 
directional derivatives in the direction of the curves O of the angles By between 
the curves C’ and the curves Cy, (k = 1,2,- + - ,n), of an orthogonal ennuple 
of normal congruences of geodesics.** 


If the curves C belong to the sheaf p, and again the n congruences of 
curves Cr are normal and consist of geodesics, then the curves C are also 
geodesics, and (26) becomes 


Pat pal! — 3 fé 0 cos B/s, 
k 
and 
1/012 = 1/1? = J; (0 cos Bax/88)*. 
% 


Lake Erte COLLEGE. 


32 A generalization of a result for angular spreads in a V, given by Graustein, 
“ Parallelism and equidistance in classical differential geometry,” Transactions of the 
American Mathematical Society, vol. 34 (1932), p. 570. 
* 18 This theorem is a generalization of Theorem 14 of Graustein, loc. cit., p. 570. 


ON THE NON-ALTERNATING IMAGES OF LINEAR GRAPHS.* 


By Dick Wick Hatt. 


Let A and B be compact metric spaces and T(A) =B a single valued 
continuous transformation. Then T is said to be non-alternating + provided 
that for no two distinct points s and y of B does the set T-1(x) separate the 
set T-1(y) in A, i. e., there exists no separation A —T-1(x) = A, + 4: 
where 4,:T-1(y) £0 4 Aa: T1(y). If for each weB the set T(x) is 
connected, then T is said to be monotone? A connected set M is said to be 
cyclic if it contains no cut point, i. e., if M — x is connected for every æ in M. 
If Mf be a locally connected continuum, and we shall always assume that it is, 
then a subset F of M will be called a maximal cyclic subset if and only if it 
is not a proper subset of any other cyclic subset of M. A subset E of M will 
be called a cyclic element* of M provided FẸ is either (a) a maximal cyclic 
subset of M, (b) a cut point of M, (c) an end point+ of M. A cyclic element 
containing more than one point is called a true cyclic element. An arc A is 
said to span a point-set Jf if A has its end points but no other points in 
common with W. Throughout this paper we shall assume that all the linear 
graphs mentioned are connected, and that all the point-sets considered are 
imbedded in a three dimensional Euclidean space, since we deal only with 
1-dimensional sets and any such set is topologically contained in an Fs. 

In this paper a study is made of the possible images of a linear graph 
under a non-alternating transformation. It is shown that: I: A necessary 
and sufficient condition that a cyclic curve C be the non-alternating image of 


* Received July 23, 1936; Revised February 11, 1937. 

+See G. T. Whyburn, American Journal of Mathematics, vol. 46 (1934), pp. 294- 
302. This paper will be referred to as W. 

? This terminology has been suggested by C. B. Morrey. See his paper “The 
topology of path surfaces,” American Journal of Mathematics, vol. 57 (1935), pp. 17-50. 

3 See Kuratowski and Whyburn, Fundamenta Mathematicae, vol. 16 (1930), pp. 
305-350. 

+A point p is an end point of a locally connected continuum A provided that M 
contains no simple are having p as an interior point. See R. L. Wilder, Fundamenta 
Hathematicae, vol. 7 (1925), p. 858. For this particular definition of end point see 
G. T. Whyburn, Transactions of the American Mathematical Society, vol. 29 (1927), 
Theorem 12, p. 385. | 
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a linear graph is that C be the sum of a finite number of simple arcs; II: 
If B be the non-alternating image of a linear graph A, then every true cyclic 
element of B is the sum of a finite number of simple arcs; III: Every curve 
C which is the sum of a finite number of simple ares is the non-alternating 
image of a linear graph. 


THEOREM 1. If A be a linear graph and T(A) =B is non-alternating, 
then every true cyclic element of B is the sum of a finite number of simple 
arcs. 


Proof. By (W,3.4), if Er be any true cyclic element of B there exists 
a non-alternating transformation W(A) = E» such that none of the sets 
W(x) separate A; and by (W, 3.5), there exists a true cyclic element Fe 
of A such that W (E) — Er. Then none of the sets W(x) separate Ho, 
since any set which did so would also separate A which is impossible. 

Now since Fa is a true cyclic element of a linear graph we may write 


k 
E= X Ai, where k is finite and 4; = a;b; is the closure of a free are Ai. 
1 


Then W is monotone on Aj, for all 7. Otherwise, for some w in Hy, W(x) 
would separate Ha, which is impossible. Two cases may arise: (a) If 
W(a:) = W (b:) = ci for any i, then A; maps into a single closed curve 
having only the point c; in common with the rest of Hy. Consequently, since 
Ey is cyclic we must have W(A:) =, a simple closed curve. Hence 
E, is the sum of two simple arcs and the theorem follows. (b) If W(a:) 
z W(b:) for any 1, then W is monotone on A; for alli. Thus W(4i)== Bi 


k 
is a simple arc, and Hy, = > Bi, which is the theorem. 
1 


Lemma 1. If K be a cyclic curve such that there exists a linear graph 
H and a non-alternating transformation T(H) == K, and if A be any simple 
are such that K + À is cyclic, then there exists a simple arc B spanning H, 
and a non-alternating transformation Z(H + B) =K + A. 


Proof. We may assume that H is cyclic, by (W, 3.5). Let a’, a” be the 
end points of A, and b, b” any points of T-*(a’) and T-1(a”) respectively. 
Let B be a simple arc spanning H and having b’ and b” as end points. Define 
Z so that it is identical with T on H, while on B it is a homeomorphism send- 
ing B into A and such that Z(b’) =a’, and Z(b”) =a”. Then 
Z(H+B)=XK +4. 
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Moreover, T is non-alternating. Otherwise, we could find two points 
z,y in K+ À such that Z-1(x) separated Z*(y) in H+ B. Now (1): < 
cannot lie in A—K-A. Otherwise, Z> (s), which is a single point since Z 
is one-to-one on B— B- H, would separate the cyclic set H + B, which is 
impossible. (2) y cannot lie in A—K-4A, since Z is one-to-one on 
H — B- H, and no single point can be separated. (3) Consequently, both « 
and y must lie in K. Since Z-1(x) separates Z-*(y) in H + B, it follows that 
Z*(y) contains two points y and y” such that Z= (s) separates y’ and y” in 
H + B. Now not both y and y” may lie in H, since T is non-alternating on 
this set. Hence we may assume that y, say, lies in B—B-H. By the defi- 
nition of Z,B-Z-*(a) is a single point, hence Z*(x) cannot separate y from 
both b and b” say not from b’. Then, since Z-*(x) separates y from y”, it 
must separate b’ from y”. But we may assume that ye H, and hence Z*(2) 
must separate two points of H. Thus T-1(x) must separate two points of H; 
and consequently, by (W,1.41), z is a cut point of K + A, which is a 
contradiction. 

Therefore, T is non-alternating, and the lemma is proved. 


THEOREM 2. A necessary and sufficient condition that a cyclic curve C 
be the non-alternating image of a linear graph is that C be the sum of a 
finite number of simple ares. 


Proof. Necessity: This is immediate from Theorem I. Sufficiency: 
Let C = > Ai, where n is finite and each A;.is a simple arc. Let the 2n end 
1 


points of these simple arcs be denoted by dı, d2,° ` +, Qen, Where an end. point 
is counted once for each are of which it is an end point. Since C is cyclic, it 
contains a simple closed curve K, passing through: a, and as. If K, does not 
contain all the points ai, let a; be any one of these points which it does not 
contain. Then, by the three point theorem * we may find a simple arc spanning 
K, and containing a;. Thus we have found a cyclic linear graph containing 
Qı G2, aj}. Repeating this process a finite number of times we shall obtain 
a cyclic linear graph K which is a subset of C and which contains all 
of the points a. Thus K + A; is cyclic for every i. We now write 


C=K + 5 Ai, and the theorem follows at once by n applications of Lemma 
1 
1, and the addition of one of the ares A; to K at each step. 


5 See W. L. Ayres, Bulletin Académie Polonaise Science et Lettres (1928), pp. 
127-142. 


578 DICK WICK HALL. 


By a 6n-curve we shall mean a curve expressible as the sum of (n + 2) 
simple arcs having the same end points but otherwise disjoint by pairs. 

Using the same construction as that employed in Theorem 2, the following 
lemma is immediate. 


Lemma 2. Every cyclic curve C expressible as the sum of n simple ares 
having the same end points is the non-alternating image of a O,-curve. 


It can be shown that no 6. curve is the image of a 8,-curve under a non- 
alternating transformation. Consequently, since a 6.-curve A is easily expres- 
sible as the sum of two simple arcs having as end points two points interior 
to different free arcs of A, it follows that the n in Lemma 2 cannot be 
reduced. For by (W,4.6) A is not the non-alternating image of a 6)-curve, 
that is, of a simple closed curve, and hence not the non-alternating image of 
any 6,-curve for k < 2. 

Our next Jemma will remove the restriction that C be cyclic. 


Lemma 3. Every curve C which is the sum of n simple arcs Ai 
(i= 1, 2, -:,n) having the same end points a and b is the non-alternating 
image of a On curve. 


Proof. For notational reasons we give the proof for the case n = 2, 
since the general case follows in precisely the same way. 

Since every arc in C joining a and b must be in every A-set ° containing 
a and b it follows at once that C = C (a, b}, that is, C is a simple cyclic chain 
joining a and b. 

Let K be the set of all points separating a and b in C. Then, since © 
is a simple cyclic chain, we may write O = (K +a +b) + X Ci, where each 
Ci is a true cyclic element of C. 


4 
Define a 6.-curve H = $, a’x;b’, where the a’a;b’ are simple ares having 
1 


the same end points but otherwise disjoint by pairs. We shall prove that C 
is the image of H under a non-alternating transformation. 

Let azb be any simple arc joining a and b in C. Then, by the definition 
of K, it follows that K is a subset of azb. Let Z;(a’xsb’) — azb be a homeo- 
morphism defined on a’x;b’ (for each i) and sending a’ and 0’ into a and b, 
respectively. Let K;—Z;t(K +a +b). Define a transformation Z of H 





ê For definitions of the new terms used see G. T. Whyburn, American Journal of 
Mathematics, vol. 50 (1928), pp. 167-194. In connection with A-sets see also Kura- 
towski and Whyburn, loc. cit. 
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into a new curve H’ as follows: (i) Z is identical with Z; on Ki, (ii) Z is a 
4 

„homeomorphism on H — > Ki. Then H” will coincide with C at all points of 
1 


(K +a-+ b). Moreover, by the definition of Z every true cyclic element of 
H’ will consist of four simple ares disjoint by pairs except for their end points 
and joining two points of (K + a + b) in C. Thus every true cyclic element 
of H’ will be a 6.-curve. But every true cyclic element of C is the sum of 
two simple arcs having their end points in common and hence, by Lemma 2, 
every such true cyclic element is the non-alternating image of a 6.-curve. 
From the proof of Theorem 2 it follows that we may pick non-alternating 
transformations sending the true cyclic elements of H’ into those of C in 
such a manner that they will map the points of H’; K (where H’; is the 
given true cyclic element) into themselves. Thus we may define a transforma- 
tion W(H’) =C to be the identity transformation on K, and to send each 
true cyclic element of H’ into the corresponding true cyclic element C; of C 
(namely the one containing the same points of (K +a+b)) in a non- 
alternating manner. 

Let H’, be any true cyclic element of H’ and suppose that W(H’:) = Ci. 
Then, by (W, 1.41), since W is non-alternating on H’, and Ci is cyclic, it 
follows that for no « in C; does -1(æ) separate H’;. Also, by definition of 
W, the images of the end points of each free are of H’; are distinct. Thus W 
is monotone on the closure of each free are of H’;. 

Let azb be any simple arc joining a and b in H’. Then W is monotone on 
axb. To prove this it is sufficient to show that if p and q be any two points 
on azb such that W(p) = W(q), and if z be any point between p and g on 
axb, then W(z) == W(p) = W(q). Since W is the identity transforma- 
tion on K, p and q cannot both lie in K, so we may assume that p lies on a 
free arc of some true cyclic element H’; of H’. Then if q lies in H’; our 
assertion is established since WV is monotone on the closure of each free arc 
of this set. If g is not in H’;, then, since W maps disjoint cyclic elements of 
H into disjoint cyclic elements of C, it follows that q lies in some H’,, where 
Hf’ ;- HI’, = y, a single point (which may or may not be q). Let pyg be a 
simple are joining p to q in H’; + H's. Then, since W is monotone on the 
closure of each free arc of both H’; and H%,, we have W(pyq) = W (y), so 
that in particular, W(z) = W(y) = W(p) = W(q), which proves W 
monotone on uxb. 

By definition the transformation Z(H) == H’ is monotone on the closure 
of each free are of H, hence by (W,2.2), if we define a transformation 
T = WZ it follows that T is monotone on the closure of each free are of H. 
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By definition we have T(H) = W(H’) =C, so that the lemma will be estab- 
lished if we show that T is non-alternating on H. 

The set H is locally connected, hence by (W, 1.5), in order to show that 
T(H) =C is non-alternating, it is sufficient to show that for each point q eC 
and each component K of C — q, the set T-*(K) is connected. Letting q be 
any point of C, two cases must be considered. 

Case 1. qis a cut point of C. 

Then g is distinct from both a and b. Recalling that by definition 


4 
H => vxb’, it follows that B: = T7T(a’x,b’) = azb is a simple arc since T 
1 


is monotone on the closure of each of the simple arcs a’a,b’.. Since q cuts C it 
lies on all the arcs Bi, so we may write B; = azıq + qy:ıb. Then since 


4 4 4 
C=> Bi, we have C—q=—> (arq — q) +> (qyib — q) = M, + M. 
l L 1 


Then M, and M, are both connected and closed in C—gq. Consequently, 
since O — q is disconnected, these sets are mutually separated, and hence 
components of C — q. 

Let a transformation T; be defined as identical with T on a’x;b’, and 
undefined elsewhere. Then T; is monotone and T(a’x;b’ = Bi. Thus for 
every ? the sets Tit(axig — q) and T;""(qyib — q) are connected, But these 
are precisely the sets 
(1) T= (ag — q) ` (dxb), 

(2) -T> (gub — q) ` (d'zb'), 


respectively, so that the sets (1) and (2) are connected. for all i. Thus 
a’aib’ — T> (q) = T7 (arig — q) ` (zb) + T> (quid — q) : (Prb), 


and therefore, 


4 4 4 
Zarb — T (9) — VT (arig — 0): (Web) + ET (qub— g) - (d'a), 
so that | - . 
4 4 
H— T4) = Z T (arig — q): (ed) + ET (gub — 9) ` (d'a) 
=N, +N, 


and from (1) and (2), it follows that N, and N, are connected. They are 
_ evidently disjoint and closed in their sum, so they are mutually separated. 


4 
For any point ge Ni, we have T(x) e > (azıq — q) C M, so that 
1 
ae T*(M,), hence N, C T*(M,), and similarly Ne C TA(HM,). 
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Moreover, for any point s e T7-*(M,) we have T(x) e M, so that + 
T (a) none Ma. Consequently, since Na C T-*(Mz), we have z none N3; there- 
fore teN;, so that T1(W,) CN, Thus N,=T7(M,), and similarly 
N: = T> (M), so both of these sets are connected and the lemma follows for 
Case 1. 


Case 2. q is a non-cut point of C. 

We have again B; = T'(a’a,b’). If g eB; write Bi = azıb = azıq + qyib. 
Otherwise, write B; = azb. Let the a’x:b’ be numbered so that for some 
integer j, ge Ba, (1 SiS į), q non e Bi, (t >j). (If q eB; for every i, then 
we have, of course, 7 — 4 since H contains but four free arcs by hypothesis). 
Then 


4° "H j 
C—g— Sand +È (asig — q) +È (gysb — 4). 
Define 


MS Taxi — q): (deb), N =S TA (quib — q) : (a'esd’), 
1 1 
4 
Z = X T7 (axıb) - (a’xib). 
j+1 


By the reasoning used in Case 1, each of the sets M, N, and Z is vacuous or 
connected. 

Assume, first, that Z is non-vacuous. Then q is distinct from both a and b 
so that M contains a’, N contains b’, and Z contains both of these points. 
Therefore, since each of these sets is connected we have that (M +N +2) 
is a connected set. 

Secondly, if Z is vacuous, then q occurs on every simple arc Bi. If q — a, 
then M = 0, and both N and Z contain b°, so that (M + N + Z) is connected. 
Similarly, if q = b, then N = 0, both M and Z contain a’, and, consequently, 
(M +N +Z) is connected. If q is distinct from both a and b, then, since 
q does not cut C, there exist two simple arcs B; and By in C and a point pin C 
which precedes g on the arc By, but follows it on the arc B;. Then M and N 
have T-*(p) in common so that (M + N) and hence (M + N + Z) is con- 
nected. Therefore, in every event, (M + N + Z) is a connected set. 

But, since C = X T(ax;b’), we have that T7(C — q) =M +N +Z, so 
that this set is connected. Therefore, for any point q of C and every com- 
ponent K of C — q, the set T(K} is connected. Consequently, by (W, 1.5), 
the transformation T(H) = C is non-alternating, as was to be proved. 


Lemma 4. Suppose that A, C, and A+C are connected and that 
A : C = p, a single point. Let T’(A) = B and T?(C) =D be non-alternating 
10 $ 
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s; transformations such that T’ == T? on AC. Define a transformation T = T’ 
‘on A, T =T on 0. Then a necessary and sufficient condition that T be non- 
alternating on (A + ©) is that B-D==T(p). 


Proof. The condition is clearly necessary. Otherwise, the inverse of some 
point v of (B + D) — p would intersect both A — p and C — p, so that this 
inverse would be separated by TT(p) in (A+ C) which would make T 
alternate on this set. 

The condition is also sufficient. Otherwise, there exist two points y’, y” in 
(4 +C), with T(yÿ) =T(y’), and a point x in B + D such that T+ (s) 
separates y’ from y” in (A+ C). Then (i) if y and y” both lie in A or C, 
we have a contradiction to the fact that T is non-alternating on these respective 
sets; (ii) if y «A, y’eC, or conversely, then, since T(y) =T(y") and 
B- D = p, we have T(y’) = T (y”) = T (p), and thus p non e T> (s). Hence, 
by the definition of T, T> (s) cannot separate either y or y” from p; so that 
it cannot separate y from y”, and the lemma follows. 


n 
Lemma 5. If O = X A; be connected, where n is finite and each A; is a 
$ 


connected A-set (in some locally connected continuum S) which is the non- 
alternating image of a linear graph and where for no i, j (t54j) does Ay: Aj 
contain more than one point, then C is the non-alternating image of a linear 
graph. | 


Proof. By hypothesis there exists a set of disjoint linear graphs H; 
(i—1,2,: ::,n) and a set of non-alternating transformations T;(H;) = Ai. 

Consider the A-set Ai. Since C is connected, at least one of the other sets 
Ai, say A», must intersect it. Then A, + As = pis, a single point by hypothesis. 
Let pı, qı be any two points of T,*(p,2) and T;1(p:2), respectively, and 
translate H, until it has the single point pı = q, in common with H,. Then, 
by Lemma 5, the transformation 7, which is T, on M, and T, on Hy is 
non-alternating, and T1.(H, + Ha) = Ai + Ae. 

Repeating this process we may add on one A-set at a time, and at each 


poge secure a non-alternating transformation sending S H:, for example, 
into Š À; at the ras stage. It follows at once that A, inst have two points 
in common with > Aj, since if p and g were any two such points they would, 


by hypothesis, lie in different A-sets of the above sum. Then, using the fact 
that each of the A-sets is connected and locally connected, we could construct 
a simple are joining p and g and not lying wholly in Ax, which is contradictory 
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to the definition of an A-set. Thus the extension may be made in exactly the? 
same way at every stage and the lemma follows. | 


Lemma 6. Every simple cyclic chain which is the sum of a finite number 
of simple arcs is the non-alternating image of a linear graph. 


Proof. Let O(a, b) be the simple cyclic chain which is the sum of j simple 
arcs by hypothesis, and let a; (¢—=1,2,---,27) be the endpoints of these 
simple arcs. Then we may find 2j cyclic elements of C (a, b) whose sum con- 
tains all the points a;. Let n be the number of these cyclic elements which are 
distinct, and number them K; in the order in which they occur from a to b. 
Since C(a,b) is a simple cyclic chain, let it be expressed in the form 
C= (K+a4+ 6) +30%, where the C; are its true cyclic elements, and 
K consists of all those points separating a and b in C(a,b). Let azb be any 
simple arc joining a and b in C (a, b), and let x;, y: be respectively its first and 
last intersections with the set K;. Evidently z; = y; if K, is degenerate. 
Then v= 4, Yn = b, while all of the points si, y: which are distinct from 
these two are points of K. Consequently, the choice of the points £: y; is 
independent of the arc arb we used. Define Ma: = O (Ti, yi), Moi = C (Yis ist) 
as simple cyclic chains in C. Some of the sets M; may be degenerate. 

Evidently the chains M; as constructed are finite in number and 


2n-1 
C(a,b) = 5 M;. Moreover, these sets are A-sets, by definition, and for any 
1 


i, j (0547), Mi: M; contains not more than one point. Our lemma will thus 
follow by Lemma 6 if we show that, for every i, M; is the non-alternating 
image of a linear graph. This follows at once for every M2:., by Theorem II, 
since every such set is a Ki, hence cyclic, and is the sum of a finite number 
of simple arcs, since C is. Now Ma; is a cyclic chain joining y: to vin, and 
both these points belong to K. Moreover, with the possible exception of these 
two points, Mz; cannot contain end points of any of the simple arcs which go 
to make up C (a, b); whence Ms: is the sum of a finite number of simple arcs 
joining y: and ti. The lemma is then an immediate consequence of Lemma 3. 


THEOREM II. Every curve C which is the sum of a finite number of 
simple ares is the non-alternating image of a linear graph. 


Proof. Let C be the sum of j simple arcs. Then these arcs have not more 
than 27 distinct end points; whence O contains not more than 2 7 nodes,’ since 
every node of C must evidently contain an end point of at least one of the 7 


7See G. T. Whyburn, American Journal of Mathematics, vol. 50 (1928), p. 178. 
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… simple ares of which C is the sum. Let there be & nodes in C and call them Fy, 
(¢==1,2,---,h). Let pı be any non-cut point contained in Fi. Define 
M, =C (pı, p2). Let pep, be any simple are joining p, to ps and let gs be the 
last intersection of this arc with Ms. Define Ms = O (Ps, qs). In general, if 
My. has been defined let p,vm, be a simple are joining p, to ps in C and let qr 


be its last intersection with SH. Define My = C (Pr; x). 

Evidently, C == SM, and each M; is the non-alternating image of a 
linear graph by virtue of Lemma 6. Moreover, the conditions of Lemma 5 are 
obviously fulfilled so that the theorem follows by virtue of that lemma. 

The converse of Theorem III is false. For, let D be any dendrite which 
is not the sum of a finite number of simple arcs (and such a dendrite may 
easily be constructed). Then, by (W, p. 301), D is a boundary curve, and 
hence, by (W, 4.6), D is the non-alternating image of a circle, which is cer- 
tainly a linear graph. Therefore, the non-alternating image of a circle need 
not be the sum of a finite number of simple arcs. 
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REPRESENTATIONS IN CERTAIN PURE FORMS OF DEGREES 
HIGHER THAN THE SECOND.* 


By E. T. BELL. 


1. Introduction. The method of Lagrange’ for finding parametric 
solutions of certain diophantine equations may be taken as the point of de- 
parture for obtaining representations of integers in special forms of degree = 2. 
This will be illustrated by starting from the equation 


(1.1) a’ + b? + po? = 0, pabe Æ 0, 


in which p is a constant integer. Numerical examples are given in § 5. 
Another method is indicated in § 6, with examples. Throughout the paper, 
T, Y, Z, u, V, w denote real or complex variables, other small letters, rational 
integers. Without loss of generality a, 6 may be taken coprime, (a,b) — 1, 
and any divisor 7° of p may be absorbed in c if desired. It was shown by 
Lucas ? that if {d} denotes d divided by the greatest cube divisor of d, a neces- 
sary and sufficient condition that (1.1) have a solution is that p be of the 
form {st(s + ¢)}. 

If (a, b, c) = (an, bn, Cn) is any solution of (1.1), (@ns1, Ons1s Cns1) is also 
a solution, where 


(1.2) dns = an (an + baè), bna =— bn (2n + Bn), Cari = On (an? — br’), 


and if (ans Pris Cna) Æ (kan, kbn, ken), the two solutions are said to be 
distinct.* A parametric solution of (1.1), due to Lucas, is 


(1.3) a= z — y? + bry + 382y?, b =— r + y? + Ba’y + bay’, 
c= 3 (x° + sy + 4°), —p=ry(e+y); 


if a, b, c, p are integers, +, y run through all integers. By means of (1.3), 


* Received April 30, 1937. 

* Supplement to Euler’s Algebra; see also R. D. Carmichael’s Diophantine Analysis. 

2E. Lucas, American Journal of Mathematics, vol. 2 (1879), p. 184. The paper 
by L. Holzer in Journal fiir Mathematik, vol. 159 (1928), pp. 93-100, discusses the same 
equation, and obtains (incidentally) some of the results of Lucas and Sylvester, whose 
papers on the subject appear to have been overlooked by the author. 

° Lucas asserts, loc. cit., p. 185, that if |a] |b |, there is an infinity of distinct 
solutions. This has not been proved. 
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“Lucas solved (in particular) (1.1) with p—6, which Legendre had mis- 
takenly asserted to be unsolvable in integers. 


2. Identities from (1.1). Let (a,b,c) be any solution of (1.1), with- 
out the conditions (a, b) = 1, | c | free of cube divisors > 1, so that 


(2. 1) a’ + b? + po? = 0, pabc = 0. 


We shall determine the parameters w, v, y, z so that, identically in w, £, y, 2, 


(2.2)  (aw+ x) + (bw + y) + p(cw + 2)*= 34w + B, 
with A, B independent of w. 
‘Lemma 1. If x, y, z are such that 
(2.3) we + by + pez = 0, 
where (a,b,c) is a particular solution of (2.1), then identically in w, x, y, 2, 


(2.4) poil (aw +2)" + (bw + y)* + p(cw + 2)°] 
= — (bx.— ay)? (3abew + bes + cay + abz). 


For, from (2.1), (2.2) we get (2.3) and A = az? + by? + pez, 
B = a + y + pz’; whence, eliminating z by (2.3) we have 
— peA = ab (bs — ay)’, 
peB = (br — ay)’ [b (2a + 6°) a + a(a® + 26°) y]. 
Hence, if (2. 2) be multipled throughout by p°cf, the right becomes (be — ay)?F, 
F= — [Babpe'w — (2a + b°) ba — (af + 20°) ay]. 
F = — [8abpe'w — (a — pe*) ba — (b? — pc*)ay], 
= — [p (3abw + ba + ay) — ab (œs + b?y)], 
= — pe? (3abcw + bex + cay + abz); 
which completes the proof of (2. 4). 


Lemma 2. If, without loss of generality, (a,b) = 1 in (2.1), so that 
(integers) r, s may be determined such that 


(2. 5) wr + bs = — 1, 
then, identically in w, u, v, 


(2.6) (aw + preu + bw)? + (bw +- pseu — aw)? + p(ew + u)? 
= — pM? (3abew + R), 
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where M = (br —as)u — cv, 
Re (prb + psac + abhu + (b5— a). 
For, from (2.5), (2.3) we get 
| (©, Y, 2) = (preu + bw, pseu — av, u), 


. with (u,v) arbitrary, and the result follows by (2.1), (2.4). 
In (2.6) we now choose'(u, v) = (m,n), m n integers, and reduce the 
right numerically. If [y] is the greatest integer in y, we write 





> 
(2.7) [Hi]. =g R,  e=sgn (abcR) 


after having replaced (u,v) by (m,n) in R, where sgn y denotes 1,0, —1 
according as y > 0,y=—0,y<0. Then 


(2.8) [R|=38labc|G+p, O0Sp<38|abc|. 
Replacing w by w — eG in 3 abcw + R we find 8abew + np. 
Lemma 8. With G, p as in (2.7), (2.8), 
(aw + pre?m + bn — aG)? + (bw + psem — an — bG)’ : 
+ p(cw + m — G)’ == — pM? (8abew + mp), 
identically in w, where 
M = (br — as)m — cn, 
and a, b, c, r, s are as in Lemma 2. 
Returning to (2.6) we recall that (r,s) are defined by (2.4). Let 
(2. 9) (br — as, c) =g. ` 
Then integers h, k may be found such that 
(2. 10) (br — as)h — ck = g, 
and (2.12) is a solution of 
(2.11) (br — as)u — cv = gz, 


(2. 12) u = hæ + cy, v = kæ + (br — as)y. 
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Lemma 4, With r,s, g, h, k as in (2.4), (2.9), (2.10), 
— pgr? (Babew + R) = X? LYS + 7H 
identically in w, x, y, where 


X =aw + (prh + b?k)x + ay, 
Y = bw + (pse?h — a?k)a + by, 
Z = cw + hr + cy, 
R= [h(prbc + psa? + ab) + k(b5 — a) ]x 
+ [e(prbc® + psac® + ab) + (br — as) (b? — at) Jy, 


and a, b, c are as in Lemma 2. 


As in Lemma 2, R in Lemma 4 may be reduced numerically when a, y 
are integers. Write 


(2. 18) p= h(prbe® + psac® + ab) + &(b® — a?) 
o=c(prbe® + psac* + ab) + (br — as) (b? — a) ; 


p, o are integers, and in Lemma 4, R == pa + oy. 
3. Consequences of Lemmas.3, 4 In Lemma 3 take w —0. Then 


THEOREM 1. With M as in Lemma 3, every +: ppM? (integer) is of the 
form a + B° + py’, with a, B, y integers, and with at most 3 exceptions 
M = 0, all of a, B, y may be chosen = 0. 


In Lemma 4 take w—0;y—0. Then 
THEOREM 2. Every +pg’ox*y, and every + 8abcpg?x*w is of the form 
XS + F + p(Z + g?n*), 


with o, p as in (2. 13), g as in (2.9). Ifa, y, w are integers, X, Y, Z, U may 
be chosen integers, and in each case with at most 4 exceptions, all different 
from zero. 


4. Further consequences of (2.3). Returning to Lemma 1, we now 
find common solutions (x, y, z) of (2.3) and 


(4.1) ba — ay = hpe. 


Assuming (without loss of generality) as before that (a,b) == 1, we can find 
f, g such that 
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(4. 2) bf — ag = 1. 
Then the solution of (4.1) is 


(z, y) T (hpef + ka, hpeg + kb), 


and this will give z an integer in (2.3) provided 


pe? | (hpef + ka), po? | (hpeg + kb). 
Hence 


plk k= tp; elk, c* le; h=me, t=—ne?, 
and a common solution of (2.3), (4.1) is 


(4.3) e= po(an-+ fo), y= pe (bn + gv), 
z = pn — (a?f + b?g)v. 


Replacing w by w — pe?n in (2.4) and reducing the result we find 


Lemma 5. If (a,b,c) is any solution of (2.1) with (a,b) —1, and 
f, g are determined by (4.2), then, identically in w, v, 


(4.4) (aw + pèfo)? + (bw + pègo)? + plow — (af + Bg) 0]? 
. = — pv [8abow — {a° — (Bag + 1)pc}v]. 


For numerical reductions of (4. 4) we write 


(4. 5) A == 3abc, B= (3ag + 1)pe — a; . 
|B|=Q0|4| +F, 0590, 0SRF<[A|; 
sgn (AB) =e, s&n B =q. 


Lemma 6. With the notations of Lemma 5 and (4.5), 
(aw + av)? + (bw + Bv)? + pe + yo)? =— p? (Aw + Ro), 
identically in w, v, where | 
am pef—anQ, . B=pég—dQ, —y= af + bg + eQ. 
Since every integer n is of the form rs? in at least one way we have 
THEOREM 8. Every 8abcpn is of the form 
a? + BY + p(y? + NB) 


with the notation as in Lemma 6; and with at most 3 exceptions n, all the 
integers a, B, y, à may be chosen Æ 0. 
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THEOREM 4, In the statement of Theorerm 2, x°y and °w may be 
replaced by n, 


5. Identities with fourth powers. By integrating the identities in the 
preceding lemmas with respect to the parameters between suitable limits we 
ascend from identities involving cubes to others involving fourth powers. It 
will be sufficient to illustrate the general process for Lemma 6; the actual 
ascent in numerical examples is most readily made directly from the examples. 
Integrating with respect to w between the limits 0 and w we find 


Lemma 7. Identically in w, v, 


be(aw + av)* + ca(bw + Bv)* + pab(cw + yv)* 
— (beat + cap + paby*) vt == — 2pv?w(Aw + 2nRv), 


the notation being as in Lemma 6. 
Integration with respect to v between the limits 0 and v gives 


Lemma 8. Identically in w, v, 


3[By (aw + av)* + ya(bw + Bu)* + pap (cw + yv)* 
— (Byat + yabf + paBc*)w*] 
==— po? (4Aw + 8nRv), 


the notation being as in Lemma 6. 


For w = 1 or v = 1 the last two give theorems for fourth powers similar 
to those for cubes. 


5. Numerical examples. An indefinite number of special results are 
furnished by the preceding lemmas and theorems for particular solutions of 
(2.1). It will suffice to illustrate Lemma 6 (a further, more systematic 
solution from the numerous results on hand will be given on another occasion). 
The obvious. solution (a, b, c, p) == (a, b, —1, a + b°) gives some interesting 
results for various a, b. 

The choice (a, b, c, p) = (1,1, —1,2), (f, g) = (1,0), gives A = — 3, 


B =— 3, Q =1, R—=0,e—1, 7 =— 1, «= 1, B=—1, y= 0. Hence 
(by Lemma 6), 
(5.1) (w +v) + (w — v)? — w = bwr, 


a well known identity. 
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(5.2) Every 6n is of the. form aè + b? — 2c, and if n > 1, we may choose 
a,b,c > 0. 


The iteration (1.2) applied to (a,b,c) = (1,1,—1) gives 
(a, b, c) = (3, — 3, 0), 
not a solution of (2.1) since here pabc = 0. For 
(a, b,c, p) = (2, —1, —1, 7) 


we take (f,gi = (— 3,1) and find A =6, B=— 57, Q—9, R=83, 
e=—Il1,y7—1, « = — 3, 8 = — 2, y—2: 


(5.8) (2w — 8v)? — (w + 2w)? — 7 (w — w)? = — 210? (2w — v). 
- Replace w by — w. Then 


(5.4) Every 42n is of the form aè — b? + (œ — 34), and if n > 2, we 
may take a,b,c,d > 0. 


Iteration as in (1.2) of (a, b,c) = (2, —1,—1) gives the new solution 
(a, b, c) = (4,5, — 8) of (1.2) with p—7. For this we find (f,g) = (1,1), 
A =— 180, B = — 2521, Q = 14, R = 1, e = 1, y =— 1, « = 7, B= — 7, 
y=l: 


(5.5) (4w + w)? + (5w — Tv) — 7(3w — v)? = w? (180w + v). 


(5.6) Every 1260n is of the form œ + b?— (œ + d5), and if n>1, 
we may take a,b, c, d > 0; by (5.4) every 1260n is also of the form 


a — b? + 7 (e — 34) 
with a, b, c, d > 0. 


In the same way we find the following. From (a, b,c, p) = (2, 1,— 1,9), 
(5.7) (2w + 3w)? + (w — 3v)? — 9 (w + v)? = w? (6w — v) ; 
from (a, b, c, p) = (2, 3, — 1, 35), 


(5.8) (2w + ww)?’ + (8w — Yv)’ — 35 (w — v)? = 8507 (18w + v); 








from (a, b, c, pì) E (8, — À, — 1, 19), 
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(5.9) (2w + 5v)? — (3w — 2v)? + 19 (w — 2w)? = 1902 (18w — v) ; 
from (a, b, c, p) = (5, — 4, — 1, 61), 

(5.10) (4w + 18v}? — (5w + v)! + 61 (w — 3v)? = 183v? (20w + 3v). 


From (5.7)—(5.10) we write down the results corresponding to (5.6), 
etc. Thus from (5.10), 


(5.11) Every 3660n is of the form a’ — b? + 61(c? — 945), and if n > 3, 
we may take a, b, c, d > 0; every 183(20n + 3) is of the form aè — b? + 61c, 
and if n > 8, a b,c > 0. 


One example of § 4 will suffice. Integrating (5.7) with respect to v 
between 0 and v we get 


(5.12) (2w + 8v)* — (w —3v)* + 3[4wt + Out —9(w + v)*] = 216w0$ ; 


(5.13) Every 2Y(8n—1) is of the form a*— bt + 3(4c*—9d*), with 
a,b,c,d4d>0ÿn>s. ` 


We give some miscellaneous examples, illustrative of general devices. 
Taking v = + (1,2,3) in 


(20w — 3v)? — (17w — 3v) è — 9 (Yw — v)! = w (6w — v)?, 
obtained by the preceding methods, we get 


(5.14) (20w — 3)? — (17w — 3)! — 9 (w — 1)? = 9 (6w — 1)?, 
8 (10w — 3)? — (17w — 6) — 9 (Tw — 2)? = 72 (3w — 1)?, 
(20w — 9)® — (1u — 9) — 9 (Yu — 3)? = 243 (2w — 1)?, 
64 (5w — 3)? — (17w — 12)? — 9 (Yw — 4)? = 144 (3w — 22, . 
125 (4w — 3)? — (17w — 15) — 9 (Yw — 5)? — 45 (6w — 5)?, 
8 (10w — 9)? — (17w — 18)? — 9 (7w — 6)? = 1944 (w — 1)?. 





Hence, for example, every Y2 (3n — 1)? ts of the form 8a® — b? —9c°, with 
a, b,c>0 tf n>0. An interesting specimen of this kind, from another 
identity, is 


(5.15) Every 168n? is of the form a® + 8b? — Yc, with a, b,c > 0 if n >0, 
and every 21(2n + 1)? is of the form aè +. 68 — Ye, with a, b,c > Oifn = 0. 
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Another kind is illustrated from the pair 


(2w + 83w) + (w — 3v)? — 9(w + v)? = 90? (6w — v), 
(2w — wo)? + (3w + ww)? — 85 (w + v)? = 35v (18w — v). 


In the first replace w by 3w and subtract from the second. Then 


35[8 (2w +0)" + 8(w—0)° — (3w +v)? + (w + 0)*] 
= (2w — w) + (Bw + w)’. 


In this we now make any term, say (3w + 7v)®, equal to 2°. Hence (in this 
case) w == — Êx — Yu, v = s + 3u, and we get 


(5.16) «= (11s + 35u)° + 35[ (Se + 18u)? 
— (z + 4u)? — 38 (8r + 10u)? — 3 (8x + 11u)*]; 


(5.17) Every n° is of the form aè + 35 (b3 — cè — 3d? — 3e), and if n = 0, 
all of a,- - - , e may be chosen > 0 in an infinity of ways. 


Integration of (5.16) gives 


(5.18) “at == (117 + 35u)4 -+.7[11 (5s + 18u)* + 224u*] 
— 385[ (s + 4u)* + (8x + 10u)* + (8x + 11u)*]; 


and hence, on replacing u by tiu, 


(5.19) æ—1881(x + 35u)* + 7[ (5a + 198u)* + 42592u4] 
— 35[ (x + 44u)* + (8x + 110u)* + (3x + 121u)*]; 


(5.20) Every n* is of the form 
133104 + 7 (bt +. 4959904) — 35 (dt + et + f*), 


and all of a,- --,f may be chosen > 0 in an infinity of ways if n 4 0. 
Differentiation of (5.16) with respect to x gives 


(5.21) 2°—11(117 + 35u)? + 35[5 (57 + 18u)? 
— (a + 4u)? — 9(8x + 10u)? —9(3z + 11u)7]; 


(5.22) Every n° is of the form 11a? + 35 (56? — c? — 9d* — 9e?), and if 
nÆ 0, all of a,- + -,e may be chosen > 0 in an infinity of ways. 


Differentiating (5.16) with respect to u, and replacing æ by 16w — 85v, 
u by —5w + 11» in the result, gives 
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(5.23) w? = 4 (4w — w)? + 3[10 (2w — 50)? 
+ 11 (Yw — 16u)? — 6 (10w — 23v)°] ; 


(5.24) Every n° is of the form 4a? + 3(10b? + lic? — 64}, and if n0, 
all of a,- - : , d may be chosen > 0 in an infinity of ways. 
Differentiation of the last of (5.14) gives 
(5.25) 80(10w + 1)2—17(1%w — 1)? — 63 (7w + 1)? = 1296; 
(5.26) Every 1296n is of the form 80a? — 17b? — 63c?, with a, b,c > 0. 


A general result of the last type follows from Lemma 6, with the notation 
as there: 


(5.27) Every — pabev? is of the form 
a(aw + av)? + b(bw + Bu)? + po(ew + yo)’. 
An example of Lemma 2 with c ~—1 : 
(5.28) 17(7w + 107v)? (au — 31v)*§—(18w + 275v)? == 1703 (378w — 55v). 
The substitution w = 8x + 55y, v = — 55a + 378y transforms (5. 28) 
into 


(149812 — 104940y)° + (17182 — 11663y)® — 17 (5829 — 40831y)° 
eo 3784)?; 


hence every 17(878n — 55)? is of the form af + b? — 17c, and g n>, 
all of a, b, c may be chosen > 0. 


6. Sadoni method. This can be applied to any number of terms, here 
illustrated for 3. Let a,- - - ,y be such that 


(6.1) a+b+c—a+p+y=0,. abe. 
Then, identically in a, y, 


(6.2) (ax + ay) + (be + By) + (ce + yy) = 0. 


‘Two integrations of (6.2) with respect to £ between the limits 0, x give 


or 
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(6.8) be (ae + ay)? + èa (be + By)? + ab? (cs + yy)? 
= y’ [3abe (bca? + caf? + aby?)x + (bPa + ea p? + aby )y] 


and it is clear that the restriction abc=£0 in (6.1) may be suppressed. 
A simple reduction by (6.1) gives 


bea? + caB? + aby? = — (ba — aß)’, 
bca + eap + aby — (ba — af)’ [a (a + 2b)B + b(8a +b)a], 


and we have 


Lemma 9. Identically in a, y, 


BC? (as + ay)? + ea (be + By)° + ab? (ce + yy)" 
| = — (ba — ap)°y°[3abez — {b(2a + b)a + a(a + 20)B}y], 


where a,- + * ,y are such that 


a+b+c=a+B8+y—0. 


If (a,b) = d, and (a, b, c) = d (1, bi, ¢1), the identity resulting from the 
last has (a, b, c, æ) replaced by (a1, bı, ¢1, dx), or, dropping suffixes, we recover 
the preceding identity with (a,b,c) = 1 and x replaced by dz. Hence there 
is no loss in generality in assuming (a, b) == 1 in Lemma 9.. We can therefore 
` choose f, g as in (4.2), and get as the solution of ba — aß = u, 


(6. 4) . a = fu + av, B = gu + bv. 
Hence, from Lemma 9, follows 


LEMMA 10. If, without loss of generality, (a,b) — 1, and f, g are such 
that bf — ag = 1, then, identically in w, z, 


(a + b)?[b?(aw + fz)? + a (bw + gz)?] —a*b*[ (a+ b)w + (F+ 9)z]? 
= z’ [3ab (a + b)w + {(a + 2b)ag + (Ra + b)bf}z]. 


In obtaining this, the following change of notation was made, æ + vy = w, 
uy =z. We give a few of the simplest examples. For 


(a, b, f, 9) = (3, — 2, pn 
we get 
(6.4) 9(2w + z2)? + 86w? — 4 (8w + z)? = 27(18w + 5z); 
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(6.5) Every 18n + 5 is of the form 9a? + 36b* — 4c?, with all of a, b, c > 0 
ifn > 0. 


From (a, b, f, g) = (4,— 8, 1,— 1), 
(6.6) 16(8w + 1)° + 144w — 9 (4w + 1)? = 36w + 7; 


(6.7) Every 86n +7 is of the form 16a + 144b — 9c, with all of 
a,b,¢c>0ifn>0. 
(6.8) If (a,b) —1, bf — ag = 1, every 


8ab (a + b)n + {(a + 2b)ag + (2a -+b)bf} 
is of the form 
a (a + b)2AS5 + b7(a + b)2B5 — a7b7C%, 


and with at most 3 exceptions n, all of A, B, C may be chosen > 0. 
Differentiating the identity in Lemma 10 with respect to w we get 
(6.9) Every n? is of the form 
(a + b) (aA? + bB?) — abC?, 


where (a,b) = 1, and all the integers A, B, C may be chosen 54 0 in an 
infinity of ways. 


We have 
A=bm+gn,  B—amtfn O= (a+b)m+ (f+g)n, 
where m is an arbitrary integer, and f, g are as in Lemma 10. 


7. Simultaneous solutions of (2.1). Let (a, b,c)(a«,B,y) be two dis- 
tinct solutions of (2.1). Then, identically in x, y, 


(az + ay)? + (be + py)? + p(ex + yy)? = 32y (Pe + Qy), 
Pa aa + bB + pey, Q= aa + DB? + poy’. 
Write 
(7.1) Am -+ 2b, B= LR, C=a— Bb, D= af + abl + BS, 


so that (a, B, y) == (ad, — bB, cC) is the first iterate of (a, b, c) obtained by 
(1.2). A short reduction gives 


(7.2) P—0, = — 9pañb$cs; 


(7.38) a (a+ Ay)? + (s — By) + pe? (x + 0y)? = — 27 pa dietary’, 


we if, 
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(7.4) If (a,b,c) is any solution of (2.1), every —2%pa*b®c’n, and every . 
— 2Y pab cn’, is of the form ae + bf? + peg’, and with at most 3 excep- 
tions n, in each case, efg 4 0. 


In (7.8) we take & = y and find 
(7.5) A two-fold infinity of solutions of 
at fy — (ut + 08) (28 ut) 
in integers x, y, 2, W, U, v is 


s =a(1 + af + 268), u = 4, z = 1 + af — b, 
y = b (1 — Rai — D), v= D, w = 8ab, 


where a, b are arbitrary integers. 


Integrating (7.3) with respect to x from 0 to x, and reducing the con- 
stant of integration, we find (see (7.1)), 


(7.6) a? At + B°B*t + pCt = 27 pa®bsc*D ; 


(7.7) a(x + Ay)* + b° (s — By)t + po (s + Cy)* + 2%pa%b*oDy* 
= — 54a%b*e%a?y?; 


(7.8) If (a,b,c) is any solution of (2.1), every 54pa*b®c*n? is of the form 
27 pas bc Dd* — aa* — b3 pt — y, with 8, a, B, y > 0 
if n is different from — a — 20°, 2a? + b3, b? — a3. 


Integrating (7.7%) with respect to y from 0 to y, and reducing as before, 
we find 
(7.9) @BC—b°CA + pèAB = 9pañbes; 


(7.10) aBC(2%-+ Ay)’ —b°CA (a — By)’ + pe?AB(a« + Oy)’ 
+ 27pa b° ABCDy? -— 9pasbicha5 
= — 90pa5b*c®A BC x74? ; 


(7.11) Every — 90pa*b* ABCn?, and every 90pa*b*c8 ABCn*, is of the form 
aBCa’ — CAB + pè ABy + 9pa5b3c3 (34 BODS — ë), the notation being 
as in (2.1), (7.1), with aByde40 if n34— A, B, —C for the first, and 
aByde = 0 for the second. 

11 
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Integration of (7.10) with respect to x between 0 and x, and reduction 
of the constant of integration, gives 


(7.12) afA5— B°BS + pC = 9Jpa*b*c ABC; 
(7.18) —a®BC(x + Ay)? + b°CA (x — By)? — pèAB (x + Cy)® 
+ 8pañb$c® (82° — ABCy°) (1° — BABCy*) 
= 162p b" ABCDay’ ; 
(7.14) Every 162pa%b*c°ABCDn is of the form 
3pa*b3c? (38° — ABCE) (8 — 3ABCé) — BO! + bCABS — pSABy, 


the notation being as in (2.1), (7.1), and with at most 8 exceptions n, all of 
a: + *,e may be chosen > 0. 


The processes of this section can obviously be continued indefinitely. From 
(7.12) we note that 


(7.15) For an infinity of integers p, 
eu + pos — pew = Jpr y uv 
is solvable in integers x> + + with zyzuvw = 0. 
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ON THE NORMAL FORMS OF LINEAR CANONICAL 
TRANSFORMATIONS IN DYNAMICS. 


By Jonx WILLIAMSON. 


Let n be the number of degrees of freedom of a linear conservative 
dynamical system and let the point (qu q2,° - +) Qn; Pas Pas” * ‘> Pn) of the 
phase space be denoted by £= (2:,22,: ` `, Tzn). A system of 2n ordinary 
differential equations of the first order, which are homogeneous, linear and 
do not contain ¢ explicitly, is a canonical system, if, and only if, the differential 
equations can be written in the form 


where H is a real symmetric matrix of order 2n and G is the skew symmetric 


matrix = A and # the unit matrix of order n. A non-singular linear 


transformation 
y = At 


is said to be a canonical transformation, if it transforms every linear canonical 
system into a linear canonical system. It is known that the transformation of 
matrix A is canonical if, and only if, 


(i) AGA = sG 


where s is a constant.! It can be assumed without loss of generality that? 
== 1 and accordingly we shall call a matrix A a canonical matrix if it satisfies 
(i) with s == + 1. 

In a previous paper ° normal forms for dynamical systems under canonical 
transformations were found and here we determine normal forms for canonical 
matrices under canonical transformations. These normal forms are not com- 
pletely determined by the elementary divisors of the canonical matrix, so that 

two canonical matrices, which are similar, are not necessarily similar under a 
canonical transformation. 


1A, Wintner, “On the linear conservative dynamical systems,” Annali di mate- 
matica pura ed applicata, ser. 4, tomo 13 (1934-35), pp. 105-112. 

2E. R. van Kampen and A. Wintner, “ On the canonical transformations of Hamil- 
tonian systems,” American Journal of Mathematics, vol. 58 (1936), pp. 851-863. 

2 John Williamson, “On the algebraic problem concerning the normal forms of 
linear dynamical systems,” American Journal of Mathematics, vol. 58 (1936), pp. 141-163. 
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When considering the solutions of the equations of variation belonging 
to a periodic solution of conservative non-linear dynamical systems, the question 
of the occurrence of secular terms is known to depend on the elementary 
divisors of a canonical matrix.‘ In fact the degree of the highest secular term 
oceurring is determined by the greatest exponent of the elementary divisors. 
For this reason, it is of interest, that it is possible for a canonical matrix to 
have an elementary divisor of order 2m (§ 6, Result ITI,)° 

In the following sections the problem is considered from a purely algebraic 
point of view and in section 1 is reduced to a simpler one of a similar nature; 
sections 2 and 3 are devoted to the proofs of preliminary lemmas, while the 
main results are obtained in the remaining sections. 


1. Simplification of the problem. Let Æ be the unit matrix of order n 


and G the skew-symmetric matrix G = 2: J of order 2n. A real matrix 
À: is said to be a canonical matrix, if 
(1) AiGA’; = G, 


where A’; is the transposed of Ai. We shall be interested in determining 
necessary and sufficient conditions that two canonical matrices A, and A» be 
similar under a canonical transformation; in other words that there exist a 
third canonical matrix Ag, such that 


(2) A2 = A;A,A37. 


We first reduce this problem to a somewhat simpler one. 

If A, and 4, are two canonical matrices, which are similar, and a matrix | 
Q, to be specified later, is similar to A,, then Q is similar to Az. There exist, 
therefore, two non-singular matrices R, and Ra, such that 


(3) RAR =Q (i= 1,2). 
The matrices 
(4) RGR’, = 8; (i=1,2), 


are skew symmetric and are left invariant by Q, that is, satisfy the equations, 


4A. Wintner, “ Three notes on characteristic exponents and equations of variation 
in celestial mechanics,” American Journal of Mathematics, vol. 58 (1931), pp. 605-625. - 

*This result could be deduced by suitable modifications from papers by Alfred 
Loewy, “ Allgemeine bilineare Formen mit konjugirt imaginären Variabeln,” Abhand- 
lungen der Kaiserlichen Leopoldinisch-Carolinischen Deutschen Akademie der Natur- 
forscher, Band 71. S.S. 378-446, Halle (1898), and T. J. I'A. Bromwich, “ Canonical 
reduction of bilinear forms,” Proceedings of the London Mathematical Society, vol. 32 
(1900), pp. 321-332. 
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(5) QSR = 8; (i= 1, 2). 


Thus, if Q is any matrix similar to the two canonical matrices A, and As, 
there is associated with A, a skew symmetric matrix S, and with A, a skew 
symmetric matrix S2, both of which are left invariant by Q. 

We now prove 


THEOREM 1. A necessary and sufficient condition, that A, be similar to 
Az under a canonical transformation, is that there exist a non-singular matrix 
H, such that 
(6) HQ = QH, 


and that the two skew symmetric matrices Sı and Sa, associated with A, and 
As, satisfy 
(7) HSH’ as So. 


Proof. Let a matrix H satisfying (6) and (7) exist. Then 


Aa = By*QR, = Re HQH-R, by (3) and (6), 
= Ro AR, A, RHR, by (3), 
= A;A,A57, 


where Az = R.A HR,. Further 


A GA" = RHR GRH (Re)! = Ry*HS8,H' (Rs)! by (4), 
= Er (RY = G by (7) and (4). 


Hence À, is a canonical matrix. Conversely, if (2) is satisfied and A; is a 
canonical matrix, the matrix H == R,A,R,~ satisfies (6) and (7); for 


HQH =F RAR ORAS Ret _—- R,A,41,A37 Rt caress RAR — Q and 
HK, H =g RARS, (RYA nee RAs GA’,R’, — E.GR’, = So 


Since, in the above, Q is any matrix similar to Ai, we are at liberty to 
choose Q in a suitable normal form. Then, if S is any real skew symmetric 
matrix satisfying the equation 


(8) QSR = 8, 


we shall determine a normal form for $ under transformations by matrices 
permutable with Q. If HQ — QH and HSH’ —8,, we shall call the trans- 
formation by the matrix H an admissible transformation and shall write 8 ~ Sy. 
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2. Preliminary lemmas. When R is a square matrix of order m, we may 
consider À as a matrix of matrices and write 


(9) R = (Ri) (i j = 1, 2,- st), 
where À;; is a matrix of r; rows and r; columns and ri + ra +: -+r =m. 
If is a second m-rowed square matrix and $ is written as a matrix of matrices 
(10) S = (Si) ; (i,j = 1,2,---,#), 


where $;; is also a matrix of r; rows and r; columns, we shall say that R and S 
are similarly partitioned or that (10) is a partition of S similar to that of R 
in (9). Ifin (9), when ‘is different from j, R:; is the zero matrix, we shall 
call R a diagonal block matrix and write 


R == (Bu, Roa, Ca ory Ret]. 
Lemma 1. If the matrices Sı, Sz and Q satisfy (5), then S = MS, 
where MQ = QM. 
Proof. Since S, and 8, are non-singular, Q is non-singular and accordingly 


(Q) = SRS = 82°98), 
so that 


829,719 = Q8.817. 
If M = §,8,-1, then MQ = QM and 8, = MS. 


Lemma 2. If Q= [Q Q:] and no latent root of Q, is the reciprocal 
of a latent root of Qo, a matrix S, which satisfies (8), is of the form [S,:, S22] 
and 


Qiii = Sit (i— 1,2). 
Proof. Let | | 
8 = (8:3) (j= 1, 8), 
be a partition of $ similar to that of Q. Then 
(11) QuSi5 = Su (a) (4,7 — 1,8). 


Since, by hypothesis, no latent root of Q, is the reciprocal of a latent root of Qs, 
no latent root of Q, is the same as a latent root of (Q). Therefore, as a 
consequence of (11), Siz2==0. Similarly Sz, = 0 and the lemma is proved. 

Lemma 3. Let Q = [Q Qe] and let S be a skew-symmetric matrix 
satisfying (8). If S = (Su) (i, j — 1,2), is a partition of S similar to that 
of Q and, if 81, is non-singular, then 

S = 81, 

where Sy = [Sins Too]. 
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Proof. Lei E; be the unit matrix of the same order as Q; and H be the 


matrix 
E, 0 
H= (= SoS B) 
As a consequence of (11), 


S2:87Q1 = Sai (Q’1) 783 == QSS. 
Hence HQ = QH. Since § is skew-symmetric, 


EF, 0 S 1 8. 2 E — SIS 2 ` 
HSH’ = 2 SaS 2.) es ( 0 m ) = [Si Poe], 
where Tor = S22 — 821871 Sie- 


8. Normal form of Q. Let p be a real number or else the two rowed 
real matrix 


p=( 5 A where b = 0. 


Let Æ; denote the unit matrix of order e; and U; the auxiliary unit matrix 
of the same order. The matrix, 


(12) P, = pE: + pli, 


has the single elementary divisor (A— p)°®t or the two elementary divisors 
(A—a- ib)“, (A—a—ib)%, according as p is a matrix of order one or 
two.” The diagonal block matrix, 


(13) T == [Pa Pat i +: Pel 

has therefore the elementary divisors (À — p)* or (A—-a + 2b) %, (A—a—1b) % 
(j=1,2,---+,t). We may take Q in the normal form, 

(14) Q = [ri Ta," ‘> mx], 


where the matrix r; is obtained from r.in (13) by writing p; for p, e:; for ei 
and ¢; for ¢. Further p; ~ pi, if j is different from 1. 

If H is a matrix commutative with Q, H is a diagonal block matrix 
[H Ha: - +, Hy], where 


(15) Him; = mH; (j =1,2,: S -,k). 


$ Cf. Turnbull and Aitken, Canonical Matrices, p. 62. 

1 By the elementary divisors of a matrix A we mean the elementary divisors of 
A— E. 

8 John Williamson, “ The booba and nilpotent elements of a matrix,” American 
Journal of Mathematics, vol. 58 (1936), p. 477. 
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But the form of a matrix H; satisfying (15) is known? In fact, if Wr = rW 
and W = (Wi;) (4,7—1,2,---,#), is a partition of W similar to that of r 
in (13) and, if e: = e;, then 


Wa (4) and Wi = (0, Fiji), 


where F;; and Fj; are square matrices of order e;. Moreover Fi; and Fj, are 
both polynomials in U; with coefficients, which are polynomials in p. More 
exactly 


ej-i 
Fij = È fiia(p) 03%, 
a=0 
while 
el 
(16) Pry = È fial P) U. 


If à denotes the matrix ( 5 and p is a two rowed matrix, 


0 
—1 0 
p=a+ib and p’=—a—ib—p. 
With this notation (16) becomes | 


ej-i. 
(17) | Pis = 2 fuel". 
«= 
Let, T; be the counter unit matrix of order e;. Then 
(18) T0; = UT; 
and as a consequence of (17) 
(19): Tiu = Pu). 
Lemma 4 Let TiWi = WijTs. If es =e; Wis = Wij. If >e, 
the element in the first row and first column of Wi; is zero. 
` Proof. Let e, 2 e;. Then 
TiWi = (TP, 0) = (FisTs, 0) by (19), 
= (0, Fis) Ti. 
Hence Wi; = (0, Fij) and the lemma is proved. 
4. Reduction of S. Let 


(20) Q = [Q 27° s Qx], 


where no latent root of Q, has absolute value 1, each latent of Q» is equal to 1, 
each latent root of Q, is equal to — 1 and each latent roof of Q;, 7 > 3, is equal 
to a; + ib;, where aj? + b;? == 1 and a; + tb; a, + ib, unless r — j. Then, 
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if 9 is a skew-symmetric matrix satisfying (8), as a consequence of Lemma 2, 
j= LS; Ko + +, Sx], where 


(21) QIRI = Si, (j= 1,2, +, k). 


Since any matrix H, commutative with the matrix Q in (20), is also a diagonal 
block matrix, we may consider each of the equations (21) separately. Since 
8, is non-singular, Q, is similar to (Q’,)~* and, since no latent root of Q, has 
absolute value 1, Q, is similar to a matrix [F,, (#’,)], where the order of F, 
is one-half that of Q.. Hence Q, may be replaced by the matrix [F,, (7"1)7]. 
Tt is now a consequence of (21) that 


8. —( 0 y! where oF, = Fo.. 
—oa 0 


1 
If H, = g À ) where J, is the unit matrix of the same order as F}, 
1 
0 I 
BPs NOTES LP (Pi) and Aa —(_) 5) Ge 


Hence we have 


Result I. The matrix.Q, may be taken in the form Z, = [F (F”,) 1]. 
With this value of Q,, S: = G. 
The matrix F, is not unique and may be replaced by any matrix similar 
to it; in fact F, may be taken in the normal form [7:,72,° * `, mf], Where 
m; is defitied by (13) and | pi |>41. As a consequence of the above and 
Theorem 1 we have 


THEOREM 2. If A, is a canonical matrix similar to a second canonical 
matric A, and, if no latent root of A, is of absolute value 1, Axi is similar to As 
under a canonical transformation. 


We next consider equations (21), when j = 2, and for simplicity of nota- 
tion temporarily drop the suffix 7. The matrix Q = Q; is therefore of the form 


(22) Q = [Pu Po, + +, Ped, a = eZ ee, 


where P; is defined by (12) with the added restriction that |p|—1. Hence 
p is a real orthogonal matrix of order one or two. If 


= (S145), (i, j = 1,2, t), 
is a partition of S similar to that of Q in (22), equation (18) implies 


PSP"; = Sij . (i,j = 1, 8," ° st), 
or, if Si; = 0, 
(23) | PioP';= 0. 
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The matrix o = (ors) in (23) is a matrix of m = e; rows and n == e; columns. 
On equating corresponding elements in (23) we obtain 


(24) plors + orate + ores F Orst,s11) P= Ore, (T = 1,2; m; s = 1,2; n), 


with the understanding that ome,s = orn = 0. If p= = 1, (24) reduces to 


(25) Gras F Or,su F Orsi,e+1 = 0. 

On substituting s = n, n— 1, n—%?,: : -, successively in (25) we have 
(26) onin Orne Orne = 0, (r= 1,2,--+,m; s=1,2,---, 2), 
and, on substituting r = m, m — 1, m — 2,' - -, successively, 

(27) Om, s11 = Om-1,942 =" = mor, rasa = 0, (r= 1,2, m; s= 1,2, n). 


We easily deduce from (25), (26) and (27), 


LEMMA 5. If o is a matris satisfying (23) and, tf e:  e;, the last row 
and the last column of o are zero. If ei = ej =n, then ors==0, when 


r+s>n+1 and 
(28) ony == — On-1,2 = Cn-2,3 = | l = (— 1)" oin 


If p is of order 2, equations (25) may be solved to give a particular 
matrix S*, which satisfies (22) and whose elements are two rowed scalar 
matrices. Any other matrix 8, which satisfies (22) is, by Lemma 1, of the 
form WS*, where MQ — QM. Since the elements of M are polynomials in p, 
so are the elements of S. Hence 
(29) porsp’ = orspp’ = ors, 
since p is orthogonal. Accordingly, Lemma 5 is also true, when p is a two- 
rowed matrix. 

Let e1 = ez =: + + = lo > cn and let si; denote the element in the first 
column and the last row of S;;. Then, by Lemma 5, Sı, is singular, if and 
only if sı is zero. If Sj; is non-singular, 1 < jc, we may interchange 
Sj; and Sı, without disturbing Q. If Sj; is singular for all values of j, 
1Sj Sc, then | 
(30) Sj = 0, (7 =1,2,- > +, 0). 


Since § is non-singular and, since, by Lemma 5, the last row of Sy is zero, 
when k > c, for at least one value of j, 1:< j Sc, S1; 30. We may therefore 
suppose, without any loss of generality, that si. 0. 

Let I be the unit matrix of order e, + e,-+-- : Le; and H, the matrix 


iG ea I ] . Then H, is commutative with Q and 
1 


LINEAR CANONICAL .TRANSFORMATIONS IN DYNAMICS. 607 


ASH’, = R = (Ri) (4,7 =1, 2," * st), 
where f 
Ry aes Sir + Si. + Sox + Kaz. 


The element in the last row and first column of Ry, is 


TM = Sas + S12 + Sai + 809 = S32 + Se: by (30). 


If p is a two-rowed matrix the transformation by the matrix 
FE: — iE, ] 
Hs [( Fe ), I 


ASH’, = F = (Fij), : (4,7 =1,2,---,t), 


is admissible and 


where 


fu = 4(Se1 — Siz). 
Since g is skew symmetric, S21 = — S12 and by (28) 
Sa = — (— 1) atsa. 


Hence, if e, is even and p is of order 1, 591 = 8/19 = S12 and fi = 252 5 0. 
If p is of order 2, at least one of fı, or 71: is different from zero and accordingly 
at least one of Fi: or En is non-singular. Therefore, unless e, is odd and 
pel, 
Sm D = (ij), . (4,7 =1,2,---,t), 
where 
Lu a: Si 

is non-singular. : 

If e, is odd and p = + 1, Su —=— Su = 0 and Sau is singular. Hence 
c = 2 and we may suppose that s,, =£ 0. Then the matrix 


Si = (Si) (4j=1, 2), 
. is non-singular, since 


| 81 | = = (si2)?4, 


as is seen by re-arranging the rows and columns of 8; in the order 1, e, + 1, 
2, & + 2, etc. By repeated applications of Lemma 3 we therefore deduce that 


(31) E = [Sa 82 - +, Sx]. 
The component matrices 8; on the right of (81) are of two distinct types: 
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Tape a. The matrix S; is of order 2e;, p==-+1, e; is odd, and 
[Pa P.Si[Pi, Pi] = 85. 

Type b. The matrix S; is of order e; and P;S;P’; = 8). 

Rzduction of type a. For convenience we drop the suffix j and write 


[P, P]S[P, PY =S, where S= (Sre), (r,s = 1,2). 
Hence 
PSr P’ = Nrs ` (r,s = 1, 2). 


As a consequence of Lemma 1, 
(32) Sys = MrX, 


where Mrs == M,s(U) is a polynomial in Ọ = U; and X is a particular solution 
of PXP’ = X. Since $;- is singular and X is non-singular, 


(33) Mr (U) = Ume (U); (r = 1,2). 


If 
0 Sr. d Si 0 
(y, 0 ) and ca ( 0 sh 


c, is non-singular and 


0 M „M71 

(34) 201 = ( FH à) : 

: MoM 0 
The matrix 0:91 * is commutative with [P,P] and therefore so is the matrix 
H = E — ł0:0;*. Further 

HSH’ = (E — 40201) (o1 + 02) (E — $0102), 
| =n t Te 
wher? r1 = o, — 0201 os and rz = $020; "020170. As a consequence of (32), 
(83), and (34) 
=. LKu®, KX], 


where Kı, and Ka: are polynomials in U each with a factor U?, while 7, is 
of tke same nature as 9, and is non-singular. We may therefore repeat this 
procəss of reduction with o; replaced by r; and, since U% == 0, in at most 
(e; + 1)/2 steps reduce $ to the form 
a r, 4) where PSP” == Sy. 
Let H be the matrix H = [E;, (S’12)]. Then 
r [9 AY ee 
HASH -(°,, 0 = G;, 


and 


HAP, P| H’ = [P, (Sr) PS] = [P, (2”)7]. 
We have therefore 
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Result II. In type a the matrix [P;, P;] may be replaced by 
Z; = [P;, (P). 
Then S; = G;. 
Reduction of type b. Again we drop the suffix j and write P = pH + pU, 


where P is of order e. If T is the counter unit matrix of order e, it is a 
consequence of Lemma 5 that 


(37) S= (m +o +: + *toex)f, 


where the elements of oz are all zero except in the k-th diagonal above the 
leading one. If oj, is the non-zero element in the j-th row of ox, a simple 
calculation shows that 

(38) : Oj = Sk,e+1-j-ke 


The matrix U*o; is of the same type as ox,; and, in particular, the elements of 


are all zero except those in the k-th diagonal above the leading one. The non- 
zero element in the j-th row of px is 


(40) = Pik == Oj4k,o == Sjsk,est-jte 
If 
Hy, = E + qU*, where gp = pq, 
then 
(41) HSH y = C = (crs), > (r,s = 1,2, + +,e). 


Since TU’ = UT, 


C = (E + qUE)STT(E + 7¢U") 
= (E + QUE) (oo +01 +` * toea) (E + Q'UE)T 
= (yo Hy t: H Yea)T, 


where 
(42) Y = Tf; (f =0, 1,2, -+ ,k— 1), 
and 
yr = 0x + U* gon + cog UF. 
Since, coU = — Uap, this last equation becomes 


te= or + (q+ (~H) o0. 


The non-zero element in the j-th row of yẹ is (cf. 38) 


Cj,ex1-j-e = Cik + (q + (—1)*Q") pi 
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Hence by (88) and (40), $ 


(43) Cj es1-j-k = Sj,es1-j-k + (9 + (—1)*q’) Sik eri- 


Type by. e—?m. Let k=e + 1—2j and q = — 8j; (Senj) * Then, 
since sj; is skew symmetric and Ses-j,j is symmetric, q is skew symmetric and 
as a consequence of (43), cj; = 0. 


Since, by (25), 8,51 + S5a,5 + Si = 0, if 855 = 0, Sjj- = — Sj- and 
accordingly s;,;1 is symmetric. Therefore, when sj; == 0, if k == e + 2—2j 
and q= — 8j,j-1(2Se.2-j,7-1) 2, it is a consequence of (48) that cj j- = 0. 


Hence it is possible by an admissible transformation to reduce 9 to a form, 
in which sj; == Sj, j-1 = $j1,;—=0. Equations (42) show that such a trans- 
formation does not alter the value of s,s, when r-++-s > 2j. Therefore by 


giving j successively the values m,m—1,---,2,1 we deduce that S =~ D, 
where 
(44) day ae die == dor = dzz == da =` = dmm- E dmm == 0. 


Equations (44) and (25) together imply that 
(45) drs = 0, (r,s =1,2,: >, m). 


_The non-zero elements of D are now determined by means of equations (25) 
in the form 
drs = dietres 
where a, is unique. Hence 
S = dX 


where X is uniquely determined. Since d = die is symmetric, d is a scalar. 
Therefore the admissible transformation of matrix #/ Vad reduces dX to the 
form eX, where «= + 1, so that 


Sz eX, e= +1. 


As a consequence of (45), we have 


(46) x 2 ra 
EEE 12 


where X,» is a square matrix of order m = e/2. For example if m = 4, 


1 3 31 
is Lo 

ie 1 1i 00l? 
st © 00 


a ie 
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where, in case p is a two-rowed matrix, each integer denotes the corresponding 
scalar matrix.® We have therefore 


Result IIT. In type b, when ej = 2mj;, S; = «Xj, where e = + 1 and X; 
is uniquely determined, 

Type bo, e=2m-+1. The matrix p is necessarily a two-rowed matrix 
and each element srs of © is of the form srs = ars + tbrs. Further, since 


Sa = (— 1)?sy¢ aac Sets 


Se, is skew symmetric and, as a consequence of (28), Srs is skew symmetric, 
when r+s—e+1. If k=1, and q= — Gnmia(28me,mu), a8 a con- 
sequence of (43), 


Cm, mit == Sm, m+ ~ Emma = ibm, msr. 


Therefore we may suppose Sms to be skew symmetric. By a process analogous 
.to that adopted for the case e == 2m it may be shown that 


SZ €, 


where «== + 1 and Y is uniquely determined. In particular 


(47) : Yrs = 0, (r,s =], 2," . ‘,m), 
and | 
` (48) Yrs =0, r+s>e+2. 


For example, if e = 5, 
0 0 4/2 31/2 i 


0 0 —é#/2—i 0 

Y= | 839 i 00 
3i/2 —i 0 00 

i 0 0 0 0 


We have therefore 


Result IV. In type ba when e; = 2m; + 1, S; ~ eY; where e= + 1 and 
Y; is uniquely determined. 

By combining results I, II, ITI, and IV it is possible to determine a 
normal form for § under admissible transformations. This normal form is not 
completely determined by the elementary divisors of Q—-AH or of A — AE. 
With each elementary divisor of the form (A+ 1)” and with each pair of 
conjugate elementary divisors of the form (\— a = ib)", a? + b? = 1, is 
associated a positive or negative sign. 


° Cf. Turnbull and Aitken, Canonical Matrices, pp. 155-159. 
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Before proceeding to show that the elementary divisors together with the 
signs attached to them completely determine the normal form for S, we deduce 


THEOREM 3. If A is a canonical matrix the determinant of A has the 
value 1. 


This is an immediate consequence of the fact that the determinant of À 
is the product of the latent roots of A and that the latent root — 1 must occur 
an even number of times (result IT). 


5. Necessary conditions. Let A, and Az be two canonical matrices, 
which are similar under a canonical transformation. Then, by Theorem I, 
the associated skew-symmetric matrices S, and S are equivalent under an 
admissible transformation. The matrices S, and S, may be taken in the 
normal form of the previous section and are accordingly diagonal block 
matrices, whose component block matrices differ at most in sign. If, with the 
notation of- (20), 


Q = [Q1, Qu" "7, Qi], Si = [oi G2," °° >or] and S= [ris Ta," °° Tk], 
there then exist k non-singular matrices W; such that 

WyojW’j = 7; and WjQ; = QiW;, (j= 1,2,---+,&). 
We need, therefore, consider only equations of the type 

WoW'= 7, Wa =rW, 
where m is defined by (18). If o= (oi;), t= (rij) and W = (Wij), 
(i, j = 1,2,---,+#), we have the equations 
t t 

(49) 2 Z Weevas W's == Tij; (îi, j = 1,2,---,¢). 


If Tij = KT; and Tij == FT; equation (49) becomes 


t t ai 
2 À WiaKapl eW ig = FT i, 
or, by Lemma 4, 
t t ma 23 
D D Wie agW gly = FisT; (t,j=1,2,---,#). 


a=1 B=t 
It is a consequence of the nature of the matrices Wij, Kiz, ete., that this last 
equation implies 


t t 
(50) 2 È Viakapivse = fii, (i, j = 1, 2, ee t), 
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where each small letter denotes the element in the first row and the first 
column of the matrix denoted by the corresponding capital letter. Since o and 
r are in normal form oi; = ri; = 0, if e54 ej. Further wij = 0, if e; < êj, 
and, by Lemma 4, Wi; = 0, if e: > ej. Hence, if 601 > le = len =" = Ca > Cari, 
we have as a result of (50) and Lemma 4, 


: d d 
(51) >> 2 WiakapwWip = fiz, (4, J= 6,6 + 1, ti d). 
a=c B=e 
If B is the matrix whose elements are wij, (ij—=cc+1,:::,d4), 


(50) may be written in the form 
(52) B(ki5)B = (fu), (i,j—=oe+1,---,d). 


Since | B | is a factor of | W | and W is non-singular so is B° The 
(d —c)-rowed square matrices (ki;) and (fu), (i, =¢,e+1,---,d), are 
therefore conjunctively equivalent. Further, as a consequence of results I-IV, 
(fiz) coincides with (ki), unless the matrix P; is of type b. In this last case 


(kaj) = [ecg, €c+19»> T TNA eag] and (fiz) == Leeg, ERUR ARRE. dag], 


where eg; = + 1, d; = + 1 and g = 1 or E ai Therefore we deduce from 
(52) that 


Blé, Forty" 5 ca] B’ = Le’ Por SES dal. 


Hence the number of positive e; is the same as the number of positive «j. We 
may call the number of positive e; the index of the elementary divisors (A + 1)% 
or of the pair of conjugate elementary divisors (À — a + 1b}®c. 

Hence by Theorem 1 we have 


THEOREM 4. Necessary and sufficient conditions, that two canonical 
matrices À. and Az be similar under a canonical transformation, are that 


(a) the elementary divisors of the pencil A, — AXE be the same as those 
of the pencil A: — XF, and that 

(B) the indices of all elementary divisors (À + 1)™ and of all pairs of- 
conjugate elementary divisors (A—a + 1b)*, a? + b = 1, be the same for 
both pencils. 


1° Of. John Williamson, “The equivalence of non-singular pencils of hermitian 
matrices in an arbitrary field.” American Journal of Mathematics, vol. 57 (1935), 
pp. 484-485. 
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6. Normal form of a canonical matrix. In order to determine the 
normal form, to which a canonical matrix A may be reduced by a canonical 
transformation, it is only necessary, on account of Theorem 1, to reduce the 
associated skew symmetric matrix § of section 4 to the form @ by a matrix R, 
and then to determine RQ. As a first step we reduce each S; of type b to 
the form G;. 


Type bı. Since e; — 2m, we may write 


Pm Lm 
Pe, = Pom = ( 0 a 


where Pm is of order m and is defined by (12), while all elements of Lm are 
zero except the element in the last row and first column which has the value p. 


By result III 
0 ¢ 
gamh y J 


where C is a non-singular matrix of order m. Since 


PomeX P'om = eX, 
it is easily verified that ' 


(56) $ l PmC'P'm = Cc. 
E 0 
Let R -( ae . Then 
wef SOs. Mig Ni > 
RXE = (_ Em 0 ) = Gms 
and 
= P m eLmC’ Py Mn p 
O -( 0 Ore) -( 0 es) Do 
where 
0 0- 0 
0 0- 0 
(55) Mm = se 0 


p —p : SD 
Accordingly we have 


Result IIe. In type bı, when e; = 2m, Pe, may be replaced by 


Z = P m Mn 
PENG: Paya." 


where Mn is defined by (55) ande—+1. Then S = Gam. 


For example, if m = 3, and e = 1, Pom may be replaced by 
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pro 0 00 
Opp 0 00 


00p p—pp 

000 p 00 

000—p po 

000 p—pp 
If p= 1, this last matrix is a canonical matrix of order six with the single 
elementary divisor (A —1)°. 


Type bz. Since ej = 2m + 1 we may write 


where the only non-zero element of Lm is an element p in the last row and first 
column. By result IV 


and 


0K 
vf, >) 


where D is a non-singular (m + 1)-rowed matrix, while K consists of the first, 
m rows of — D’. As in the previous case we deduce that 


(56) ` Pr DP ms = D. 
EE, 0 
Let R—( sn) Then 
, [Em 0 0 K\/En 0 
OD) ER -(4 Sal a ae 


er) 


Since K is formed of the first m rows of — D’, —K(D’)* = (Em, 0). Further 
the first m elements of the last row of the product on the right of (57) are 
zero, while the last m + 1 are the elements in the first row of e(D~)’. The 
only element in the last column of D~ different from zero is the last, which 
has the value (—1)”1(i). Therefore the only element different from zero 
in the first row of (DY is the last, which has the value (— 1)” (i) = (—1)™4. 
Accordingly it follows from (57) that 


0 En 0 
(58) ReYR'—|—E,n 0 0 


0 0 (—1)"ei 
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But by (56) 
y Pm Na \ 
(59) EPonk —( 0 an) =F, 
where the last row of Nm is p times the first row of — D, that is 
o 0 o> 0 0 
0 0 0 > 0 0 
ip ip . . LE m-2 ip mu m-1 à 
r (1) P (— 1m ip 


It is not possible to proceed any further with the reduction without breaking 
up some of the two-rowed matrices into their component elements. Accordingly 
we write Nm = Km, where % and & are matrices of a single column, and 
(P’ms1) in the form 


(P’m)* ya Ye 
(Pm) = à a b > 
d2 —b a 


where yı, y2 are matrices of a single column and ô., 5, matrices of a single row. 
Then the matrix F in (59) becomes 


Pin Km EX1 EU 
0 (P’m)* y y 
0 8, a b 
0 & —ob a 


If e= (— 1)”, so that e(—1)”i =i, a simple 1 RIRES of rows and 
columns reduces the matrix on the right of (58) to 


i 0 0 Em 0 
i 0 0 0 1 
i A = G 
Paint —Em 00 0 Es 
| - 0 —1 0 0 
and F to 
Pn (AT Km EQ 
0 a è b 
(61) Ze ‘ 


1 | 0 y (Pm) y 
0 —b 8, a 


: TEET 01\f/o—1\/01\_/ 01 
On the other hand, if e = (— 1)”, since C sé JC J= 3 
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the matrix on the right of (58) may be reduced to Ge, and F to a matrix 
obtained from (61) by sa the subscripts 1 and 2 and b with — b. 
We therefore have 


Result IVa. In type bz, when e; = 2m + 1, Poms may be replaced by one 
of the forms (61). Then S; = Ge, 

By the above processes we may reduce S to the form [Gu Ga" © -, Gx], 
where G; = ( T T ) and Q to the form [Z4 Za: * *,Zx], where Z; is 
determined from one of the results I, IT, III, and IVa. Let 


f Z; 11 Zi 12 | . | 
ae , , at J Dice 3-8 
Z; : Ce Bis r on (7 ? 2, ? k), 
where Z; rs is a square matrix of the same order as #;. Then by a simple 


interchange of rows and the same interchange of columns, the matrix 
[Gi Ca - +, Ge], may be reduced to G and at the same time Z:, Z2,- + +, Z, to 


, Au à 
2 : 
(6 ) | Ge Age 
The matrices Ars in (62) are defined by 


(63) Ars — [Z rs Za,rs, eta Zu,re |, (r, Ss = 1, 2). 


The matrices (62) are uniquely determined, apart from a rearrangement of 
rows and the same rearrangement of the columns, by the elementary divisors 
of A — XE and the indices of these elementary divisors. Therefore we have 


THEOREM 5. Any canonical matrix is similar under a canonical trans- 
formation to one and (essentially) only one of the matrices (62). 
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CRITERIA FOR CERTAIN HIGHER CONGRUENCES.* 


By LEONARD CARLITZ. 


1. Introduction. The congruences in question are of the form 


8 i s priid RE 
(1.1) PES Pee u" =M (mod P), 


where M and P are polynomials in an indeterminate œ with coefficients in the 
Galois field GF(p") of order p”, and P is irreducible. As for the coefficients 
in the left member of (1.1), if we put 


(1.2) [k] = a" — x (k= 0, 1,2,° °°), 


Fy z [#] [k — 177": at % (aye, Fo pee 1, 


(1.3) Ir AE A 23210, Lo =1, 


then we define 


a8 Ll- [l-r [E]: 


Thus the polynomial in u nae in (1.1) closely resembles the polynomial + 


8 
(1.5) pu) =$ (ne [ur 
which has the characteristic property 
(1. 6) Ye(u) = LL A 


the product extending over all polynomials # (including 0) of degree < s. 
A closer connection will appear below. 
If now we put 
` M = Ar“ (mod P), 


as may always be done, we shall derive the following criterion ? for the con- 
gruence (1. 1): Let 





* Received December 11, 1936. 

*See Duke Mathematical Journal, vol. 1 (1936), pp. 139-142; this paper will be 
cited as DJ. For the congruence ¥,(u) = M, see Bulletin of the Ameri ican Mathematical 
Society, vol. 41 (1935), pp. 907-914. 

* For the case s = 1, see DJ, pp. 164-168. 
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P =a + agite. + (c; in GF(p")), 
P = kak* 4 (b—1)oa®* +--+ tes, 


so that P’ is the (formal) derivative of P. Assume k > s: then the congruence 
(1.1) is solvable if and only if the product AP’ is congruent (mod P) to a 
polynomial of degree < k—vs. If this condition is satisfied the congruence 
has precisely p** solutions. 


(1.7) 


2. The polynomials g,(u) and f,(w). We denote by gs(u) the poly- 
nomial in the left member of (1.1). Since, by (1.2), 


[s] = [s — i] + Li, 
it is evident from (1.3) and (1.4) that 





s o [s] 75 ey Re, 
E S, d ae pt Pe Fe" Li pre-v) +e F wee 2 
so that < 
S s— 1 p" — 17: 
= n-1 
(251) AE Lia PE brie 


for 0 < s— îi S s: by properly defining our symbols we may assert that (2.1) 
holds also for s—i—0,s. Then, by substituting in the left member of (1.1), 


we have 
_< = P s—1 er pra oi 
glu) =$ (—1) i = "4 pra [e wr 
8-1 j 5 
=> (—1)? ile up" 
4=0 


from which it follows that ë 


8-1 


(2.8) p) =g”, (u) — 9, (PER) = gr, (u— FE ur). 
If we define go(u) = u, it is clear that (2.2) holds for all s = 1. 
We next define the polynomial fs(u) by means of 


k-s Bigi A 
(2. 3) fs (u) = 2 ppp W* (1=s=t), 


where k is some fixed integer > 0. Then we have 


8 The quantity F? may be defined in terms of the symbol æ”". Otherwise the 
formula (2.2) may be interpreted as- a congruence (mod P), in which case no new 
symbol is required; this interpretation is sufficient for the application. 
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x k-s pe 
fo (u) Jui Fr f (u) z > Frère ye” a 2 pr yen? 
l 5 j Fiss- TeS Far yp” 
= Pa Reo Fa F an 
= cele {Ei + s — 1] — [i]? zw" 
Poa Ree 
F Tra- 


ni 
uP, 


=> re 
from which follows the formula | 
(2.4) fa (ur) — Fo" fa" (w) = fom (u), 
for s=2. Now by (2.3), 
k-1 k-i 
fa (ur) 2 Fp tf e" (ur) = > yer ae > yen 
4=0 i=0 


= a?" an yer a (u = up)?" 
‘Thus if we define f,(uw) by means of 


(2.5) fo(u) = — wn, 


it is evident that (2.4) holds for all s = 1. 
Making use of the formulas (2.2) and (2.4), we now prove the identical 


congruence 
(2. 6) fs(gs(u)) =u—w™ (mod P), 


where P is irreducible of degree k. 
For s = 0, (2.6) follows at once from (2.5) and go(u) =u. Fors =1, 


gi(u) RS, filu) =u +" + Hu, fi(gi(u)) = u—uw", 


so that (2.6) holds in this case also. We now assume that (2. 6) holds up to 
and including the value s—1. Clearly * 


{gs ( uh") Fr = gr (ur) 


is uniquely determined (mod P). Then, by (2.2) and (2.4), we have for 
s= 1, 


(2.7) Fs (ga (ue) ) — Fe? fa?" (ga(w")) = FP", (gs? (u) ) 
= fe {goa (u — Piru") } 
(2.8) = { (u — Four) — (u — Pipu), 


4 Compare footnote 3. 
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since (2.6) is assumed to hold for s— 1. We rewrite (2.8) in the form 


arp” pricks) ip 1, (pr~1) pr, pnka) 
u" — u (RETARD AR) 
or 
n Ke) pL f apt pure) \ pr 
UP FD oe PEL STE 


If now we compare this with the left member of (2.7) and replace uw" by u, 
we get 


fa(ge(u)) = Fs + u— w™ (mod P), 


where c is in GF(p*) ; but from the form of f,(w) and gs(u) it is clear that 
c = 0, so that (2.5) holds for the value s. 
In a similar way we may prove the identical congruence 


(2. 9) ga (fs (u) ) =u — w™ (mod P), 
which obviously holds for s = 0, 1. Indeed to prove (2.9) note that 


gs (fa (w")) =g", (a (u) — P Te (w")} 
= 9?" {faa (4)} = (u — we)" (mod P), 
which completes the induction. From (2.6) and (2.9) follows 
THEOREM 1. For P irreducible of degree k, and 0SsSk, 
u — w= fe (ge (u) ) == gs (fa (u) ) (mod P). 


It is of some interest to observe that (2.6) and (2.9) are equivalent, 
that is, either implies the other (without the use of formulas (2.2) and (2.4)). 
This is a consequence of the following 


Lemma. If f(w) = Sau, glu) = 3 Bue”, and 
f(g(u)) =u —w" (mod P), 
where P is irreducible of degree k, then also 
g(f(u)) =u —w" (mod P). 


Since the proof is very much like the proof of a puma theorem ë proved. 
elsewhere, it will te omitted here. 


3. Factorization of fs(u). From the identity (1.6) it follows readily 
that 


(3.1) me-s (U) = (— i Drs 





a a = JL Aes 


5 DJ, p. 152. 
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the product extending over all Æ (except 0) of degree << k— s. On the other 
hand, by (1.5) and the first of (3.1), 


Sous 


ah (uLrs) = Le > (— 1)4 F; T ara ve 


Now, from (1.8), it is easily seen that 


nF +s-1) 
py = (— 1y #j,5., (mod P), 
k-8-j 
IK 
LS? = i (— 1) 8-1 
TR 
so that 
oS? (ules) SLES gg a, 
and therefore, 
1 pr-d 
(3. 2) j T e (uLx-1) = fe (ur?) (mod P). 
1 
Comparison of (3.2) and (3.1) leads to the factorization 
3 uL NE 
(3.3) fs(u) =u g, ler l (mod P). 


But ° Lr- = (—1)"1P", where P’ is defined by (1.7) ; therefore we may put 
(3.3) in the form 


yp re? 
3. 3 fe(u) = Mietek- j DURE. l (mod ee 


THEOREM 2. The polynomial fs(u) factors completely (mod P); the 
roots are (E/P), where E ranges over the p"*-®) polynomials of degree 
< k— s, and P’ ts the derivative of P. 


4. Criteria for solvability. If the congruence 
(4. 1) gs(u) =M (mod P) 
is assumed solvable, it follows from (2.6) that 
(4. 2) fs(M) = fs (gs (u) ) =u — w™ (mod P), 


for P irreducible of degree k. But by Fermat’s Theorem, if A is any quantity 
(mod P), A?™ = A, so that (4.2) implies 


(4. 8) fe(M) =0 (mod P); ` 


°DJ, p. 166. 
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that is, (4.3) is a necessary condition that (4.1) be solvable. To show that 
this condition is also sufficient, we make use of Theorem 2 and formula (4.2). 
By Theorem 2 we have the factorization 


(4. 4) fe(ge(u)) ==0 TI (ge(u) —8) (mod P), 


where ô ranges over the roots of fs(8) == 0, and C is independent of u. If, 
now, we compare (4.4) with (4.2) and recall that u?" — u factors completely 
into linear factors, it is clear that for all 8 (satisfying the congruence fs (8) = 0) 
the congruence g;(w) == 8 is solvable; further, since gs (u) —8 divides wv” — u 
it follows that the congruence in question has the maximum number of solu- 
tions. We may now state 


THEOREM 3. The congruence gs(w) =M (mod P), where P is irreducible 
of degree k > s, is solvable if and only if fs(M) ==0 (mod P). If this con- 
dition is satisfied, the congruence has precisely p° solutions. 


Now by Theorem 2, the roots of fs (u) == 0 are the quantities (E/P’)""*™, 
where F is of degree < k— s. Thus it is necessary that M be congruent to 
one of these quantities. If then we replace M by A?“ (clearly M uniquely 
determines A), we have the 


THEOREM 4. If P is irreducible of degree k > s, the congruence 
(4. 5) ge(u) = Ae" (mod P) 


is solvable if and only if the product AP’ is congruent (mod P) to a poly- 
nomial of degree < k—s. If uw is a particular solution of (4.5), then the 
general solution is us + p, where p ranges over the p"s roots of g,(u)==0 (mod P). 


The second part of the theorem follows at once from the observation that 
gs(u) = AP and gs(v) == AP imply gs(u—v) =0. We shall now 
determine the roots of gs(u) = 0. | 


5. The roots of g,(u) =0. For s= 1, gı (u) == u — u”, and the roots 
are evidently the p” elements of the GF (p”). 

For s = 2, we make use of the recurrence (2.2). Thus we have the 
condition 


(5.1) go (um) = g” (u — BYP ue") = 0. 
Therefore, by the preceding paragraph, 


u — Fy? "ye" = c (c in GF (p")), 
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so that 
Fur — (Four) = c(a" — x), 


and, therefore, we have at once F,u?"== cs + ¢, where ¢ and c’ are arbitrary 
elements of GF(p"). Thus by (5.1) the roots of g:(u) =0 (mod P) are 
furnished by (cv + ¢)/F,. 

For the case s = 3, we again employ (2. 2) 


(5. 2) ge (UP) = go?" (u— Fy? uP") = 0; 
then, as above, we get 
u — FPP = et? , 
Four — (Fou) (02° + o) (a — x), 
from which follows easily 


Pur = ca") +. o (a + x) + e”, 


where c, c’, c” are in GF(p") ; thus by (5.2) the roots of g,(w) = 0 (mod P) 
are furnished by . 
cart +. (ar +a) + 0” 
F 2 2 
where c, c’, c” independently range over the elements of GF'(p"). 
It is now not difficult to determine the roots of gs(u) ==0. Let 


(5.8) cy = 0) — 04 (2,0",- + +, or) 


denote the j-th elementary symmetric function of the quantities æ, æ?", +++, gp"? ; 


thus we have the identity 
(5.4) (Ea) (EE a) à (EH) eB oy 104, 
We shall prove o 
THEOREM 5. The p"s roots of ga(u) ==0 (mod P) are furnished by 


(8-1) (8-1) Fe 
Cosa + Cz0s-2 Ht ° t + Cero tY 
2 
Fe f 





(5.5) 


where the c; independently range over the elements of GF(p"), and oj» is 
defined by (5.3). 


The theorem is evidently true for s = 1, 2,3. Assuming it to hold up to 
and including the value s— 1, we use (2. 2) 
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Li PEE? sf"! Li FPE 
gs (w) = gt (u — Firu") = 0. 
Thus since the theorem is assumed true for the case s — 1, we have at once 


Psu?” — (Fou) = (co? + 2 + Ce-100 272)?" (q a); 


8-2 
It is clear that, to complete the induction, it is only necessary to show that 
(5.6) (CURAN t+ p bero t?) — (c05, f+ ++ co) 
HE (ao? FO Ce-100 8?) (are? — z) ‘ 
From (5.4), it follows that 
& 
(t a") (t a) (tae) = D (oj) Ue; 
j= 


combining this with (5. 4) we have 


(a — a) i (EaP) = (tp a) = $ (O) oH, 
3=0 
But this implies | 


(oz) r —oj® = (Cr "(ae es a) ; 


in this formula replace s by s— 1 and (5.6) follows immediately. This com- 
pletes the proof of the theorem. 

`., As an immediate corollary of Theorem 5 and the latter part of Theorem 4, 
we state 


THEOREM 6. If u, is a particular solution of gs(u) =A” mod P), 
then the general solution is uo + p, where p is determined by (5.5). 


6. Some extensions. If f,(A?"“”) =0 (mod P), it is clear from (2. 4) 
that also fs.(A"“) == 0; however, the converse is not true in general. Thus 
it may happen that the congruence 


ge(u) = AP“ (mod P) 
is not solvable, while the congruence 
ge- (u) = AP? (mod P) . 


is solvable. In this case it is easily seen that gs (u) — A?"“™ breaks up (mod P) 
into a product of p"(s-1 ‘factors each of degree p”. This follows from the 
formula 

(6.1) ge(u) — AMO — {go (0 — Pigu) — Amery, 
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which is an immediate consequence of (2.2). Assume fs- (A) == 0, 80 
thet by Theorem 3 we have the factorization 


a 


ga (u) — Am = (— 1) FTI (u—8) (mod P), 


where § ranges over the p'(s-1 roots of gsi(u) =A"°”. Substitution in 
(6 1) gives 


(6 2) gs(u) — APS? = (Fey I (Petu — u + 8") (mod P). 


More generally if we assume only f,( 4%") = 0 (mod P), where r < s, 
then we may show that gs (u) — 4°? factors (mod P) into a product of p™" 
po-ynomials, each of degree pts", Thus formula (6.2) is the special case 
r==s— 1. We now show that in the general case we have a factorization 
of the form 


(6 3) Gras (u) — Apres» 
yp 
= (1) (FY IL Gretu) — (118) (mod P), 
where Greta) is a linear? polynomial of degree p"#, and the product extends 
over the p”” roots of g-(B) == Ar”. 
Let r be fixed; the formula (6.3) is obviously true for s = 0. According 


to (6.2), the formula holds for s= 1. Assume that (6.3) holds up to and 
including the value s— 1. Then by (6.1) we have 


Gres (u) — ADD pa {res i (uw oo Piou) — Arne 


r+8-1 


= (ue (D) Tar, wey) — (gr) 


= (ur y - M {Gra (u) — (DB), 


this completing the induction. It is also evident from the above that the 
po-ynomial Gr s(u) satisfies the recurrence 


(6 4) Gre(u) = GP (Peru — w”), Gro(u) =u. 


reg-i 


We have therefore proved 


Danone Y. If fe(AM)=20 (mod P), the polynomial grys (u) — Am" 
haz the factorization (6.3), where G, s (u) is determined by (6.4). 


7 That is, of the form Za p”. 
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We shall now show that the polynomial Œ, s (u) — (— 1)587" occurring in 
the right member of (6.3) can in general be factored further (mod P) ; irre- 
ducibility occurs only in the case n = 1 = s, fru( 47) =£ 0 (mod P). 

It is convenient to deal with the left member of (6.3). Let 


(6.5) h(u) = gs(u) —-M, 

where M is arbitrary (mod P). Then by (2.6), 

(6.6)  fa{h(u)} = fs {gs (u) — M} = u — w™ — f.(M) (mod P). 
In the next place, 


(6.7) fo{h(u)} — far {h(u)} == u — Ru + ur — {fa (M) — f" (M) } 
i == uy — ue" + ur” (mod P), 


since for arbitrary M, Me™ = M (mod P). Now put 


U—=u—w", 
Ug = Uy — UP” = U — BUE + uP”, 


Up = Upa— we uw, 
Clearly uj is a multiple of u; (7—=1,---+,p—1). Thus it follows that 
Ua divides up. Therefore by (6.6) and (6.7), the polynomial A(u) is a 


divisor of up: 
(6. 8) h(u)|u—u, 


Now on the other hand since the set of residues (mod P) form a finite 
field GF'(p™), it follows from a well known theorem that all the irreducible 
divisors (mod P) of up are of degree 1 or p. Therefore by (6.8) the same is 
true of h(u). On the other hand it is evident from Theorem 6 that if 
gs(u) — M has one linear factor, then it has p** linear factors. This proves 
the following 


THEOREM 8. For arbitrary M, the polynomial gs(u) — M (mod P) either 
factors completely into linear factors, or else is a product of p” irreducible 
polynomials each of degree p. 


By Theorem 5, if f,(M) £0 (mod P), the polynomial gs(w) — M has 
no linear factor. Hence by the preceding theorem we have 


THrorem 9. If fs(M) 0 (mod P), then the polynomial g,(u) — M is 
a product (mod P) of p- irreducible factors each of degree p. 
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3-1) 
. 


Suppose now in (6.5) we put M = AP“ 
leads at once to 


Then comparison with (6.3) 


THEOREM 10. Let f(A?) = 0, fr (4) 560 (mod P); let B be a 
root of g-(B) = A". Then the polynomial G, s (u) — (—1}°8r" occurring 
in the right member of (6.3) is a product (mod P) of p"*» irreducible poly- 
nomials each of degree p. = 


In particular for n = 1, s = 1, we get 


THEOREM 11. If the hypotheses of Theorem 10 hold, and in addition 
n = 8 = |], then the polynomial 


Gra (u) + 87 = Few — u + pe 
is irreducible (mod P). 
It is not difficult to prove this theorem directly. 


DUKE UNIVERSITY, 
DURHAM, NORTH CAROLINA. 


ON A TRIGONOMETRICAL SERIES OF RIEMANN.* 


By AUREL WINTNER. 


In his paper on Riemann integrals and trigonometrical series, Riemann * 
considers the series 


a) greta 
and 7. 
(2) S 200) sin QTL, 
where i 
a _ §%—[#]—3 if s# [2] 
(3) Ce er ee eee 
and 
(4) e(n) = 3 (14 


the summation in (4) being extended over the d(n) divisors d of n. Riemann’s 
aim in considering the series (1), (2) is to illustrate the limitations to which 
his definition of an integral subjects the theory of Fourier series. In fact, 
Riemann observes that if x is rational, both series (1), (2) are convergent and 
represent the same value, while the function defined by these series on the set 
of rational numbers is a non-bounded function on the set of those rational 
numbers which are contained in any fixed interval. 

This statement of Riemann has recently been verified by Chowla and 
Walfisz ? who discussed the series (1) and (2) for irrational values x as well. 
They proved, among other things, that the trigonometrical series (2) is 
almost everywhere convergent and represents‘ almost everywhere the sum of 
the series (1). That the series (1) is almost everywhere convergent, is an 
obvious consequence of Khintchine’s metrical results concerning diophantine 
approximations, 

The object of the present note is an approach to Riemann’s series from 
the point of view of Lebesgue’s theory. It will be seen that the trigonometrical 
series (2) is a Fourier series in the sense of Lebesgue and belongs to the 





* Received April 28, 1937. 
+B. Riemann, Gesammelte methematische Werke, 2nd edition, Leipzig, 1892, p. 263. 
#8. Chowla and A. Walfisz, “ Ueber eine Riemannsche Identität,” Acta Arithmetica, 
vol. 1 (1935), pp. 87-112. 
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function defined by (1), i. e., that the odd periodic function (1) is integrable 
in the sense of Lebesgue and has the coefficients of (2) as Fourier constants. 
It will also be shown that not only the function (1) but also every positive 
power of it is integrable in the sense of Lebesgue, i.e., that the function (1) 
is of class L? for arbitrarily large p, although this function is non-bounded in 
every interval (also if one discards sets of measure zero). It has, perhaps, 
a historical interest. that the Lebesgue theory of integration and of Fourier 
series applies without difficulty to the example by means of which Riemann 
himself illustrated the limitations of his theory. 

That (2) is almost everywhere convergent to the function (1), will turn 
out to be an immediate consequence of the fact* that if a Fourier series 


(51) f(a) ~ X (an cos nz + bn sin nt) 
is such that 
(52) I n? (dy? + bn?) < + a, where 8 > 0, 


then (5,) is convergent almost everywhere to the function f(z). The ex- 

ceptional æ-set of measure zero is, according to Chowla and Walfisz,? such that 

its elements x essentially depend on the arithmetical structure of the number x. 
First, it will be shown that the series 


mai M 


is convergent in the mean, i. e., that 


ps 
(7) üm f {fnus(2) — fe) } de — 0, 
feet | 
where f(x) denotes the odd periodic R-integrable function 
> _ à YCnx) 
(8) MO) OA er 


Since the Fourier series of the Bernoulli polynomial (3) is 


M8 


sin 2arka, 


w| = 


qlm 
T 


(9) Ye) ~— 
it is seen from (8) that 


1 


3 According to Kolmogoroff and Seliverstoff, one can replace nô in (52) by logn, 
cf. A. Kolmogoroff and G. Seliverstoff, “Sur la convergence des séries de Fourier,” 
Rendiconti della Reale Accademia Nazionale dei Lincei, ser. 6, vol. 3 (1926), pp. 307-310. 
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; 1/118 \ . 
(10) fu(t) ~—= 5 G 3 1) sin rkr, 
T k=1 k alk 


where the inner sum is extended over those divisors d of k which are not 
greater than n. Thus, for every positive integer 7, 


= 1%/1 n< dSntj i 
fn (£) — fa (£) ~ —- 3 G > 1) sin 2rke. 
T k=l alk 
Hence it is seen from Parseval’s relation that (7) is equivalent to 


‘ ‘co 1 n<d=n+i 2 
lim 3 (2 x 1) = 0, 


n—00 k=1 k alk 
j>% 


| © f1 2 
lim & G x1) =Í. 


n= k=n+1 k alk : 


i. e., to 


Since i is the number d(k) of divisors of k, it follows that one merely has 
alk 


to show the convergence of the series 








œ (ke)? 
zı k? 
Now 
© d(k)? s 
Of) Pal kB 


is convergent for every 8> 1, since | £(o + it)|* has the finite mean value 


: P 
ot . __ © d(k)? 
lim g f [eo +H) [ae = pen 
: i 





for * every o > 4. 
By a well-known theorem of Fischer, the relation (7) just proved implies 
the existence of a function f(x) which belongs to the class L? and is such that 


(12) lim f (F(a) — fala) }° de = 0. 


Since the functions (8) are the partial sums of the series (6), the relation (12) 





‘Cf, e.g., E. C. Titchmarsh, The zeta-function of Riemann, Cambridge, 1930, pp. 
38-41. 
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may be expressed by saying that the series (6) converges in the mean to a 
function f(x) of class DL’. 

It is well known that (12) implies the existence of a subsequence of 
{f-(æ)} such that this subsequence of {fn(z)} tends almost everywhere to 
f(c). In other words, there exists an increasing sequence {un} of positive 
integers such that if one unites the first w, then the next pg terms of the series 
(6), and so on, the resulting “ bracketed ” series converges almost. everywhere 
to f(x). ` Actually, the introduction of the brackets is superfluous in view of 
Khintchine’s result referred to above. This fact will not be needed in what 
follows. For (12) in itself allows one to consider (6) as the definition of an 
odi periodie function f(x) of class L*, this function being undetermined on 
a cet of measure zero. 

Since the functions (8) tend in the mean to the function (6) of class L?, 
the k-th Fourier constant of (8) tends, as n—> œ, to the k-th Fourier con- 
stent of (6) for every fixed k. Hence it is seen from (10) that the k-th 
Fcurier constant of (6) is 





oe 1 d(k) 
lim — — 1 =— = 31 = 7 
ae ak . rk a — rk 
In other words, 
(13) S vine), ~— LS LAGS} sin rkr. 
mel m T kz1 k 


It follows that the function (6) is of class L? not only for p = 2 but for 
arbitrarily large p. In fact, on applying to (13) Hausdorfi’s extension of the 
Fischer-Riesz theorem, it is seen that (6) is of class L” for every p if 


co / (p-1) 
(te) 
k=1 


is convergent for every p = 2. Thus it is sufficient to show that 
g yP 


2 (ey 


is convergent for every positive «<1. Since d(k) = 1, it follows that it is 
sufficient to know the convergence of 


© d(k)? 


kei Jette 





fcr every «> 0. Since (11) is convergent for every 8 > 1, the proof is 
ecmplete. 
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The convergence of (11) for 8 > 1 also implies that 


is convergent for sufficiently small values of ô > 0. Hence, on comparing (13) 
with (52), it is seen from the criterion (5,) that the Fourier series (13) is 
convergent almost everywhere. Since the arithmetical means of a Fourier 
series tend almost everywhere to the function, to which it belongs, the sum of 
the Fourier series (18) is almost everywhere equal to the function (6). 

The above results concern not Riemann’s series (1), (2) but the func- 
tion (6). The transition to Riemann’s series can be based on the Bernoulli 
identity 
(14) We +3) =4(22) —y(2), 


which is obvious from the definition (3). 
First, since (6) is an odd periodic function of class Z?, where p is arbi- 
trarily large, the same holds for the function 


It follows, therefore, from Hélder’s inequality that the function 


ys Sy (2m) © y(me) 


m=1 m m=1 M 


is of class Z? for every p. Now (15) is, in view of (14), identical with 
Riemann’s function (1). Furthermore, it is seen from (13) that the Fourier 
series of the difference (15) is 


(16) =f 5 02 ) sin 4 ee: E —— $ Ue) sin 2ake. 


Ww k=1 W k=1 FE 


Now d(k) — a so that the Fourier series (16) is, in view of (4), identical 
alk 


with Riemann’s trigonometrical series (2). Accordingly, Riemann’s function 
(1) is of class L? for every p and has the Fourier series 


(17) IS PER = 3(iz : (—1) 4) sin Bens. 
din 


m=1 m 





Finally, the Fourier series (17) converges almost everywhere to the function 
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(1). In fact, (1) is identical with (15), while the Fourier series (13) con- 
verges almost everywhere to the function: (6). 

While (W(x)}”, where &(z) denotes Riemann’s function (1), is for 
every n integrable in the sense of Lebesgue, the function ¥(s) lies in every 
sense outside of the range of Riemann’s integration theory. In fact, if is any 
subinterval of the interval 0 v Æ 1, there cannot exist a constant M == M, 
such that | &(x)| S M almost everywhere in & For suppose, if possible, 
that there exists an W — M, for some & Then, if À is any closed interval 
contained in the interior of 1, one can find a constant K — K, such that 
| Sn(x)| S K for every æ in À and for every n, where the S,(x) denote the 
arithmetical means of the Fourier series (17) of Y(x). In particular, the 
8,(#) are uniformly bounded on the set of rational x contained in A. This 
clearly contradicts the fact mentioned by Riemann + and verified by Chowla 
and Walfisz.? It follows, in particular, that if a function F(s) is almost 
everywhere equal to Riemann’s function (1), then F(x) is discontinuous 
at every v. 


THE JOHNS HOPKINS UNIVERSITY. 








ON DIVERGENT INFINITE CONVOLUTIONS.* 


By E. R. van KAMPEN and AUREL WINTNER. 


Introduction. It is known that the distribution theory of sums of in- 
dependent random variables can be developed from several points of view 
which are, however, in the main, equivalent. One, and possibly the most 
general, approach is represented by Kolmogoroff’s axiomatic treatment? of 
questions of probability distribution. This approach applies, in particular, 
to the problem of probable convergence of series of independent random 
variables, as first solved by Khintchine and Kolmogoroff.2 It also implies the 
treatment based on the Lebesgue measure theory of infinite product spaces, 
as developed by Steinhaus, Littlewood, Paley and Zygmund, Jessen, and others.* 

It is known * that the main result of Khintchine and Kolmogoroff, which 
is based on the notion of “ equivalent series,” can be formulated also in terms 
of infinite convolutions, The results of the present paper concern infinite 
convolutions and imply, among other things, certain facts which are equivalent 
to theorems concerning the divergence problem of series of independent random’ 
variables. In particular, the results imply essential refinements of certain facts 
indicated by Lévy. Since Lévy’s statements will not be used, the following 
considerations imply detailed proofs for them. 

Theorem 1, which applies not only to convolution sequences, seems to have 
an independent interest. Theorems 3 and 5 delimit all possibilities which can 





* Received March 31, 1937. 

+ A. Kolmogoroff, “ Grundbegriffe der Wahrscheinlichkeitsrechnung,” Ergebnisse der 
Mathematik und ihrer Grenzgebiete, vol. 2 (Berlin, 1983), no. 3. 

2 A. Khintchine and A. Kolmogoroff, “ Ueber Konvergenz von Reihen, deren Glieder 
durch den Zufall bestimmt werden,” Recueil de la Societé Mathématique de Moscou, 
' vol. 32 (1925), pp. 668-677; A. Kolmogoroff, “Ueber die Summen durch den Zufall 
bestimmter zufälliger Grössen,” Mathematische Annalen, vol. 99 (1928), pp. 309-319; 
vol. 102 (1980), pp. 484-488. 

8 Cf. P. Lévy, “Sur quelques points de la théorie des probabilités dénombrables,” 
Annales de l’Institut Henri Poincaré, vol. 6 (1936), pp. 153-184, where further references 
are given. 

+B. Jessen and A. Wintner, “ Distribution functions and the Riemann zeta func- 
tion,” Transactions of the American Mathematical Society, vol. 38 (1935), pp. 48-88, 
more particularly 84-86. 

5P. Lévy, “Sur les séries dont les termes sont des variables eventuelles in- 
dépendentes,” Studia Mathematica, vol. 3 (1931), pp. 119-155, more particularly chap. 
I; ef. also the corrections on p. 337 of vol. 3 (1934) of the Annali della R. Scuola 
Voie Superiore di Pisa, ; 
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actually occur in case of a divergent infinite convolution. Theorem 9 describes 
what can happen to a divergent or not absolutely convergent infinite con- 
volution upon a reordering of its “ factors.” Due to the correspondence alluded 
to above,“ a part of Theorem 8 can be interpreted as a manifestation of the 
famous “0 or 1” principle.$ The total content of Theorem 3, which concerns 
infinite convolutions, cannot conveniently be formulated in terms of the 
probable convergence or divergence of sums of independent random variables, 
or in terms of a Lebesgue measure of an infinite product space. 

All distribution problems under consideration will be assumed to be one- 
dimensional, so that the random variables are real numbers. 


Metric. In what follows, Greek letters ¢, p,- ©- will denote monotone 
non-decreasing functions of a real variable æ which remain bounded as 
a—>-+ œ. The case of a constant function a, i. e., the case where p(x) =a 
for every x and for some real number g, is not excluded. 


(I) For a given function y= (x), the symbol ]¢[ will denote the 
bounded open interval ¢(— œ) <y < (+ ©) or the point y = ¢(— co) 
according as ¢(— co) < (+ œ) or ¢(— co) =¢(+ 0), ie, according 
‘as $(x) is not or is a constant function. 

It will be convenient to consider a function y == p(x) as a Jordan curve 
in an (x,y)-plane. This is made possible by adjoining the point 
(x,y) = (x, ¢(x)) to the segment constituted by the set of points (2, y), 
where y describes the closed interval ẹ¢ (£ — 0) SyS¢(a#+0), if v is a 
discontinuity point of ¢. Thus two functions, $ and y, determine the same 
Jordan curve if and only if the two functions are equal at their continuity 
points, i. e., if p(x + 0) = y(x + 0) and/or d(4— 0) = y(x — 0) for every 
s. In this case the functions ¢ and yw will be considered as identical. Corre- 
spondingly, a sequence of functions ¢n(x) is said to be convergent if there 
exists a function ¢(z) such that ¢n(2).— (x) holds at every continuity point 
x of p(æ). The signs = and — will only be used in the sense just defined. | 
By a classical theorem of Helly, pn —> whenever p;,(x).— (x£) holds for a 
dense set of values x. 

For a given number e > 0, let the e-strip about the Jordan curve y = ¢ (x) 
be defined as the set of those points of the (x, y)-plane whose distance from 
at least one point of the Jordan curve is less than e. 


(II) For two functions y = (x), y = a(z), let | oi; pe | or 
| b1(æ) ; p2(x)| denote the greatest lower bound of those e > 0 for which every 


e A. Kolmogoroff, loc. cit. 1, pp. 60-61. 
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point of the Jordan curve y = #,(x) is contained in the e-strip about the 
Jordan curve y = p2(x). 
Thus | 13 $2 | is a non-negative number not less than 


Max (| pi(+ co) — paf ©)|, | bi(— ©) — $2(— 2 )|) 


and not greater than 








Max ($:(+ ©) —$:(— 0), d(H ©) — du(— 0) ). 
It is easily verified that 
(L) : | $1; ġ2 | =0 if and only if ¢ı = ¢z; 
(12) | $1; Pa | = | $23 di |; 
(1s) | $13 de | S| b15 do | + | $05 de |: 


This means that (II) defines a metrization of the space of all functions ¢(z), 
if the sign ¢1 = #2 is defined as above.” This metrization is easily seen to be 
a complete metrization, in the sense that 

(2) lim | gn; pm | = 0 if and only if lim | n; p | —0 for a ¢. 


n=CoO n=00 
m=00 


On the other hand, it is not true that convergence with reference to the metriza- 
tion defined by (II) is equivalent to convergence represented above by the 
symbol n —> p. This is shown by the example n(x) = sgn (x + n), where 
Pn —> p does, but | pr; p | —0 does not, hold for ¢(v) =1. The general 
situation is easily seen to be this: 


(III) The three conditions 
(31) bnp; (82) Pa( + ©) -> p(+ o); (83) bn(— ©) —>p(— o) 
are necessary and sufficient for | dn; ¢ | — 0. 


The function set | ¢, ||. Two functions ¢:(a), (x) will be said to be 
congruent if there exists a number c such that the two functions (x), 
(x — c) are identical. 


(IV) For a given sequence {#.} of functions n(x), let || g| denote 
the set of those functions p(x) for which one can choose a sequence {cn} of 
numbers c» such that | 


(4) Pn(T — Cn) > p(x), n— ©, 


holds at every continuity point x of p. 


* For another metrization, cf. P. Lévy, loc. cit. 5, pp. 339-341. 
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It is clear from this definition that 


(5) l| Dr || C || Ym | whenever {yn} is a subsequence of {dn}, 
and that 
(6) if p(w) C | ga l; then p(w—c) C | du || for every c. 
(V) If Qu! and ¢,? are congruent for n = 1, ?,- - -, then the two func- 


tion sets | pal |, || dn? | are identical. 
This is clear from the definitions. 


Lemmas 1. Jf hp! and p? are contained in a function set | on |, then either 
the two functions pt, P? are congruent or the two point sets |p*{, ]p?[, defined 
under (L), have no point in common. 


Proof. Suppose, if possible, that pt, p? are not congruent and Jpt[, JeF 
do have a point in common. Then, on interchanging, if necessary, p! and p°, 
there clearly exists an æ = 2, for which 


(7) pl(— 0) < p(z) <p'(+ ©). 


Since pt C || dn | and p? C || gn ||, there exist two sequences of numbers, say 
{¢n7} and {c,°}, such that 


(8) Pn(t — ont) > (2),  pa( — Cn?) > p’ (2). 


Now the sequence of the differences cnt — c,? contains a subsequence which 
tends either to a finite limit c or to — œ or to + œ. In the first case (8) 
implies that p(x) = p?(«—c), which is a contradiction, since pb! and p? are 
not congruent, by hypothesis. In the second case (8) clearly implies that 
P(e) Sp'(— o). Since this contradicts (7), and since the third case can 
be treated in the same way as the second case, the proof of Lemma 1 is complete. 


LEMMA 2. If {pm} is a sequence of functions contained in a function . 
set || dn ||, then || pm || € | dn |. l 


Proof. If oC || pm || and o is not a constant function, then Lemma 1 
implies that o(x) and pm(#) are congruent for every sufficiently large m, 
so that o C || ph ||, by (6). Hence it is sufficient to prove that every constant 
function «œ contained in || pm || is contained in || p, |. In view of (V), one 
can assume without loss of generality that p,(x) >a as m —> œ. Then there 
exists for every e > 0 and for every t > 0 an M — M (e, t) such that 


(9) | om( + t) —a| < e for every m= M (e, t). 
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Furthermore, since pn C | dn | for m = 1,2,- +- +, there exist constants cn” 
(m,n = 1,2,- :) such that 
n(E — Cr”) — pm(T) as N—> co © (m=1,2; >>). 


Hence if ¢ > 0 is such that neither == ¢ or s == — t is contained in the at 
most enumerable set which consists of the points v at which at least one pm 
is discontinuous, then, by the definition of the symbol —>, one can choose an 
N = N (e, m, t) such that 
| pa( Æ t— Cn”) —pm(+ t)| < e for every n 2 N (e, m, t); 

(m =1,2,: ::). 
Consequently, from (9), i 
(10) |pn(= t— en) —a] < 2%, if mZ M(t), n= N(e m, t). 


Since n(x) is monotone and g is independent of a, it is clear that (10) 
remains valid if one replaces ġn( + t— cu") by on(%— Cn”), where w is any 
number between'— ¿and ¢. Hence 


(11) | nl — cn”) —a | < 264, if |s] St, m Z M(t), nE N (t), 
where ; 
M(t) =M (t,t), N(t) =N (#4, M(t), t); (e= tt). 


One can clearly assume that 
NE) <NE), iire. 


Since ¢ is any positive number not belonging to an at most enumerable set, 
one can choose ¢ = #3, ta * -, where 4;,—> œ as k —> co. For a fixed n which 
is not less N(#), let the integer k = k, be defined by the condition 


N (ty) S n < N (teas): 
Then : 
(12) ky — œ and ty, —> © as N—> 00, 
Now, on placing 
dn = Crn”, where m = M(tz,), 


it is clear from (11) that 
| | pn (E — dn) — a | < Itet, if |e| Sh, n= N (te). 
Hence (12) implies that 

nlt — da) > @, n— ©, 


for every æ. Thus aC || ¢, |. This completes the proof of Lemma 2. 
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(VI) If p(x) is contained in || # ||, then so are the constant functions 
« = p(— ©) and a—p(-+ œ). 

This is clear from Lemma 2, sincè if pm(x)=p(x =m), then 
pm & || dn ll, by (6). 


Distribution functions. A monotone non-decreasing function (s) is 
said to be a distribution function if the set ]¢[, defined in (I), is the interval 
O<y<lie, if p(— wo) —0 and ¢(+ 0) —1. By the spectrum of a 
distribution function ¢(x) is meant the set of those points z = Tọ for which 
p (Lo — €) £ $ (to + e) whenever e340. 

The metric defined under (II), when applied to the space of all distribu- 
tion functions, defines a topology which is equivalent to the one defined by the 
symbol ¢n —> p. In fact, since (32) and (83) are satisfied if ọn and ¢ are 
distribution functions, (III) clearly implies 


(VII) If ¢1, ¢2,: - + and ¢ are distribution functions, then n — ¢ if 
and only if | pr; p | — 0. 

An obvious corollary of (VII) is the well-known fact that if n and ¢ 
are distribution functions and ¢ is continuous for — œ <s < + œ, then 
¢n cannot tend to unless the convergence is uniform for — œ < s < +o. 
It is clear from (2) that (VII) implies 


(VIII) If 41, ¢2,° - - are distribution functions, then there exists a dis- 
tribution function ¢ satisfying n — ¢ if and only if lim | x; ¢m | — 0. 
n=00 
m=o 


Throughout the paper, use will be made of the following notation: 
(IX) If x(x) is a monotone function for which 
0Sx(— ©) Sx(4+ ©) SL, 


let there be defined for every positive number ¢ a distribution function [x]: 
by placing 
[x(z)]: = 0, if — œ < x < — t; 
[x(t)]e= x(a), if —i StSt; 
[x&)l=1ift<z< + oo. 
Thus [x(«) ]: is a distribution function which is defined for every dis- 


tribution function x(x) and for certain functions x(x) which are not distribu- 
tion functions. 
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(X) If {Ym} is a sequence of distribution functions and p a monotone 
non-decreasing function which need not be a distribution function, then Ym — p 
if and only if |[ym]+; [p]:| — 0 for every fixed ¢ > 0. 

This is clear from (VII) and (IX). 


The set | ¢. || in case of distribution functions n. If $, ¢z,° : ‘ are dis- 
tribution functions, it is easily seen from (IV) that || a || contains the con- 
stant functions « — 0 and a==1. It is shown by the example 


don(z) = 3(1 + sgn z), ones (2) = $(1 +3 arc tan x) 


that the set || # | belonging to a sequence {$n} of distribution functions need 
not contain any function distinct from the constant functions & = 0 and «—1. 
In particular, the set | du. | belonging to a sequence {¢n} of distribution func- 
tions need not contain a distribution function. 


THEOREM 1. Every sequence {dn} of distribution functions contains a 
subsequence {Ym} which has the following properties: 


(i) There exists an at most enumerable set of mutually disjoint open 
subintervals ox < y < Bx of 0 = y Sil such that a constant function is con- 
tained in | Ym || if and only if its value y is not contained in any of these 
intervals a, < Y < Br. 


(ii) There exists for each of these intervals où < y'< Pe a monotone 
non-decreasing function p(x) such that the set |px[, defined in (I), is the 
interval où < y < Br and a non-constant function is contained in | Ym | of and 
only if it is congruent with px(a). 


The example mentioned before shows that Theorem 1 becomes false if 
one replaces a suitably chosen subsequence {ym} of {¢n} by {pr} itself. The 
proof of Theorem 1 will be based on the following facts (XI), (XII), (XIII): 


(XI) If {¢n} is a sequence of distribution functions and s a given 
number such that 0S s 1, then {#,} contains a subsequence {Ym} such that 
for some element p* == p° (x) of the function set | ym || the number s is con- 
tained in ]p°*[. 


Proof of (XI). The assumptions of (XI) clearly imply that 
(13) ` Pn (En — 0) Ss S bn (En + 0) 


for every n and for some number b = ba. Since {p,(x + B,)} is a sequence 
of distribution functions, it contains a convergent subsequence. Let {ym(x)} 
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and {dm} be the corresponding subsequences of {¢,(%)} and {— ba} respec- 
tively and let o(s) denote the limit function of {ym (z — am) }. Since o(x) 
is contained in | Ym ||, so are, by (VI), the constant functions (+ œ). Hence, 
on placing p(x) = o(a) or p(z) —0(+ œ) according as the number s is 
contained in Jo[ or is equal to o(+ co), the statement of (XI) follows. 


(XII) Every sequence {¢,} of distribution functions contains a sub- 
sequence {ym} such that there exists for every rational number r, where 
071, an element p” of | Ym || for which r is contained in ]p’[. The 


Proof of (XII) follows from (XI) by a straight-forward application of 
the diagonal principle. | 


(XIII) If a sequence {ym} of distribution functions is such that || Ym || 
contains for every rational number r, where 0 & rS 1, an element p" for 
which ]p"[ contains r, then || Ym | contains for every real number y, where 
0S yÆ 1, an element p” for which ]p’[ contains y. 


Proof of (XIII). In the proof that p” exists for a given y, it may be 
assumed without loss of generality that y is neither contained in a |p"[ nor 
is y a boundary point of a ]p"[; cf. (VI). It is clear that, under these 
assumptions, 

p(s) y no, (—o<rz<+o) 


whenever the sequence {r,} of rational numbers is such that fn — y. It follows, 
therefore, from Lemma 2 that the constant function æ = y is contained in 
|| n» ||- Thus the requirement of (XIII) is satisfied by the constant function 


py (x) =y. 


Proof of Theorem 1. Let {Ym} be a subsequence of {pn} such that || Ym || 
has the property stated under (XII). Then there exists, by (XIII), for every 
y, Where 0S y1, a p” C | ÿn | such that y is contained in ]p4[. If u and v 
are two distinct y-values and neither p” nor p? is a constant function, then 
Lemma 1 implies that the two open intervals ]p*[, ]p°[ are either disjoint or 
coincident, and that in the latter case p” and p” are congruent. Consequently, 
there exists in the interval 0S y 1 an at most enumerable set of mutually 
disjoint open intervals a, < y < fB such that an open y-interval is an interval 
ax < Y < By if and only if it is an interval |p%[ belonging to some non-constant 
function p”, where OS y1. Hence it is clear from (XIII) that if a 
number y, where 0 = y = 1, is in none of the intervals ax < Y < Bx, then the 
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constant function oy is contained in [y». On combining this with 
Lemma 2, Theorem 1 follows. 

It is understood that the open set formed by the intervals ox < y < Br 
of Theorem 1 can be the empty set. 


(XIV) If a subsequence {Wm} of a sequence {¢,} of distribution func- 
‘tions satisfies the requirements (i), (ii) of Theorem 1, then || y» | either 
contains a distribution function or it contains a constant function «, where 
0<a<l 

This is clear from Theorem 1. 


(XV) If a sequence {¢,} of distribution functions is such that not every 
constant function a (0 Æ «= 1) is contained in | $n ||, then some subsequence 
{Ym} of {on} is such that || Ym | contains a non-constant function. 


Proof. Suppose that there exists a constant function «a (0S a1) 
which is not contained in || n ||. Then «40 and «541. Hence there exists 
a sequence {cn} of numbers such that 


(14) $n(Cn—0) Sa bn(cn + 0). 


Since the sequence of the distribution functions ¢,(¢ + Cn) cannot tend to 
the constant function «, it contains a subsequence which tends to a limit func- 
tion p(x) sa. Hence it is clear from (14) that p(x) is not a constant func- 
tion. Finally, if {Yu (æ)} is that subsequence of {#,(æ)} which corresponds 
to the subsequence of {¢n(x-+ cn)} defining p(x), then pC || Ym ||. This 
completes the proof of (XV). 


THEOREM 2. If a subsequence {yx} of a sequence {dn} of distribution 
functions satisfies the requirements of Theorem 1, then one can choose for 
every «>> 0 and for every t > 0 an M = M (e, t) > 0 such that 


(i) there exists for every m > M (e, t) and dd every function pC || yr || 
a number c == Cm for which 


(15) o [Tbm(r—c0)]:5 Iele) |] <3 


(ii) there ewists for every m > M(«,t) and every number c a p such that 
(15) is satisfied for this p = pme. It is understood that the symbols |; | and 


[ Je are those defined under (II) and (IX). 
Proof. For a fixed e > 0, choose K = K. values y; such that 


(16) Oy Sieg Ss L yr =l and HS ge 
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By Theorem 1, there exists for every j an element x = x; of | y || such that 
the y-set ]x;[ contains the point y—y;. Choose a number a; such that 


xi (a; —0) Sy; Sx (a; + 0) 


and put 

13 (a) =x; (@ + a). 
Then 
(17) 73(— 0) = y; = r;(+ 9), 


and r;(æ) is, by (6), contained in || Ye ||. It follows, therefore, from (X) 
that one can choose for every j and for every ¢ > 0 an N = Nj(e,¢) such that 


(18) | [Ym (a — oj") Joes [ri(æ) Joe] < de for every m > N;(et), 


if the number cj” is suitably chosen. Notice that cj” can be chosen as in- 
dependent of e On placing 


(19) M(e t) = Max (Mi(c,t),° Nile t) Nr(6 t) ), where K = Ko 


the statement (i) of Theorem 2 may be proved as follows: 

Let p be a given element of | y» ||. If p(x) is of the form r;(æ—b), 
where j = 1,---+,K,. and b is a number between — # and ¢, then (i) is clear 
from (18) and (19). Suppose, therefore, that p(«) is for no j of the form 
rj(a—b), where |b | 7%. Then, on the one hand, there exists by Lemma 1 
a j such that 

yi Sp(#) S Ym for —tS2St, 


and, on the other hand, for this 7, 
| yj = rit +t) = p(z) for —i=r<t, 


as seen from Lemma 1 and from (17). It follows, therefore, from (16) that, 
for this 7, 
I[7s(@ + #)]e3 [elel] < de; 


cf. (II) and (IX). Since, by (18) and (19), 

[mr + t— oj") Jes [ss +t) ]t| < de for m> M(st), 
it is seen from (14) that 

[[Ym(a + t— oj") Jes [p(a)]t| < Ze + ge for m > M(st). 


Hence, (i) in Theorem 2 is satisfied by c = cj" — t. 
The converse statement of Theorem 2, namely (ii), is similarly proved. 
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Convolutions. If ¢ı, z are two distribution functions, there exists a 
unique distribution function #, * ¢2 which is defined by 


(20) gı(2) * due) = f d(e —u)dga(u) 


-00 
and is called the convolution of ¢ı (7x) and (x). It is known that 
$1 * fo = pa * pı and (pi * pa) * ps = gi * (he * pa). 
It is seen from (20) that, for arbitrary numbers c1, C2, 
(21) $1(@— 01) * bo(@— C2) = p (2 — cı — c2), where p (£) = $1 (£) * pe (T). 
Use will be made also of the following facts: 8 


(XVI) I£ n(x), pn?(æ), pt (2), $?(x) are distribution functions such 
that dnt — pt and bn? > $, then En! % bn? ss gt # g- 


(XVII) If pn (£), pn? (x), p(x) are distribution functions such that 
Pn! —> p and pr * pn? > b, then pr? — o, where w(x) = 4 (1 + sgn x). 
A fact similar to (XVII) is ` 


(XVIII) If dn'(t), on? (x) are distribution functions such that 
gn? * bn? > o, where w(æ) = $(1 + sgn x), then there exists a sequence {cn} 
of numbers such that ¢n1(% + Ca) > (x) and gn?(t— en) > w(x). 


Proof of (XVIII). On placing wn = gr * n°, the assumption of 
(XVIII) is that, for every « > 0 and for some N = N (e), 


l—e< on(e) — on(—e), if n= N(e). 


Since on = dn! * Qr’, 
+00 


un(e) —on(—9 = È [bné(e— u) — pa (—e— u) Jdi? (0), 


~09 


and so one can assume that there exists a u for which 
on (e) — on (— €) S pr (e — u) — pr (— e — 4). 
Consequently, if c.” denotes this u, | | 
de < pr (e— 0) — p (— e — cé), if n Z Ne). 


8 B, Jessen and A. Wintner, loc. cit. 4+, Section 3. 
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One can assume that N (1/k) < N(1/(k + 1)), where k = 1,2, +. Fora 
given n > N(1), define an integer k = kn by the requirement that 


N(ifkn) < n SN /kna). 
Then k,—> œ as n—> œ and, for every n, 
1— ky” < ont (Cn + ken) = n° (Cn = kn), 


where c» denotes the negative value of ¢” for e—knt. Since kyt-—>0 as 
n — œ, it follows that 


pn (T + cn) > $(1 + sgn v) as n> œ. 
This, when combined with (21), clearly completes the proof of (XVIIL). 


A lemma on convolutions. The object of this section is the proof of a 
somewhat involved fact which isolates an essential part in the proof of Theorem 
3 of the next section. The lemma in question (Lemma 3) is to the effect that 
if a convolution process ¢; *-, when applied to a œz, flattens # strongly in 
the large, then also the local flattening of #2 must be quite strong. Certain 
weaker results to the same effect have been indicated by Lévy.’ 


Lemma 8. Let A(x), u(x) be two distribution functions such that there 
exist four positive constants p, q, t, s which have the following properties: 


(i) 6q < p(1— p) and p < 1, hence q <1; 
(ii) Afe + 2t) — (x) S p + q for every z; 
(iii) A(s) —A(—s) I1 —g; 

(iv) w(t) —u(—t) 2 p—2q; 
(v) w(t + Rs) —p(—t—2s) Sp +g. 


Then there cannot exist adistributionfunction v(x) such that A(x) *v(£)=p(£). 


Proof. Suppose, if possible, that there exists a distribution function v(+) 
such that 


plz) = f A(@ —u)dr(u). 


Then, from (iv), 
—8-t 8+t +00 
pus) f +f +f aeu ait, 


-8-t stt 
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where, according to (ii), 


8+t 


[ Jdr(u) S (p+ 9) [rls +t) —v(—s—4)], 


—8—t 


while, according to (iii), 


{ f Eo bE Tdr(u) So f Pre 


so that 
p—8g Sg +p + qg)[r(s +) —r(—s—?)]. 


On the other hand, from (v) and from the assumption p = À * v, 
p +g Z p(t + 2s) —p(—t—2s) 
+00 


=f EA (2s + t — u) —A(—2s—t—u) ]dv(u), 


+00 -s-t 
where f = f , and so, A(s) being a non-decreasing function which 
~00 att 


satisfies (iii), 


p+q2 (1— g) [s +t) —r(—s—?)]. 
Consequently, by the inequality found before for p — 2q, 


p—2¢Sq+ PHOLL +a] 


and so 
p— pP = 3g(1 + p). 


Since this contradicts (i), the proof of Lemma 3 is complete. 


Convolution sequences. A sequence {#,} of distribution functions will 
be called a convolution sequence if there exists a sequence {on} of distribution 
functions such that 


(22) on = 01 ** + e E on, i. e. Pn = Pn-1 Ÿ On (¢1 = 01, n= 2,38,° °°). 
(XIX) Every subsequence of a convolution sequence is a convolution 


sequence. - 
This is clear from x1 * (xe a Xs) = Ga H xe) ¥# x3. 
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(XX) If {p:(æ)} is a convolution sequence, then so is {ġn(£ — ¢n)} 
for every sequence of numbers Cn. 
This is clear from (21). 


THEOREM 3. If, for a given convolution sequence {pn}, one denotes by 
| bx llo the function set obtained from | dn || by omitting the two constant 
functions « = 0, a= 1, then either every element of || dn || is a constant func- 
tion or every element of | dn [lo is a distribution function. In the first case 
every constant function a, where 0 = a S 1, is an element of | on ||. In the 
second case there exists a distribution function p such that a function is an 
element of || on [lo if and only if it is congruent with p. In the first case the 
convolution sequence {#,} will be said to be flat, in the second case non-flat. 


| The proof is somewhat lengthy and will be decomposed into the following 
steps (XXI), (XXI): 


(XXI:) If {$n} is a convolution sequence, then every non-constant 
function contained in the function set || n» | is a distribution function. 


Proof of (XXI,). Let {ym} be a subsequence of {n} such that {y»} has 
the properties described in Theorem 1. Thus there exists a number p = 0 
such that every p C || Ym || has, for — œ < x < + œ, a total variation not 
greater than p, while the total variation of some po C || Ym || is equal to p. 
It is seen from (5) that (XXI,) will be proved if one shows that every non- 
constant function contained in || #» || is a distribution function. Suppose, if 
possible, that there exists in | Ym | a non-constant function which is not a 
distribution function. Then, by the definition of po, 


(23) 0 < p< 1, where p = po(+ ©) — py(— ©). 


Hence one can choose a g > 0 for which condition (i) of Lemma 3 is satisfied. 
It is also seen from (23) that, for some ¢ > 0, 


(24) po(t) —po(—t) > p— 4. 
On the other hand, by the definition of p, 
PZp(+ ©) —p(— ©) Z p(x + 2t) — p(z) 


for every pC || ÿm || and for every z. Hence (i) of Theorem 2 assures the 
existence of a ys C {ym} such that 


yale + 2¢) — (x) = p + q for every +. 





ON DIVERGENT INFINITE CONVOLUTIONS. 649 


On denoting this y+ by A, condition (ii) of Lemma 8 is satisfied. Since À is a 
distribution function and q > 0, there clearly exists a number s > 0 which 
satisfies condition (iii) of Lemma 3. Since po C || Wm ||, there exists a sequence . 
{cm} of numbers such that, at every continuity point x of po, 


tin (@ — Cm) > po(2); m— ©. 


Hence it is seen from (24) and (23) that there exists ° a yı € {wm} such that 
l> k and 

pic) —p(—t— a) > p— gmg 

pilt + 2s — cr) — p(t — Ps — e) < p+q. 


On denoting the distribution function y(x — or) by p(s), conditions (iv) 
and (v) of Lemma 8 are satisfied. Since {ym} is, by (XIX), a convolution 
sequence, and since 


A(z) = (x), p(t) = yr(e—er) and I> k, 


there exists, by (20) and (21), a distribution function y(x) such that A* y = p. 
Since this contradicts Lemma 3, the proof of (XXI,) is complete. 


(XXI) If a distribution function p is contained in | #, ||, where {yn} 
is a subsequence of a convolution sequence {dn}, then p is contained in || #, |. 


Proof of (XXI). Suppose, if possible, that (XXI,) is false. Then 
(XXI) implies that the set | xe llo belonging to a suitably chosen subsequence 
{xx} of {on} contains a function ~ which is not congruent with p. In 
particular, 

(25) | Th Ts k— ©, 


holds for a sequence of distribution functions r(x) of the form xx(x — cx). 
Since ÿm(æ) and (x) are of the form ¢,(*—a,), and since {hs} is a con- 
volution sequence, there exist, by (21), for every m two distribution functions 
Am; Pm and two positive integers k, j such that 


(26) Ym * Am = Tk, Where k > co as m—> œ, 
and 

(27) Tk * pm = Yj, Where 7 >m. 
Hence 


(28) Ym * Am * pm = Yj for some j >m. 


? The discontinuity points of pẹ if any, do not interfere with the possibility of this 
conclusion, since they form an at most enumerable set. 


+ 
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Since pC || Ym ||, one can assume without loss of generality [cf. (IV) and 
(21) ] that Ym—> p as m—> œ. Then (28) implies, in view of (XVII), that 
_ Am * pm—>o. It follows, therefore, from (XVIII) that, for a suitably chosen 
sequence of numbers bm, 


(29) Am(& — bm) > w(x) as m— oœ. 
Since, from (26) and (25), 
(30) - Yim (#) * Am (x) > a (2), 


and since (w) is not one of the constant functions equal to 0 or 1, it is easily 
inferred from (XVI) and (31) that the numbers bm tend to a limit b as 
m—> œ. Hence (29) can be replaced by 


(31) i Am (@) — o(s +b). 

It follows, therefore, from (30) (XVI) and from the definition #,(4) — p(x) 
of p that 

(32) p(x) *o(2 +b) = z(2). 


This means in view of the definition of w(æ) that o(s + b) = 7 (s), i. e., that 
v is a distribution function and that p and ~ are congruent. Since this contra- 
dicts the assumption, the proof of (XXI,) is complete. 


Proof of Theorem 8. Suppose that || dz || does not contain all constant 
functions &, where OS a1. Then {¢,} contains, by (XV), a subsequence 
{ym} such that | Ym | contains a non-constant function, say p. This p is, 
by (XXL), a distribution function. Furthermore, pC | œn |, by (XXI). 
Finally, it is seen from (6) and Lemma 1 that a function is contained in 
ll n» lo if and only if it is congruent with p. This completes the proof of 
Theorem 3. 

There arises the question how to decide whether or not a given convolution 
sequence {ġa} is flat in the sense of Theorem 3. In order to obtain criteria 
to this effect, put | 
(33) B(x) = f säx(), 


-%0 


if the distribution function x has a first moment, which is certainly the case 
if x has a finite second moment 


+00 


(332) B(x) = f edle). 


-0 
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In the latter case, let 


(33) D(x) = F(x) — E (x) I- 
Thus D(x) = f [a — E(x) }*dx(z) ; hence 
(34) > D(x) =o, 


where D(x) = 0 if and only if x is congruent with w—4#(1—+sgnx). If 
F(x) =+ 0, put D(x) = + ©. 
It is clear from (33;) that _ 


(35) E(x) = (x2) + 0 if x(t) = xe(e— 0). 
Similarly, from (332), 

(85) Fa) =F (xa) + 2cH (x2) + °, if x(t) = x2(@—e). 
Consequently, from (33), 

(35) D(x1) = D(x2), if xı and xz are congruent. 


Hence, on combining (IV), (21) and Theorem 8 with known * criteria for 
the convergence of infinite convolutions, it is seen that Theorem 3 can be 
completed by 


THEOREM 4. In order that a convolution sequence {on} be non-fat, 
tt is sufficient that, on using the notations (33) and (22), 


(36) 3 Don) € + 00 [cf. (34)1. 


n=l 


This sufficient condition is necessary as well in case there exists a sufficiently 
large L > 0 such that the spectrum of every on is a subset of an x-interval 
of suitably chosen position and of length L, where L is independent of n. 


Convergent infinite convolutions. Let {¢,} be a convolution sequence, 
i. e a sequence of distribution functions which can be represented in the form 
(22). It is clear that {$n} can converge, in the sense of (3,), to a $ which is 
not a distribution function. The infinite convolution ¢ =o, * ea *- : - is said 
to be a convergent infinite convolution only if (22) satisfies (3:) with a func- 
tion œ which is a distribution function. On using this terminology, Theorem: 
3 clearly implies 


10 B. Jessen and A. Wintner, loc. cit. +, Theorem 4 and Theorem 5. 
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THEOREM 5. If a convolution sequence 


(37) {dn} = {oi * S -$ oy} 
tends, in the sense of (81), to a limit function +, and if the infinite 
convolution à = s, *o2*- * + is not convergent, then œ is a constant function. 


Theorem 3 also implies ™* 


THEOREM 6. There exists for every non-flat convolution sequence (87) 
a sequence {cn} of numbers for which the infinite convolution 


(38) o (t — C1) * o2(T — C2) # + +> 


is convergent. If {én} and {cn} are two such sequences {cn}, then the two 
corresponding infinite convolutions (38) represent congruent distribution 
functions. 

If, on the other hand, a convolution sequence (37) is flat, then the infinite 
convolution (38) is divergent for every {cn}. 


In what follows, use will be made of the following fact which is merely 
a restatement * of a part of the fundamental result of Khintchine and Kol- 
mogoroff ? concerning “ equivalent” series of independent random variables: 


(XXII) The infinite convolution c, * ez *- - - is convergent if and only 
if so is the infinite convolution [1]: * [oe]:*- + - for a t > 0 (in which case 
the same holds for every ¢>0). It is understood that [oe]: denotes the 
distribution function defined in (IX). 

On combining (XXII) with the known convergence criterion *° for a con- 
volution of distribution functions with uniformly bounded spectra, one obtains 


(XXIII) The infinite convolution o1 *o2*-- is convergent if and 
only if so are both series 


co co 
3 E(Lon]e), = D(Lon]:) [ef. (38,), (33)1 
for a ¢ > 0 (in which case the same holds for every t > 0). 


Absolutely convergent infinite convolutions. Two infinite convolutions, 
oi * on! * - and o” a2” *- + -, will be said to be rearrangements of each 


1 This theorem has been stated without a detailed proof by P. Lévy, loc. cit. 5, 
p. 340; ef. also p. 337. 
12 Of. B. Jessen and A. Wintner, loc. cit. 4, Theorems 32 and 34. 
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other if the sequences {on} and {o»”} are permutations of each other. An 
infinite convolution o: *o2*- - + is said to be absolutely convergent if every 
rearrangement of it is a convergent infinite convolution. It is known ê that 
in this case all rearrangements represent the same distribution function. The 
definition of an absolutely convergent infinite convolution clearly implies 


(XXIV) Both (XXII) and (XXIII) remain valid if one reads “ abso- 
lutely convergent ” instead of “ convergent.” 


THEOREM Y. There exists for every convergent infinite convolution 
o1(@) *oo(@) *- + + a sequence {cn} of numbers such that the infinite con- 
volution o,(%— 61) * o2(æ— c2) *- + + is absolutely convergent. Needless to 
say, another sequence, {ĉn}, of numbers has this property if and only if 
| cy — & | + | Co — & | ++ + + is a convergent series. 





Proof. Choose a fixed ¢ > 0, put 


(39) ` pa(%) = [on(#) Jot, 
where [ Jaz is defined by (IX), and let 
(40:) tn (av) = pn(a— en) ; (402) xn(x) =on(t — Cn), 


where, on using the notation (33,), the number cn» is chosen as follows: 
(41) cn == 0 or cn = E (pn) according as | B(pn)| >t or | E(pr)| St. 
Thus | cn | £ t, and so (39), (401), (402) and (IX) imply that 

[xn]t = [ra]. 


Hence (XXIV) and (402) show that the infinite convolution (38) is abso- 
lutely convergent if and only if so is the infinite convolution r.(æ) *72(x%) *---, 
i. e., if and only if so are both series 


œ oOo 
(421) S (rn) 5 (422) 3 D (Tn). 
n=l nal 
Now (421) is absolutely convergent, since, on the one hand, 
E(t) = E (pn) — cn, by (351) and (40:), 
and, on the other hand, 


E (pn) = Cn for every sufficiently large n, 
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co ‘ : 
as seen from (41) and from the fact that 3 E (pn) is, by (XXTIT), (39) and 
n=l 


the assumption of Theorem 7, a convergent series. On using (35) instead of 
(351) and (34) instead of (41), it is similarly shown that (422) is absolutely 
convergent. Consequently, the infinite convolution (38) is absolutely con- 
vergent. This completes the proof of Theorem 7. 


Theorem 7 implies, in view of Theorem 6, 


THEOREM 8. A convolution sequence (37) is non-flat if and only if there 
exists a sequence {cn} of numbers such that the infinite convolution (38) is 
absolutely convergent. 


Theorem 8 and Theorem 3 imply 


THEOREM 9. If two sequences {ox}, {on} of distribution functions are 
permutations of each other, then the two function sets | dn’ los | on” lop where 
gn’ = 01 #7" Ban’, Pn = 01" *: + on”, are identical function sets. In 
other words, either both convolution sequences {pn}, {pn} are flat or both are 
non-flat, and in the latter case the two distribution functions p’, p”, which 
{| dn’ lo | dn” lo determine up to congruences, are congruent. 


Theorems 3 and 8 can be interpreted as describing the possible behavior 
of any divergent infinite convolution. Correspondingly, Theorem 9 describes 
what can happen to a non-absolutely convergent infinite convolution upon an 
arbitrary rearrangement of its “factors.” In the non-flat case, Theorems 8 
and 9 imply the more precise fact that the infinite convolution behaves upon 
a rearrangement exactly the same way as a certain numerical series, which is 
determined by the sequence of the “factors” up to an additive absolutely 
convergent numerical series. 
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AN ANALOGUE OF JACOBI’S CONDITION FOR THE PROBLEM 
OF MAYER WITH VARIABLE END POINTS.* 


By THOMAS FREEMAN Cope. 


Introduction. The problem of Mayer with variable end points, as stated 
by Bliss,’ is the determination of the properties of an arc 


(E) ya = yi (1), nrs To, (=1,: 5 n), 
which minimizes the first of a set of functions 
fo[%1,%2, y(t), (#2) ], : (p =1,° g "t&n +2), 


in the class of similar arcs which make fz, * - +, fr vanish and besides satisfy 
the differential equations 


(1) palT, Y, y) = 0, (æa—1,: eem n), 


where y(x) is a symbol for y1 : - Yn. Bliss has shown ? that if Q denotes the 
function 


Q= Mh t: - + Àmpm 


then a necessary condition for a minimum is that there shall exist m functions 
A(z), * + *,Am(x), not all identically zero on 24, satisfying the differential 
equations 


(2) 3 l B 


ga w O (i—1,: ° +5), 


and making all determinants of order r + 1 of the matrix 


(3) 





Fpa, fou tows Tove 
Q (21) ice Qy, (21) Yir Qy, (#1) > — Q (x2) + Oy, (z2) Yiz — Qr, (x2) 








* Presented to the American Mathematical Society (Chicago), April, 1928. Received 
by the Editors March 1, 1937. This paper is a somewhat revised form of the author’s 
dissertation, see 4. The great interest shown in the problem and methods of this paper, 
as attested by the bibliography at the end, seemed to the author to justify its publica- 
tion at this time. 

The numbers in the footnotes refer to the bibliography at the end where further 
references will be found. 

11. 81. 
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vanish. According to the usual convention of tensor analysis, it is understood 
here and elsewhere in this paper that a subscript i, j, a, 8, etc., repeated in the 
same term indicates a sum. The subscripts +, y, y denote partial derivatives. 
It is also understood that the arguments in fp, Q, and their derivatives are 
those belonging to E. 

The preceding statement of the necessary condition is equivalent to the 
statement è that there must exist m functions A, (x), not all identically zero on 
Tı% satisfying the equations (2), and 7 constants l,’ : :,l,, not all zero, 
satisfying with them the 2n + 2 equations 


(4) far + funy’ ia ia fon — Oy, (ti) = — fr — fy oie ag — fue — Oy, (22) =< 0, 
where 


fee bfi te: ++ hfe 


In the first section of this paper, the hypotheses on which the analysis is 
based, are stated and preliminary notions and theorems considered. The first 
and second variations are computed in section 2. It is shown in section 3 that 
a minimum problem for the second variation may be formulated and moreover 
that it can be transformed into a problem of the same type as the original one. 
The differential equations and boundary conditions corresponding to (2) and 
(4) above for this auxiliary minimum problem are then given. In section 4 
a boundary value problem associated with the second variation is stated and 
discussed, and by means of it a necessary condition for the original minimum 
problem is proved. This condition is essentially that for a minimizing arc for 
the original problem the boundary value problem of the second variation can 
have no solution for negative values of its parameter. It is then shown in 
section 5 that the boundary value problem of the second variation can be 
transformed into one that has been treated by Bliss. Section 6 is devoted to 
the task of proving that the transformed boundary value problem is “ definitely 
self-adjoint,” according to Bliss’s definition. From this fact much information 
is automatically obtained about the characteristic constants and solutions of 
the original boundary value problem. 

The form of the second variation appearing in section 2, the analogue 
of the Jacobi necessary condition of section 4, and the discussion of the 
boundary value problem of the second variation of sections 5 and 6 were first 
given, for the general problem of Mayer with variable end points, in my dis- 
sertation (see 4). Proofs of similar analogues have since been published by 
Morse (see 7, p. 524) and Reid (see 14, p. 840). The same authors have also 


21, p. 311. 
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treated the boundary value problem of the second variation by methods quite 
different from mine and from one another (see 7, pp. 542-546, and 10). 
Analogues of the Jacobi necessary condition different in form from those men- 
tioned above have been given by Bliss (see 8, p. 266) and Hestenes (see 12, 
p. 483). 


1. Preliminary notions and theorems. The arc F is supposed to have 
the following properties : + 


1. Itis of class C’” and such that the functions ġa, fp are of class CTY in 
a neighborhood R of the values (x, y, y’) on E. 


2. It satisfies the equations (1) and 
(5) fo = 0, (e= yr). 
8. The matrix | bay, || has rank m at every point of E. 
4. The matrix 
| Foe: fov fpze fous ll, (p= 1, r; i=l, +, 0), 


with 2n + 2 columns and r rows is of rank r at the values of the arguments 
of the functions fp on F. | 
Consider a one-parameter family of arcs * 


6 Yi = Y; (z, e), (i= 1, ‘ sn), 
(8) A) SoSH), ¥,(0) ay mo) 


which contains # for e= 0 and satisfies the equations (1) and (5) for every 
e In a neighborhood of e= 0. Its variations are by definition the expressions 


é, = X,.(0), ni (z) P Yie(2, 0). 


The variations then satisfy the equations of variation 


(7) Pa (£, KE 7) == bayni + api = 0, (a =], ? m), 
(8) Fo(é n) —0, (o—2,: © Jy 
where ` 


(9) Fo (é, 7) = (fpa + ovuYd'i) Ë + fouai 
+ (fesa + foul ie) Se + forti (p =1, r). 


The functions y, y’ occurring explicitly and in the derivatives are those 
defining #. 
Consider now a system H of r sets of variations é, mi (p=1,-- +573 


41, p. 307. 5], p. 307. 
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¿= 1,2), with ys of class O0” and satisfying the equations (7). Variations 
of this sort with é and é arbitrary constants are called admissible variations. 
A minimizing arc # is said to be normal for the problem under consideration 
when a system H of variations can be so selected that the matrix 


|| Fo(é, P) |l (or: r; p=: r) 


has rank r— 1. Let an admissible arc be defined as an are of class C”” on Ti, 
whose elements (x,y, y) all lie in R, and which satisfies the equations (1). 
The following theorem and its corollary with their proofs, which are omitted 
here, are similar to those given by Bliss in his lectures at Chicago in the 
summer of 1925.8 


Txeorsm. For every normal minimizing arc E of class O” on xx, for 
the Mayer problem with variable end poinis, there exists a one-parameter 
family of admissible arcs (6) containing E for e=0 and satisfying the 
equations (5). The functions Y; are of class O” in x, and Yi, Y's, Z, 
(i= 1," -,n;i—1,2) of class O” in e, near a Stam, e—0. 


COROLLARY. Ifa set of admissible variations £, n(x) for a normal mini- 
mizing arc E of class O” on Tæ, for the Mayer problem with variable end 
points satisfies the equations (8), there exists a one-parameter family of ad- 
missible arcs (6) satisfying the end conditions (5), containing the arc H for 
c = 0, and having the set £, ņ as its variations along E. The functions Y; are 
of class O” in « and Yi, Y’i, X. of class O” in e near nm Sa Sm, e = 0. 


2, The first and second variations. Consider the minimizing arc Æ of 
the corollary. There must exist m functions a(x) of class C’, not all identi- 
cally zero on 2,72, satisfying the equations (2), and r constants lp, not all zero, 
satisfying the equations (4). Moreover, since Æ is normal, l, must be dif- 
ferent from zero.” l, may then be chosen equal to unity, and in the following 
pages it will be assumed that such a choice of 7, has been made. 

Substitute the one-parameter family of the corollary in the functions 
fp, pa and differentiate with respect to e. The result is 


dfi 

Le = (Xe Yi}, 

0 = Fo(Xe Ye), (o—2,::":,r), 
= (2, Ye Ye), (a= 1, E ‘,m), 


°5, pp. 694-695, and 4, pp. 6-9. 
T1, p. 811. 
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where Fp and a with the arguments indicated are defined by equations (7) 
and (9), but with coefficients taken for e—e. Differentiating again with 
respect to e and putting e = 0, we find 


COR 


— Pi (Xee, Yee) + Bry, Y jek e jt + fins Lie Xe [? + Qi(Xe, Fe), 





(10) 0 = Fo (Xes Yee) + foy Y” jeXe | + Rfoy Y’ jeke |? + Qo(Xe Ye), 
0 = Ba (@, Vee, Vcc) + 2wa (2, ies Fe); 
(j=1,-- n; o= R," Late 


where Qi, Qo, 20g are quadratic forms in the arguments indicated, and where 
all the arguments are taken for e—0. Multiply the first r equations of (10) 
by Lh, lo, respectively, and add. Then because of the equations (4) of section 1, 
` the sum can be written 

2(€) 


ay (a) 
(p= 1,-°°,1), 


where all the elements are taken for e == 0. Multiply now the last m equations 
of (10) by À and add. The result is, if we put o = Agua, 


0 == Dy, Y jee + Vy, ¥ jee + Ro, Ve, Y'o) 
d d 
= FP jce(Qy, — Fe Qy) + Ta (Qy Y jee) + 20 


ZX1(e) 


e=0 EAG 
= Oy Y jee L. + 20y T'jeX e p on + lop (Xe, Yi), 





d 
= dx (Qy,¥ jee) + 2o, 


since for e= 0, the Euler-Lagrange equations (2) are true. Integrating 
between X, (e) and X2(e) for e = 0, we obtain 


Xale) Xote) 
$ f Qu(2, Pe Y'a) da. 


Xue) Xe) 


(12) 0 == Oy Y je 





Finally by multiplying the equations 


0 = By (2, Kes Ye) 
by Aq and adding, we find 
0 = Qu je + Oy Yio 
whence 
X2(€) Xate) 
(13) 0 == 20y,V jX e + 20y Y ieXe ; 
X1te) Xy(€) 


where as before. we take e= 0. Now add (11), (12), and (18). The result 
will be the desired form of the second variation, after putting 
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Xie(0) = à, X2e(0) = És, Y; (x, e) |= = y; (2), 
namely, ; 


dfi €=0 Le y 
(14) Tame (SE) [T = fZ ole, made + O67), 
£ z1 
where the quadratic forms 2w and Q are explicitly 


Ro = Pini + Qiy + Ris’ ays 
Q = Aé? + 2BE Ss. + CE? + Dm; (ai) és + 2B inj (2) & 
+ 2B yn; (41) &e + 2G 595 (to) Es + Hirm (21) 93 (41) 
+ liji (21) 93 (22) + Jim (te) 93 (22) 5 
Pij = Quy Qi; = Qu Ri; = Qy’; 


A= (fa + fonr (%)); Bae (fos + fosy i (T2) ), 


SE Cest foie) Di =F fin ula), 





(5) 


d d ; d | 
E; =i um Fi = lon Gi = Ge fon + Oy, (22), 


Hi; = Forays Lj = forans» Jij = foni» 
(t,j=1,--+,). 


If yı = y:i (x) is a minimizing arc it is evidently necessary that the first 
variation I, 
{A 
n= (à) 


vanish for all sets é, » satisfying the differential equations and end conditions 
(7) and (8). It is also necessary that the second variation I, be greater than 
or equal to zero for the same sets é, 7. 


€=0 


= F, (é, 7); 





3. The minimum problem of the second variation. A problem suggest- 
ing itself at this point is that of minimizing the second variation (14) in the 
class of all sets of variations é, 7 of class C’” on tx, satisfying the equations 


dé , 
= = 0, Balt, mn) = 0, ((=1,2; a—1,::,m), 


(16) dx 
Po(é, n) = 0, (o— 2," ::,r). 


It is evident that the second variation J, must be greater than or equal to zero 
in the class of all such sets é. It is found convenient to put a further 
restriction on the sets €,4. Let us introduce the equation 


(17) £2 4+ &F + Í. tante) de 1. 


We then consider a second problem of the second variation and its relation to 
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the one first proposed. This second problem is to minimize the second varia- 
tion in the class of all sets é, satisfying the equations (16) and (17). We 
shall call éy an admissible set for the first problem if the &s and „s are of 
class C”” on 2%, and if the set satisfies the equations (16) ; and an admissible 
set for the second problem if the set further satisfies the equation (17). Every 
admissible set for the first problem, except the trivial one é= = 0, will 
evidently give rise to a set ké, ky, which is an admissible set for the second 
problem, where k is a constant different from zero. Moreover, every admissible 

"set éy of the second problem is necessarily an admissible set of the first 
problem. It follows that the admissible sets of the second problem form a sub- 
class of the class of all admissible sets of the first problem. We can then state 
the following . 


THEOREM. If the second variation I, (é, n) is greater than or equal to zero 
for all sets é yq which satisfy the equations (16), where the Ẹs and ys are of 
class O” on tite, then Io(é, 4) is necessarily greater than or equal to zero for 
all such sets q which satisfy both the equations (16) and (17) and conversely. : 


The problem that will now be considered is that of minimizing the second 
variation I,(€,y) in the class of all sets é, y which satisfy the equations (16) 
and (17) with £s and 7’s of class O” on 2%. This problem is not quite in 
the form of the original problem in æy-space, but may be changed to that form 
by the introduction of new variables. For, let 75(4), mn1(x) be defined by 


z z 
mle) = f? 20(a nade, mate) = f7 n(em(eas 
i aTa | To 
no(t) = 0, no (T2) | Ro (g, M i) da, nu (a1) = 0, mn (2) =f ini de. 
Ti . Tı 


Let also the values of the constants é, & at the end points v, and x, be denoted 
by £11, 6: and £z, se respectively, and consider (as we obviously may with no 
loss of generality) only é and és, as occurring in the equations (15) and (16) 
and also in the second variation. We can then formulate an auxiliary Mayer 
` problem as follows: 
To find the properties of a set of functions 


no(Z), ni (2), Man (T), §,(z), (i = ];, "gl, 2), 
which minimizes the expression 
n= I, = no (2) + Q (Es Eno, ni (#1), ni (te) J 


in the class of such sets of functions satisfying the differential equations 
15 
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To — Ro (z, N 7) = 0, &,(z, up 7) = payi + pavyti = 0, 
(18) ns — iqi = 0, 2, — 0, 
(i,j=1,- 7 +,m;e=1,2; ¢—1,-° “yy, 
and the end conditions, 
G2 == p (21) m 0, 
Jori = Fe(én, E22, qi (tı); qi(T2)) E 0, (o eF. 2, pee r), 
Grez E= Ons (21) = 0, 
Iras = Fr, + Ea + ma (Te) — 1 = 0, 
with £s and 7’s of class C”” on 2,2. 


This auxiliary problem. is a Mayer problem of the type considered in the 
introduction and so a minimizing set of functions 


no(@), mi(t), mals), & (2), (t—=1,-+-,n; (= 1,2), 


of class C’” on æ% must satisfy the conditions there stated. Let mo be the 
multiplier associated with 70 — 2w; ma(æ), (a = 1,: > +, m), those associated 
with a; um, Mm those associated with &:, £2, respectively; and, finally, p, 
that associated with n+ — mimi, where the ws are of class C’ on 2,22. Define 
T by the equation 


20 == Ho (7o — 2o) + Ra Pa + Ruma + Zum 2 + MEER x, qini) . 
Then the Euler differential equations for the auxiliary problem are 


d d d d d 
dx Tro = Tho da Ty ue Tio dr Dana Fa Pana? dae Te, = Te, de Te, = Te, 


(¢=1,---,n). 


(19) 


It follows from the (n + 2)-nd of these equations that y is a constant. 

It should now be observed that a minimizing arc for this problem is surely 
a “normal” arc. For, from the form of the equations (18), it follows that 
the values of m0, qu+1, & at © = 2, and the value of & at x = £s, are entirely 
arbitrary. By hypothesis there exist 7 sets of admissible variations (é, n”), 
(e=1,: + +,7r), so that the matrix || Fo(é,m)|, (c=2,:°-°,7) has rank 
r— 1. Hence from this and the arbitrariness of the end values of yo, nns €15 &2, 
as just described, there must exist r +3 sets of admissible variations 
No» Nis nes £1, €2, Such that the matrix 


| Gv (8, n°) | (v=2,---,r4+38; 8=1,: -,r+3), 


bas rank r-+ 2, where G,(£ y) —0 are the equations of variation corre- 
sponding to the equation (8). 


#1. 
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Let Ls be the r + 3 constants associated with gs with Z, —1. Let 6 take 
on successively the values no; 94, m: n £2. Then from equations (4), the 
boundary conditions for the auxiliary minimum problem are seen to be 


Logse — To (#1) = 0, Lago, + 209 (22) = 0. 
From the thres.equations in which 02 = nas, 02 = 902 $1 == manis it follows 
that Lrs = — p, po = —1, Lr = p, respectively. It then follows from the 
equation in which 6, =, that L =—=— 1. When 6. = é, and 8, = £, it is seen 
that pms = ym, = 0. Now re-name Ës, > -, Drs, respectively, La, - +, Dr. 
The remaining boundary conditions have the form 


Vn + Lo (fox, + fous i) mae pér FA 0, 


Qi + Lofoya Taa ary, (a) = 0, 
(20) QE + Lo (Fos + fonat i2) = 2pSe0 + 0, 
Que + Lofoyss + ary, (Ze al 0, 
(o =2,---,7;¢=—1,---,n). 


The Euler differential equations of the auxiliary problem are now seen 
to be 


d 
(21) de Ty Ru Ty 
where 
(22) Tr = Vy'i as Pahari Th, = Uh + Pavan, — Bhi. 


It is to be noted that the undetermined constants and multipliers are now 
Lo, p, pa(£) where (o = 2,: r; a= 1, -,m). 
The results of this section may be summarized as follows: 


Let é, £ mi (x) be a set of functions of class O” on t, S x S t, which 
minimizes the second variation I> (£, q) in the class of such sets satisfying the 
differential equations and the end conditions (16) and (17). Then there must 
egist m multipliers pals), (a = 1,: ++, m), of class C’ and not all identically 
Zero on Tta, and r constants p, Lo, (o = 2,- * -,r), not all zero, satisfying 
the diferential equations (21) and the boundary conditions (20), in which 
é and éz may be replaced by é and & respectively. 


4, The boundary value problem of the second variation and a neces- 
sary condition for the original problem. From the results of the last section 
it may be seen that there is a boundary value problem associated with the 
second variation which may be stated as follows: 

To determine multipliers #,(æ) of class O” and constants Lo, p, together 
with variations £, éz, p(x) of class O% on sıxa, which satisfy the differential 
equations 


4 


aF 
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(23) dz Tr = Ty $,(z, VE 7) = 0, To = 0, 
(t= 1,---,n3 a=1,--+,m;1=—1,2), 


and the boundary conditions (20) and (8). 

It will now be shown that there are restrictions upon the possible values 
of » for which the boundary value problem has solutions, in view of the mini- 
mizing properties of the arc # for the original minimum problem considered. 
Suppose that the set é, n(x), Lo, p is a non-trivial solution of the boundary 
value problem and that it also satisfies the equation (17); this last condition 
could always be met for any given set by multiplying by a suitably chosen 
positive constant. Multiply the equations (20) by 1, 44(21), 22, 4i(@2), 
respectively, and add. Then since Q is a quadratic form in &11, éz; 9: (#1) and 
ni (%2), and. because of the equations (8), there will result 


Ta 
(24) 2Q + Qnil mi = 2p (E11? + 22°) = 0. 
TH 
But from equations (22), (15) and (7), it follows that 
, d d 
Tn, + 7 Ty, = Qi (Ty ES do Ty.) + ae (nly) 


= 20 + paa — pin, 


whence, in view of the equations (21), 


Te Ze T2 
-=Í 2wdx nf minder. 
T Tı Tı 


After substituting the right-hand side of this equation in the second term of 
(24) and recalling that 


nly, 





I= ude -+ Q, 


Tı 
it is seen that 


RIs — 2u (En? + É? + f nmas) = 0, 
and hence on account of (17) that “7 
Io = p. 
The following necessary condition on Æ has thus been proved: 
If E is a minimizing arc for the original minimum problem in xy-space, 
then the boundary value problem of the second variation described in this 


section, the equations of which are (23), (20), and (8),-can have no solutions 
for negative values of the parameter p. 


+ 


We 
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§. Transformation of the boundary value problem of the last section. 
The boundary value problem of the last section will now be transformed into a 
problem that as been discussed by Bliss’ It will first be assumed that a 
solution 


és mi(t); palT), Lo, Bo (= 1,2; «= 1,: > ‘m; i=1,: j s n) 


of the boundary value problem of the last section for a minimizing are FE for 
the original minimum problem has been found. Note that 


Fogn = fre, + foya i, Pots. Te fox, + Foy iz 


Fong = fours Pons = fours (o—2,: $ igr): 


For convenience, let é, € be re-named mma mn+, respectively, and adjoin to 
the boundary value problem of the last section the equations 


Fra = hne (a) — nu (Ta) = 0, Frag = qa (21) — Mn (T2) == 0. 


It is then clear in view of these equations and hypothesis 4 of section 1 that 
the matrix 


(25) | Pron Pras llo (r= 2,- ++, r+2;¢—1,°-+,n+2), 


has rank r +1 As a matter of notation, let Fy, be renamed &;, and for 
convenience in subsequent proofs, let us introduce two new functions nia, Cnse 
defined by the equations 


Lnn == [np ™ 0, Ens (#1) = En (ti) = 1. 


The boundary conditions of an equivalent boundary value problem are then 


Lol ens + Qu — Ré —=0, 
LoF. tnt a 8F TEL nul + Qama Ea 2pnne,1 zi Béni, su 0, 
RE riom + Qane pugi 26121 cn 0, 
(26) Lok ens + Que + Rois = 0, 
RF THL Nme + Qaunse + REn+1,2 7. 0, 
LoF awa + RF T+2, n22 + Onze cs RM, + RÉn+e,2 == 0, 
F, =0, 


(r= r2; e= rj i=l, on). 


It is to be obser-ed that Fo and Q do not contain yi. and niet 


Suppose now that as and bs, (é—1,: - +, n +2), are 2n+ 4 constants 
satisfying the eqaations 


°8. 


Pa 
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(27) OP yy, + OF rge = 0, (r= 2,:--,7r+42). 
` In view of the rank of the matrix (25), there will be 
Qn + 4— (r +1) =n 43 —r . 
linearly independent sets of such constants, say 
ant, Ont, (à = 1,2, - -, 23n +3 — r). 
Multiply the first n + 2 equations of (26) by ant, the second set of n +2 
equations by byt, and add. The result will be because of (27) 


Ars Qaa — RaxsËs1 — RAN, n+ 24n41,1 
-+ DrsQrea + RDsbs2 =e Rbhnr2Hmn:2,2 = 0, 
(A=1,: + -, 3n +838 —r; s=1,:--,n+2), 


The quadratic form Q with arguments 761, ys2 may be written 


Q (7 (%1), n (Xe) ) = Asrneiyti + 2Beensryta + Csensente, 
A (s,t=1,:--,n+2), 


where As: and Cst may without loss of generality be taken symmetric. It is 
to be emphasized that Q does not contain mu, 9n+2,1- Now define | 8s: || to 
be the matrix such that st = 1 if s=t—n-+1 and otherwise zero, and 
| 8st || to be the matrix such that 3’:—=1 if s = t — n + 2 and otherwise 
zero. The boundary conditions (26) then imply the 2n + 4 conditions 


— Onsbsr + Disbes + [ans (Asi — pd’ ot) + brsBts |t 
+ [bs (Cst ma post) + axeBst lito == 0, 
For) =F rane: + Fryns: = 0, 
(As=1,--+,2n0-+3—r; s,t—1,---,n4+2; r=, + +5742). 
In matrix notation these equations may be written 


Ors (Ase = pst) + bysBes, — &v 














(nt bur) 
(28) Pons 0 | 
Fp aa eg aE al (Ce) 
Panis, 0 














(s,t,u-=1,-+-,n+4+2; A=1,---,2n4+8—1r; 7—=2,:--,r4+2). 
The differential equations 


d 
dx Ton se Ty OC nat = Ekiz = 0, 


(29) Be (z, % 7’) = Pavi + Par’; 5 =0, naa = nse == 0, 
(i,j =1,: <c; =l,- m), 
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will now be reduced to an equivalent set which is for our purposes more useful.*° 
Recalling (22) and (15), let Haj, Ka; be defined with ¢, by the equations 


éi = Tyo Haj = Pav: Kaj = pay’ ss 


and assume as usual for regular problems in the calculus of variations that 
the determinant 


Rij Kpi 


D = Kaj Log 








; (a 8 =1,: > *,m; Lag=0), 
is different from zero on z, S 2a. Then the m + n equations 

bi = Qi + Riri + Kpg, 

0 = Hajnj + Kaji» 
can be solved for 7’;, pg. These solutions are 


, 1 1 
wi = — y (Ba! Qian + Kat Hains) +7 Bit, 
1 1 
Ba = — Fy (Kal Qixns + LeHen) +5 Kail, 
(x =1,- E sn), 
in which, with reference to D, Ezt is the cofactor of Ry: ; Kat, Dg*, the cofactors, 


respectively, of Kai, Lge. Note that the matrix || Rx? | is symmetric. With 
the help of (29) it is seen that 


La Pimi + Qisn’i + Heipa — pi. 


When the values of 7’; and pa given above are substituted in these equations, 
they become 


, 1 1 
Ei = Pani — g Qu (RQ + Kis) aj + 5 Oink 


1 1 fg) 
-5 Hri (KQ + Le Bgi)ni + D Hvi Kvt; — pri, 


(h=1,--++,n3 v==1,---,m). 


If D is different from zero, the differential equations (29) are then equivalent 
to the following set in matrix notation: 


1015, p. 590. 
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— D*(BsQis + K%H a1), 
Pa — D’ Qas (Bu? Qiu + KH) — D*Hyg(Kv"Qiu + Le UHpi), 
DR: 
(30) D (Qahr + HyKy! 
0 0 
+ į | Sa 0 
(lg, su—1, --,n+2; a B,v=1,---,m), 








(ni éi) 








d 
(ne é) = dz (ne, ta)» 








If any one of J, q, s, u in a coefficient in (30) is greater than n, that coefficient 
is zero. 

If D is different from zero, the boundary value problem of the last section 
can then be transformed into the following boundary value problem: 

To determine functions ng = "a(7), fg = ćale), (g=1,"::,n+R), 
with vs of class O”, Ps of class O” on gz, and a constant y satisfying the 
differential equations (30) and the boundary conditions (28). It is clear that, 
under the hypotheses, every solution of the boundary value problem of section 4 
whose equations are (23), (20), and (8), for a minimizing are E of the 
original problem, is a solution -of the transformed problem just stated. 


where 89: is the Kronecker symbol if g and J are S n and otherwise zero. 


6. The self-adjoint character of the auxiliary boundary value problem. 
The auxiliary boundary value problem of the last section whose equations are 
(30) and (28) will now be shown to be “self-adjoint” according to the 
definition of Bliss. In the paper referred to, it is proved that a necessary 
and sufticient condition for the self-adjointness of a boundary value problem 


dys eg. <y<y 

(31) kz (Aia(z) + pBia(%))Yya(2), Ti = TD Ve, 

MiaYa (21) + Nia¥a(%2) = 0, 
is that there exist a transformation Tix(+) such that 

PiaAax + AaiT ax + Tm = 0, T'iaBar + BaiTar == 0, 
(32) MT (ti) Mrs = NiaT (#2) Nas, 
(584,4 B—=1,""",n). 

The functions A:iz(x), Bix(æ), T(z), T’ (x) are assumed to be continuous 
functions of x with | Tix | 0 on aix and Mix, Nw are constants with n the 
rank of the matrix || Mix, Nax ||. 


The boundary value problem given by equations (28) and (30) is evi- 
dently of the form 


32 3, p. 569. 
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dz (y; zi) = (| Cy Du +u Õu 0 (Yi 2j), 
(33) Ep; Foi Ep; Foi = 
Ge | ea) + Lam “GPT GC), 4(20)) = 0, 


























where, in view of (28) and (27), we suppose 
(34) FpaQa — PoaGta = 0, 


(4,j,%—=1,---,0; p=1,---+,2n—7; l=1,:::,r). 


This is clearly of the same type as (31). 
It will now be shown that with the transformation T, which with its 


inverse has the form 
0 CPR i — | 0 S òi; 
ie dE ir &; 0 |? 


the equations (32) are satisfied for the boundary value problem of the last 
section. To do this, we consider what properties the matrices || Ai; ptt || Gis | 
of (33) must have if the equations (32) are to be satisfied. For the first set 
of equations of (32) to be satisfied, it is necessary and sufficient that 


Aai Cai 


T = 








Sia Aaj Baj 



































[a OL | es ol 
— dia 0 Caj Daj Bai Dai — 8a; i 
or 
Cy Di [z Cji 
=Q. 
E — Bi; + — Dji Bi 











This is possible if and only if 
Ci = Cia; By = Bin Ai; = — Dii; 


or, in other words, the matrices || Ci; || and || Bi; | must be symmetric, and the 
matrix || Az; | must be equal to the negative of the transpose of the matrix 
| Dez]. It readily follows that the second set of equations (32) will be satis- 
fied if and only if 

Či; = Os, 


that is, the matrix | Ci; | must be symmetric. These conditions are easily 
verified to be fulfilled for the corresponding matrices of the equations (30). 
Hence for the transformation 7’, as defined above, the first two sets of equations 
(32) are satisfied for the boundary value problem of the last section. 

The left member of the third equation of (32) for the problem (33) is 
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Epa Fpa 0 — Sap 7 Es Ging 
Gig 0 dap 0 Fa 0 
= Fog — Ep | Egg Gg 
0 — Gig Fa 0 |” 


























(p,q =1,: 7+ ,2n—r; Lm—1,---,7; a B=, Sn), 


and this last product is equal to 








FppEag — EnpF op, FopGmp | 
— Gipk ap 0 i 

Similarly the right member of the third equation of (32) for the problem (33) 

is found to be 


F ‘plop ran Engh aB; F PB Ging | 
a GipF aB> 0 











These two matrices will be equal if and only if 


FopGng = FypGmng, 


35 E er 
age) Polos — EppE ag = Fog lag — Epp ap. 


The first equation is true because of (34). The second equation may be verified 
for the boundary value problem of the last section. For, let the range of the 
subscripts of the last equations be 


a B=1,---,n+2; p=: "",2n+8—7r; l, m =R, :,r+2. 


Then substituting in (35) the values which make the matrices in (38) identical 
with those in (28), we find that the left and right members, respectively, of 
(35) are 


(— app) (aas (Asg — usp) + basBgs) — (aps (Asg — usg) + bpsBes) (— aag), 
(brg) (bas (Cop — nò” sB) + aasBsp) — (bos (Css — pd’sp) + apsBsg) (bas) 


Because of the symmetry of the matrices | Ast ||, || Cse |, | des | and | 8s: ||, 
these two expressions are equal if 


AppbqsBgs = aps Bsgbag, 
and 
bps B pean = bogtgsB ag. 


These, however, are true equations, as we may see by interchanging certain 
of the summation subscripts, and hence the third equation of (32) is satisfied 
for the boundary value problem of the last section. | 
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All three of the equations (32) are then satisfied for the auxiliary 
boundary value problem of the last section, from which it follows that this 
problem is self-adjoint. 

The auxiliary boundary value problem is, moreover, “ definitely” self- 
adjoint, according to the definition of Bliss. Let Six be defined by 
Sils) = TaiBox. The boundary value problem (31) is then said to be 
“ definitely ” self-adjoint 1? if the following conditions are fulfilled: (1) The 
equations (32) are satisfied for the transformation T(z). (2) The matrix 
| Six(a) || is symmetric. (3) The bilinear form Scg(x) fafg formed for a set 
of numbers f; and their conjugate imaginaries fi is positive or zero at every 
point of aa. (4) This form vanishes identically for a set of solutions f: (2) 
of a system of equations 


s(t) = Aia(t)fa(t) + Bia(@) ga(), (i, k, a, B—1,:::,n), 


where the gps are continuous functions of x on ££, but otherwise arbitrary, 
only when the functions f;(#) are all identically zero. These conditions are 
easily seen to be satisfied for the auxiliary boundary value problem of the last 
section since S has the value 

0 — Real = 
Sav 5 ol 


ve -n+ 2). 


The theory of definitely self-adjoint boundary value problems as developed 
by Bliss may now be applied in full to the problem of the last section. 
According to that theory, the characteristic constants » for which this problem 
has solutions must all be real and are denumerably infinite in number, and the 
linearly independent characteristic solutions corresponding to each character- 
istic constant may be chosen real. Since every solution of the problem of 
section 4 is also a solution of the problem of the last section, it follows that the 
characteristic constants » for that problem are also all real, and the linearly 
independent characteristic solutions corresponding to each characteristic con- 
stant may be chosen real. By the criterion of section 4, none of the char- 
acteristic parameter values for the problem of section 4 can be negative if F is 
a minimizing arc for the original problem in æy-space. 


sS= a : 
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ON THE ASYMPTOTIC DISTRIBUTION OF ¢'/f(s) IN THE 
CRITICAL STRIP.* 


By RICHARD KeRSHNER and AUREL WINTNER. 


According to Bohr,t Euler’s product for £(s), which is divergent for 
o < 1, has for o > 4 certain convergence tendencies. In particular, the formal 
expansion of log ¿(s) is, for every fixed o > 4, convergent in relative measure 
to log £(s), and this holds uniformly for all o > const. > 4. Bohr’s proof 
of this fact consists in first replacing £(s) by 


(1—2"*)¢(s) = 3 (—1)"1/n9, where o > 0, 
n=l 


then applying Schnee’s mean-value theorem uniformly for o > const. > $, and 
finally removing the factor (1— 2*8). Thus the method does not apply to 
the function? {/£(s), a function more directly connected with the prime 
number distribution than £(s) itself. | 

In the present note there will first be obtained results for ¢’/£(s) which 
are analogous to those of Bohr for log £(s). This will be made possible in 
view of a general principle which may be formulated roughly as follows: One 
cannot lose uniform convergence in relative measure by term-by-term dif- 
ferentiation of a sequence of analytic functions (the same does not hold for 
term by term integration). 

The result is then applied to obtain for the asymptotic distribution of 
£'/E(s), where o > 4, results which are analogous to those previously obtained * 
for log £(s) or £(s). Due to the convergence in relative measure, these results 
follow immediately from the general theory of infinite convolutions, since the 
logarithms of the prime numbers are linearly independent. The asymptotic 
distribution of ¢’/£(s) has recently * been discussed for e > 1. The facts to be 
proved seem to be new not only for $ < o'< 1 but for e = 1 as well. 

The results are independent of Riemann’s hypothesis. 

Let Sn = on + it denote those zeros, if any, of £(s) for which on >4, 
and let Jn be the interval 


t= tn, 5 <oZ£on(<1), 


* Received January 29, 1937. 

*Bohr [1], [2]. 

2 By £’/£(s) is meant t (s)/t (s). 

3 Jessen and Wintner [3]. 

“van Kampen and Wintner [4], Section 6. 
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an interval which is perpendicular to the critical line. Let F denote the set 
obtained from the half-plane e > $ by removing the segments J, and also 
the segment 

t= 0, $<oSl. 


Thus T is open, simply-connected, and contains the half-plane o > 1. On 
placing 


(1) t(s) = £(s) I (1— pr"); (n= 0,12) >) 
it is clear that 
(2) f(s) ~0inT (fo = €). 


Let log &(s) denote that logarithm of &.(s) which is regular analytic in T 
and vanishes as o—> + co. The considerations of the sequel will be based 
on a classical result concerning the manner of divergence of Huler’s product 
. in the critical strip, namely on 
Bohrs Lemma.’ Corresponding to three arbitrary numbers y, «, €z 
satisfying 
O<n<4h; 0<a<1, 0<&<]1, 


there exists an N = N (y, e, e2) with the property that one can choose for 
every n = N a un such that if T = un, then the interval 2 £ 7 & T contains 
a finite number of mutually disjoint subintervals J which have a total length 
greater than (1—e,)7 and are such that if r is in an J, then on the one hand 
the half-strip 

c2¢+y 1v—i<iSr+i 


of the (o + i#)-plane is contained in T and on the other hand 
| log én (s)| Sa 


for every s =o + if in any of these half-strips. 

Let 3, denote the boundary of a square of side + in the complex s-plane 
and let 3s, where 0<8< 4, denote the boundary of that square of side 
4— 28 which is symmetrically placed in 3). Then, if f(s) is any function 
regular analytic on and within %, its derivative f’(s) satisfies the inequality 


(3) max | f'(s)|Ssmax|f(s)|,  (0<8<D, 
Zé Ze 


regardless of the position of X, in the s-plane. In fact, if s is in the interior 
of Xo, then, according to Cauchy, 


ë Bohr [1], Hilfssatz 5, p. 82. The numbers denoted above by Ep Ep M N, u, are in 
Bohr’s notation €’, e”, 7 —4, N*, T* respectively. 
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rif’ (s) = Í. (8 w)* f(w) de. 


Now if s is on or within 33, then |s—w| = & for every w on X so that 
(3) is obvious. Let S, be any square of side 4 which has one side on the line 
c= ł -+y and is contained in one of the half-strips mentioned in Bohr’s 
Lemma. On applying (3) to each of these squares 3, and to the function 
f(s) = log én (s), it is seen that Bohr’s Lemma implies the following: 
Corresponding to four arbitrary numbers 8, », à, e satisfying 


0<8 <4, 0<n<#, 0 <a < 1, 0 <e <1, 


there exists an N == N (n, &,€2) with the property that one can choose for 
every n = N a up» such that if T = up, then the interval 2 = r £ T contains 
a finite number of mutually disjoint subintervals J which have a total length 
greater than (1— e,)7 and are such that if 7 is in an J, then on the one hand 
the square 


g+y+8SoS14q—-8 7—$48StSrt+4-38 
is contained in T and on the other hand 
| En/En(s)| = €,/8" 


for every s = o -+ if in any of these squares. 
Now if o is a fixed value such that 4 < o) 1, one can choose 7 > 0 and 
8 > 0 such that 


Hn+8<o<l+n—8 8 (n< 8 <+). 


Let 6 and y be fixed. Then, on placing € = «/ò and applying the above 
result only for a fixed o = co, one obtains the following corollary: If oo > $ 
is fixed,® there exists for every pair of positive numbers €, e an N = N(e, e) 
with the property that one can choose for every n= N a um such that if 
T = un, then 
| E'n/ En (oo + it) | Së 

whenever ¢ is on a certain subset of the interval 2 S t < T, and this subset 
has a measure greater than (1—e:)T. Since &,« are independent of each 
other, it follows, by letting e — 0, T — + œ and writing o and e instead of 
co and &, that, if o > 4 is fixed, then, for every fixed e > 0, 


(4) lim lim sup = meas {| fn/in(o + it)| > €} —0, 
n2400 T+00 0<t<T 


where the factor of 1/7 denotes the linear measure of the set of those values 


€ If e, > 1, the statement is trivial. 


t 
676 RICHARD KERSHNER AND AUREL WINTNER. 


-t for which 


Thug (4) means that if o > + is fixed, the sequence 
Eata + it), +, En/En(o + tt), > 


tends in relative measure * to the function of ¢ which is == 0. It is clear from 
the above proof that the convergence in relative measure is uniform for all 
c= g, if o > 4 is fixed. On writing 


fii, n+, 


if fn(t) tends in relative measure to f(t), i. e., if 


lim lim sup 7 meas, {| f(t) —fa(t)| >} =0 


n->+00  T-2+00 


holds for every fixed « > 0, the above result may be formulated as follows: 


THEOREM I. If o > 4 is fixed, then Eulers series 


_& p° log pr is. 
(6) ae (s=0 + it), 
for tke function 0/€(s) converges in relative measure to £/E(o + it), Le, 
(6) prle + it) [IE /E(o + t), ne + ©, 
where pn is an abbreviation for 
A n pr log Ppr 
(7) pa(s) = pn(o + it) = 2 me ' 


Purthermove, (4) holds uniformly for o È F, if & > À ts fixed. 
In fact, if o > 1, then (5) may be written as the absolutely convergent 
Dirichlet series of ¢’/£(s), and so 


(8) | o'n/ tn (8) = L'/E(S) — pa (8) 

is, for ø > 1, obvious from the definitions (6) and (1) of p\(s) and &(s). 
Now ithe function (7) is regular analytic in the half-plane o > 0, and this 
half-plane contains the domain T defined above. Since £(s) and &(s) are 
reguler analytic and distinct from zero in the simply connected domain T 
which contains the half-plane « > 1, it follows that (8) holds at every point s 
of I. Consequently, (6) is equivalent to (4). 


7 Of. Jessen and Wintner [3], Section 11. 
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It may be mentioned that the function &’/£(a + it) to which the series 
(5) is convergent in relative measure is a continuous function of t, if o > 4 
is not the abscissa of a zero of £ (supposing that there exist such zeros). The 
corresponding fact does not hold in Bohr’s case of log &(s), if the Riemann 
hypothesis is false. In fact, if the Riemann hypothesis is false, then each 
point of the cuts J, occurring in the definition of T is a discontinuity of the 
function log ¿(e + it) of t, if e >4 is fixed and o < on, where ox is the 
abscissa of the right-hand end of Jn. 


Remark. Since é’/f(s) is regular for s = 1 + it =£ 1, and since the series 


ad : co 0 
3 {(1— pr?) pao? log pr — pr log pa} = Z 3 pk log pn 
n=1 n=1 k=: 


represents a regular function for e > + and so for s == 1 + it, it is clear from 


S prt log pa ~ log pm = O (log m), m+ %, 


n=1 
that the series 
foe] coo ©, 
— X pre log pn = Ẹ'/E (8) +3 S pn log pn 
nol n=l k=2. 


is, in virtue of a general theorem of M. Riesz convergent for every 

s=1-+%f41. In other words, the series (5) is convergent for every 
s=1+it1. This does’not imply, however, the statement of Theorem I 

for ¢o=1, since (5) is not uniformly convergent for all s=1 -+ i, 

2<t<+o (if «<1, then (5) is clearly divergent for every t}. Corre- 

spondingly, the following theorem seems to be new not only for} < e < 4 but 

-for o == 1 as well’ = 


. Turorem II. The function &/E(o + it) possesses, for every fixed o > 4, 
an asymptotic distribution function. 


This theorem is? a consequence { of Theorem I, since the function 
pn(o-+%t) of t is, according to (7), almost periodic in the sense of Bohr. 


Turorem III. The asymptotic distribution function of &/€(o + it), 
where o > 4 is fixed, is absolutely continuous with a density which possesses 
partial derivatives of arbitrarily high order. If 4 <a < 1, then the density 
is a transcendental entire function of two variables. 


8 M. Riesz [5], p. 350. 
9 Cf. Jessen and Wintner [3], Section 11. 
19 The statement of Theorem I as to uniformity with respect to ¢ is not needed. 
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In fact, since the logarithms of the prime numbers are linearly independent, 
Theorem III follows from Theorem I by an obvious modification of methods 
previously applied ™ to log ¿(e + it). The same holds™ also for 


Turorem IV. If $ <o S1, the density of the asymptotic distribution 
function of the function £’/E(o + it) of t is everywhere positive but vanishes 
in the infinity as strongly as a Gaussian density. 


Needless to say, Theorem IV may be considered as an indication of the 
truth of Riemann’s hypothesis (which, in turn, does not imply Theorem IV). 


THE JOHNS HOPKINS UNIVERSITY. 
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ON THE ADDITION OF CONVEX CURVES AND THE DENSITIES 
OF CERTAIN INFINITE CONVOLUTIONS.* 


By E. R. vaw Kampen. 


Let Sı, S2,- : - be a sequence of convex curves in a plane such that the 
infinite convolution ¢ of the distribution functions * ¢,, ¢2,° > - corresponding 
to 81, 82," * + is convergent. Under very general conditions it has been proved ? 
that the distribution function ¢ has continuous partial derivatives of arbitrarily 
high order. If the curves Sı, S2,- - > are analytic, the question arises whether 
¢ is regular analytic anywhere in the plane. In certain special cases this 
question has already been investigated.* The object of the present paper is 
to develop a concise formalism for the description of the geometrical process 
of addition of convex curves. On using this formalism in connection with the 

study of ¢ a simple proof will be given in Section IV for the analyticity of the 
density of œ in certain specified regions. Although the boundaries of these 
regions are defined in such a way as to suggest their having a singular character 
for the density of ¢, it still remains a problem to decide under fairly general 
conditions whether or not it is possible for ¢ to be regular on these boundaries.* 
As an application it will be shown in Section V that there exist for the asymp- 
totic distribution function of the logarithm of the Riemann zeta function in 
addition to the ring shaped regions of analyticity previously determined,’ 
certain regions of analyticity which may be described as crescent shaped. 

In Sections I, IT, ITI, in which the geometric considerations are given, the 
convex curves have been replaced by convex hypersurfaces in an n-dimensional 
space. This modification has no effect on the proofs but justifies the intro- 
duction of vector notations which lead to a slight simplification even if n = 2. 
The content of Section I is in the main a repetition of a treatment of the same 
problem by Kershner.” However, apart from the minor differences concerning 
the dimension of the containing space and the notation, the complete induction 
process used by Kershner has been replaced by a direct passage from the case 


* Received March 15, 1937. 
+ Cf. Jessen and Wintner [3], Sections 4 and 7. 
2 Jbid., Section 8. 
* Van Kampen and Wintner [6]. 
+ Ibid, Appendix. 
5 Ibid., Section 7. 
* Kershner [4]. 
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of 2 hypersurfaces to the general case, so that a limiting process for the case 
of infinitely many hypersurfaces becomes superfluous. The result of Section 
III is not used in what follows, but gives an insight in the character of the 
sets F and G introduced earlier. 


I. Vectorial sums of convex hypersurfaces. Let w, y be variable vec- 
tors in a real finite-dimensional vector space such that w is of length 1 and 
let w+ denote the scalar product of these two vectors. By a convex hyper- 
surface will be understood the point set theoretic boundary of a non-empty 
bounded convex point set in the space. Thus in particular a convex hyper- 
surface may degenerate into a single point. 

Let Sr be a convex hypersurface. If the exterior normal to a supporting 
hyperplane of 84 at the point y of Sw has the direction determined by w, the 
notation 


(1) n = m(o) 


will be used, even though (1) is in general not an allowable parametric repre- 
sentation of Sx. The supporting function x(w) of 8, appears in the form 


(2) | he (w) =v: (w). 


The convex hypersurface 8*, which is symmetrical to S; with respect to the 
origin may be represented by 


(3) 1=—n(—e), 
and so its supporting function is 
(4) h*.(w) = ha(—o). 


The fact that Sx is convex may be expressed by the inequality 
(5) vmo) S hx(o), 


where the equality sign holds for w =’. On substituting — in (5) instead 
of w one obtains 


(6) — lu(—o) So mlo) 

where the equality sign holds for w == — w’, in view of (2). It follows from 
(5) and (6) that 

(7) ha(w) + hi(—o) 2 0, 


which relation is also evident from the convexity of Sx. A point y clearly is 
contained in the closed convex set determined by Sx if and only if 
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(8) v:n S a(o), 
for every œ, while such a point y is a point y = (w) of Sẹ if and only if the 
equality sign in (8) holds for oo’. 

Let an infinite sequence of convex hypersurfaces 


(9) Si, 82° * : 
be given by (1) such that 
(10) | (o) | < ax, Zr ay < + ©, 


for certain numbers a, and all. Thus all series occurring in this Section are 
absolutely (uniformly) convergent. The particular case where only a finite 
number of hypersurfaces are given need not be excluded but will not be referred 
to. By a simple argument’ it may be seen that the locus S represented by ® 


(11) n= 3x (o) 
is a convex hypersurface and has the supporting function 
(12) h(w) = 3x hx(o). 
The locus represented by 
(13) n == Xx m (ox), 


where the «o vary independently, is the vectorial sum of the S; and will be 
denoted by T. It follows from (5) and (13) by summation that 


(14) 0° 9 S Is hx(o) =h (o), 


for every point y in T, while in view of (2) the equality sign holds in (14) 
if wz == o for every k, in which case y is a point in S also. Thus T is contained 
in the closed convex set C determined by 8. On adding (2) for k—1 and 
(6) for all k > 1, it follows from (13) that 


hyi(o) alos Cae Son 


if y is determined by (13) and w =w. Thus the set U of points y defined by 
the inequality 
(15) oy < hi (o) — 3 hx(—0) 

k>1 


7 Haviland [2]. 

8 This equation should be read in the sense that if for a given w and for one or 
more values of & the functions m (@) are not univalued, then (11) represents all possible 
values taken by the sum on the right. 
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does not have a point in common with T although U is contained in C as a 
consequence of (7). From the form of (15) it is clear that the set U is either 
empty or an open convex set. On replacing w in (15) ‘by —w and adding the 
result to (15) one obtains 


(16) hi(o) + hi(—o) > 2 talo) + hx(—e), 


so that (16) is a necessary (but not sufficient) condition for the set U to be 
non-empty. It follows also that U must be empty except for at most one 
choice of 8, among the given Sw. In order to assure that the correct choice 
of S, has been made, it will be assumed that the S; have been enumerated in 
such a way that 


(17) Maxe{%u(o) + hn(—o)} S Maxofhra (o) + hen (—o)}, (= 1,2,-+-) 
A boundary point 7 of U clearly satisfies the inequality 
(18) o: qo S hi (o) — 3 In (— o), 
k>1 


while the equality sign in (18) holds for at least one value of w, say for 
wv = Wo. Put 
(19) =X m(—oo) and m= +7. 

k>1 


On placing in (6) the variable w” equal to — wo and adding the result to (18) 
for all k > 1, one obtains in view of (19) 


@* 9 — wy =o” Sh, (o), 


where the equality sign still holds for ow. Thus 7’ = (wo), by the 
remark made in connection with (8), so that 7 is a point of the locus R 
represented by 
(20) n= no) + 3m(—e). 

k>1 


Since R’ is contained in T it is clear that the boundary R of U is contained 
in T. Now it will be shown that T —C—U. 

Consider first the case where k = 1, 2 only and let yo be a point which is 
in C but not in T. Obviously 


(21) no — 92(— o2) Æ qı (01), 


for every w, w2, so that the vectorial sum T’ of the convex hypersurfaces 
represented by the point # and by the convex hypersurface S*, does not have 
a point in common with Sı. Obviously T” is obtained from S*, by a trans- 
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lation along the vector 4. It is impossible that T’ and S, are exterior to each 
other, since otherwise the inequality (21) would hold for all y on a line 
joining % with oo, hence no point of this line would be in T. This contra- 
dicts the assumption that yo is in C, since the boundary of C is in T. Also 
8, cannot be interior to T”, by (17). Thus T’ must be interior to S,. This 
implies 

(22) w* 70 + he(—w) < ħ(0), 


so that m is a point of U, and the statements that T —C— U is proved if 
only two hypersurfaces are considered. 
In the general case,” let again yo be a point in C but not in T, so that 


(23) oqo < Ir e(o), 


for all w, since yo is in C but not on the boundary 8 of C and 


(24) no F Sx (ox), 

for any sequence w, 2," '. It must be shown that yo satisfies (15). The 
inequality (24) may be written in the form 

(25) 70 — X” m(— or) 76 X (wx); 


where 3” denotes a summation over a set of distinct positive integers k and 
X” denotes the summation over the remaining positive integers k. It may 
be seen from (25) (by a repetition of the argument which follows (21)) that 
either 


(26a) wq > X a(o) — 8” he(— o) 
or 
(26b) o'q < X (o) — 3” hx(—) 


holds for given summations 3’, 3” and for every w. 
Now suppose, if possible, that 4 is not in U, so that yo does not satisfy 
(15). Then the alternatives (26a), (26b) implies that 


(27) o'o > hy (w) = NS w). 


On the other hand it follows from (20) and from the absolute-uniform con- 
vergence of the series involved that 


(28) o'o < X hx(o) —3 hx(— o), 
kSp k>p 


? Only at this point the treatment becomes essentially different from the one given 
by Kershner [4]. 
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for a sufficiently large p and for every œ. Thus the alternatives (23a), (23b) 
and (7) imply the existence of an integer 7 such that 


(29) Z hx (w) —hi(—o) < o'q + 3 u(— o) < Shaw) + ho), 
kel kel k<1 
for every w. On denoting by St, S? the convex hypersurfaces represented by 
S: (o) =3 p(o); He) = 3 n(o) 
K<1 k<1 
S: (o) =m); h (o) = hi(w) 


it is clear from (17) and (7) that the condition corresponding to (17) in the 
case of 81, 8? is satisfied, so that the result obtained above in the case of two 
hypersurfaces may be applied to St, 82. Thus, by (29) the convex hyper- 
surface represented by 


n = 70 — È m(o) 
kòl 


is contained in the vectorial sum of 8t and 8°. But this is in contradiction 
with the assumption that yọ is not in T. This completes the proof of the 
‘following | 


THEOREM 1. Let Sy (k—1,2,: +--+), be a sequence of convex hyper- 
surfaces the representations (1) of which satisfy (10) and the supporting 
functions (2) of which satisfy (17). Let S be the convea hypersurface 
represented by (11), let C be the closed convex set determined by S and let 
U be the (possibly empty) open convex subset of C determined by (15). Then 
the vectorial sum T of Su 82,- - - is C — U. 


The supporting function hr(w) of the boundary R of U satisfies the 
inequality ‘ 
hr(w) S h (0) — 3 m(— o), 
k>1 


in view of the definition (15) of U. Moreover, if n = yo is any point of R 
and w == w is such that the equality sign holds in (18), then 


(30) hr(wo) = ha (wo) — X ha(— vo) 
k>1 
in view of the expression (2) of the supporting function of a hypersurface. 


II. The hypersurfaces Sp. Let again (9) be a sequence of convex hyper- 
surfaces and suppose, for simplicity, that the functions (1) defining (9) are 
univalued functions of œ, i. e. that any supporting hyperplane of S; has exactly 
one point in common with Se; and that no degenerate S; occur, i.e. that in 
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(7), the equality sign is excluded. In what follows any sum of the form 
Zys(w) will denote the zero-vector if the set of subscripts & over which the 
summation is taken is empty. Let œ (k = 1,2,- : +), be — 1, 0 or +1 and 
let E be a symbol of.the form 


(31) E= (a, €2,° ° oe 
For a given symbol (31), let Sz denote the locus represented by 
(82) Se: n—17(0) = 3m (av). 

4540 


The following remarks concerning these loci are quite obvious: 


(i) The symbol obtained from Æ by replacing every eœ by — e, de- 
termines again the locus Sy. Thus all loci Sz are obtained if one normalizes E 
‘ by the restriction that the first & in Æ which is not 0 shall be 1. 


(ii) The locus (32) which corresponds to the symbol (31) in which 
es = 1 for every k, is the convex hypersurface denoted in Section I by S. 


(ii) Similarly the locus (32) which corresponds to any symbol Æ in 
which e is either 0 or 1 for every k is a convex hypersurface with the sup- 
porting function, 

(33) hy(o) = 3 he(o) 
E= 


(iv) If # is any symbol (31), let Sz, Si be the convex hypersurfaces 
represented by 


(34) Sr no) = 3mo); Su: pme) = 3 mlo). 


Then Ss may be represented in the form 


(85) > Sa: no) =7,(e) +7, (—o). 


(v) The set of all symbols (31) may be made into a topological space € 
as follows: If an integer n, and n numbers e°,’ - -,«° equal to — 1, 0, or 
+ 1 are given, the subset, of € formed by those symbols # for which « == &;°, . 
(i= 1," -:,n), is said to be open in €. Also any sum of open sets in € is 
said to be open in €. It is well known that the resulting topological space is 
homeomorphic with a Cantor set (except, of course, if the number of given 
convex hypersurfaces is finite). From the assumption (10) and the definition 
(32), it follows that 7,(w) is a continuous function of the pair of variables Ẹ, w. 


(vi) A symbol (31) is said to be of infinite length if e; 540 for every k. 
The subset of the topological space € consisting of all symbols of infinite 
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length clearly is compact and the Sm corresponding to these symbols are 
subsets of the vectorial sum T of all S}. From the last remark in (v) it 
follows that the point set F formed by the points of all these 83 is a closed 
subset of T. The set F, which contains the boundary of T by Section I, will 
be called the irregular set of T. The set G = T — F is an, open set and will 
be called the regular set of T. It may be seen from examples that G may be 
empty and that G may be dense in T. 


(vii) If a symbol of infinite length is such that e ——1 for at least 
one k, then Sz does not have a point in common with the exterior boundary 
of T. In fact for such an #, from (82) and (2), since the equality sign in 
(7) is excluded, | 

oo) =3 ahx(aw) < X e(o), 


so that the statement follows from the remark made in connection with (8). 


(viii) A symbol (31) is said to be of the finite length J if ex 34 0 or ex = 0 
according as k Sl or k>l. Clearly if E is of length Z, then Sy is contained 
in the vectorial sum T: of 8,,: © -, 83. The irregular set F, of T, is formed 
by the 2’ curves Sy corresponding to symbols (31) of length 1. 


In what follows use will be made of the following assumption, which will 
be referred to as condition (*): 


(*) The hypersurface Sz which belongs to the symbol 
(36) E= (+1,—1,—1,—1,---) 
is convex and forms the interior boundary R of the vectorial sum T of the Sr. 


Concerning this condition the following remarks hold: 


(ix) If condition (*) is satisfied, then the parameter representation 
7.,() and the supporting function hr(w) of È are given, in view of (30), by 


(37) 1p) =m(e) +3 m(—o);  hr(o) = h (0) — 3x (a). 
k>1 k>1 


(x) If condition (*) is satisfied and Æ is any symbol (31) for which 
a = 1, then Sy is a convex hypersurface with the supporting function 


(38) © 3 aha (exo). 


In fact, by (32) and (37), the parameter ea of Sz may be brought 
into the form 


(39) aglo) =al) ++, 3 (—m(—o)} +, 3 fm(o) —m(—2)}. 
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Since the separate terms in (39) are representations of convex hypersurfaces 
by (3), it follows, as in connection with (11) and (12), that (39) represents 
a convex hypersurface and that the supporting function of (89) is (38). 


(xi) The following particular case of (x) is worth noting: If # is a 
symbol (31) of length J, then Sz is a convex hypersurface, moreover the hyper- 
plane of normal direction e through the point (32) of Sp is a supporting 
plane of Sz. 


(xii) If the condition in (xi) holds for every J, then the Sz corresponding 
to any symbol # of infinite length is a convex hypersurface, even if condition 
(*) is not satisfied. This follows easily from ‘the last statement under (v). 


(xiii) If (*) is satisfied and a symbol (81) is such that «540 for every 
k and & ==1 for at least one k > 1, then the open convex region determined 
by the corresponding Sz contains the interior boundary of T. In fact if hs (w) 
is the supporting function of Sp, then by (39) 


hu(w) —he(o) ee) + ha(—)} > 0, 


since the equality sign is excluded in (7), so that the statement follows from 
the remark in connection with (8). 


Iti. A further consideration of the sets F and G [IX (vi)]. In what 

follows use will be made of the following remark. If n = m (w) is the repre- 
sentation (1) of a convex hypersurface S, and H represents a sphere of radius 
r < p and centre at the origin together with its interior, then the vectorial sum 
of 8, and H does not contain the interior of any hypersphere of radius p which 
does not meet Sı. This is clear since the distance of any part of this vectorial 
sum to the nearest point of S, is less than p. 
' Now suppose that (9) is a ‘sequence of convex hypersurfaces satisfying 
(10), (17) and the conditions formulated at the beginning of Section II. 
Suppose in addition that the origin of the vector-space is in the interior of each 
of the curves Sr, i. e., that 


(40) oa m(o) = hlo) > 0 


for every k and every w, and also that the Sz corresponding to (9) have 
property II, (xi) for every 7. Let V be a given component of the regular 
set G [II, (vi)] of the vectorial sum T of the 84. Now there exists an integer 
m, which depends on V and has the following properties: 


(i) if # is a symbol (31) such that the corresponding Sp contains a 
point of the boundary V, then the & in # for which k > m are all equal. 
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(ii) for every n > m, the regular set Ga of the vectorial sum Ta of 
85° *,Sn has a component V, which contains V. Moreover V, contains 
Vast for every n >m. 


It will be shown first that if p > 0 is such that V contains the interior 
of a hypersphere of radius p, and m is such that 


(41) ax < $p for every k > m, 


where ax is defined in (10), then m satisfies (i). In fact let # be a symbol 
(31) such that ep = — 1, eg = 1, where p and q are fixed numbers larger 
than 1, then the loci S,, Sz, S- determined by 


n=l) +(e) —m(—0o), nm), 9=7,(0) — mlo) + n(— 0) 


are convex hypersurfaces contained in F [II, (vi)]. Now it is clear from (7) 
and (41) that the remark at the beginning of this Section may be applied. 
This shows that a region which contains the interior of a hypersphere of 
radius p and which does not meet Sp but has a boundary point in Sy, must 
necessarily meet either S, or S.. Thus V cannot have a boundary point on Sz 
and so an integer m which satisfies (41), has property (i). 

Next it will be shown that an integer m has not only property (i) but also 
property (ii) if the numbers a; occurring in (10) satisfy not only (41) but also 
(42) Z Ox < $p, 


k>m 


where p is again the radius of a sphere, the interior of which is in V. Let # 
be any symbol (31) of length 7 > m and let #,, E- be the symbols obtained 
from H by replacing all e for which & > £ (which are 0 by II, (viii)) by 
+ 1, — 1 respectively. Ify,.(w), 7-(w) are the parameter representations (32) 
of the hypersurfaces S+, S- which correspond to #,, Æ, then it follows from 
(40), (42) and (10) that ņ,(@) —y-(o) (which is by (32), (3) and IT, (iii) 
the representation (1) of some convex hypersurface) satisfies 


0 Low: (n(o) —7-(w)) < dp. 


It follows from the remark at the beginning of this Section that if the interior 
of some sphere of radius p does not meet $, or S_, then it does not meet Suz. 
Thus if Sz is of length 1 > m, then Sy does not meet V and accordingly the 
region V; as defined in (ii) must exist if] > m. Obviously Vi > Vun l > m, 
follows by the same argument, since no essential use has been made of the 
fact that the number of hypersurfaces in (9) is infinite. 

Thus a number m exists which has both property (i) and property (ii). 
Of course the results of this Section hold if condition (*) is satisfied. 
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IV.- The density of convolutions of distribution functions correspond- 
ing to convex curves. From now on convex curves Sy in the (v, y)-plane will 
be considered. Let the convex curve Sy be given by 


(43) Sr: t= (8), y= yx(4) 


where 6 is an angular parameter and where exactly one point of S; corresponds 
to each value of 8. It is well known that (48) determines a distribution 
function #(Æ), where # is any Borel set in the (x, y)-plane, by the rule that 
k(Æ) is the 0 measure of the set of values of 6 for which the point (43) of 
Sx is in E. Obviously Sx is the spectrum of px. The convolution 


(44) n = hi * hz #7 + # Ga, n>1 

has as its spectrum the vectorial sum Tn of 8,,: + +, Sn. On the assumption 
that (43) has a continuous derivative and that 

(45) L'O)? + y1(0)° 40 for every 6, 


and finally that no 84 contains a line segment, it has been proved +° that the 
convolution of at least two ¢x is absolutely continuous and that the convolution 
of at least four ¢, has a continuous density. If it is also assumed that the 
functions (43) are regular analytic, then it has been shown 7° that the density 
of the convolution of two x is a regular analytic function of x and y on the 
regular set of the vectorial sum of the corresponding S» (cf. (vi) in Section IT) 
and that this density is not bounded in the vicinity of any point of the irregular 
set of the vectorial sum: This statement forms the special case where n = 2 
of the following 


THEOREM 2n. Let the convex curves Sy (k —1,2,: - +), in the (a, y)- 
plane be given by the regular analytic parameter representation (43) satisfying 
(45) and let the corresponding Sx have property (xi) of Section IT forl <n. 
Then the density n(x, y) of (44) is regulon analytic on the regular set Gn 
of the vectorial sum Tn of Si: * +, Sn. 


It will be assumed that the following statement has been proved: 

(n) On the assumptions of Theorem 2n, not only the statement of the 
Theorem holds but also: If P is a common point of exactly p distinct curves Sz, 
where Æ is of length n, and S* (i= 1,- - +, p), denotes these curves, then a 
vicinity U of P may be found, and a regular analytic function À;(x, y) in the 
complement of St in U (t=1,-- -, p), such that for any point (x, y) in U, 


4 Van Kampen and Wintner [6], p. 103. 
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p 
(46) n(a, y) =È u (2,9). 


Needless to say A; (x,y) consists in general of distinct regular functions 
in the parts into which U is divided by S*. Thus (46) is to the effect that 
singularities of ,(v, y) at the several curves Sz are added at common points 
of distinct curves Sz. In case n = 2, Theorem 2, and (§n) are correct, the 
latter by (vii) of Section II. It will be shown that (§,)' implies ($:4), thus 
completing the proof by complete induction of Theorem 2,. 

If the conditions of Theorem 2n, are ‘satisfied, then clearly F, consists 
of 2" convex analytic curves 8%, so that any singularity of F, is of the type 
described in ($,). 

Since Yna = Yn * nn, One has for the density 8na (2, Y) Of Waar 


Ba (9) = f° (a — t y — n) buns (dé 9B) 


over the (é, ņ)-plane, or, by the definition of nn (E), 


(47) dn (2, y) = af Ba (2 — ana (8), Y — Yna (9) ) dO 


over all angles 0. For a fixed (To, yo) let Pı, * - -, Pq be the distinct common 
points of F, and the curve 


(48) T = Lo — Tnn (0), Y = Yo — Yn (9) 


and let Z,,- - +, Iq be non-overlapping 6-intervals containing P,,- - -, Pa such 
that the arcs of (48) corresponding to these intervals are contained in the 
vicinities corresponding to P:,: > +, Pa by (§:). Clearly the contribution to 
(47) of the 6-intervals, obtained by omitting Z,,- + >, Iq from the range of 6, 
is regular in a vicinity of (£o, yo). Suppose that (48) is not tangent to the 
curve S* of Fa which passes through P = P;. Then the contribution 


(49) f, M(E — tines (0), Y — Yma (0) )d 


to (47) obviously is regular in a vicinity of (£o, Yo) in view of ($:). Now 
suppose that (48), is tangent to the curve S* of Fa at P—P;. Then clearly 
(49) is regular in a vicinity of (£o, Yo) except at those points 2, y of this 
vicinity for which the curve corresponding to (48) still is tangent to S*. 
Thus (na) will follow if it is shown that to a point of tangency Py of (48) 
and St there corresponds a point of one of the curves of Fns at (to, Yo). Now, 
if w” is the value of w corresponding to the point P; of S*, then the corre- 
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sponding point of Sna belongs to w” or to — w’, so that the statement follows 
from the definition (32) of the curves Sz constituting Fas. 


Remark, In Theorem 2, it may be allowed that one or more of the curves 
Sz occurring degenerates into a single point. In that case “ a curve is tangent 
to Sz” should be read “the curve passes through the point into which Sg 
degenerates.” : 

Now let the convex curves S given in the z-plane be infinite in number 
and let (10) be satisfied. Then * the infinite convolution 


(50) y = lim yn = pi * ha * hg ** * : 
is convergent and has as its spectrum the vectorial sum T of the Sx, while 
(en) 8(#,y) = lim 8,(2, y), 


where 8(x, y) is the density of (50). 


THEOREM 3. Let the curves Sy be gwen by the regular analytic repre- 
sentations (43) satisfying (45) and let the corresponding Sp have property 
(xi) of Section IT for every l. Then the density (51) of (50) is regular 
analytic on the regular set G of the vectorial sum T of the Sx. 


In fact, let (£o, Yo) be any point of G, let 3p > 0 be less than the distance 
from (£o, Yo) to the irregular set in T and let N be an integer such that 


oo 
= an <P, 


n=N+1 
where the a, are the numbers occurring in (10). Then clearly the circular 
disk with radius 2p and centre at (To, yo) belongs to the regular set Gy of Ty 
and the spectrum of 
(52) YN == yar * pua # 


is within a distance p from the origin. If 8N (æ, y) is the density of yY, then 
+00 +00 
(53) sy) = S S dx(2—& y—n) (6 0) dé dy 
—00 -0 
since 6==yyv * YN. This integral need only be taken over the spectrum of wp, 
since 6¥(é,4) — 0 unless (é, y) is in this spectrum. On the other hand if 
(æ, y) is within a distance p of (£o, yo) and (é, 7) is in the spectrum of yw, 
then (x—& y— 7) is within a circle of radius 2p and centre at (£o, yo). 


11 Ibid., pp. 184-186. 
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Thus if (x,y) is in a circle of radius p and centre at (To, Yo), then the in- 
tegrand of (58) is a regular analytic function of (æ, y), so that (x,y) is a 
regular analytic function of (s, y). This completes the proof of Theorem 3. 

Clearly in Theorem 3 the condition that II, (xi) is satisfied for every I 
may be replaced by the condition that the S+ satisfy the condition (*) intro- 
duced in IT. 


V. The logarithm of the Riemann zeta function. If pm denotes the 
m-th prime number it is known” that for a fixed o > 1, the asymptotic dis- 
tribution function of the almost periodic function | 


(54) fo(t) = — log ¿(o + it) + 3 log £(2c) 
co 
= 3 [log (1 — pare) — 3 log (1 — pw”) ] 
may be represented as the infinite convolution 


PT = ha ¥ ho? +: +, 


where n° denotes the distribution function which belongs to the convex curve, 
(43) defined by 


(55) Smo: + iy = log (1 — pmet) — 4 log (1— pm?) 


or in other words by 


(56) T == Em =T (0, pm), Y = Yn? = 8(9, Dm), 
where I 
1 — 2p cos 6 Be. 
(57) Sp: w—r(0,p) = p log RTE, 
Le = p sin 6 
y = 5 (0, p) = are tan ET, 


` is the equation of a system of curves Sp depending continuously on a parameter 
p, it being understood that the arctan takes only values between — $r and 
+ $r. For 0 <p <1, Sp represents a convex analytic curve satisfying (45) 
and having both axes « — 0, y = 0 as lines of symmetry. 

Let h(p,) denote the supporting function of Sp, where now w denotes 
not as in I, II, IJI, a variable unit vector in the (x, y)-plane, but the angle 
between such a vector and the positive x-axis. For reasons of symmetry it is. 
sufficient to consider only the interval 0 S o & 4r. Clearly 


(58) i h (p, 0) = $ log [(1 + pm?)/(1— pm?) J, 
h(p, 4r) = arc sin p” (S kr). 


1: Van Kampen and Wintner [6], Section 7, where further references are given. 
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Now let p:1,p2,° °° be a sequence of numbers such that pı < 1 and 
O < pan < pn and that X h (pn, w) converges uniformly in œ. It will be shown 


that the function 
(59) . F(o) = h(a, 0) — 3 hem 0) 
has the following properties : 


(60 a) f(w) > 0 for every o, in case h (p1, Er) > 3 h (pn, $7), 
n>2 
(60 b) f(w) < 0 for every w, in case A (p1, 0) < Sh (pa, 0), 
n>? 


(60 c) f(wo)— 0, for an o = w f(w) > 010€ w < a, f(w) < 0 ifw0 < o S fr, 
in case h (pis tr) SSA (pn, dr) and R(p1; 0) = SA(pn, 0). 
n>2 n>2?2 


Clearly (60 a), (60b), (60c) follow from the following statement 


| h(p1, w) h (p2, 1) : < < 4 
(61) h (pr, %2) h (pz, %2) if 0 < pi < pe < 1, 0S o < o = 7. 





_ For the proof of (61) use will be made of the following properties of the 
curves 159 : 1 
. Let Sp denote the curve similar to 8° with respect to the origin in ratio 
1/(arc sin r), so that, by (58), the curves Sp have the points (0, +1) in 
common for 0 <p<1. Then Sp, is, except for those two points, in the 
interior of Sp, whenever 0 < pı < p2 < 1. Moreover, if a(p,s) denotes, for 
0 < s< 1, the angle between the line y =s and the normal of Sp at the 
intersection of this line and Sp, then @(p,s) is an increasing function of p 
indO<p<l. | 
In proving (61) it is clearly admissible to replace h(p,w) by the sup- 
porting function of any convex curve S’p similar to © with respect to the 
origin. On choosing, for fixed values pı, p2 (p1 < pz) and w, the curves 8”, in 
such a way that h(p1, 1) = h (p2, w2), it is clear from the geometrical proper- 
ties of Sp mentioned above that h(p2, w2) < h(p1, 01) if we > o, is sufficiently 
near to wn Thus h(p:,)/h(p2,0) is an increasing function of œ if 
0 < pi < po < 1 and (61) is proved. 
Let o*, ox denote, for any positive integer k, the obviously unique numbers 
such that 


(62 a) are sin pe? = X are sin pw” if o =o > 1 
m>k 


(62b) flog [ (1+ pe) /(1— pr?) J 
me Le Ke + par?) / (1 — pn?) ] if o == og > 1 


13 Bohr and Jessen [1]. In this paper (61) is proved for the case w, = r. The 
general proof given below is an extension of the proof given there. 
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and let 7 denote the number such that 


(62 c) pr? = Spe, if oF > 1. 
m>i 
Then it is clear from (60 a), (60 b), (60 c) that of > ox for every k > 0, while 
the numerical values ot = 1.764... and F = 1.778... show that o; < o! < T. 
Clearly for sufficiently large k, of > ox > 5. 
Consider now the case ** where for some integer 1, 


(63) o > Max (TY, + +, 6), 


Let Er and Hy be the symbols (81) obtained from a given symbol of length 
l — 1 by replacing e: by + 1, ex by — 1, k > l, and e by — 1, & by + 1, k >], 
respectively. Let Sr, Sir be the corresponding curves (32), 7 (w), no) their 
parametric representations and h;(#), krr(w) their supporting functions. It 
is known? that, whenever o Æ 5, the vectorial sum of the S} satisfies con- 
dition (*), so that, by II (x), the curves Sy corresponding to the Sm’ are 

-convex curves and Theorem 3 is applicable. Now the functions hy, hy satisfy, 
by (82) and the definition of (p, w), the equality 


(64) hr(o) — hn(o) = 2h (pr, ©) —2 3 h (pm, @). 
d m > | 


Thus it follows from (60 a), (58) and the definition (62a) of of that 
hi(w) — hr(w) > 0. Hence Sr and Sy are exterior and interior boundary 
of a ringshaped subset of the vectorial sum of all Sm”. In a similar way it may 
be shown that in view! of (63) no Sx corresponding to a symbol Æ of infinite 
length does enter the ring shaped region determined by S; and Sy. -Thus this 
ring shaped region is by Theorem 3 a region of regular analyticity for the 
density of °. 

A region of regular analyticity as found above does not disappear abruptly 
if o does not satisfy (63) but is very near to values satisfying (63). In fact, 
since all curves Sz depend on o in a uniformly continuous way, if o is restricted 
to a bounded interval with positive endpoints, it is clear that the ring shaped 
region described above remains ring shaped for certain o if o > Max (5, o!) 
remains satisfied, but o becomes less than o? for some &—1,:--:,]—1.76 
It will be shown below that the ring shaped region constructed above is replaced 
by a pair of crescent shaped regions if o satisfies 


14 This case has already been considered by van Kampen and Wintner [6], Section 7. 

18 Bohr and Jessen [1]; Kershner [5]. 

49 Tt seems to require elaborate numerical calculations to decide whether or not the 
sequences {ok}, {o,,} are monotone. 
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(65) o* > o > Max (F, o, + +, 0*4, 07) 


In fact, if (65) is satisfied, then the difference (64) of kr(w) and hiz(w) is a 
function satisfying (60 c), so that the curves Sy and Sy determine four crescent 
shaped regions, two of which are halved by the z-axis and two of which are 
halved by the y-axis. It is clear from (60c) that the first two regions have 
Sr as exterior and Sy as interior boundary, while the opposite is true for the 
last two regions. Since S; is in the interior of the curves Sp corresponding to 
symbols # of infinite length adjacent to Fr, and Sz is exterior to the curves 
Sx corresponding to symbols # of infinite length adjacent?’ to Er, it is clear 
that the last two regions are not contained in the regular set of the vectorial 
sum of all Sm". On the other hand, it may be inferred easily from (65) that 
no Sy corresponding to symbols F of infinite length has a point in common 
with the two crescent shaped regions which are halved by the z-axis. Thus 
the latter two regions are regions of regular analyticity of the density of $7 
by Theorem 3. It is clear that the two regions just described decrease in size 
as o decreases from g? to o; and disappear completely when o becomes equal 
to o1. The two regions may, of course, cease to be regions of regular analyticity 
of the density of ¢% for some o > o; if for instance o!-? > cı, a case which 
probably occurs for sufficiently large t. 


Tue JOHNS HOPKINS UNIVERSITY. 


REFERENCES. 





[1] H. Bohr and B, Jessen, “ On the distribution of the values of the Riemann zeta 
function,” American Journal of Mathematics, vol. 58 (1986), pp. 35-44. 

[2] E. K. Haviland, “ On the addition of convex curves in Bohr’s theory of Dirichlet 
series,” ibid., vol. 55 (1933), pp. 332-334. 

[3] B. Jessen and A. Wintner, “ Distribution functions and the Riemann zeta func- 
tion,” Transactions of the American Mathematical Society, vol. 38 (1935), pp. 48-88. 

[4] R. B. Kershner, “On the addition of convex curves,” American Journal of 
Mathematics, vol. 58 (1936), pp. 737-746. 

-[51 R. B. Kershner, “On the values of the Riemann zeta function on fixed lines 
o > 1,” ibid., vol. 59 (1937), pp. 171-178. g 

[6] E. R. van Kampen and A. Wintner, “ Convolutions of distribution functions 
on convex curves and the Riemann zeta function,” ibid., vol. 59 (1937), pp. 175-204. 


17 For the meaning of words like “adjacent” as applied to symbols (31) compare 
I, (v). j 


ON THE PARTIAL SUMS OF CERTAIN FOURIER SERIES.* 


By Otto Szász. 


1. Suppose f(x) is real-valued, periodic of period 27, and Lebesgue 
integrable over (— r, m). Denote its Fourier series by 


CO s 
(1) f(t) ~ a)/2 + 3 (a cos ve + by sin vx), 
pal i 
and let its partial sums be 
So = lo/2, Sn = Sn(T) = 0/2 + Š (av cos vx + by sin væ), (n —1,2,- ::). 
pr 


In 1932, Paley [3] proved the two theorems which follow: 


I. Suppose 
(2) | f(w)| SM in (— r, 1), 
(3) Oo =0, dm=0, bn Zo, . Cee #5; 
then 
(4) | srl) | = 10M, —r<T<7r, (n = 0,1, 2,- x ). 


Il. If in addition f(x) is continuous, then its Fourier series (1) con- 
verges to f(x) uniformly for all x. 


For Theorem I Fejér [1] gave a simpler proof and replaced the constant 
10 by 4, so that 
(5) [sn(v)| = 4M. 


I give in (§ 2) another elementary proof for both theorems simultaneously. 
At the same time I replace (5) by ($$ 3-4) 


(6) | 8n(a)| = M(R + a/sin? a) < 8.38M, 


where a is the unique root of the equation 2a = tana in the interval 
0< a< r2. 
If 8 is the least number such that (2) and (3) imply 


| s(x) | S BM, —r StS, (n = 0,1,2,- °), 
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then, by (6), 
BE R + a/sin® a < 3.38. 
On the other hand if f(x) =r — 2/2, 0 < £ < r, f(— x) =— f(x), then 


sin yg 


fa) ==, 
M ou x/3, and 8o(x/n +1) nf 


T 








dz = 1.851: -> ; 
‘hence 


a 
pee IDT ls > 1.17. 
m 0 T 


Thus £ lies somewhere between 1.17 and 3. 88. 


In §§ 5-6, I consider generalized trigonometric series, improving on a 
theorem by M. Fekete [2]. 


2. On putting 


(OTIC) 4), O TO [Tata 


we have 
ao = 
b(z) — + È ay cos ve 
vel 
Qa. 
$:(v) = aot + 2 sin vz 
yz: 
LX ay Say. 
po(z) = fax? + E -y (1 — cos ve) = fae? +23 — sin? fre 
miy iY 
ey æ\? sin dyz\? 
Saa e 


if an È 0, (n =1,2,: <+). We now assume in addition, instead of (2), 





p(x) S M in (—r, r). 


Hence, a fortiori, pa (x) = 279M /2 in 0 <x <r, and 


n int 2 
(7) 2+ 3a (2) <H, (n= 1,2, 3, °°). 


Letting now x | 0, (7) takes the form 


a n 
(8) $+ Dos, (n=1,2,- °°). 
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Hence Sa, converges, and X aycosyr converges uniformly in any interval. 
Moreover, by (8), 


Da = M 4; whence È a | cos va | =  — F, 
v1 : 
and 


(9) 2 +4 Š ay cos ve <2 + Say | cos ve | € M. 
»=1 a 


Tr 
Furthermore, let p(z) = — M; then from w= f (x) da it follows 
7/0 
that — 2M S m = 2M. Also by (8) 


(10) i PT ES T A A 
On putting | 

(OI ye), (statuts, 
we have 


co 
y) ~ X by sin ve, 
1 
S in? in? + in 4 2 
4 y(a) 230, ao Sn, bt ES i» (Se pe). 
1 ef 1 


va dt 


Since sin u/u is monotonic decreasing in 0 < u < 7/2, this — for x = r/n 








4 z n 
$ Zdms!u(%), (m= 1, 2,8, >), 
or : 
2 g n f Eu | 
(11) meee E). (n=]1, 2, 8, ° . Jy 


If now y(x) SHM in |g] < ™ and a fortiori #.(x)/x S M, 0 <a < r, then 
(11) leads to 


(12) ZÈw< I, LS SEM, ERT AARE Y 


If, in addition, y(x) is continuous at z = 0, then W,(æ)/x — 0 for «| 0, and 
from (11) we derive 


(13) Ÿ vb, = o(n), n— ©. 
1 
Using the identity 


(14) r= S042 = Èv, A (n = 2,3," 5 ‘), 
1 
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where we put Un = bẹ sin nz, Fejér’s theorem on the arithmetic means and 
(12) lead to 


(15) | Sovsine| Su +Eo—(1+2) a 

+ 
(9), (10) and (15) yield Theorem I with the smaller constant 2 + 2/2 instead 
of 4 in the inequality (5). 


Moreover, if f(æ) is continuous De Theorem II follows from 
(13) and (14). 


8. We shall generalize the assumptions on ¢(«) and y(x), and improve 
upon the constant in (12). We first prove 


THEOREM 1. Let av =O, (v=0,1,2,---), and Sy ay < 0; then 


lo sin va 


(16) 243 = Vay — (2) 


exists for x > 0. Suppose moreover 





lim inf Ri (s) = M 
£0 
then 
ła = M, | Zao + Š av cos ve | SM, | x | <T, (n=1,2,:::), 
1 
and X av cos ve converges uniformly on the real amis. 


For the proof, note that (16) implies 


pa sw, < + F5 
5 +3( = Jar Ro), (mn =1, 2,3," °°); 


let a, 4 0 and lim R, (2) == M; then 
K-00 , 


k->00 


lim fe + $ (= | ay < lim Ri (2) = M 
2 1 Lk k-300 
Hence, 
= +$a<, (n=1,2,: --), and $a S M. 
The theorem follows at once from this. 


If in particular ẹ (£) ~ $a, + 3 ay cos ve, then 
i 


R (40) = 5 f 90 (@ Bat, 
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and we have the 
COROLLARY: If 


oO 
pt) — Lo + Y'avcosvt, av = 0, 
mae 
and 


lim int à f 6(t) (w—t)at Ay 


Co Le 
then > ay < œ and $a) + Za = M. 
ba 


sin y£ 


[se] 
We call u + 3: ( = 





yu the Riemannian mean « 


co 
sponding to the series > wv. 
1 
e 4 We next prove 


THEOREM 2. Let by È O, (v—1,2,8,: : -), and 


22 2 sin va \? 
exists for «>0. Suppose, in addition, R.(x) S2 
0< zE à; then ‘ 


(18) Sys ——— Mn < 1.38Mn for n: 
f 1 


ra 


where @ is the unique root of the equation Ra = tan a 1 


We have from (17) 
Qa A sin vt\? _ 2a /sinnc\ 
yee Shy ee) ee 
Rite) ma ( ve ) =( ng j 
for 0 < ng = r/2; or 


< M 


ama a S a ng sin 





i n 
(19) DES 


where a/sin? & is the minimum of t/sin?t in 0<t<a 
to be the unique root of the equation £a — tan a in 0 << 
of Functions” by Jahnke and Emde (2nd edition, 
116 < a '< 1.17 =a, and sin @/@ = 0.7870 - - :. 
calculation 


2 ne ng 


Zo 


ia 138; 


<a 


: ea 
This proves the theorem. 
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wo. 
If in particular y(x) ~ X by sin vz and | y(x)| = M, then relations (18) 
1 
and (14), with wy = by sin vz, give 


(Eten su (145% aang) < 288i 


Furthermore 


cos vx tA singvt\? 7 T 
S pain $ T LES, (SEE) -72,(2), 


and, from (19), 
T2 a 1? 
Sri Sa ag < y: 
> Er af. v(t)dt, O< r; 


in particular, if =f" y(t)dt— 0 as z — 0, then 
0 


ale 


n 
D vby > 0 for n—> co. 
1 


We call 2! So + > 3 (2 E l the Riemannian mean of the second kind 
mT 
[ee] nu 
corresponding to the sequence {sn}, or to the series X; wy with D wy = Sp. 
0 0 


5. We now pass to generalized trigonometric series and to almost periodic 
functions. The most general result in the case of positive coefficients is due 
to M. Fekete [2]. 

Let (x) be a measurable real function of the real variable x, 


sup f “g#(¢)dt <0, 
æ To 
and let ¢(— x) == (a). Suppose that (x) S U, and that 
(20) lim TKO cos àt di = a (à) = M{g(t) cos At} 
aco © So 
exists for all X==0. It is easy to show that a(A) vanishes, except at an 


enumerable set of A-values. Denote, in a certain order, by À, À, * -those À 
for which a(A) Æ 0; we call the series 


(21) S op GOB Ant re h(a), 


where ao =a (0), Gn = Ra (àn), in the Fourier expansion of (x). 
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Let pi, po, * + denote a subsequence of. {An}, consisting of linearly in- 
KA 

dependent numbers; that is, no equation of the form 2 tvpv = 0 holds, where 
the ry are rational and not all zero. Denote by {pn} the subsequence of those 
An, Which can be represented in the form 

h 

An = È Tvpv, = h(n);  Tr=—7ry(n) rational. 

yzi 
Let 0 < w < Q denote given positive numbers. With this notation (with the 
restriction | (x)| < U) Fekete proved the theorem: 


Suppose that 
a(un) =0 for 0S pn <95; 
then the “ partial sum ” 


(22) dg + 2 D a (un) COS pnd, wo <2 
Haw À 


of the Fourier expansion (21) converges absolutely in — 0 <a < œ ; tts sum 
function p(x), an almost periodic function whose Hours ier expansion is identi- 
cal with (22), satisfies the inequality í 


(23) Igo) £ a: 


For the proof, we associate with (21) the “ Fejér-polynomials ” S(x), 


defined, for q = 1, by 
S 5 | Vy | 
(24) Bale) = ui e(t) D S. O 


=-P va=-P =-P 
As (1—2) nee +: 0 ` + vapa cos g vpi + y "+ vapa \ 
where Q = q!, P = gQ =q:q!. If the sequence (py) consists of qo terms 
only, we put pv = 0 for y > go By virtue of (20) and the linear independence 
of the pv’s, we can write (24) in the form 


(25) Eat) = dy + È ken An COS Ant, 


where 


(26) | mo =f (1— Us!) whenever (2 235 
Zo ~~ di P ? POs = apas 


’ 


the va being integers with | va | < P, while k,(® = 0 for other values. Obviously 
OSE kn <1. We shall prove 


(27) lim k,‘ = Í, whenever An C {py}. 


g—00 
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In fact, we then have 


h 
os Tapa = 25 = Oa Ua and, Va > 0, integers. 


azi 
Hence, for 
q > max (V: ` +, Uh h, ea $ atah 
+9 
Mega +gn+s ee + G he 


where va = Qra for 1S ah. Consequently, from (26), 


wod (1e) atts Leal) 43, for goo 
azi p azi q 


Finally we prove 


(28) Da(z) SU. 
This follows from 


Sa(2) =u Í 6) $ Ú Gti 4 foxp (i(t +2)  vupe/0) 


Des Pa 


popu À vapa/Q) + exp(i(t—2) È vapa/Q) 


+ exp(— i(t — a) $ vapa/0)] À 
= M{o(t)3[Ka(t + 2) + Kq(t— =) ]}, 
where 


; -P,P | va | oo 
Katt) — E i (a— Pel exp cit $ vape/Q) 








Pap cece vg 2 
aS Lv | . 
il 2, 1— exp (ivapat/Q) 
aP miie 
ai amry Q 
— I] 
aa P sin 2. 
| 29 


From this we see that- 


Za(z) S UM{3[Ka(t + 2) + Ke(t—2)]} =U, 
and, in particular, 
Za(0) = to + E hen Van S U. 
We next define for any positive p the “ Riesz-mean ” 


Ra(z, g) =%-+ & (2) len D An COS AT 


0 <An<H 
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associated with the polynomial (25). Applying the formulas 


2° sin? ut = ae ae if OSk<p 
(29) =f, cos 2kt PE di = 0 POSER 





and using (25), we obtain 


sin? mi 





Rala, 9) = À f "Hele + 2) + Ba(e—28)] 
From this and (28) we find 
Ba(s, 9) <20 f= 


sin? HE 





di =U; 
and, in particular, 


Ralo, 9) =w F —*) InP dy E U. 


OLLHA p 
Since every term is positive if » < Q, we get for an arbitrary N 
n<N An 
a&+ > € — x) kr Dan = U. 
0<An<H H 


Now passing to the limit g— co, 


E a ( —!2) afun) SU, M—M(N), 


Here 1 — pn/p > 1— w/p; hence, 


© m<M 
ty +2(1—2) ST alam) ST, 
p 0 < Um LUW 
and for p> Q 


m< À U 
t t2 $” 4( um) = Taya 


Sano 


As N— œ, we have M— œ, and 
U 
So aes 
(30) Qo + Soa aln) —= 1 —w/2 . 
This gives us the inequality (23). Essentially this is Fekete’s proof. 


6. We now consider odd functions y(— x) = — y(x), and the corre- 
sponding generalized sine-series. We assume again that 
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sup rf, eat <% 
a 0 
and that 


lim = f “(t) sin at dt = B(A) = M{u(t) sin at} 
BIO a 
exists for all A> 0. Then, again, b(A) vanishes, except at an enumerable 


set of A-values. We denote in a certain order by Ay, As,° © - those A for which 
b(A) 540, and call the series 


(82) S da sin we~ y() where by = 2b (àn), 
1 


the Fourier expansion of y (£). We denote by p1, p2, * : a subsequence of {An}, 
consisting of linearly independent numbers, and by {yn} the subsequence of 
those M, which can be represented in the form 


h 
àn = È rpn, h= h(n), where Ty =t (n) are rational. 
val 


Again 0 < w < Q, and we suppose 
burn) Z0 for 0 < pn <Q. 
If we associate with (32) the polynomials 


P a 
te at} vt) 2, ine 3 3 ) 
—be) in PET Mapa gig Mat Fo" À vapa 
Q sin £ Q sin æ ra } 


Ira g=1 


3 2 


then by virtue of (31) we can write 
Talt) = > kb, sin At, 


where 


azi 


Ten D — Il (: — 2%) whenever 0 < Àn = 


and k,‘? = 0 for all other cases. We now have 


Ta(z) = M {4 (t)3[Ka(t— 2) + Kalt + #)]}, 
and on assuming 
| y(t)| SU, t>0 
we get 
(33) | Ta(x)| SU, z>0. 


Again, introducing the polynomials 
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Salz g) = & (1 —à) ln Dm SID Ant, = wp LO, 


0<AnSw 
and applying formulas (29) we obtain 


sin? ni at 





Sala, g) == fH Tele + 24) — Tale — 2t) 
From this and (33) follows 
(34) | Su(#,q)| SU, 2>0. 


At this point we simplify Fekete’s argument, replacing a theorem of $. Bern- 
stein by the following 


Lemma. Given a generalized sine-polynomial 


S(v) —Sbvain det, rv > 0, mire hi) 
A 
assume 
by > 0, (v—1,2,-:-,n), and S(x) SU for 0<z<é. 
Then 





EMbE En oÙ < 1.8800, for o = a, 
2 


where a is defined in Theorem 8. 


For the proof consider 


Der 2, 1— cos às n sin às \? | 
ue r =— = Fe? vey, ao” | 
J, Sat = 3, RE pa Sad, (EE), 


from which we find 
de? Dvd S sf S(O = zU. 
Apo JÀ 
Since ot S r, 


- sin Avg sin lux 


>see < 
gra oe” oa 
and 
in + 2% 
(Se) PS SU. Dr 
Zoe 2 AySw 


Finally, choosing x = ?a/w < r/o, we have 


t 





Q 2a 
> by = = nee oU, for —— <= é. 


Apu 


Applying this lemma to the polynomial S,(z,q), we get, from (34), 
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(35) > GE) kn nbn Z 
0 L Agu 


and passing to the limit g — co, 


(4 
Re (a PT e) pond (um) = ~ sin? a oU. 


But 1 — pm/p =I —wo/p, hence 





= 0, 0 <ow <Q, 











UE 
sin* g 
2 nd (tm) S > 
0< Hm Sw 1—— 
“ # 
and, as y —> Q, this takes the form 
4 
sin? æ 
(36) 2 > pond (pm) = wo? 
0 < Um St =A 
Q 


which is sharper than Fekete’s inequality 


QU 
2 > mb (pm) = 
0< Him Sw 1 





A ; a 
if we restrict ourselves to v —— < Q 
sin? & 


From (36) it follows that 








a 
SE sin? a 

| Skea = bd, sin Ane |S ae 
0< Anse w Tena 
Q 


and from (84), for p = 6, 


Ska? (a —à) by sin At | SU. 
w 


0 Anw 


Thus, writing pm for kn@ if An = pm, 


2 | > Pm DD (pm) sin pmt | = U 1 + sn 
9 < Hm Sw sint «(1—2) " 
. Q 
"From (36) follows, as Fekete proved, that a b (um) Sin ume converges 
0€ Um 0 
absolutely, hence by (27) i 


(37) lim? 2 . Pr PB (um) SİN ymt == 2 = b (um) SID ums = ypo (£), 


QO 0 < Him Si Bn So 


(38) | ¥o(2)| = U [1 + 7 
( sin? & (2 =) 
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Tf {px} is a basic sequence of {Ax}, it follows that 


biz) E bainis, 0<0<G, 
0< AnS 


and this series converges absolutely. If, in ‘particular, all a, = 0 and all 
bn = 0, then Q is arbitrary, and, letting Q — co, from (22) and (30) we find 





Smet [vole So [1+ |. 


0 < Ans 
Hence for any real function f(x) which satisfies 
|F) =U, —acr<+o 


M{f(t)e™} =c(a); CA) = (an — ibn), 
we have 





| fo + oo (an cos ne + bn sin n)| < U | 2 pe -|. 


<An=o 


The fact that the functions ¢.(@), (x) are u. a. p. and that their Fourier 
expansions are (17) and (29) respectively follows in exactly the same way as 
in Fekete’s theorem. 

Analogous argument can be applied to derive corresponding theorems for 
trigonometric integrals (cf. Szász D and also to improve upon some results 
concerning Fourier series with na, = — K, nbn = — K and more general 
classes (cf. Szász [4]). 
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ON DIRICHLET’S PROBLEM.* 


By C. CARATHÉODORY. 


During the last 75 years Dirichlet’s Problem has attracted the attention 
of many of the best scholars of the time with the result that this problem, 
which once was considered as one of the most difficult subjects in higher 
mathematics, can be treated now in a very elementary way. 

Carl Neumann and H. A. Schwarz were the first to consider the problem 
of Dirichlet with modern methods, but while the road laid out by C. Neumann 
leads to the theory of integral equations, it is the work of Schwarz which has 
influenced most of the subsequent proofs for Dirichlet’s problem. It contains 
already the fundamental idea of building up by a convergent iterative process 
very general classes of solutions by using the particular solutions given by 
Poisson’s integral for the sphere. i 

The “sweeping out” process devised fifteen or twenty years later by 
Poincaré lies in the same line of thought but represents an immense advance 
if one compares it with the early method which Schwarz had developed. chiefly 
for the case of the logarithmic potential and for very special boundaries. The 
splendid way in which Poincaré, taking advantage of the progresses made in 
the meantime by the theory of point sets, deals with the problem, has given 
many hints to younger scientists and has contributed to many advances made 
subsequently in different fields of mathematical science. But originally the 
method of Poincaré was very complicated and cumbersome; he felt, in fact, 
obliged to split the functions to which he was applying his process into two 
parts for which his convergence proof was holding, and to do this he had to 
approximate these functions by polynomials. Thus many elements foreign to 
potential theory were implied in his proof and the feeling that this proof was 
likely to be simplified and made clearer in its outline was present from the 
beginning to many students of the topic. 

But it was not until 1912 that a most decisive and very surprising turn 
was given to the whole subject in a short note of 3 pages by H. Lebesgue. 
In this note it was shown that Poisson’s Integral, which up to that time had 
been the primordial tool with which the convergent processes were built up, 
could be discarded altogether and replaced by much weaker operators connected 
with the property of the mean which characterizes harmonic functions. These 
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results of Lebesgue, though widely quoted, are not as universally known as 
would have been the case if their importance had been fully appreciated from 
the outset. 

The great variety of convergent processes outlined above has induced me 
to look at the common root out of which all these processes originate. The 
result is contained in the second chapter of this memoir. It consists of a 
theorem whose assumptions are taken general enough so as to disclose the very 
reasons for which all the different methods used previously are equally 
successful. | 

In the foregoing chapter I have tried to give a very elementary treatment 
of the principal properties of harmonic functions culminating in the existence 
proof for Dirichlet’s problem devised by O. Perron and very much simplified 
by T. Rado and F. Riesz. I have done this in order to show how the whole 
theory can be condensed if one puts systematically from the outset Poisson’s 
Integral in the limelight. 


Chapter I. Existence of the Solution of Dirichlet’s Problem. 


1. Definition of harmonic functions. Functions U(a,: - +, €n), which 
are defined in some region R of the Euclidean space with the codrdinates 


Bip! Ti * “En 


are called harmonic in that region if they are first of all continuous, if secondly 
considering them as functions of every single variable +; alone they have con- 
tinuous first derivatives 00/02; and finite second derivatives 0?U/0a;? and if 
the expression 


` . PU eu 
(1.1) AU = os ds 


formed with these second derivatives vanishes identically throughout R. 

We shall see later on (§ 6) that every harmonic function is analytic and 
that consequently all of the successive partial derivatives exist and are con- 
tinuous in all the variables. But to prove this we do not need to assume the 
existence of other partial derivatives than those which we have mentioned 
above or to assume that these derivatives are bounded or that the first deriva- 
tives 00/02; are continuous functions of other variables than that which 
appears in the denominator. 

In order to study under these assumptions the most general solutions of 
the equation 
(1. 2) AU =0 


we must first obtain some special solutions of that equation. 
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Taking a point 2;° in our space and putting 
(1.3) 1 = (m)? H H (tea)? 
we have for every function of the form F (r) the identity 
(1.4) AP = F” (r) + F'(r) at 


` The most general harmonic functions of the form F(r) are therefore 
given by the equation 





(1. 5) F(r) = 4 +B 
for n = 3 and by 

(1. 6) F(r) =Alogr+B 
for n= 2. 


2. Poisson’s integral. Taking first n = 3 we consider a sphere of radius 
a and on some radius of this sphere two points at the distances A(A < a) and 
a?/À from the center respectively. It follows then easily by the consideration 
of similar triangles that for points Q taken anywhere on the surface of the 
sphere one has 


and herefrom that the function 


(2.1) n= [6-6] 


is a harmonic function which vanishes identically at the surface of the sphere. 
We have now from the triangles of the figure on page 712 

2 2 

<n -5 Tte LUE 
os 
=e + z’ 2 — Ap cos 8, 
17? = X? + p? — 2dp cos 0, 

so that we can write 


(2.2) Sr tu 
with 

— 2) (g2? — 
(2. 3) News met) Caer a 


By these formulas we can write 


(2. 4) (3) = (1? + y) lor); 
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’ 


therefore if we put 
(2. 5) o == a — À? 


and, observing that + depends not only upon the +; but also upon À, 


2 


(2. 6) (r de Gore = its. , Ea 


we can calculate the right hand of (2.4) by ọ (zi, Va? —w,w) for the value 
of w given by (2.5). With these notations we can therefore replace (2.1) by 








(xi, Va? — a, w) — p (zi, V @ — o, 0) 
cw = 3 


(2.7) igen 


We shall now take ow to be a constant for varying w and make use of the fact 
that the function 


(2.8) va) _ pti A, ©) — p(t A, 0) 





w 


is analytic if the æ; vary in a suitable domain and that, | a—A | and || 
being sufficiently small, the point w = 0 is not excluded from the domain of 
regularity of that function. We have in fact 








ô i 
(2. 9) Y(t, A, 0) + SS 
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Taking therefore 
2a? 
n—2 





(2.10) co = 0 


the function V) takes at the limit w — 0 or, which is the same, at the limit 
À =a the value 





(2.11) Vu = ooy (£i 0,0) = oA 
Now we have for real and positive values of w | 
(ie À 
Ay (xi, Va? — o, w) = — ar M =? 


and the analytic function Ay (vi, Va? — w, w) being regular for œ = 0 we see 
that the right hand of (2.11) is harmonic at every real point of the space 
except at the point A of the above figure. 


3. In order to show that the formula (2.11) holds also for the case of 
the two dimensional plane we observe that the function 


(3.1) Va =o | log 7 —1og | 


is harmonic and vanishes at the boundary of the circle with radius a and that 
by using our previous notations we can write 





(3. 2) Vy => [ tog (7? + u) — log | 
ae n 
T2 log (1 + a?r? o) 
Putting now 
a? — p? 
(3.3) (xi, À 0) = log (1 + as w) 


we find that (2.7) holds also in the case n — 2 and that we get by the same 
method as above the relation (2.11), if we choose o to satisfy the relation 


(3. 4) vw = C : Ra. 


4. We consider now a continuous function F(Q) on the boundary of the 
sphere (or the circle) of radius a and form the integral 


(4.1) v(P) =0 |v) >" ao 


in which P is a point of the interior of the considered domain at the distance 
p from its center and + designates the distance between P and Q. One verifies 
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by differentiation that the function V(P) is harmonic in the interior of the 
sphere. It is easy to calculate this function for the case when F(Q) is a con- 
stant. In fact V(P) is then a harmonic function of the form F(p) which is 
bounded in the neighborhood of the center of the sphere and which by the 
formulas (1.5) and (1.6) must, therefore, in any case be a constané. At the 
center of the sphere we have p = 0 and r ==a and therefore 


VP) =V(Q) Er f do. 


This last integral has the value æa” where æn is a known constant depend- 
ing only on the dimension n of the space. In order to have V(P) ==V(Q) 
we must therefore take 





1 
ee) o Ant 
and get the final formula 
1 a? — p” 
: 7(P) =— ÍY 
(4.4) WP) = LOT 


which is known by the name of Poisson’s integral. 
5. From the last reasonings we infer that the identity holds 


A ered Ë ES à 


(5.1) aS 


With the aid of this identity H. A. Schwarz has proved that the function V(P) 
represented by the relation (4.4) is continuous on the closed sphere and that 
the boundary values of V(P) coincide with the given values of V(Q). 

We omit the proof of this theorem of Schwarz which is classical and is 
contained in all the books of reference dealing with our subject. 


6. The fundamental theorem. The proposition from which we can 
deduce nearly all the principal properties of harmonic functions consists in 
the statement that in the neighborhood of a point we may always represent 
any given harmonie function by a suitably chosen Poisson’s integral. 

We consider a function f(P) which is continuous on a closed sphere and 
harmonic in the interior of it according to the definition of § 1, and calculate 
the function V(P) which is given by the integral of Poisson and which pos- 
sesses the same boundary values as f(P). Furthermore we calculate by the 
integral of Poisson a function ¥(P) which is harmonic in the interior of the 
sphere and takes on its surface the same boundary values as the function 
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42°. 
Putting now 


(6. 1) BCP) = (f(P) —V(P)) + a(y(P) — 3 &’) 


we observe that the function @(P) is continuous on the closed sphere, vanishes 
at its boundary and that the equality 


(6.2) AD + œ—0 


holds at all the interior points of the sphere. From this we infer that for 
positives values of the parameter a | 
(6.3) Szo 


everywhere in the sphere. For if at some point of the sphere ® were negative 
there should exist at least one point P, of the interior of the sphere at which 
(P) would attain its minimum value. At such a point we should have 
necessarily 
0 Ge) 

6.4 — = 
e GE s 6%: 





Z0 (i= 1,2, ::,n), 


i. e, conditions which contradict (6. 2). Letting now a tend towards zero we 
find that we must have everywhere in the sphere V(P) <f(P). We prove 
in the same way the inequality — V (P) S—f(P) so we get finally 


(6.5) V(P) =f(P) 
and our fundamental theorem is thus proved. 


7. The theorem of Gauss and its converse. In order to calculate 
Poisson’s integral at the center O of the sphere we have to put in (4. 4) 


p=0, r=t 
and we get 


(11) - ¥ (0) = ia f V(Q)do. 


This formula shows that the value of V (P) at the center ‘© of our sphere is 
equal to the mean of the values V (Q) at the surface of that figure. 

Considering the fundamental theorem of the previous section we see that 
this property applies to the most general harmonic functions and to every 
sphere which lies entirely inside of the region for which the function is defined. 
This statement is called the theorem of Gauss. 


8. Take now a continuous function g(P) for which the theorem of Gauss 
holds for every sphere lying inside of a region R. Suppose that g(P) is not a 
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constant and call M and m the upper and the lower bound of g(P) when P is 
describing the region. We are going to show that at every point P, of R we 
always have 

(8.1) m < g(Ps) < M 


the equality signs being excluded. Call R that part of R at each point Q of 
which we have 


(8.2) g (Q) = g (Po). 


The point set À” is an open set which (g(P) not being constant) is not void 
and does not fill out the region R. There exist therefore at least one boundary 
point P, of R lying inside of R and at this point we have 


(8. 3) g(P1) = g (Po). 


Furthermore there exists within R at least a sphere with center P, on whose 
surface there is at least one point Q of R’. The function g(P) cannot be 
constant throughout the surface of this sphere for in that case we should have 
by Gauss’ theorem g(P,) —g(Q) and this is contrary to our hypothesis. 
The function g(P) being continuous and not constant on the surface of the 
sphere the mean g(P,) of these values must actually lie between M and m 
and by (8.3) this is equivalent to the relation (8.1) we wanted to prove. 


9. From the last result it follows that if a function g(P) is continuous 
on a closed region À and vanishes at every point of the boundary of R, if 
furthermore Gauss’ theorem holds for every sphere contained in À the function 
g(P) vanishes identically. If indeed g(P) were not a constant there would 
be points of R at which say g(P):> 0 and then it would exist at least one 
point P, in R at which g(P) would attain its maximum value. But this 
contradicts the result of the last section. 


10. It follows herefrom that every function f(P) for which the theorem 
of Gauss holds for every sphere which lies inside of a region R must be har- 
monic. Consider indeed the harmonic function V(P) which has the same 
values as f(P) on the surface of such a sphere. The conditions stated in § 9 


apply to the function 
g(P) = f(P) —V(P) 


in the sphere in which it is defined. We therefore have 
f(P) =V (P) 


which proves that f (P) is harmonic. 
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We have so far obtained two very remarkable results: in first line we 
have seen that harmonic functions may be as well characterized by the property 
expressed by Gauss’ theorem as by the differential equation Af==0. It is 
very surprising at first sight that the property of the mean involves the 
functions for which it holds to be analytic. 

Secondly we see in using the result of § 9 that there is at most one 
function which being harmonic inside of a given region is continuous at the 
boundary and which has there prescribed values. Dirichlet’s problem has 
therefore either no solution at all or just one single solution. For the sphere 
there exists always a solution given by Poisson’s integral. In order to make 
a choice between these possibilities for more general regions we must study 
with more detail the properties of harmonic functions. 


11. Harnack’s theorem. We suppose in the formula (4. 4) for Poisson’s 
integral the function V(Q) not to be negative. As we have at the center O 
of the sphere 


aL - i-  ¥(0) = HOT 


CA E 


number @ being positive and less than one) we have 
(11. 2) psa, (1—OaSrSs(i+4ja 
uniformly for every point Q of the surface, we can write 


g 1 
Gaye? (P) SV (0) aa 


Suppose now that at a point P’ of the smaller sphere the inequality 





(11.3) O0) 


(11. 4) VP’) <M 
holds. We then have by (11.3) 

1 + gyre 
(11. 5) V(0) < Cae 


and consequently for every point P” of the same sphere 


m. (+68 
(11. 6) F(P”)'< er ra. 
Furthermore we have always 
74 7 (i + 8} — (1— 8)" 
QD  IFPN—-VPIIE VO) Ga 
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12. We consider now the family of functions U(P) which being harmonic 
inside of a region are at every point of R not smaller than a given constant x 
and besides at a certain point P, of the same region not greater than a second 
constant 8. If we apply the inequality (11.6) to the functions (U (P) — a) 
we can easily show in using chains of spheres overlapping one another that the 
functions of our family have a common finite upper bound on any given ‘closed 
set of points lying inside of R. 

This being the case the inequality (11.7) shows that the limiting oscilla- 
tion of our family of functions vanishes at every interior point of R and that 
the family is therefore a normal family in the sense of Montel. 

Consequently we can extract from every sequence U; of functions of our 
family a subsequence U;, which converges continuously towards a function 
V(P) at every point of À. The convergence must therefore be uniform on 
every closed subset of À and we infer herefrom that for the limiting function 
V(P) the theorem of Gauss holds for every sphere contained in À and that 
V(P) must therefore itself be harmonic. 

We can state this result more briefly by saying that our family is not only 
normal but also closed; i.e. that every limiting function of functions of our 
family belongs itself to the same family. 

The well known theorem of Harnack is very closely connected with these 
last results which are but slightly more general (though much more convenient 
for the applications than the older theorem). 


13. Superharmonic and Subharmonic functions. Classes of functions 
which have been named in recent times super- and subharmonic have. been 
used rather early in the literature. Poincaré has made use of them; but it 
was not until they were carefully studied by #. Riesz that their great impor- 
tance for Potential theory has appeared. Riesz has made use of such, functions 
under the assumption that they are semicontinuous. For our purposes it will 
be sufficient to use the following definition: a function S(P) is called super- 
harmonic in a region R if being continuous in that region S(P) -is never 
smaller than the mean of S(Q) taken for the surfaces of every sphere of 
center P lying entirely in Æ and whose radii are less than a positive number 
vo(P) whose magnitude varies with P. The definition of subharmonic 
functions s(P) is the same but for the sign of the inequality. 

Calling m the lower bound of S(P) in the region À one shows that if 
S(P) be superharmonie and not a constant we have always 


(13.1) 7 m < S(P). 


Taking an arbitrary point P in R we construct just as in $8 a sphere with 
center P, lying in R and possessing at its surface at least one point Q for which 
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(13. 2) S(Q) AS(P:) 


.the center P, of the sphere having the further property that 8(P,) = 8(P5). 
If S(P).is not constant on the surface of this sphere the mean of the function 
taken over that sphere is actually greater than m and S(P) being super- 
harmonic we have S(P,) >m. Butif S(P) is constant throughout the surface 
of the sphere we have by the condition of superharmonicity. S(P,) = S(Q) 
and by (13. 2) | 
(18. 3) 8(P:) > S(Q) 2m. 


In both cases the relation (18.1) is verified at the point Po. 
Calling M the upper bound of a subharmonic function s(P) we show in 
like manner that either s(P) is a constant or that we have for every point of R 


s(P) < M. 


Jt follows that a superharmonie function S (P) which is continuous on a closed 
region À and which is not negative at the boundary of R cannot have negative 
values in R and that under analogous conditions a subharmonic function s(P) 
is never positive. 


14. We shall make use of some properties of the superharmonic functions 
to which F. Riesz was the first to pay attention. 

Consider first a sphere lying entirely in a region À in which a super- 
harmonic function S(P) is defined and call V(P) the harmonic function 
(calculated by Poisson’s Integral) which coincides with S(P) at the boundary 
of that sphere. Applying the reasoning at the end of the previous section to 
the function (S{P) — V(P)) which is superharmonic inside the sphere and 
which vanishes at its surface we have 


(14.1) V(P) SS8(P). 


15. We consider now a function S*(P) which is equal to S(P) outside 
of the sphere which we have just considered and equal to V(P) inside of this 
same sphere. As we have everywhere S*(P) Æ S(P) the characteristic 
property for the function S*(P) to be superharmonic is verified outside and 
on the boundary of our sphere. But the same holds obviously also for the 
points inside of the sphere as S*(P) coincides with the harmonic function 
V(P) at these points. 

Thus S*(P) is superharmonic in the whole of the region R. This 
property of superharmonic functions which consists in the possibility to replace 
such a function by another which is nowhere greater and which is harmonic 
in a given sphere is of paramount importance for the sequel. 
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16. Finally we consider two superharmonic functions 8,(P) and S2(P) 
Gefined in the same region and call S(P) the function which at every point 
of R is equal to the smaller of both numbers S,(P) and S.(P). It is readily 
seen that S(P) is also superharmonic in R. For at a point P, of R we have say 


S (Po) = S (Po) 


and by assumption S, (Po) is not smaller than the mean of that function taken 
over the surface of a sufficient small sphere with center Po. Then S,(P,) or 
which is the same S(P;) cannot be smaller than the mean taken over the 


surface of the same sphere of the function S(P) because we have everywhere 
S(P) SS8i(P). 


17. Existence of the solution of Dirichlet’s Problem. We consider 
on the boundary (È — R) of a given region R a continuous function ¢(Q) 
and call according to Perron all the functions which are continuous in À and 
superharmonic in À and which at every point of the boundary are not less than 
$(Q) an upper function S(P) of our problem. 

In a similar way a lower function s(P) of the problem is a function which 
is continuous in À never greater than $(@) at the boundary of R and sub- 
harmonic in that region. According to $ 13 the difference (S(P) —s(P)) 
of an upper and of a lower function being superharmonic in R and not 
negative at the boundary is nowhere negative in R. 

If we call m and M the minimum and the maximum of #(Q) on the 
boundary of R the constant function equal to Jf is an upper function of the 
problem and the constant function equal to m a lower function. 

Accordingly we have at every point of R and for every upper function S(P) 


(17.1) S(P) =m 


and the lower bound U(P) of all possible upper functions at a point P of R 
satisfies the conditions 
(17. 2) mSU(P) SM. 


We will show that U(P) is harmonic in R. 
18. We consider a sequence of points 
(18. 1) Pa Pat t e, Phet 


which is everywhere dense in R and for each of these points say for P; a 
sequence of upper functions 


ON DIRICHLET’S PROBLEM. 721 


(18. 2) S ja Ija: ° >, Sin, > aes 
which satisfy the condition 


(18.3) U(P;) = lim Sy(P;). 
k=00 


We call now 9;(P) the function which at every point of FÆ is equal to the 
smallest of the numbers 


M, Sux(P), Sxx(P), PES Sx(P). 
According to $ 17 this function is a bounded upper function and we have 


(8.4) U (P;) = lim S; (P;) G=). 


We replace now the functions 84 by the functions 8*, which we have con- 

structed in § 15 after having taken an arbitrary sphere o inside of the region R. 
The functions S*, are again upper functions for the problem for which 

relations analogous to (18.4) hold because we have at every point of R 


(18. 5) U(P) S8*(P) S8,(P). 


Now by § 12 the functions S*,(P) belong to a normal family of harmonic 
functions inside of the sphere o and form a sequence which is.convergent at 
an everywhere dense set of points in this sphere. They must therefore converge 
towards a harmonic furiction V(P) and we are going to show that one must ` 
have V(P) = U(P) at all the points of the sphere o. This is true by con- 
struction for all those points of the countable set (18.1) which lie inside o. 
We take at random another point of « which we shall call P, and we add it 
to the points of the set (18.1). We can then construct by the same process 
as above a new function V’(P), which being harmonic inside of o is equal to 
U’ (P) at every point of the set (18.1) and besides at the point Py. The func- 
tions V(P) and V’(P) are both continuous in o and they are equal to one 
another at the points of the set (18.1) which is everywhere dense in that sphere. 
They must therefore coincide in o and we have in particular U (Po) = V (P). 
This shows that U(P) is harmonic in o and as this sphere may be chosen ‘at 
random the function U(P) must be harmonic everywhere in R. 


19. If the closed region À has the property that Dirichlet’s problem is 
solvable for any given continuous boundary values, there exist functions 
V(P; Qo) of P continuous on the closed set À which vanish at a given point Qo 
of the boundary of R, which are positive at all the other boundary points of 
R and harmonic in this region. 
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This leads to the following definition: a boundary point Qo of a given 
region (for which one does not know if Dirichlet’s problem is solvable or not) 
is called a regular point of the boundary if a function - RU Qo) with the 
properties stated above exists. 

For the case that Qo is a regular point of the Douanes it is very easy to 
construct an upper function of our problem which at the point Qo has a value 
not greater than ¢(Q.) He, the positive number e being chosen at random. 
Take a sphere o(Qo; €) with center Q, and such that at all the ee Q of the 
boundary of R lying inside of that sphere we have i 


(19.1) . $(Q) < Eo) +e 


Call # the necessarily positive minimum of the values which F (P; Qo) takes 
in À at points lying not inside o(Qo;«). Then the function 


M—m 


SP) = (Qo) +e +=—™ V(P; Qo) 


- . is an upper function of our problem which possesses the stated property. In 


the same way a lower function of the problem which at the point Qo, has a 
value not smaller than ¢(Qo) — e can be found. 

It follows then that the harmonic function U(P), which we have defined | 
in the previous section is continuous at every regular point of the boundary 
of # and that it takes at such points the prescribed value ¢(Qo). 

Thus for the solution of Dirichlet’s problem it is not only necessary but 
it is also sufficient that all the points of the boundary of R be regular. It is 
well known that Lebesgue has given examples of regions—even of simply con- 
nected regions—for which not all the boundary points are regular. In the 
sequel we shall restrict ourselves to regions which possess a regular boundary. 


Chapter II. Construction of the Solutions of Dirichlet’s Problem. 


20. Statement of the problem. We consider a closed bounded region À 
whose boundary points Q are all regular in the sense of §19. We try to 
define sequences of operators 


(20. 1) Lyf, Lof, ° ` -, Lif, a 


which enable us to calculate by a limiting process the harmonic functions 
U (P) whose existence we have proved in the two previous sections. 

More precisely we shall take an arbitrary function f,(P) which is con- 
tinuous on the closed region R and which at the boundary points Q of poet 
region satisfies the equality 


(20.1) fi(Q) = #(Q), 
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the last function being continuous on the boundary of R and taken at random. 
Then we shall construct a sequence of functions f,(P) given recurrently by 
the formulas 


(20. 2) RE) mm RP), fra (P) = Lafie(P),° 


We. shaïl show that the operators L;f can be chosen in such a way that the 
sequence f,(P) converges uniformly towards the solution U (P) of Dirichlet’s 
problem which possesses the given boundary values #(Q). 


`; 21. We shall suppose that the operators L;f are defined for all functions 


` -F(P) which are finite and continuous in the interior of R no matter if these’ 


functions can be extended to a continuous function on the closed region # or 
not or if these functions are bounded in R or not. 

We stippose furthermore that the result Zjf of each of our operations 
applied to functions of the above class must be a function of the same class. 

Our operators L;f shall have now the following properties : 

a) they are linear i. e. 


Lif + g) = Lif + Lig 
Lj(—f) =— Lyf 
b) they are definite i. e. if f(P) = 0 throughout R then L;f = 0 through- 
out R. 
c) they do not change the value of harmonic functions i.e. if U(P) is 
harmonic everywhere in Æ we have 


‘LjU(P) =U(P). 


22. If we take the operators L;f satisfying the above conditions our 
problem is already greatly simplified. It will indeed be sufficient to restrict- 
the L;f in such a way that for functions f,(P) whose boundary values vanish 
identically the functions f,(P) considered in § 20 converge uniformly towards 
zero. For in the general case we can subtract from f,(P) the harmonic 
function U (P) which has the same boundary values ¢(@) and whose existence 
is guaranteed and put | 


gi(P) =fi(P) —U(P), gua (P) = Ings (P) (k = 1,2, °°). 
We have then for every value of k 
fe(P) = (P) + U (P) 


and if we know that the g:(P) converge towards zero the functions f,(P) 
must converge towards U(P) as desired. 
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23. Superharmonic cover. Before stating the further properties of the 
linear operators L;f which will insure the convergence of our process we must 
study closer the consequences of the properties a), b) and c) of our operators. 

We take an arbitrary function f(P) which is continuous in the closed 
region À and vanishes at all the points Q of the boundary of R. We consider 
functions U(P) harmonic everywhere in Æ (but not necessarily defined on 
the boundary of #) which satisfy the condition 


(23. 1) f(P) SU(P). 
The lower bound of all these functions U (P) considered at the same point P 
of R defines a function S(P) which we shall call the superharmonic cover 
of f(P). 

Take a point P, inside of R and consider a sequence U;(P) taken among 
the harmonic functions defined above and such that 


(23. 2) S(Po) = lim U; (Po). 
j=œ 


As f (P) is a bounded function it follows from (23.1) and (23.2) and from 
Harnack’s theorem that the functions U; (P) belong to a normal family of 
functions. There exist therefore subsequences of the U; (P) which converge 
towards a function Up, (P) harmonic in Æ and for which the following 
properties hold . 

(23. 3) S(P) S Ur (P),  S(Po) = Ur (Po). 


From f(P) S Up, (P) follows that Up, (P) 20, if we remind ourselves of 
the properties of harmonic functions stated in § 9 and of the assumption that 
f(P) vanishes at the boundary of R. From the second relation (23.3) we 
infer that everywhere in Æ we have 


(23.4) ` S(P) 20. 


It is furthermore easy to verify that the superharmonic cover S(P) is a con- 
tinuous function. Taking in fact a sequence of points P; which converge 
towards P, we infer on using both relations (28.3) that 


(23. 5) lim §(P;) S 8(Po). 
We have now re 
(23. 6) S(P;)=Up,(P;),  Uv,(Po) = S(Po) 


and on using the fact that the functions Up,(P) belong to a normal family 
we find easily 
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(28.7) lim S(P;) Z 8 (Po). 

Fo 

The continuity of S (P) is thus proved by the inequalities (23. 5) and (28. 7). 
Making now use of the assumption that any point Q, of the boundary 
of R is a regular point we can construct functions U(P) which are continuous 
on the closed region À, which are harmonic in R and not less than the given 
function f(P) and which at the point Q, have a value which is smaller than 
a given positive number e (cf. § 19). From this and from (23.4) we infer 


that the superharmonic cover S (P) is continuous at all the boundary points 
of R and that it vanishes at those points. 


24. We observe now that we have 
(24. 1) f(P) SS(P) £ Ur, (P) 
and that consequently for every single operator 
Lif S L38 £ LiUr,(P) = Ur(P). 
It follows by the second relation (23. 3) that we must have at the point P, 
(24. 2) | LfS LESS. 


Now we may choose P, anywhere in R and see that the inequalities (24. 2) 
hold in the whole region R. | 

We apply now these inequalities to the sequence of functions f,(P) 
defined by (20.2). Calling S; the superharmonic cover of fx we have 


fea (P) = Irfa (P) S (P) 
and it follows 
(24. 3) Srn (P) € Sx(P) 


by the definition of the superharmonie cover of fr (P). 
25. The monotonic sequence of functions 
(25. 1) 8, (P) Z 8.(P) Z> 


converges towards a function 
(25. 2) T(P) 20. 


We are going to show that the convergence is continuous at every point Po 
of R. Taking a sequence of points Pe converging towards Po we have for 
any k>j 

2 


+ 
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. Er(Pr) = 8; (Pr) 
and therefore 
lim Sx(Px) S 8; (Po). 
k=oo 


As this holds for: every value of j we have 
(25. 3) Tim (Pr) S T (Po). 
We take a subsequence Sx, (P) of our sequence such that 


(25. 4) lim Se(Px) = lim St, (Prs). 


We consider functions V;(P) harmonic in R for which the following conditions 
hold 
(25. 5) Vi(P) 2 Se (P), Vi(Pr,) = Su, (Pr). 


The sequence of functions V;(P) belongs to a normal family; there exists a 
subsequence of these functions convergent continuously in R towards a function 
V(P) and certainly 

V(P) ZT (P). 


We have therefore finally by (25. 4) 
(25. 6) lim 9,(P.) = V (Po) 2 T (Po) 
and the comparison with (25.3) yields 

lim S4 (Px) = T (Po). 

R00 f 


It follows by the general theory that the functions S,(P) converge uniformly 
towards T(P) on any closed subset of Æ. If one considers that the non- 
negative function 8,(P) is continuous on the closed region Ë and vanishes 
on the boundary of R and if one makes use of the fact that the sequence is 
monotonic and that the limiting function T(P) is itself non-negative it follows 
that the sequence (25.1) converges uniformly towards T(P) on the closed 
region Ř. 


26. The limiting function T(P) is furthermore restricted if among the 
operators L;f there are some which are iterated. We shall say that the 
operator Laf is iterated if there exists an infinite sequence of increasing 
integers 
(26. 1) D <<: 





ON DIRICHLETS PROBLEM. 727 
such that the operators La, with the indices qi be all of them identical with Lg 
(26.2) | Laf = Laf l G=1,2: +). 


Given a positive number «e; by the result at the end of the last section there 
are in the sequence (26.1) numbers q; for which 


(26.3) Sa < T +e. 
We have now by (24.2) 


(26. 4) Lafu = Laa S La (T + €) 
and fòr the last number of this relation by (26. 2) 
Lo (T F €) = LT + e 


Calling 7’,(P) the superharmonic cover of LoT (P) and remembering that 
Sapı is the superharmoniec cover of Lafa we can therefore write 


(26. 5) T(P) s San(P) = Ta + €. 
On the other hand we have for every value of the subscript k 


LT S LS = Sx 
and herefrom follows 

T'a(P) = Sx(P) 
and at the limit 
(26. 6) T(P) £ T(P). 


Comparing with (26.5) we get finally 
T(P) =T(P). 


This result is not surprising: the operator Laf having been involved an infinite 
number of times already for the construction of the sequence of superharmonic 
functions S;(P) cannot modify any more the function T(P) if we apply a 
construction similar to that which transforms Sg into So. 


27. Certainly the conditions we have imposed up to now on our operators 
L;f are not sufficient to make the functions f,(P) converge towards zero. 
We could take the L;f all equal to the identical transformation and every 
single one of the conditions imposed so far upon them would be fulfilled. 
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But in that case a function f,(P) which is not identically zero would never 
yield a sequence fx(P) converging towards that number. 

On the other hand if we can make sure that to every non-negative function 
T(P) 40 corresponds at least one of the iterated operators Laf for which 

’(P) AT(P), by the result of the last section the function T(P) must 

vanish identically and our sequence of functions f,(P) must then converge 
uniformly towards zero. 

To prove this we consider the superharmonie covers of the functions 
— fx(P) and call them —s,(P). We have then . 


(27.1) se(P) S fx(P) S (P) 


and by our assumptions both of the sequences ss (P) and S:(P) must converge 
uniformly towards zero. The same is therefore true for the sequence of the 


fr (P). 


28. A very general condition which we shall impose on our operators 
and which implies the just stated property is the following: we take a non- 
negative function T(P) which is not a constant, which is continuous on the 
closed region À, which vanishes’ at the boundary of R and whose maximum 
value M is attained at an interior point Po of R. We assume furthermore 
that Po is such a point that there exists at least an (n — 1)-dimensional plane 
g passing through Po and such that at every point Q of R lying on one side 
of « we have T'(Q) < M. We require that under these assumptions for one 
at least of the iterated operators, say for Laf, we have at the point Po itself 


(28.1) LiT (Po) < M. 


We have only to prove that at a point Po which fulfills the above require- 
ments we have always 
(28.2) T'a(Po) < M =T (Po). 


If there is only one point in the interior of R at which T(P) — M we take 
this point for our P, and remark that by (28.1) the conveg cover of LoT (P) 
lies underneath T(P) at the point P, and that the superharmonic cover of 
LT (P) lying underneath that just considered convex cover the inequality 
(28. 2) is fulfilled. 

If there be several points in À at which T(P) — M these form a closed 
point set A lying inside of R and possessing no point on the boundary of R. 
We take two points P, and Pe of this set whose distance from one another is 
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a maximum and consider the plane « passing through Po and normal to the 


-> 
vector PoPa. All our conditions being fulfilled we must have 
(28. 3) Lgl (Po) < M 


not only at P, itself but also inside a sphere o with Py as center. The convex 

cover of LT (P) is always less than M except perhaps on the smallest convex 

figure of the space which contains the points (4 — Ac). It is very easy to 

verify that the point P, is exterior to this figure and therefore we conclude 
* just as before that (28.2) holds. | 


23. Our final result may be stated in the following way: 


Take a bounded region R in n-space for which Dirichlet’s problem has 
always a solution. Take a sequence of linear operators L;f (j = 1,2, >) 
defined for functions which are continuous in the interior of R, the result of 
every one of these operations being a function of the same kind. Suppose that 
the operators L;f have the following properties: 


1) If f(P) 20 then Lf 20 everywhere in R; 
2) If U(P) is harmonic everywhere in R then L;U =U ; 


3) A subsequence of the sequence Lif consists of iterated operators Laf, 
i. e. an infinite number of the operators L;f are identical with Lof; 


4) If a non-negative function T(P) which is continuous on the closed 
region È and which vanishes at the boundary points of R attains its maximum 
value M(M'> 0) at a point P, and if there is a plane « going through Po 
such that for every point Q of R lying on one side of « we have always 
T(Q) < M, then there ewists at least one iterated operator Laf such that at 
Po we have | 
(29.1) LT (Po) < M. 


Under these conditions taking an arbitrary function f,(P) continuous on the 
closed region R and putting 


(29. 2) fa(P) = Lf.(P),: 3 -fra (P) = Lefa (P): Ri 


the sequence of functions f,(P) converges uniformly in the closed region- À 
towards a function U(P) harmonic in R and having the same boundary values 
as the original function f,(P). 
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30. Nearly all the solutions for Dirichlet’s problem which have been 
proposed since the time of Schwarz and Poincaré and which are based on a 
convergent sequence of continuous operators can be treated as special cases ‘of 
the foregoing theorem. 

For the rest of them, as for the solution proposed by O. D. Kellogg, 
iterated operators do not appear at first sight and the conditions of the theorem 
of the last section must be slightly revised if it is wanted to include also these 
solutions in our theory. In fact suppose that among the operators L;f there 
be no iterated operators but that to each operator L;f we can add a finite 
number of operators 


(30. 1) Lyf, Lif, tt Lipf 
such that we have always 
(30. 2) Li(Lif) = Lif (4 = 1,2, <+, pi) 


and that for the sequence of operators which we obtain im including all the 
operators (30.1) after every L;f all the conditions of § 29 are fulfilled. 

If we remark now that the sequence of functions (29.2) has always the 
same limit for the original and for the completed system of operators because 
of the conditions (30.2) we see that the convergence theorem holds for the 
L;f themselves. 


31. The study of the convergence of our sequence of functions f£(P) 
is much more complicated if we do not choose to assume that all the points of 
the boundary of the region R be regular. In this connection the posthumous 
memoir of O. D. Kellogg about the converse of Gauss’ Theorem will be of great 
help. It contains already the proof of such a convergence in a particular 
case. One could also think of generalizing the condition 2) of our theorem 
by replacing the identity by a more general relation which tends towards the 
former for large values of the index number 7. In doing this it would perhaps 
be possible to include the very important and very interesting constructions of 
N. Wiener (which are discontinuous) in the general frame of our theory. But 
this exceeds the scope of the present note, which was to show that a fairly 
general result may be obtained without using any higher concept than that 
of normal families and that of the continuous convergence of continuous func- 
tions. It would though certainly be interesting to investigate more thoroughly, 
as I have done, the limits at which the theorem of convergence ceases to be true. 


_ PASADENA, CALIFORNIA. 
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BOUNDED ANALYTIC FUNCTIONS IN SEVERAL VARIABLES 
AND MULTIPLE LAPLACE INTEGRALS.* 


By S. BOCHNER. 


Introduction. We shall consider the k-dimensional Euclidean space of 
the real points « = (a, - -,%) and its complex extension consisting of the 
complex points z = (41,° © +, 2) 3 2x = r + tx. Any point set S of the real 
space is the basis of a tube T — Ty of the complex space. The latter is the 
point set of the complex space consisting of all k-dimensional planes 


Te = Tk’ ; — © < Yk < D, (x=1,:--+,k), 


where (æ,°,: - - ,ax°) is an arbitrary point of S. A tube is an (open) domain 
if and only if its basis is a domain. We shall say that a tube T” lies within 
a tube T if the closure of T’ is part of the interior of T. 

The transformation 
(1) We = e*K (x=1,:--+,k) 


transforms a tube of the z-space into a so-called Reinhardt set of the w-space 
and, conversely, the image of a Reinhardt set in the w-space is a tube of the 
z-space.t For shortness, we shall term a Reinhardt region convex if the 
corresponding tube is convex in the usual sense. Any function analytic in a 
Reinhardt region À has a Laurent expansion : 


co 
(2) Dee 5 ny... np W WE 
-0 . 


which is absolutely convergent in R. On the other hand the largest domain 
of absolute convergence of a series of the form (2) is a convex Reinhardt 
region.” Therefore, if a function is analytic in a Reinhardt region Æ it also 
exists in the smallest convex Reinhardt region enclosing Æ. In z-codrdinates 
we obtain the following result. If a function f(z) =f(z,° * >, 2x) ts analytic 
in a tube T and has the period Pi in each variable then it also exists in the 
convex closure T of T and has the period 2xi in each variable. 

Similar theorems hold for many classes of analytic functions other than 


* Received June 14, 1937. 

1H. Behnke und P. Thullen, “ Theorie der Funktionen mehrerer komplexer Veränder- 
lichen,” Ergebnisse der Mathematik, vol. 3 (1934), pp. 33-34. 

2 Behnke-Thullen, ibid., pp. 37-38. 
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periodic. As an illustration we shall discuss the class of bounded functions 
by two different methods. In the first proof we shall represent functions of 
integrable square by multiple Laplace integrals of the form 


(3) f E forcat: + -— abn) - 6(t) dur, 


the symbol dv; denoting the Euclidean volume element di,- - > dtr. 


. Functions of integrable square. A function f(z) which is analytic in Ts 
is of integrable square in Ts if the function 


(4) Poly) =F (21 + iyn: + +, te + tye) 


belongs to the Lebesgue class La over the y-space, for every CS, and 
moreover, 


(5) d | fe(y) |? du & K = Ks. 


Of course, if (5) holds only for every domain S’ within © then f(z) is of 
integrable square within T5 

Let p(t) = p(t: ``, tr) be a measurable function of the real t-space. 
If, for every x C S, the function 


(6) a(t) = exp(— at, —` ` -— tr) ` p(t) 


belongs to Le in the ¢-space then the integral (3) is absolutely and uniformly 
convergent within Ts and the sum function f(z) is of integrable square within 
Ts. In proving this we may assume, applying the Heine-Borel theorem, that 
§ is an interval 

(7) | ük = tx SS bk (x==1,---+,é). 


Furthermore we may split the range of integration in (3) into the 2* octants 
t, 20,-+:',% 20. For instance, if we restrict ourselves to the octant 
ty > 0,- >>, t > 0, then (3) has the value 


(8) f D f exp[— (yiti + +: + yuix)i] «ba (t) due. 


2 A function has a property within a tube T if it has the property in every tube 7” © 
within 7. | 
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The absolute and uniform convergence of (8) follows immediately from the 
relation 


eo] 
=f f exp(— 26h — - — kih) dve: f 2. [1800 Pan 


which is a consequence of Schwarz’ inequality. The sum function of (8) is, 
therefore analytic in #,: ' *,2, and relation (5) follows immediately from 
the Parseval equation 


fo S Lieto eae = Ga ff acta. 


Any other octant can be treated in a similar fashion or can be reduced to the 
first octant by changing the signs of the negative t-components. 

Conversely, any function which is of integrable square in $ has a unique 
representation of the form (3). In fact, by Plancherel’s theorem, the function 
fa(y) has a representation 


D fey) ~ fo S expt (ont ++ Hyi «altar, 


and we have to prove that (6) holds. Integrating (5) with respect to x over 
the domain S we obtain 


JF) doydve < œ. 
Hence there exists a constant À such that for any polycylinder 
P; : | ze — br | S rk 
which lies entirely in Ts the relation 
f | f(z) |? dvadvy = A 
PS 


holds. Expanding f(z) in a power series around € we easily obtain 


[OS ef. | f(z) |? dvadvy. 
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Thus f(z) is bounded within S. With the Fejer kernel 
__# (sin (n/2)m)? 
mna) = GE 


we form the sequence of functions 


(10) “7*(2) = f ki He + ia + in 


. a a -r F tye + i) Fa (ms : * 5.) dm. 


They have the following properties: «) they are analytic and of integrable 
square within T's, 8) for each (x, y) 


lim fa” (y) = fe (4), 


y) the Fourier transform ps” (t) of fa” (t), see (9), has the value 


a(t) Tr (1—1), 


if | ts | < 1 and the value 0 if some tk is > 1.4 As a consequence of these 
properties it is sufficient to prove relation (6) for functions a(t) vanishing 
outside a finite interval of the t-space. We pick any special point 2° C S and 
introduce the functions 


(11) p(t) = exp (arts ++ + + and) * b2°(t) 
g (2) -f a f exp(— Ziti —* > — at) p (t) dus. 


Since (t) vanishes outside a finite interval the function g(z) is analytic. 
By (11), it is equal to the given function f(z) on the linear manifold 
Lı = 21°," + +, % = U’. Therefore f(z) = g(z) identically, and this com- 
pletes the proof of (6). 

Finally, the point set © for which s(t) belongs to La in the t-space is 
convex. In fact, if zt and 2? are two points of S, and v == aa + (1— a)r’, 
0<a<1, isa point of the segment joining these points, then the quantities. 








By = exp (— titt — + + tb), Ea = exp (— th — + > — tete) 
E = exp (— tt, —: FRE — tity) 


1S. Bochner, Vorlesungen über Fouriersche Integrale, 1932, p. 191, Satz 57. 
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satisfy the relation 
E = E,sE,ra =< max (;, Es) = E + BE. 


Hence we conclude that a function which is analytic and of integrable square 
within a tube exists and is of integrable square within the convex closure of 
the tube. 


Bounded functions. From the last statement we shall conclude that 
a function which is analytic and bounded within a tube exists and is bounded 
within its convex closure. 3 
For the proof we may assume that $ is a bounded domain whose closure 


is contained in the octant v, > 0,: : - ,ax > 0. This being the case, the 
function 

ICO) 
(12) so) = 


is of integrable square within F and therefore it exists and is bounded within 
T. Thus f(z) is bounded within T and O(z,: - - 2) within T. Given any 
two points +! and 2° of S and any real numbers y;,° - -, 7% we form the func- 


tion of the one complex variable w == u -+ iv, 
hw) =f (at + w(t? — t1) + tm, + +, ey + WT — txt) + me). 


It is defined in the strip 0S u< 1, it is bounded on the boundary u = 0, 
u = 1, and it is O (v*) as v — + œ. By Phragmen-Lindelof, h(w) is bounded 
in the strip, and any upper bound for its values on the boundary is a bound 
for its values in the interior of the strip. For appropriate values of 21, 2, m, 
and w every point of T can be reached, and hence we easily conclude that f(z) 
is bounded within 7. 


Functions in octant-shaped tubes. If a Reinhardt region contains the 
origin and is star-shaped with respect to the origin then the corresponding tube 


is “ octant-shaped ” : if (°, - - ,ax°) is a point of its base § then the whole 
octant 
(13) Ve = r? (x ==1,- , k) 


is contained in S. The convex closure of an octant-shaped tube is again octant- 
shaped. 


If f(z) is analytic in an octant-shaped tube T it also exists in the convex 
closure T of T; if it is bounded within T it is also bounded within T. 
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Let a == (a, ax), 27 (0'1,: + +,x%) be any two points of gS. 
We want to show that f(z) is analytic for the points 


(14) Tr = an’ + (1—a)2”x, 0<a=1 


of the basis S of T. 
For e > 0 sufficiently small and A > 0 sufficiently large the two poly- 
cylinders 
(15) Pre | ae-+ A | So's + 2e +A 
À PY: |ux+A|<ax+Re+A 


are both contained in T. The smallest convex Reinhardt region (not tube) of 
the 2-space which is concentric with, and contains P’ and P”, contains the 
polycylinders 


(16) ax HA] S (ax fe + A) fet A), 


The sum of these point-sets for variable values of A contains the points of S 
for which 


de < a(k +e) + (1L—2) (ee +6) 


and therefore f(z) is analytic in (14). The complex variables 21,° + >, 2 can 
be altered by arbitrary fixed quantities iy,°,- > - , iyz°; therefore f(z) is analytic 
for all points whose real parts satisfy relation (14). The points +’, 2” being 
arbitrary points of S we thus conclude that f(z) is analytic throughout T. 
This proves the first part of the theorem. The second part is a consequence 
of the following remark.’ If | f(z)| is SM in (15) then it is =M-C 
in (16) where C depends only on æ'x, 2x, €, A. 


Application to bounded functions. We shall give a new proof of our 
previous statement concerning bounded functions, and we shall again assume 
that our function is a function of integrable square, see (12). 

If a function f(z) of one variable is of integrable square in the closed 
interval 


a = x <= D 
then Cauchy’s formula 
7) ) G(s) 
8 s 
of 2 ae an aS 
a+io0 0-400 


5 The remark can be proved easily by the reasoning in H. Tietze, “ Über den Bereich 
absoluter Konvergenz von Potenzrethen mehrerer Veränderlichen,” Mathematische 
Annalen 99 (1928), p. 181. 
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leads to a decomposition of f(z) into a sum of two functions f,(2), fe(z) of 
which f,(z) is analytic and bounded within æ > a@ and f(z) is analytic and 
bounded within «<b. Up to additive constants such a decomposition is 
unique. More generally, if f(z) = f (2:,: > -,%:) is of integrable square in the 
tube (7), it can be written as a sum of 2* functions f,(2), (v—1,: © >, 2*), 
each of which is analytic and bounded within an octant containing the interior 
of the tube (7). For example, if k 2, the four octants are 1) a > a, 
Tr > da, 2) By > Gy, Lo < be, 8) Tı < by, Le > Ge, 4) Zi <L bi, Te <b. The 
functions f»(z) are again uniquely determined up to additive constants. 
We cover the basis $ by a denumerable number of octants 


Ox” SE Tr = Dx”, (n = 1, 8, : m ‘). 


By the uniqueness property the functions fy” (z) can be so normalized that for 
fixed v they are analytic continuations of each other. Therefore f(z) is a sum 
of functions f»(z) each of which is analytic and bounded within an octant- 
shaped tube Ty containing T. By the result of the previous section each fy(z) 
is analytic, and bounded within the convex closure Ty of Ty. But the inter- 
section of the domains T, contains the convex closure T of T. 


Princeton UNIVERSITY. 


* Harald Bohr, “ Fastperiodische Funktionen III,” Acta Mathem., Bd. 47 (1926), 
pp. 250-251. 


THE CHARACTERS OF THE SYMMETRIC GROUP.* 


By F. D. MurnacHan. 


We have given in a recent paper (1) a recurrence formula (generalising 
the classical formula of Schur) which makes it possible to determine the 
“characters of the symmetric group on n letters when those of the symmetric 
groups on a lesser number m letters (m—1,2,:--,n—1) are known. 
' This method, whilst quite convenient for a systematic construction of the 
character tables of the symmetric groups, labors under the handicap of all 
recurrence methods: if one wishes to know the characters of a particular sym- 
metric group (say n = 20) one must first know the characters of the symmetric 
groups on m=1,2,- - - 19 letters. Explicit and convenient formulae for 
the characters of certain classes (e. g. the identity class and the transposition 
class) are available but the number of these classes is very restricted; thus for 
the class a = n — 4, a = 2 (i.e. the class consisting of two transpositions, 
which is important in the applications to nuclear physics) it is not easy to 
give a convenient explicit formula. The best one can do at present is to use 
the recurrence formula mentioned above together with the explicit formula of 
Frobenius for the characters of the transposition class (a; = m — 2, a’, == 1) 
of the symmetric group on m == n — 2 letters. It is, however, possible to 
attack the problem of furnishing explicit formulae for the characters of the 
symmetric group from another side: instead of furnishing formulae for the 
characters of a given class (the representation varying) we may give formulae 
for the characters of a given representation (the class varying). This point 
of view has certain advantages when we are concerned with the applications to, 
nuclear physics; for, there, only certain representations (namely, those corre- 
sponding to partitions of n into not more than four parts) play a rôle. Certain 
formulae of this type were given by Frobenius (2) and these were extended 
by Littlewood and Richardson (3). The method followed by the last named 
writers is somewhat complicated and it is the purpose of the present paper to 
show that the formulae they give may be readily obtained by the methods of 
our previous paper and to further extend their results. We shall suppose the 
reader to be acquainted with the notation and methods of the paper (1) and 
shall refer to this paper, where necessary, by merely giving the page number. 


* Received August 30, 1937. 
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1. The characters of the two-element-partition representations 
Dsi) If (A) = (a, Ae? + + Ak), Ay Ae A, > O is any par- 
tition of n the characteristic of the reducible representation A(A) of the 
symmetric group on n letters is the product qx(s) : : -qx.(s) where the 
qu (s), 7 == 1, 2,° + +, k, are the various principal characteristics (pp. 444-445). 


à ’ : è 1 S1\" | (aN; 
From the formula for gn(s): qh(s) = ee el (à) (=) it 
| a n 
is clear that the coefficient of t (ana in the product s, 0qn 
dl os! \1 n 081 
(or, equivalently, sign, p. 445) is a. Equally evident is the fact that the’ 


2 
coefficient of the same expression in the product s,? Fis 
1 


S1?Qn-2) is (4 — 1) ; and, generally, the coefficient of the expression referred 
to in sgn, is a: (¢,—1)---(o,—:+1). Similarly the coefficient of 





(or, equivalently, 


B2 
the same expression in (2) Qn-2B2 18 Go(@o — 1): - - (%—f2+1); and, 


: 1 81 \% (Sn M sj Bs : 
generally, the coefficient of gical () : (=) m (=) An-58, 38 


n 
aj (a; — 1): : : (a; —B; +1). Hence the coefficient of this same expres- 


$ . sy Bs Sn Bn à 
sion in (>) ohz) gun where À: = Bi + 282 +: > LL nbn, is the 
product 


TT {eu (as — 1): + (aj — By + 1)}. 


Os) Ea GY = (=) 


it follows that the coefficient of 


1 a)" Sn an 
lol: - n! n 


in the product 9),(s)@.(s), where À + à: = n, is the summation over all 


classes (8) of the symmetric group on Az letters of the product (2) at n) 
1 n 


! 
(where a) is the binomial coefficient ni). In other words the char- 


acter of the class (a) in the reducible representation A(A,,A2) is the sum 
> (2) X o Since the characteristic of the irreducible representation 
«By 1 


Bn 
D(x; 42) is the two rowed determinant Gu ($) Prov (8) 
qui(s)qu(s) 


Since 


(p. 460) we have 
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Dh de) = A (ài Ax) — A(A, + 1, à — 1) and so the character of the class 
(a) in the irreducible representation D (A, Àz) is - 


Oy on Oy An 
2-20) 
the summations being over all classes (8) and (y) of the symmetric groups 
on Az and À: — 1 letters, respectively. Corresponding to each class (y) of the 
symmetric group on às— 1 letters is the class Bi = yı +1, Ba = y" t t, 
Gx = yn of the symmetric group on Az letters and so we may write our formula 
for the character of the class (a) in the irreducible representation D(A, A2) 
as follows: 
1 


(1) D(h, Az) (a) —È yE a (a, — 1) Sere 


<- (x —y +1) (a—m— (2) | (2) +2 ta) (a) 


the summation in the first term being over all classes (y) of the symmetric 
group on À: — 1 letters and in the second over all those classes (B) of the 
symmetric group on às letters which do not contain any unary cycle (= fixed 
letter). . 
As examples of the use of this formula we list the following: 


D(n—1,1) a) =% — 1 (this degenerate case being best read off directly 
from the relation {n — 1, 1} = qn-19: — dn) 
D(n— 2, 2) (a) = Wa (1 — 3) + ae 
D(n— 8, 8) cay = Wa (41 — 1) («1 — 5) + (ai —1) a2 + as 
D(n— 4, 4) cay = Y4% (%1 — 1) (oi — 2) (oi — 7) + Yoon (a1 — 3) a 
: + (ai — 1)as + Yo%2(%2—1) + a, 
D(n — 5, 5) cay = 20%: (41 — 1) (oi — 2) (as — 8) (4, — 9) 
+ Yo%s (ai —1) (4, — 5) a2 + Yeas (or — 8) as 
+ Ya (ai — 1) az (& — 1) + (ai —1) a4 + a2% + a 
D(n— 6, 6) cay = 20% (%1 — 1) (%1 — 2) (a, — 3f (a, — 4) (a — 11) 
+ Dada — 1) (ai — 2) (a, — 7) ae 
+ Yeas (ar — 1) (oi — 5) as + Yes (ai — 8) a(s — 1) 
+ Yor (a1 — 8) a + (oi — 1) toa + (oi —1) a5 
+ G2 (%2—1) (ar — 2) + ads + Yous (as — 1) + ae 
D(n— Y, Y) = (1/7!) a (a11) (@—2) (@:—8) (,—4) (oi—5) (a—18) 
+ Y20%(o— 1) (ai — 2) (a — 8) (a, — 9) a, 
+ 12 4 (@ — 1) (a, — 2) (a, — 7) a, 
+ Ya, (ai — 1) (a, — 5)a, + (see next page) 
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+ Yoo (a, — 1) (ai — 5) a (a — 1) + a (21 — 3) aa, 
+ Yay (a, — 8) a5 + (os —1) ae + (ai — 1) a2% 

+ M (a —1)a (es — 1) (a2 —2) 

+ D (a — 1) a (as — 1) + azas + Yon (a, —1) a5 

-F aaga + ar. 

D(n— 8, 8) cay = (1/8!) a (@-—1) (@:—2) (a1—83) (a—4) (@:—5) (a1—6) (xıl: 
+ (1/6!) (or — 1) (oi — 2) (ar — 3) (ar — 4) (ai — 11) a, 
+ (1/5!) a (as —- 1) (a, — 2) (a, — 8) (a, —9) a, 

+ Yai (oi — 1) (a, — 2) (ai — T) a 

+ 1801 (%1 — 1) (a1 — 2) (a1 — T) az (a2 — 1) 

+ Yar (a, — 1) (a, — 5) 2283 + Ha (a, — 1) (oi — 5) a5 
Ioa (or — 3) as + Waa (a, — 8) aoa, 

+ Moda (ar—8) aa (42—1) (2—2) Ma (a18) as (@—1) 

+ (ai — 1)azgs + D (ai — 1) He (G2 —1)&s + (ai —1) ass 

+ (ar — 1) ar + Yate (do — 1) (ao — 2) (ar — 3) 

+ arts (as — 1) + Yee (G2 — 1) a5 + cote + aas 

+ Yas (au — 1) + ae. 


It is worthy of note that these formulae are the same for all values of n; 
their evaluations, of course, depend on n since (a) is a class of the symmetric 
group on n letters, Le. @ + 2e +`: -+ nan =". The formula for 
D(A à2)ca) Involves only the @,: : -, ax, being independent of the a, for 
which j > à». The first term in each formula yields, when œ, is put equal to 
n, Frobenius’ formula for the dimension of the representation D (A, 2). As 
a check on the accuracy of the formulae (e. g., to detect a possible error in 
copying) we may observe that D(Ai,A2) — 0 when A, ==: — 1, i.e. when 
n == 2\2—1; hence the expression for D(Ai,Az)¢a) must vanish when a 
is any class of 2s — 1. E.g., the polynomial in (a, %, a3) giving 
D(n— 3,3) a) must vanish when (4, %2, «) have the following sets of values: 
(5, 0,0), (3,1,0), (2,0,1), (1, 2,0), (0,1,1). Since the characters of any 
representation follow from those of the associated representation by a mere 
change of sign of the characters of the odd classes the formulae derived above 
furnish the characters of all representations which correspond to partitions 
of n in which no element > 2. 





2. The characters of the three-element-partition representations 
D(is Aa, Às). On expanding the characteristic 


VAN (s ) Phi (s) CNE) (s) 
(Aa, À, As} == | M- (s) Dro (s) Thor (s) 
2 (s) qu- (8) Os ( s ) 
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of D(A Àz As) in terms of the first row and observing that 


Qt (s) Gre (s) Gre (s) her (s) 
a-1 (s) Qs (s) Grs-2 (s) si (s) 


ð 
= {às — 1, às} + {às As — 1} = Js (A2; As} 


Mals) Quu(s) 
Grs-2 (s) Ds (s) 














we find 
- 0 
{Ass Az, As} = qu (S) {àz As} — Grist (8) Is, {Azs Aa} + gue (S) {Az — 1, As — 1}. 


df, now, the characters of the symmetric groups on À + à; and Ag + Az — 2 
letters are known we write 


Le ee fe). A =)" 
{Aa As} => Bl a “Bn! 1 (: 


the summation being over all classes (8) of the symmetric group on Az + Às 
letters. Hence the coefficient of 


am (3 nj: 
Gi eee On 
> {As M} (2) G) 


Qadan (2) OR | (2 Fe 
m Oo) Bate a(t) G +) 


where 8’, = bı —1 so that (8°) = (61, Ba, * `, Bn) is an arbitrary class of 
the symmetric group on Az + às — 1 letters; hence the coefficient of 


1 G ay . Sn \” 
dl: "a! 1 n 


in the product qua (s) i {Az, As} is 


3 0e an (a ICY | 6) 


the summation being over all classes (8°) of the symmetric group on A, +As—1 
letters and the coefficients {Az2,A3}<g) being the characters of D (As, Ag) corre- 
sponding to those classes of the symmetric group on À + Az letters which 
contain at least one fixed letter. Finally the coefficient of 


1 (e... (ae 
alt + + ay! 1 n 


in gu (s) {Az, As} is 


Also 
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in the product qusz(s) {A2 — 1, As — 1} is 


TEES 


the summation being over all classes (y) of the symmetric group on A,+-A;—2 
letters. Hence we have the result 





{Aus Av; As} cay = z {An As} a) ey T° (2 — & {re Aska Ga K 


n (8h) 


aa ().. (3) * 


The difference of the first two terms may be written as 


5 1 


(F: i8] Bı ! 


En Ne aie 1) + + + (ai — Bi +1) (ai — 281 —1) (g) | (x) 
+ 2 {No As} (8 Cy s (%) 


where the summation with respect to (8) is over all classes (8) of the sym- 
metric group on Às + À, letters which do not contain any unary cycle (= fixed 
letter). Hence we have the three-element-partition formula : 


(2) DA, Az As) ça) 


An 


2 zi (Ans Aa emaa (ei — 1) > + + (oi — 8 + 1) (%1 — 285 — 1) (£) | i) 


i +3 Os xJe(s). (P)+E 0-1 TE N (£) ; A 


As an illustration of the application of this formula we consider the simplest 
case: D(n—2,1?). Here A 1, às = 1 so that À +3 —1—1 and 
there is only one class ($’), namely, 8’: —1. There is only one class (8), 
namely, 5, == 1 and the last term yields unity. Hence 


D(n— 2, 1?) (a) — Va (a — 8) ~— Ko + 1 = Lo (a, — 1) (a: — 2) — z. 
As examples of the use of (2) we list the following : 


Din— 2,17), = Ba — 1) (%1 — 2) — a 
D{n — 3,2, 1) a) = Yaz (%1 — 2) (a, — 4) — a 
Din — 4, 3,1) ce) = a (%1 — 1) (ai — 3) (a, — 6) 
+ Wa (a1 — 8) a2 — Was (a — 3) — a 
D(n— 4, 2?) = Yoo, (% — 1) (a: — 4) (a, — 5) — (a: — 1) a3 
+ az (%2 — 2) 
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D(n— 5, 4, 1) cay = Yom (a: — 1) (a: — 2) (a, — 4) (a, — 8) 
+ yes (a, — 2) (as — 4) ae 
+ Vyas (on — 3) a3 — (Go — 1) as — as 
D(n— 5, 8, 2) cay = Y4% (%1 — 1) (41 — 2) (oi — 5) (%1 — 7?) 
+ Yes (a — 1) (%1 — 5) 2 — 1a (%1 — 1) (ai — 2) a 
— (os — 1) ay + D (ai — 1) az (82 — 1) + aus 
D(n— 6, 5,1) cay = 44% (% — 1) (oi — 2) (1 — 8) (a, — 5) (a: — 10) 
+ 38a (ai — 1) (41 — 8) (oi — 6) %2 
+ Ya (as — 2) (oi — 4) as + W (on — 1) (%1 — 2) Oy 
+ Y% (ai — 1) (oi — 2) af —1) 
. — Was (Go — 1) (42 — 2) — Goa, — Woas (as — 1) — Ge 
Dòn — 6, 4, 2) cay = 40% (41 — 1) (oi — 2) (oi — 3) (ai — 6) (a — 9) 
+ Yas (% — 1) (a — 3) (ai — 6) ae 
— Ya (4 —1) (ai — 2) a + Ya (a — 8) aa (a2 —1) 
—(%,— 1) gæs + Yar (%2—1) (%2 — 3) + aa, 
D (nm — 6,37) a) = V440 (% — 1) (a, — 2) (ai — 3) (a1 — 7) (% — 8) 
+ 4% (4 — 1) (a: — 2) (ai — 7) a 
— Ya, (a, — 1) (oi — 5) a — Yay (a, — 8) aa 
+ Vay (oi — 8) a(o — 1) + a1 (2 — 1) ag 
— Iaa (Qa — 1) (to — 4) — aaa — Goes + As (43 — 1) 
D(n— %, 6,1) cay = 4840%(%—1) (da—2) (1—38) (a1—4) (%-—6) (a —12) 
+ Woa (a, — 1) (a, — 2) (a, — 4) (%1 — 8) a, : 
+ Ya (ai — 1) (ai — 3) (%1 — 6) a 
+ Wa (oi — 2) (ai — 4) aa 
+ Wa (ai — 2) (ai — 4) aa (aa — 1) 
+ % (æ — 1) (oi — 2) 8283 
+ 7 (%1 — 1) (%1 — 2) as 
z — Wee (Gg — 1) a — 205 — Og%4 — Oy 
D(n— 7, 5, 2) ca, = Yeo% (1—1) (a2) (ar—3) (4 —4) (a7) (ar11) 
; + ot (a, — 1) (a: — 8) (ai — 4) (oi — 7) de 
+ Msa (0% —1) (a — 4) (a — 5) as 
+ aa (on — 1) (oi — 5) %2 (tp — 2) — Ya (a, — 3) as 
+ 1 (ai — 1) 2 (2 — 1) (ae — 2) 
— (a, — 1) as (83 — 1) — (a — 1) ae 
+ Gode — 2) as + (a — 1) 
D (n — 7, 4, 3) (a) = Wo0% (%—1) (1—2) (41—83) (xı —4) (ax—8) («ı1—10) 
+ Yo% (21 — 1) (a — 2) (es — 4) (or — 8) ae 
— ats (% — 1) (ai — 2) (% — Y) a 
— Whai (a, — 1) aa — Yo, (a, — 2) (os — 4) as 
+ Yar (a, — 2) (a; — 4) a (2 — 1) + (see next page) 
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+ 4 (a — 1) (a, — 2) d2% — Ya (a, —3)as 
+ (oi — 1) (ds —1) 43 — Yee (G2 — 1) 4g — mats + Wade. 
D(n— 8, 7, 1) cay = (1/8.6 !) a (%:—1) (¢-—2) (21—83) (a14) (ar —5) (a17) (@:—] 
+ aa (arl) (ar12) (43-3) (a15) (4:10) de 
+ Doc (ai — 1) (as — 2) (os — 4) (ai — 8) as 
+ Yeas (% — 1) (a: — 3) (1 — 6) a 
+ Ygas (a — 1) (a, — 8) (a — 6) a2 (a — 1) 
+ You (a, — 2) (as — 4) atts + Yo (oi — 2) (%1 — 4) &s 
+ YG (a, — 1) (oi — 2) a + 1 (as — 1) (ai — 2) Got 
+ Ma (ai — 1) (a, — 2) a2 (a2 — 1) (ar — 2) 
+ 14 (os — 1) (oi — 2) æ (43 — 1) — (as — 1) ao 
— (a, — 1) a (a2 — 1) a; — (a, — 1) Gama — (ai — 1) a, 
— Vy 40. (Gy — 1) (aa — 2) (a — 3) — aoas (az — 1) 
— Yar (Aa — 1) a — Gog — Asas — Wa Aa (Qa — 1) — as 
D(n— 8, 6, 2) cay = (1/2°.8?.7) æ, (@—1) (21—232) (21—83) (a14) (0-—5) (a1—8) (a— 
+ Wood (% — 1) (a, — 2) (a, — 8) (%1? — 15a, + 53) a 
+ Yat (41 — 1) (a, — 2) (%1 — 5) (on — Y) as 
+ Yea, (a, — 1) (a? — 9a, + 17) a (a, — 1) 
+ Ma (oi — 1) (or — 4) (oi — 5) as 
+ W (4 — 1) (%1 — 2) 2 (a2 — 1) (%2 — 2) 
+ May (0, — 1) (oi — 5) teas + 1 (ai — 1) a2 (Ge —1) a 
— VY (a — 1) (a, — 2) a (%3 — 1) — (as — 1) aga, 
— Ya, (a, — 3) &e — (ai —1)a, 
+ Han (tg — 1) (a2 — 2) (as — 6) + az (ao — 2) aa 
+ Waata (s — 1) + (Gr —1) a 
D(n— 8, 5, 8) cay = (1/2.6!) a1 (a11) (a:—2) (a13) (01 —4) (02 —3) (41 —9) (cts — 
Léo (0%, — 1) (%1 — 2) (os — 3) (a? — 15a, + 53) a2 
+ Yous (a, — 1) (a,? — 9a, + 17) a (a2—1) 
+ 20% (4: — 1) (a: — 2) (xı — 3) (ei — 9) a 
— You, (æ, — 1) (4, — 4) (a, — 5) ay 
+ Wa (a, — 1) (a, — 5) aoa, — yay (as — 2) (a, — 4) as 
+ D (a, — 1) (ai — 2) æo (2 — 1) (ir — 2) 
+ a (a, — 3) xa (% — 1) + Ye (ai — 1) Ge (%— 1) a, 
+ (21 — 1) aga, — Who, (a, — 3) a, 
— Yao (G2 — 1) (Go — 2) (a2 — 4) — Ge (o — 2) m4 
+ Watata (as — 1) — Gode + ages | 
D(n— 8, £) = (1/5 141) (a11) (1—2) (ar—8) (a14) (a5) (a110) (on 
+ Hoo% (4%, — 1) (as — 2) (ai — 3) (Ra? — 300, + 103) a, 
— H 20% (01 — 1) (a, — 2) (%1? — 12a, + 47)æs — (see next p} 












THE CHARACTERS OF THE SYMMETRIC GROUP. at 


— Woes (% — 1) (ai — 4) (ai — 5) ay 

+ Yaar (as, — 1) (a, — 4) (oi — 5) aa (a2 — 1) 

+ Ya, (a? — ba, + 11) a3 — Yai (a, — 1) (oi — 5) as 

+ Wa (a — 8) gæs (as — 1) — (a, — 1) esas 

— y (% —1) 12 (az —1) Gg + (a, —1) Gam, 

+ &o (ao — 2) Ga — (Go — 1) as (as — 1) 

+ VM ta (2 — 1) (to — 2) (ur — 5) — ages + (aa — 1). 

8. The characters of the four-element-partition representations 

D (Ay, Az, As, Ag). On developing, as before, the four-rowed determinant 
{Aus Az, As, Aa} in terms of the first row we obtain 


{A À; ds, da} oo gai (s) {de Às; da} j 
— Qui (S) Cas À, Aa — 1} + (As, Aa — 1, Ag} + {Aa — 1, As, Aah] 
+ guals) [ (Ae) As—1, Aa—1} + (Ao—I, As, Aa—1} + fA2—1, As— 1, Aa} ] 
La Grea (S) {àz — 1, às — 1, M — 1}. 


The coefficient of — qus (s) in this expression is 


ô 
‘ EA {Aas Az, Ac} 
whilst that of ques) is 


|, f ð 
y ( 1—3? — | fA ; 
| Ve (= 2 i) {Az, As, a} 
Similarly the coefficient of — qusa (Ss) is 


0? ð 3 a 0 i 
Hart) +2 (Bam) f Oea 


but it is simpler to leave it as it is. On equating the coefficients of 


+ Sy ay os, Sn an 
ay [Sas Gn! 1 n 
on both sides we obtain 


CA Gn 
D (At, Az, As, Ag) (ay = à {A2 As, As} e) E) ee 6 


an 


=zemrnrn() (2) 
+ BE [Os Ass Aura — (Àz, As, Msn] ( ae ( À | (à) 


2 On 
5 Maha u en (È +). . ( ie 
y) i 


Y. Yn 
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In this formula (8) is an arbitrary class of the symmetric group on 
de + As + As letters; (8) an arbitrary class of the symmetric group on 
Ae + às + M —1 letters; (8”) an arbitrary class of the symmetric group 
ON Az + As + às — 2 letters and (y) an arbitrary class of the symmetric group 
on As + Ae + As —8 letters. In the second summation 8, =f,’ + 1 and in 
the third summation the coefficient (in square parentheses) is the difference 
between the characters of D (Aa, As, Ax) for the classes (6: + 2, Bo”, + - , Bn) 
and (B1, Bo” +1,:°-+,Bn) of the symmetric group on Az + Az + À letters. 
The first two summations may be combined in exactly the same manner as in 
the case of the three-element-partition representations and we thus obtain the? 
formula: 


(8) DAs, Àz, As, As) cay 
1 


BI {Azs Aos Ag} D% (ai — 1): (oi — Br +1) (ai —28—1) (e) 


CA An 
+ = {Xe À, A} a) oe te) 
Oy Ge \ ff &n 
+ y à [àz Às da} ay" +2 i {ds As, Aapa] (a (a) (5) 


—Z {re — l, M — 1, u — 1} (x) ee se) 
tn) yı Yn 
where (8) is any class of the symmetric group on Az + Às + À, letters which 
does not contain any unary cycle (= fixed letter). 
As examples of the use of this formula we list the following: 


D(n— 3, 1°) a) = (oi — 1) (% — 2) (%1 — 3) — (a, —1) a + as 
D(n—4,2,1*) ay = Ka (a, — 2) (oi — 8) (a, — 5) 
— Yaa, (a, — 3) a, — Wata (do — 1) + ay 
D(n—5, 3,1?) cay = Woa (a — 1) (as — 8) (ai — 4) (a, — 7) 
— (as — 1) a (ae — 2) + a5 
D(n—5, 27,1) cay = 4t (% — 1) (ai — 8) (a, — 5) (a, — 6) 
— Y (æ — 1) (ai — 2) (ai — 8) ae 
— yaa (a, — 8) as + Vo (a, —1) æa (a, — 1) 
+ (ai — 1) a — apts 
D(n— 6, 4,1") (ay = hoa (&ı — 1) (a1 — 2) (a, — 4) (a, — 5) (a, — 9) 
+ Aea (a — 1) (a, — 2) (a, — 7) ae + a: (or — 2) a2 
+ Ya, (a — 1) (a1 — 5) as + (a —1) as 
— Ya, (a, — 8) Qa (82 — 1) —-( %1 —1) au 


— Ya%2(%—1) (aa — 2) + Yas(as—1) + as 


sol gi 


Gr 
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D(m — 6, 8, 2, 1) ca) = gt (8 — 1) (os — 2) (as — 4) (as — 6) (a: — 8) 
— Yai (a,— 1) (as — 5) a, — (%1 —1)a, 
— as — 1) + (a, —1)as 
D(m— 6, 2°) = Yaa% (1 — 1) (%1 — 2) (ai — 5) (a1 — 6) (ai — 7) 
— hat (%1 — 1) (a1 — 2) (%1 — Y) a 
— Yar (a, — 1) da — Waaa (a, — 3) 
— Wha (a, — 1) (%1 — 5)as © 
+ (as + 1) (a — 2) aa (a: — 1) 
+ Wg, (0, — 3) 4 — (1 — 1) aoe, 
° + Yaaa (aa — 1) (ts — 2) — (as — 1) a + aa (aa — 2) 
D(n— %,5,1?) cay = 73604 (a11) (ar12) (%—3) (a —5) (4 —6) (ar—11) 
+ Va (or — 1) (ai — 8) (a — 5) (os — 6) a 
+ Yea (ai — 2) (a — 8) (oi — 5) as 
+ Ye (G1 — 1) (%1 — 2) (% — 8) ae 
— A2(% + 1) (ai — 1) (ai — 6) xa (a2 — 1) 
— Yas (a, — 8) wet, — (ai —1) aay 
— Vy (a — 1 )az(& — 1) (ar — 2) 
= Lo tte (Zo — 1) a, + sta + Gr 
D(n— 7,4,2,1) cay =A. 44% (%11) (43-2) (44-38) (%-—5) (4 —7) (M10) 
+ Yoa% (os — 1) (ai — 8) (%1 — 5) (oi — 6) Ge 
— Yeats (%1 — 1) (a1 — 2) (a — T) ae 
— %(% — 1) (%1 — 2) (%1 — 38) ae 
— Ya (ar — 1) (ai — 2) (ai — 8) @(% — 1) 
— Wa, (a, — 3) data + (4; — 1) ao 
+ 36 (41 — 1) a2 (¢2 — 1) (42 — 2) 
— W (x, — 1)as (s — 1) + (a, — 1) 


EnS 10 te (2 — 1) a, boig Agg 


D(n—?, 8,1) (ay = Yso% (a —1) (ai —2) (% — 8) (ai — 5) (%1 — 8) (a1 — 9) , 


+ 20% (oi — 1) (a — 2) (a, — 3) (ai — 9) a 
— Ya, (a, — 2) (a, — 3) (a1 — 5) as 
— Ya, (a, — 1) (a, — 5) ay 
+ Ye (%1? — 5a, + 12) (1 —1) &a (a2 — 1) 
+ Yeas (a — 3) as 
+ Yo (oi — 3)as — (oi —1) oem, 
— Vo (a, —1) az (22 — 1) (as — 2) + aus 
+ Vote (a, — 1) a3 — dada 
D(n— TB) ça) = Wao% (%1) (1—2) (%—3) (2—6) (@:—7) (1 —9) 
— H 20% (%, — 1) (a1 — 2) (41 — 8) (a — 9) ae 
— Ya, (a, — 1) (as — 3) (@, — 6) æa + (see next page) 
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+ 76 (41 — 1) (a1 — 2) (ai — 8) me 
+ 2% (4, — 1) (ai — 5) a2 (%2 — 3) 
— VY (ai — 1) (a, — 2) us 
+ (oi — 1) (@ — 2) as — (ai — 1) aoa, 
+ (% — 1) g(a — 1) (a2 — 8) 
10 iy (Gy — 1) a3 — Gots + Aata. 
D(n— 8, 6, 1?) (ay) = (1/245 1) @ (1—1) (x12) (ar83) (a14) (@,-—6) (2—7) (ai—1i 
+ Tao — 1) (oi — 2) (ai — 4) (Bay? — 42a, + 139) ae 
+ Woa (aı — 1) (a, — 3) (a: — 4) (ai — 7) a, 
+ Yg% (01 — 2) (a1? — 8a, + 81) a (a — 1) j 
-+ (a — 1) aas — Ya (as — 3) &a (G2 — 1) (a — 2) 
— (ai — 1) ao (o — 1) a3 — oo — 8) Q204 
— Vote (Ga — 1) (ue — 2) (ua -— 3) — (4, — 1) 828s 
— Wata (Ag —1) a + War (a — 2) (ai — 8) (oi — 5) a, 
Y (ai — 1) (ai — 2) (ei — 3) &s + dates 
| + ai — 1) + ds 
D(n— 8,5,2,1) a= as à (%—2) (@-—3) (a,—4) (¢:—6) (@,—8) (@,—12) 
+ Mod (ai —1) (ai —2) (ai — 4) (4, — 6) (%1 —8) a 
+ Yom (a,— 1) (a, — 3) (a? — 11a, + 33) as 
— V4 (a, — 1) (a1? — 5a, + 3) a0, 
— Ya, (a, — 3) as (a3 — 1) 
— (a — 1) (or — 2) (ai — 8) as + (oi — 1) 205 
+ (ai — 1) a: — tous (a3 — 1) — ages 
D (n — 8,4,3,1) ayre% (x11) (a12) (a1 —3) (o1—4) (a16) (x1—9) (&ı—11) 
+ hom (% —1) (a —2) (ai —4) (ei — 5) (oi — 9) aa 
— Wgt (%, — 1) (ai — 3) (ai — 5) (a, — 6) a, 
+ Mao (as — 2) (21° — 8a, + 19) a2 (a, — 1) 
— Yay (a — 8) Ge (a2 — 1) (a, — 2) 
+ ¥% (a — 1) (a, — 2) (a, — 8) aoa 
— Lo (a —1) ae (&a —1) as + ua (a, — 3) as (%—1) 
— Ya, (a, — 2) (a1? — 8a; + 13) a, + Wha, (a, — 3) a, 
— (x, — 1) aada — 14 2 Ge (&2 — 1) (te — 2) (a, — 3) 
+ Date (as — 1) + dog — aa (a, — 1) 
D(n — 8, 4, 27) (ay = (1/6!) (4:—1) (21—22) (21—83) (a; —4) («1—7 ) (0, —8) (@,—11 
+ Hgo% (1—1) (a@—2) (@,—3) (0? —15a,+59) a. 
— Wo% (a — 1) (a — 2) (a — 4) (ai — 8) a5 
-H 14 (a1? — Ba, — 1) (as — 1) (a2 — 2) 
— Yao, (%,—2) (1—4) dote — Wa (di —38) to (@—1) 
— 44(%, — 1) (oi — 2)a3(@;-—1) + (see next page) 
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+ ¥% (ai — 1) (a1 — 2) (a1 — 3) a, 

+ VY (a, — 1) (ai — 2) ag — (ai —1) a205 

+ Vo (Ge — 1) (a2 — 2) (42 — 8) 

+ Vars (as — 1) + agus — 4286 

p(n — 8, 82, 2) cay = (1/8.5 !) a, (1—1) (a; —2) (a3) (%—4) (a—7) (@—9) (o1—10) 
— Waa (a, —1) (x: — 2) (a, — 7) ae 

— Yous (a — 1) (oi — 8) (ai — 4) (or — 7) as 

+ Wat (ai — 1) (oi — 4) (a — 5) ae (a — 1) 

+ Mas (a, — 2) (%1 — 4) a5 — (%1? — Bon + 1) aa, 

+ Yoda (oi — 8) a 

— Ydi (Qa — 1) + (ai — 1) a: (a: — 2) ag 

— Yde(G2—1) (ge —2) (ar —5)— ages + dada —1). 


4. Concluding remarks. Whilst the expressions given in the preceding 
paragraphs are somewhat lengthy their evaluation for any given class (a) of 
the symmetric group on n letters is quite easy since a great many terms of each 
expression vanish for any given class (a). The formulae explicitly written 
out suffice to give all characters for n = 8; for n — 9 they give all save the 
characters of the self-associated five-element-partition (5,14); it being always 
understood that of two associated partitions of n we apply our formula to the 
one whose partition contains the smaller number of elements. For n == 10 
our formulae yield all characters save those corresponding to the partitions 
(6, 14), (5, 2,18) the second of which is self associated. For n —11 the 
only partitions not cared for are (7,1*), (6,2, 18), (6,15), (5,3, 1°) whilst 
for n == 12 they are (8, 14), (7, 2,1°), (7,15), (6, 3, 1°), (6, 22, 12), (6, 2, 14), 
(5, 4, 18), (5, 3, 2,17). Thus if we are concerned only with partitions con- 
taining not more than four elements the characters are all cared for, up to 
n==12, by our formulae. The missing partitions, up to n = 12, may be 
cared for since they all end in 1 by constructing formulae as described in the 
following paragraph. 

Since 


{Ar ° $ TE tint i +, An 1} + (AL +1: i sAn} + 
. -+ {A E -,X + 1} 


(p. 480) we find at once, on comparing the coefficients of 


1 CR RÉ 
ats "at AL n 


(where (œ) is an arbitrary class of the symmetric group on À; +: : +Hàk+1 
letters) on both sides the formula: 
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(4) D(x,: ty My 1) = hD (A: ` +, Ax) a’) 
— [D(a 1 Aa bo + DA At De] 


where «i = — 1 so that (o’) = (a — 1, &2,**', an) is a class of the 
symmetrie group on M-A:+:: "+ letters. As an instance of the 
application of this formula consider D (n — 4, 1*): here 


À == 2 — 4, No = Ag = À = 1 
and so 


D(n— 4, 1) (ay = aD (n — 4, 19) (ay 
— [D(n — 3, 1°) (a) + Din —_ 4, 2, 1?) (a) ]- 


Since n does not enter explicitly the previously derived formula for 
D(n— 3, 1°) a) we read off the expression for D(n—4, 1°) (a) by merely 
replacing & by %,—1 in the expression for D(n—8,1*)@). In this way 
we find 


D(n—4,1*)¢a) = 4 (a — 1) (ai — 2) (%1 — 3) (%1 — 4) 
— V4 (a — 1) (a1 — 2) ae + (on — 1) &s 
+ Vo ae (Oe — 1) — Ga 

Similarly 


D(n — 5, 2, 18) cay = o% (%1 — 2) (%1 — 8) (a1 — 4) (%1 — 6) 
— Wa (Qı — 2) (a, — 4) me 
+ Yeas (a, — 3) a3 + 4203 — a5 
D(n— 5,15) (a) = Yeo (%1 — 1) (ai — 2) (ai — 8) (oi — 4) (a: — 5) 
— ¥ (a, — 1) (a: — 2) (ai — 8) ae 
+ Ya (% — 1) (a1 — 2) ag 
-+ 1 (oi — 1) Go (a, — 1) — (as —1) Ga — as + Os 
Din — 6, 8, 18) ca) = You (%, — 1) (a: — 3) (oi — 4) (%1 — 5) (a, — 8) 
— Yo (%1 — 1) (oi — 2) (a, — 8) (ai — 4) He 
+ (æ, — 1) (a — 8) a 
— ¥ (ai — 1) (a, — 2) a2 (@2 — 1) 
+ Yh %_ (a2 — 1) (a: — 2) 
+ Ha (a — 1) (a, — 5) a + (a, — 1) a0, 
+ Was (@s — 1) — Ge 


These formulae, together with those already given, furnish all the char- 
acters of the various symmetric groups for n = 11. The characters of the 
symmetric groups up to n = 13 have recently been published (4) and the 
provision of the formulae of the present paper would be without point if they 
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merely enabled us to provide data already known by other methods. The 
whole point of the present investigation is that the formulae given are available 
for any value of n. To be explicit suppose we wish to know the characters of 
the symmetric group on n — 16 letters. This group has 231 irreducible repre- 
sentations and the mere printing of the character table presents difficulties. 
Of the 231 representations some 88 (= 44 X 2) have their characters given 
by the formulae of the present paper. In addition to these we have the identity 
representation and its associate, the alternating representation, so that we 
know, without recurrence methods, the characters of 90 out of the 231 irre- 
ducible representations. Of the 231 partitions of 16, sixty-four contain not 
more than four elements and our formulae furnish the characters of 41 of the 
64 corresponding irreducible representations. 


THE JOHNS HOPKINS UNIVERSITY, 
INSTITUTE FOR ADVANCED STUDY. 
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ISOTROPIC STATIC SOLUTIONS OF THE FIELD EQUATIONS 
IN EINSTEIN’S THEORY OF GRAVITATION.* 


By P. Y. Cou. 


1, Introduction. In the classic Schwarzschild’s solution of the gravita- 
tional field of a mass particle it is well known that a system of isotropic 
coordinates exists in which the velocity of light is the same in every direction 
at any point exterior to the particle. The question naturally arises whether 
there are other isotropic solutions of Hinstein’s field equations, and if they 
exist, we should like to know the kind of distribution of matter that produces 
the corresponding gravitational fields. 

We shall limit our investigation to static fields only and shall give a 
detailed proof of the necessary and sufficient condition for the existence of 
isotropic fields in empty space, while proof for the corresponding theorem 
within matter will only be indicated in general outlines. We shall see that 
for a type of problem involving the determination of the field of a single body 
so that space outside the body is free from other singularities, there are two 
classes of solutions and as special cases of each class we find respectively 
Schwarzschild’s solution and the solution for a semi-infinite plane with variable 
distribution of mass which was not known before. As a third example of our 
general result we give Kasner’s solution which forms a class by itself. From 
the field equations within matter in general we can also prove incidentally that 
the Einstein static universe is the only solution for a closed static space filled 
with matter which is kept at constant pressure everywhere without assuming 


the spherical symmmetry property of the universe to start with. 


2. Isotropic static gravitational fields in empty space. The arc element 


‘of a static four dimensional continuum takes the form 
(2.1) ds? = U*dl? + gijdzvida!, (i, j = 1, 2, 3) 


* Received April 23, 1937. 
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where £ = 2° denotes the time-like and zt, 2, a*, the space-like codrdinates and 
the functions U, gi; are functions of 21, x”, <° only. We use Latin letters to 
denote the indices, 1, 2, 3, of the space variables, while Greek letters can take 
four indices including the time coôrdinate x°. The ten field equations with 
the cosmological constant absent, 

(2. 2) Gap = 0 


are split in the present case into 
e 


1 ; 
(2. 3) Giu = Rij +5 U;,; = 0, Goi = 0, oo == UUi; = 


where R; is the contracted Riemann-Christoffel tensor for the 3-space, 
= const., of the are-element (2.1), and we denote, for brevity, 


dU ; ; 
e a e; 
00 h i 
Vas a} ij } Un Us = gi, 


covariant differentiation being taken with respect to the metric tensor gij. 
Since we only deal with transformations of the space-like codrdinates, U is an 
invariant, U; and its higher covariant derivatives are all tensors. 

We assume that within the regions of the 3-space under investigation the 
functions Ọ and gi; possess continuous derivatives to any degree we need. 
Furthermore we are only interested in the real solutions of (2.3) for these 
gravitational potentials and real transformations of codrdinates so that two 
solutions which can not be transformed into each other by a real transforma- 
tion are considered as distinct. Next we shall establish the validity of the 


following theorera : 


THEOREM. A necessary and sufficient condition for the static field equa- 
tions (2.3) lo possess isotropic solutions in which the arc-element (2.1) can 
be transformed into the canonical form 


(2. 4) ds? = U*dl? — e” (da? + dy? + dz*) 


is that the function U should satisfy the following set of differential equations, 
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(2. 5) Uii = (Ui0; — 49u00), and R=0, 


or 


where R is the scalar curvature invariant for the 3-space, t = const., and c is 


an arbitrary constant. 


If we contract (2.5) with UJ, the resultant equations are integrable giving 
(2. 6) UU, = — k?’ (e + G7)! 


where #? is another constant of integration. 

We begin to prove the theorem by establishing the necessary condition 
first. If the arc-element of the 3-space in (2.1) is conformal to a flat space 
as in (2.4), then the contracted Riemann-Christoffel tensor Rj satisfies the 


necessary condition + 
(2.7) Riju — Ej — $ (gijhx — gil,s) = 0 


where R;;x denotes as usual the covariant derivative of Riy with respect to the 
metric tensor gi; in (2.1). From (2.3) we have R = 0 and 


1 Š 
(2. 8) UR niin — i (Ui jUr— UinUj) =0 
in which we have utilized the well-known relation 
(2.9) Uiir — Uir = U"Raijr. 


Now for any 3-space Weyls conformal tensor ve identically or the 
Riemann-Christoffel tensor is expressible as ? 

R 
(2.10) Erije = — gaBPir + QueRi; — giBn + gij Pix — > (Jugi — nigix)- 


Combining (2.3) with (2.8) and (2.10) we obtain the following relation 
on the covariant derivatives of U 


(2. 11) 2(0i.,; Ur — UixU;) + 9130" Ur — gi Un; = 0. 


1L. P. Hisenhart, Riemannian Geometry (1926), which will be referred to as 
SR. G.”, p. 92. 
? R.G., p. 90. 
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To solve (2. 11) for U;; in terms of U and its first derivatives we contract 
(2.11) by U! and U* in succession and eliminate the intermediate expression, 


U*U;,;;. The result can be written 


(2. 12) Ui j = «(UU ; — 49150"Un) 
where «, an invariant, is defined as a == 3U"U;,.U*/2(UiU')*. 


This function & can be determined in the following way. We regard 
€. 12) as a set of equations defining the function U;,; which, on the other 
hand, should satisfy the condition of integrability (2.9). Putting (2.12) in 
(2.9), then contracting with J? and meanwhile utilizing the relations (2. 10) 
and the field equations (2.3), we find that « must be a function of U alone 


and furthermore its derivative with respect to U is given by 


da a a? 
ne | + 
Integrating, we get 
(2. 14) a = 6U/(c + U’) 


where ¢ is a constant of integration. Hence (2.5) as a necessary condition 
for the existence of isotropic solutions of the field equations (2.3) is established. 

We shali show conversely that if this condition holds true, then (2.3) are 
satisfied and from the way of deriving (2.5), condition (2.7) is satisfied 
which is also sufficient for the 3-space in (2.1) to be conformal to a flat space. 

Differentiate (2.5) covariantly with respect to gi; and form the left-hand 
side of (2.9). Inserting the expression for Ryij;, in the right-hand side from 

- (2.10), we find 


2 
(2. 15) c+ U O"'Un(gisU NS gala) 


R 
= Oj Rix — UrRij + GinU" Raj — ij U” Rix + D (gi Urs — giU;) E 


Contract the indices à and & by g** and obtain 


4 
c+ U? 





(2. 16) UF Rs, = — UrUrU ;. 


Contracting (2.15) with U* and eliminating U*Rz; by (2.16) we get finally 
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6 R UiU; 
(2.17) Bey =— gs (VU — EU Ua) + Egy — ne) 


The function R in (2.17) can be set equal to zero as follows: By utilizing 


the Bianchi relation which holds for any Riemannian space,* 
(2. 18) Ri; ,;— 4R = 0, 


we can form out of (2.5), (2.6) and (2.17) a differential equation in À 
which can be integrated. If we choose the constant of integration properly ® 
R vanishes identically. The fact that R can be different from zero points out 
the possibility of existence of isotropic solutions of the field equations within 


matter as we shall see below. 


8. Field of a single body; Kasner and Schwarzschild’s solutions and 
field of a semi-infinite plane. We have seen in the last section that the 
existence and finding of the isotropic gravitational fields are equivalent to 
the solution of the equations (2.5). For the general problem which may 
involve a number of bodies, the solutions of (2.5) are very difficult to ascer- 
tain. But for the type of problem which contains only one body, then the 
space outside the body is free from other singularities and we can make a 
transformation of codrdinates such that in this new system of reference the 
function U becomes a function of the codrdinate u only. Moreover we limit 
ourselves to the consideration of the class of problems in which with the 
codrdinate-w thus specified the spatial part of the arc-element (2.1) can still 


assume the orthogonal form. Hence (2.1) can be written as 
(3.1) ds? = U? (w) dt? + gut + gadt? + gadw’, 


where 911, gee) gss are unknown functions of u, v, w to be determined. 
The equations (2.5) can be computed for the quadratic form (3.1). 


They are immediately integrable giving 


aL k(e + Y*)?(—gu)*, 


(3. 2) Ju = gi (tt), Jaz = ga (v, w) (¢ + U*), ss = ga (v, w) (c + U*)*, 


3 R.G., p. 82. 
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where X is a constant of integration and gı, ge, ga are arbitrary functions of 
their arguments indicated. We notice that equations (3.2) also satisfy. (2. 6) 
as they should. 

Since any 2-space is conformal to the flat 2-space and gi is a function 
of u only, we may write (3.1) without any loss of generality in the fol- 


lowing form 


(3.3) ds? = U2(u) de? -GFTN [du? + eX (dv? + dw*)], 
* where 
dU s 
D k(o + 02). 


So far only the equations (2. 5) involving U are satisfied. In order to satisfy 
every member of the field equations (2.3), the scalar curvature invariant R 
of the 3-space ¢ = const. in (3.3) must vanish. This condition leads to the 
following differential equation in x * | 

(3. 4) a = 8k*ceX = 0. 

The constant c may be either negative, zero, or positive and can be 
normalized to be — 1, 0, + 1 respectively for simplicity. The three values 
of c correspond to three distinct classes of solutions. We shall show first that 
for the class c == 0, there is only one solution in the class which was discovered 
by Kasner and all other members of the class are transformable into Kasnev’s 
solution. 

When c= 0, (3.4) becomes Laplace’s equation for x in the vw-plane. 


If we take the solution x = 0, then (3.3) becomes Kasner’s solution * 
(3.5) ds? = (ku)-*dl? — k*ut (du? + di? + dw’) 


which can be considered as describing the field of an infinite plane of constant 
surface density coinciding with the vw-plane. But this is also the only solu- 


tion of the class. For if we take the general real solution of x to be 


t The computation of R=0 can be accomplished by setting 7, — 0 on p. 256 in. 


Tolman’s Relativity, Thermodynamics, and Cosmology (1934). 


5E. Kasner, Transactions of the American Mathematical Society, vol. 27 (1925), . 


p. 160. 


fas 
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x= fle tiw) + f(v—iw) = f + T° 


where 7 is an arbitrary analytic function of the complex variable z = t + iw, 
then | í 
eX( dv? + dw?) = e'dzef*dz* = dZdZ* = dV? + dW?, 
where 

dZ = efdz = AV + id W. 


For the other two classes of solutions ¢ = + 1, there is an infinite number 
in each class. This is due to the fact that to each solution of the partial 
differential equation (3.4) we can make a transformation of the codrdinates 
from the (u, v, w)-system to the canonical system (x, y, z) of (2.4). In these 
transformations all of the three variables «u, v, w are involved in general and 
the final functions o(2, y,z) and U (æ, y,z) are necessarily distinct if we start 
with the distinct function y. The converse argument also holds. If two 
solutions U, (s, y,z), o1(x,y,2) and U2(#, Y, 2), o2(#, y,z) in the (2, y, z)- 
system of (2.4) can be transformed into each other by coérdinate transforma- 
tion, then in the (u, v, w)-system they should have the same function y(v, w). 

Due to the non-linear character of the equation (3.4), its general solution 
is difficult to obtain. But we can give two special solutions, one in each class. 
Consider the case c—— 1. Then from (3.3) we can take 


(3. 6) U? = tan h?ku, 


As a special solution of (3.4) we assume x to be a function of v only. More- 


over from this ordinary differential equation in v we choose the solution 
(3.7) eX = sin? 6/447, where dv == d4/sin 6. 


If we put e®™ == m/2r, k? — 1/16m?, the arc-clement (3.3) is recognizable as 
Schwarzschild’s solution in isotropic coürdinates. 
As a solution for the second class c = + 1, we also take y= x(v) and 


the function 
(3. 8) eX = 1 /4hr?. 


Take U?= cot? ku and by normalizing the codrdinates such that 2hu == #, 
Bkv = p, and 2hkw = z, we find 
sint 6/2 


(3.9) ds? = cot? (4/2) at — Tras (dpt + pde? + de). 


‘ 
e 
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The geometrical significance of the codrdinatés p, $, z is self-evident. The 
gravitational potentials in (3.9) are even functions of ¢ periodic in ¢ with 
the period 27, their only singularity being on the positive z-axis 6 =0. If 
we compare (3.9) and (3.5), we notice that at points where ¢ is small and 
p large the field defined by (3.9) is very much the same as that of Kasner’s 
solution, (3.5). Hence we may interpret (3.9) as the gravitational field of a 
semi-infinite plane coinciding with the positive half of the ze-plane with 


variable distribution of mass upon the plahe. 


4. Isotropic fields within matter. The static field equations for the arc- 


element (2.1) within matter are 
U A 
Rij =—— Uig + 47 | poo — Po + I ) Isis 
; I dr 
(D © Whe (pe + 8p— À) 0: 
dr 
R = 167 (ro + £) > 
Sar 


where A is the cosmological constant, poo the proper density and p the 
pressure, poo and po being invariant functions of the space-like coérdinates and 
measured in relativistic units. 
To the field equations (4.1) we can add the dynamical equations of 
motion, 
PH y= 0; PH = (poo + po) vew — pog”. 


In the present static case since vi = 0, v° — 1/U, we find 
Pti = — pog”, Pe = 0, P = poo/ U? 


and the equations of motion degenerate into 


1 
(4.2) Poi =—F (poo + po) Us 


which can also be derived by inserting (4.1) in the Bianchi identity (2.18). 

From (4.1) and (4.2) we can immediately draw the conclusion that if 
matter is kept at a constant non-negative pressure everywhere in a closed space 
(A > 0), then the only solution of (4.1) is the Einstein static universe of 
relativistic cosmology. For in such a space U must be constant by (4.2) and 
from (4.1) it follows that 
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(4.8) rotin, and Bey —4e (on pti) gu 

which is the necessary and sufficient condition for a 3-space to possess constant 
Riemannian curvature.® It is also well known that an isotropic system of 
codrdinates exists for the Einstein static universe. 

In the general case when pe is not constant, a necessary and sufficient 
condition for (4.1) to admit isotropic solutions is still (2.7). We can sub- 
stitute Ri; and R from (4.1) into (2. 7) and take into account relations (2. 9)* 
and (2.10). Finally we obtain an equation involving the covariant derivatives 
of U analogous to (2.11). By a similar process which was used in deriving 
(2. 12) we find 


‘ A UiU ; 
(4. 4) Ui; = a(UiU; — 4 ig 0"Un) — 274 (+o + 37% —i) (a — mn.) U, 


‘where æ plays the same rôle as @ in (2.12). 
The condition of integrability (2.9) for Ui,; in (4.4) must be satisfied. 
We thus arrive at the conclusion that the functions a, poo, U”Un must be all 


functions of U alone and the derivatives of a and poo are related by 
da a g? 8 A. 
(4.5) (5 -y T =) U'Un — 2 (poo + Po) — (oo + 8p —i) Ua 
, A Ÿ CU? P dp 
— 47° (+o -+ 3Po —à) UU; + rU Fia == 


If we contract (4.4) by U+, we obtain 


(4. 6) UU) = Yan 


d 
26 | 
which has the solution, 


(4.7) UU; == — k? exp(% fad), 


where #? is a constant of integration. If poo and po are related in the form 
of an equation of state as in the theory of gases, then equations (4.2), (4.5) 
and (4.7) can be solved completely for the functions poo, Po, & and U"Uy in 


terms of U. The above results can be summarized in the following theorem: 


e J. A. Schouten and D. J. Struik, American Journal of Mathematics, vol. 43 (1921), 
p. 214; or inserting R, j from (4.3) in (2.10) we obtain the same result (R.G. 84). 
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THEOREM. If in (4.1) poo is a given function of po, then a necessary 
and sufficient condition for (4.1) to admit an isotropic solution is (4.4) and 
R = 167 (poo + A/4r) where a, U"Uy and po are determined by (4.2), (4.5) 
and (4.7). 


We have sketched the proof for the necessary condition of the theorem. 
The sufficient condition can be established as in the case for the field in empty 
space. 

The general restilts of the paper were obtained when the author was in 
Peiping before the Summer of 1936 and the details have been completed here 
in Princeton. 

It is a pleasure for him to express his gratitude to National Tsing Hua 
University for granting the sabbatical leave 1936-1937 and to the Institute for 
Advanced Study and Princeton University for their hospitality and the facili- 
ties of research put at his disposal. 


INSTITUTE ror ADVANCED STUDY, 
Princeton, N. J. 


ON TENSORS RELATIVE TO THE EXTENDED POINT 
TRANSFORMATION.* 


By H. V. Craic. 


1. Introduction. The transformation equations of the quantities d"/dt 
and 0f/éa" may be said to lead to the tensor concept. Quite similarly the 
generalizations of these vectors, namely, 7", f(x, - , TAD) /ÿrtoe 
(a@r = d%q"/dl*) suggest a development which at first sight appears to be 
an extension of this very important notion. More properly perhaps the new 
quantities “extensors ” should be regarded merely as special tensors—tensors 
relative to a rather special transformation. However, because of their special 
character a process occurs (contraction over a reduced range) which does not 
appear in ordinary tensor analysis. 

No problem is involved in incorporating the developments of ordinary 
tensor analysis and consequently our interest lies elsewhere. Two subjects 
which are perhaps worthy of investigation are: (a) the systemization of cer- 
tain of the results appearing in the various higher order geometries, for 
example, we shall show that most of the invariants given may be regarded as 
formed by contraction over a reduced range; (b) the construction of tensors 
from. extensors. 


2. Notation. Following Schouten we shall use but one root letter x for 
all codrdinate systems and distinguish between different codrdinate systems 
by means of the letters employed as indices. We shall have occasion to con- 
sider simultaneously at most three different codrdinate systems, let us call them 
temporarily v, y, and z, and shall adopt the associations: w: 1,8, t; yit j, k3 
z2:u,v,w. Thus, s" = g"; wt = yt; a =z". Likewise if V is a vector then 
Vr will stand for the +-th component of V in the + coérdinate system, while 
V+ will denote the i-th component of V in the y system ete. Similarly, with 
regard to tensors and extensors, the presence as an index of one or more of 


* Received March 10, 1937; Revised (notation only) July 13, 1987. 

+T.e. geometries whose metrics depend on derivatives of higher order than the first. 
A bibliography of papers in this field is appended. The geometry studied by J. L. Synge 
is apparently the most general being based on a metric F(t,æ,æ,...,æ(M1)). A, 
Kawaguchi and others have investigated metrics which do not depend on ¢ explicitly, 
whereas, the present writer has confined his attention primarily to the very special case 
in which Fd¢ is invariant under parameter change. 
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the letters +, 7, % will serve to indicate thatthe component involved belongs to 
the y codrdinate system etc. 

Derivatives with respect to the parameter ¢ will be designated for the 
most part by means of enclosed indices, whereas partial derivatives will be 
indicated by subscripts, specifically : 


a = dat/dt; ar der/die; Fear = OF /02™ ; 
(2. 1) X = XO — Sardar; X — dur Pat; 
Xr — aX 57 /dt*; 


wy, : : . 
($) is a binomial coefficient. 


In addition to the dimensionality of the space, N, we shall require another 
invariant M—the order of the space. The summations indicated by repeated 
lower case Latin indices shall be from one to W, whereas those represented by 
a repetition of small Greek indices shall be from zero to M unless otherwise 
specified. Whenever the range of summation of a Greek index is not zero to 
‘M a summation sign will be introduced and the range indicated in the usual 
way. It should be borne in mind that quantities such as Xtar have the value 
zero if « < B and consequently there is some latitude in the range of summa- 
tions involving these derivatives. Incidentally, in all but a very few instances 
‘the irregularities of range could be removed by defining all symbols bearing 
negative indices to have the value zero. 

Following McConnell we shall use capital letters for repeated indices 
which are not to be summed. 

Finally, the various scalars, vectors, and extensors which are to appear 
will be assumed to be absolute rather than relative and to be functions of the 
coordinate variables and their derivatives with respect to the parameter t, 


8. Extensors. The point transformation: æ" == æ" (y',y*,--+-+,y%), 
which we assume to be of class w and regular? gives rise upon successive 
differentiation to the “extended point transformation ” : 


(3.1) 


a == a" (y) 3 at == Xir’; 
QT =x Xiro” + Xi jaa) ; gADr we Xe Mi + rey 


and the notion of extensor is merely that of tensor relative to this extended 
transformation. As particular examples of these quantities and as an illustra- 
tion of the notation adopted let us consider the transformation equations of 
eer or gr, and Far. 


2 See Veblen and Whitehead, The Foundations of Differential Geometry, London, 
Cambridge, chap. 3. ` 
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Examining (3.1) we note that æ(@7 may be expressed in terms of 
wi, 8 —0,---+,a, hence 


(3.2) (wry) = Zior (204) 
4 

or otherwise expressed 

(3. 3) PC = G/B) FCO = 3 5 axe) rar; 


Wi 1 po 


(Xr — 0, for 8 >a). 


This result may be generalized by means of the very useful formula ê 


(3. 4) Xar — (4)zeum 
thus if V is a sufficiently differentiable vector 
, A fA 
(3. 5) Pr = (XV) A => y }rrunre 
B=0 


— FAT pip 
Xie, PP. 


Finally, the transformation equation for Fr, F being a differentiable 
scalar, is 
(3. 6) F pyi = Far X Or 


(Bi? 


and we are now ready to turn to the definition of extensor confining our 
statement for the sake of brevity to a third order quantity. 


Definition. If there is given at a point of a curve of class CM a set of 
n* (Mf + 1)? labelled numbers or components in each coôrdinate system of our 
group and if further the components Trs , associated with any coördinate 
system x" are related to the components T'',, belonging to any other system st 
according to the transformation equation 
(3. z) Tor peen Tyi XIN 


jk (yi 


then we shall speak of these labelled numbers as the components of a mixed 
third order extensor—excontravariant of order one, covariant of order one, 
and excovariant of order one. 

In particular if Var = Far, we shall speak of Var as the exgradient of 
F; likewise the quantities 2’ might be regarded as the components of a 
tangent vector in the extended sense. 

The questions of consistency which arise in connection with (3.7) may 


? See H. V. Craig, 5, p. 457. Capital indices it will be recalled are not summed. 
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be disposed of as in ordinary tensor analysis. Obviously, the extended trans- 
formation (3.1) admits of a unique inverse and further examination reveals 
that the Jacobian is (9x/0y)M#, hence this transformation is regular. 
Furthermore, we may write 


Or Vt — 
(3. 8) LL ops m Ov ds! 
and 

Car — tar ¥(p) 
(3. 9) to Er Ope 


These formulas which are evident from the (M +1)N dimensional 
viewpoint, can also be obtained by applying + (3.4) to the identity 


(8.10) XAT) = (KX!) DP -S (“perenne 
B=0 
Obviously, the rules relating to the sum and product of tensors carry over. 
Likewise, the contraction of an extensor yields one of lower order thus 
(3. 11) Tor = pyi XOrV IX Ok — ry £st. 


s.ar jk (ype (ar 


A very simple example of contraction is furnished by the formula 
(3. 12) P = Fiat or, 


More, generally, if F is any differentiable scalar and V any differentiable vector 
then Far and V"™ are extensors and consequently F(),V" is an invariant. 
However, the quantities Frari; are not the components of an extensor, since 
they follow the transformation rule 

(3. 18) Foi = Pero sX PIXOS + Fey AM 


tai (BG (a) ips" 


tA)4(B)j Bj 
sequently it vanishes whenever 8 exceeds T — A. 

The matter of eliminating the second derivatives from (3.13) may be 
treated just as in tensor analysis. Thus, let gaig; be a second order extensor 
of non-vanishing determinant. The first N terms in the first row of this 
determinant would be the quantities go. .5;, while the second group of N would 
consist of gory ete. By forming the derivatives gai.gj.cqyx, Christoffel 
symbols and an atfine connection could be constructed in the usual way. 
Hence, out of a scalar or extensor, extensors of any order may be constructed 
by covariant differentiation and finally invariants by contraction. 


r 
Incidentally, Xr may be written in the form a7 rT- and con- 
Ys y A 


‘First replace 8 with p —T and note that the new limits of summation may be 
taken to be 8 = 0, 8 = M. 


DRE 
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4. Extensors of reduced range. Examining equation (3.7) and re- 
calling that ze is equal to zero whenever B exceeds à, we observe that the 
components of T**, which have 8 equal to or greater than b depend only on 
the similarly labelled components DY i.e. on those for which à is not less 
than b. The collection of all such components will be referred to as the com- 
ponents of an extensor of reduced range. For example, the covariant tensor 
Fanr is an extensor of reduced range (b= M) and likewise the quantities 
Fopar, Fanr (b =M — 1). Similarly, the range of a superscript may be 
reduced. Thus, returning to (3.7) we note that the Ter, having & equal to oir 
less than a depend only on the corresponding components Lye yaa A 
particular example is furnished by the derivatives of a contravariant vector V, 
thus 
(4.1) Pip- — 5 Vr LS ; M=BS=EH. 

y=E 
If E is equal to M, the range is completely reduced and (4.1) becomes a 
tensor transformation. | 

Although, differentiation of equation (3.7) yields second order deriva- 
tives we can employ this process over a restricted range to construct reduced 
extensors. As an illustration let us consider the following theorem which 
obviously admits of generalization. . 


Teeorem (4.1). If Te are the components of an extensor of reduced 
range (a Sa, B È Ù) then for y>aand y > M — b simultaneously, the set 
of quantities Ta constitute the components of an extensor of reduced range. 


Proof. The law of transformation of T is expressed by the relationship ; 


(4.2) Pak me Po OX Ds, aSa BZD. 


Differentiating (4.2) with respect to gk, y > a, y > M — b, we obtain the 
desired equality 


ai Ti t Yii Vs < = == 
(4. 3) Th. ck Tor HETO. Ne OE DP a< a, B8 Zb, y >a y> M—b, 
lai (e)t 7 (8)8 i iy ‘ati 
at once, since Xat X con and Xf DE vanish by virtue of the restrictions 


on æ, B, and y. 

An illustration of this process is furnished by the differentiation of a 
tensor. For example, the quantities T;...g)1, 8 > 0, are the components of a 
reduced extensor. 

Finally, with regard to the differentiation of (4. 2) it should be noted that 
if y were permitted to take on the larger of the two values a and M —b or 
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their common value if a = M — b then there would appear in the right member 
of (4.3) one or more terms involving mixed partial derivatives of the unprimed 
variables. These derivatives could be eliminated by means of a zero-th order 
affine connection—the resulting quantities are however irregular and of no 
apparent interest. 


5. Contraction over a reduced range. The existence of extensors of 
reduced range suggests the possibility of constructing invariants and tensors 
by contraction over a reduced range. As a first trial it would be natural to 


“consider the expression S Fe VB-Ei, Investigation however reveals that a 
factor ( 3 is needed. The general process is exemplified by the theorem which 
follows. 

Tarorem (5.1). If DER is an extensor of reduced range: HS B= I, 
ES yS M, then the quantities SR }ress-21 are the components of a mixed 
extensor—covariant of order one and excontravariant of order one. 


Proof. Evidently the transformation equation to be investigated is 


5 (B 
(5: 1) à À ( ne fred 
= 3 $ Zrv. bis Xoi X,t (2 X6- Bi ya, 
fee fen pet @-E)s (Bi 


B—E\{B A 
Now by virtue of (8.4) and the equality of G Ale =) (a) and el 


we may write successively, 


B—E\ „o. B\ {B — FE\ (B\> 
DOUCE CE 


> 
= B 
=e) tas 
and consequently | 
(5. 3) $ PY xem yoa -5 XBi yoa 
f #8 \E (A-H)8 (i (Ada “ Bi” 


For A = # the range of 8 may be taken to be 0 to M and hence the last 
summation sign may be dropped. Thus the last member of (5.3) reduces 


to (ajar and the right member of (5.1) becomes 


M PN 
(5.4) =( i) A A eae 


and the theorem. is established. 
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The quotient law for contraction over a reduced range is illustrated by 
the next theorem. 


THEOREM (5.2). If for each differentiable vector V the set of quantities 


M 
1 Tisi sx VEB-E) are the components of a mixed extensor of the type 
indicated by the free indices then Tiai.pe is a third order mised extensor of 


the reduced range HS B< M. 


Proof. By virtue of the hypotheses we have 


G. 5) > (5) Tiai, pr VEP- 


B=E 
Mf 4 
= A Teyr a VIGO XiX r 


== 5 (x) pes. Vee LOY x, IX er 


(a)i 


and consequently 


(5 6) $ B Ti 5 è tp axem axr | VECB-E) pe Q), 
. i E ai. Bk Ta E yr. bt (BK 


By substituting for V* successively the quantities 8, 8t etc., t being 
the parameter, we learn that the bracket in (5.6) must vanish for each 
admissible value of k and 8. Furthermore, by way of (5.2) we may replace 


G (Et by (z) Xt and the theorem follows. 


(B-E)% (BYE 


6. The structure of certain tensors. The most important scalar equa- 
tions of generalized geometry are due to Zermelo and express the various 
conditions for the invariance of Fdt, F = F(«,«’,- * - ,& M), under change of 
parameter. It may be of interest to examine their structure in the light of 
the foregoing developments. The equations 5 are: 


(6.1) (zT) ® Far = (FT)’; 
š R 
(6. 2) > G) COD P ar = Op 1F; 
ar 
M fa 
(6.3) > () gag, = F; 
a=l 
M 
(6. 4) (Zar = 1/A Oo) Gas 1) AR aye (A=1,---,)). 


See A. Kneser, Lehrbuch der variationsrechnung (1900), p. 195. Also, H. V. 
Craig, 1, p. 559; 5, p. 461; 6, p. 835. 
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The left members of the first two of the foregoing set are obviously 
examples of complete contraction and contraction over a reduced range. The 
third equation suggests the following theorem. 


Turorem (6.1). The set of quantities Zar, 1 = aS M, constitute the 
components of an extensor of reduced range. 


Proof. One verifies readily that for the ranges: « =M; M—1Se=M; 
the quantities Žar are indeed the components of a reduced extensor and we pro- 
ceed to establish the theorem by induction. Thus, we shall assume the theorem 

*for the range À -+ 1a X and on this basis deduce that Zar obeys the 
desired transformation equation. Now it may be shown that these quantities 
obey the recursion formula ° 


(6.5) Zai = 1/4: Fap — (ALLA: Zaat 


and consequently it will suffice to investigate the transformation of the right 
member of (6. 5). 
By virtue of the extensor character of F(a); and Zani we may write 


M 
(6.6) Fa = 2 Pon Ge 
(6. 7) Zani = À Zr! SES 


and, differentiating (6.7) with respect to the parameter t, 


AM. 
(6. 8) Brava =È Zy [Xop E > ZX Avr ?, 
y=A+1 


(A+1)4 (A#1) à 


If we replace y with y +1 in the first term of the right member of (6.8) 


we get 
M1 


(6.9) né = À rat Xe + > ZA pret, 


(Ath) à 


Furthermore, by way of (6.5), (6.6), and (6.9) we have 


M-1 
(6.10) Zai = Hé, > Fer (A + Le È Zmar X Gr 
— (4 + 1)/4 X Zr X Po’ 
Evidently, the lower limit of the last summation can be changed to A while 


5 See H. V. Craig, 1, p. 560. 
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—(A+1)/A- Zr can be replaced by — (y HIA XY, 


— (4 + 1)/4: ZP; by (1—y/A)X OT, and Zir by 1/M > Fane. 


This done the right member of (6. 10) assumes the form 


` M-i 
(6. 11) 2 {y4 [1/7 Paper (y +1) Jy: Zyn] + (A — yA) ZE, 
+ (1/4: Pane + (1—M/A)1/M + Poan) X 407 


(Adi 


and thus by way of (6.5) equation (6.10) reduces to 


M-1 
(6.12) Zas = F Zp X + Bar LOT 


and our theorem is proved and the structure of (6.3) established. 
As a final scalar let us consider the Synge invariant; * 


(6.13) = Vr = 06 1p.. 8-0, 


tarp) r 


If we replace first & with « — 1 A then 8 by B—a-+ 1 the expression 
(6.13) may be written in the form 


M fa M 
(6.29 TOETS Enr 
ai Nl pza 1 
which by virtue of the definition of Zar reduces to the contraction 
M a 
(6. 15) > Gi) VOD on. 
a=] 


Among the tensors whose character is not apparent from the N-dimensional 


-R 
viewpoint are the quantities Da (7) V5, due to Kawaguchi,® 


p-R ? fa 
(6.16) D,s(T) Vs => (2) Trcaya VAR, 
azR 


This is obviously another example of contraction over a reduced range. 
Among the most interesting quantities of higher order geometry are the 


A 
vectors W, ° 
4 \ 
(6.17) E, = S(— y7Q )F gw, 
Yag 4 
Examination of their structure suggests that these vectors may be generalized | 


T See J. L. Synge, 1, p. 683. 
8 See A. Kawaguchi, 4, p. 149. ' 
? See J. L. Synge, 1, p. 684; H. V. Craig, 6, p. 833. i 
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by replacing the exgradient F4, with an arbitrary differentiable extensor Fyr. 
As an aid to this investigation we introduce the identity ‘ 
(6. 18) ŞS BY) (— 1)" (PX?) wd) = F (—1)TFT-AX + 

` a \A “wt ~ (a À 


which may be established as follows. 
By virtue of the rule for differentiating a product and the formula (3. 4) 
we may express the left member of (6.18) in the form 


wan Ei) a(t re (aren 


À us ; M\ [MU — # T 
Interchanging the summation signs and replacing GA ( ar E p. ( 1 A by the 


4 


D) LE Mt , we obtain the expression, 
q p A P 


x r— M 
. RA/T\(r—A\. T n E 
s20 pozer $ (1747), 
cw SCT eree À (RE, 


Now, if we replace p with y + o + A and denote T— A— o by b, the last 
b 

summation may be written in the form (—1)%4 > 2" (5) and conse- 
u=0 


T 
quently reduces to (—1)%*48?. Hence (6.20) reduces to (—1) n( 4) FAX, 


‘the right member of (6.18). This accomplished we are ready to consider the 
theorem : 


THEOREM (6.2). If Vyr is a differentiable extensor then the quantities 


M 
yà Y) yo-a 
(6. 21) 2-1) Le 


are the components ‘of a vector. 


Proof.. If in (6.18) we replace T with y, F with Vy, and sum both 
members from y= A to y—M, we obtain (after changing the order of 
summation on the left) 


6.22) Sup Srp xe)? =F ar (7) vers 
(6.22) &(—1)4(4)( 3 mere) Barf) roms 


or 

(6. 23) (—1)4 PN Pura _¥ (—1)7 Y\ye-a Yr 
3 ` nA A Bt yA A yr F2 

and our theorem is established. 


TEXAS UNIVERSITY. 
5 
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_ À SERIES OF INVOLUTORIAL CREMONA TRANSFORMATIONS IN 
Sn BELONGING MULTIPLY TO A NON-LINEAR LINE COMPLEX.* 


By VIRGIL SNYDER and EvELYN CaRRoOLL-RUSK. 


The involutorial transformation J will first be developed in three way 
eprojective space Sa, then extended to Sn. 


1. Definition of the involution. Consider a pencil 
(1) pol, (2) — pH, (£) = 0 


of quadric surfaces, with a proper or composite curve C4 for base, and a rational 
ruled surface Ruin of order n + m, generated by the line 


(2) (ax) = 0, (bx) = 0, 


in which each coefficient a; is a binary form in A;,A2 of order m;, and each 
coefficient b; is a binary form in Ay, A» of order me. 

Let 41, # be two binary forms in m, me of degree k, and yı, #2 be two 
quadratic forms in A1, Àz. 

Between the ¢, y is the relation 


(3) - pi/he = W/o. 


With these premises the involution Z can be defined as follows: Given any 
point (y). By (1) it determines a quadric of the pencil, hence x: = H: (y), 
pz = He (y). 

` These values substituted in (3) define A,/A2 as roots of a quadratic equa- 
tion and consequently, by (2), a pair of generators of R,,» belonging to a go’. 

Through y can be drawn one transversal meeting both, and it will meet 
the quadric H(y) determined by (y) in a second point (y), conjugate of 


(y) in I. 


2. Properties of the involution. Fundamental elements. From (3) 
the quadries of the pencil (1) are arranged in sets of k, all associated with 
the same pair of generators of Rusm,. Every quadric of the pencil is invariant 


* Presented to the American Mathematical Society at New York, March 27, 1937. 
The first part was also read before the International Congress of Mathematicians, Oslo, 
July 13, 1935. Received by the Editors May 3, 1937. 
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under the involution J, and every line joining a pair PP’ of conjugate points 
contains & such pairs. For each set of k quadrics the transformation is ex- 
pressed by means of a linear line congruence. 

The fundamental elements are of three kinds: 

(a) the basic quartic C, of the pencil of quadrics. 

From a point P on C, can be drawn. a transversal ¢ to every pair of con- 
jugate generators of Rim, Each such transversal determines a set of & 
quadrics, and each quadric has one point on the transversal apart from P. The 
locus of this point as ¢ describes a cone with vertex P is the image of P. As 
P describes C's, the curve generates a surface K, the principal element, image” 
of the curve C4. 

(b) Let gı, g2 be the generators of Rum, associated with the quadrics 
H,,- - +, Hy. Each line meets all k associated quadrics each in two points. - 
Let Q be a point gı, Hi. The plane Q, gẹ meets H; in a conic passing through 
Q; this conic is the image of Q. As g describes Ranma Q describes a curve y 
which is double on the web of surfaces conjugate to the planes of space, and 
it lies on the surface of invariant points. As Q describes y, its conjugate conic 
describes the principal surface T. 

These are the only fundamental curves of the first kind. The surfaces 
K, T comprise the Jacobian of the web. 

The sets of & quadrics associated with coincident lines gı = gz contain 
an infinite number of parasitic conics, hence appear as factors and do not 
affect the proper transformation. 

(c) The common bisecants of y and C, are parasitic. Hach point of every 
such line is transformed into the whole line. All these lines lie on the surface 
o of invariant points. l 

(d) For certain values of y the associated lines gı, gẹ intersect. Their 
plane meets the associated k quadrics in & conics of a pencil, each of which is 
parasitic. These conics all lie on the surface o of invariant points. 

The lines (c) and the conics (cl) include all the fundamental curves of 
the second kind. 


8. Analytic procedure. Let the line ¢ meet g, and z and gz in 2”. By 
(8) the codrdinates of z =z + z” can be expressed rationally in terms of p. 
Each z; is of order 2p + 1 in (y) and contains x to multiplicity p, where 
p= k(m, + me—1). Then yi = 02; + ryi, wherein 


o = 2(11,(y)Ha(y, 2) — H. (y) H (y, 2)), 


t =— (Hi (y) H: (2) — H- (y) H (2)), 
Hi(y, 2) = H:(z, y) is the polar of H (y) as to z. 
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The surface o = 0 is the locus of points invariant under Z. Each point of o 
is a point of contact of a line of the linear congruence gı, gs which touches 
an associated quadric. 

The equations of the curve y can be found by eliminating À, À” between 
(2) and (3). From (1), (3) may be written in the form 


{Aids (H:, He) + Bids (H, He) JA? 
+ {Aods (Ay, H) + Bodo (HL, Ha) }Ake + vtt 0. 


© Eliminate À between this and (av) —0. The result is a surface Formez: Cs”. 
Similarly, by eliminating À between the same quadratic equation and (br) = 0, 
we obtain Forma: Cafe, Each of these surfaces contains y and O4; 


(km + 2) (2km, + 2) — 4h? my me = AT (ny + me) + 1), 


but each line of À has two points on y, hence the order of y is 2p + 2 + 2k. 
It lies on the surface Rusms 

Let (ax) (by) — (ay) (bv) = SPixi = 0, and SP'ix; = 0 be the equations 
of t, wherein Pi == Spiryx, Dix = libr — arbi. This line meets 3g; = 0 in the 
point v, each coërdinate v; being obtained from the matrix 


Py P, P, Pa 
P Pez P'; PY 
1 1 1 1 


by suppressing the i-th column. By means of (1) each coördinate can be 
expressed in the form 


Lor F Cie doà + dide 
Co + Gide dod’, + did'o 


À ONG 
do Ne 


jco Cy 
dy dy 














hence AA’, — AN”, is removed as a factor from each vi, and hence from the 
transformation. 
f The diseriminant of (1) is quadratic in $,: +, hence there are two sets 
of k quadrics which appear once for all as factors. The coincident directrices 
are not fundamental in the transformation. The curve C, meets R in 
4(m, + ma) points, each of which is an actual & fold point on y. These count 
as 2*(&—1)(m,-+ mz) actual double points, which must be added to the 
number of apparent double points of y to determine the number of common 
bisecants of y and Cy. The number of common bisecants u is 4p + 8. 

Let a common bisecant of Cy, y meet the latter in P, P’. Through each 
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of these points passes a generator g, g’ of E. Then g, g’ are associated directrix 
lines associated with the quadric of the pencil on which PP’ lies. Every 
common bisecant is a fundamental line of the second kind. 

The number of parasitic conics is p— k, each appearing as a double base 
curve on the web of surfaces conjugate to the planes of space. 

Each quadric of the pencil (1) is invariant under J. It contains C4 
simply but does not contain y nor any parasitic curve. 


4. Table of characteristics. 


Ba So: CP Papuan p — 8) Os? (4p + 8Yu 
Ca ~ Kapis: Cat y*ops2.0%(p — k) Ct (4p + 8) uv? 
y Tops 04? Yopal p — k) C2 (4p + 8) u? 
o~ Oops: OP" yop p — k) (4p + 8)u. 
J = KT. 


5. The complex PP’. The line joining a point P to its conjugate P’ in 
I contains k such pairs P, P’. The equations are - 


(ax) (by) — (ay) (br) —0, (ax) (by) — (a’y) (b’x) —0, 
‘ which may be written in the form 
Xrixpin = 0, 31 ixpin = 0, T = aide — axbi, Dik = Tir — TrY i. 


Each r is a polynomial of degree m + mez in M, À», 17a, is the same poly- 
nomial in A’, X2. The equations may be written 


Corte + Tes + Cmitme — 0, CoA Mate + eee + Crrg+ing = 0, 


in which each c; is linear in pix, the Pliicker codrdinates of the line PP’. 
They may be replaced by two others, each symmetric in A, A’. Then by (1) 
these can be replaced by equations in ¢:/¢2. The ¢ eliminant equated to zero 
is the equation of the complex. It is not a function of k. The order of the 
| complex is m, + ma — 1. It can be linear only when m, = m, = 1. 
Every point of R is singular on the complex. Let P be any point of R, 
gı the generator of R passing through it, and gə the conjugate of g, on R. 
The pencil P, gz belongs to the complex. Similarly, every tangent plane to R 
is a singular plane. Among the lines of the congruence gı, ga there are two 
which also belong to another, say g’:,g’2. The common transversals of these 
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four lines are all double lines of the complex, each containing 2k pairs of 
conjugate points. 

The congruence of double lines is self dual. Its order is equal to the 
number of double generators of a general complex cone. Since R and g's are 
rational, this number is the maximum for a cone of its order. 

If gı, g2 are fixed and g'i, g'a describes R, the double lines generate a ruled 
surface having gı, ge for (m, + me)-fold directrices; the whole congruence 
of double lines is arranged on a system of these ruled surfaces. If R has a 
rectilinear directrix, it belongs to every ruled surface of the system; if À has 
{vo rectilinear directrices, the entire congruence of double lines is replaced by 
these two directrix lines. Finally, if m, = ma = 1, the congruence is replaced 
by the other regulus of R. Since each generator of this regulus contains an 
infinite number of pairs of conjugate points, it remains invariant under J, 
hence R is transformed into itself. 


6. Earlier particular cases. All cases already found in the literature 
are included in the present paper. The case in which the two directrices are 
fixed belongs to the types discussed, by de Paolis It can be reduced to the 
monoidal type. Montesano? considered the case m, = m, = k ==1 from a 
different stand-point. This was generalized for any 4 by Snyder.’ These two 
are contained in a general linear complex. Various cases in which the complex 
PP’ is composed of secants to a rational curve are given by Davis,* Black, 
Carroll, Dye,” Montague,’ Vicianze,® and Schoonmaker and Snyder. A 
decidedly more general type is given by Dye.i1 


1 Rom. Ace. Lin. Mem. (4), vol. 1 (1885), pp. 576-608; Rom. Acc. Lin. Rend. (4), 
vol. 1 (1885), pp. 735-792, 754-758. 

? Rom. Acc. L. Rend. (4), vol. 4 (1888). pp. 207-25, 277-285. 

5 Atti Congresso intern. di Bologna, vol. 4 (1928), pp. 13-20. 

t American Journal of Mathematics, vol. 52 (1930), pp. 53-71; vol. 53 (1931), 
pp. 72-80; Tôhoku Mathematical Journal, vol. 33 (1931), pp. 254-259. 

5 Transactions of the American Mathematical Society, vol. 34 (1931), pp. 795-810; 
Bulletin of the American Mathematical Society, vol. 40 (1934), pp. 417-420; vol. 42 
(1936), pp. 535-540. 

S American Journal of Mathematics, vol. 54 (1931), pp. 707-717; vol. 56 (1934), 
pp. 96-108. 

* Transactions of the American Mathematical Society, vol. 32 (1930), pp. 251-261; 
American Journal of Mathematics, vol. 54 (1932), pp. 499-504 (with F. R. Sharpe). 

8 Bulletin of the American Mathematical Society, vol. 42 (1936), pp. 727-731. 

° Dissertation, Catania University (1922). 

10 American Journal of Mathematics, vol. 54 (1932), pp. 299-304. 

4 Bulletin of the American Mathematical Society, vol. 42 (1936), pp. 535-540, and 
a paper presented at the Duke meeting, December, 1936. 
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7. Extension to S,. If in (3) each polynomial y; is of degree n— 1 
in Ay, A2, while in (1) and (2) the number of homogeneous variables a; is 
n + 1, the transformation I is at once extended to Sa. Instead of two skew 
directrix lines there are now n — 1 linear spaces Sy-2 defined by (2) and (3), 
forming an involution of order n — 1 among the generating 8,8 of R. 

Through an arbitrary point y can be drawn just one transversal 4 which 
meets all n— 1 associated director spaces. 

The fundamental elements C, and y are defined as in 83; C4 is the base 
of the pencil of quadric primals, and y is the locus of the intersection of a 
director Sa- with its associated set of k quadric primals. The image of each 
point of y is a conic cut from the primals by the plane meeting the other 
director spaces. 

In Sz, the line through a point P on y, in order to be parasitic must not 
only be a bisecant of Cy, hence a line of the quadric primal through P, but 
must also meet all the other director spaces 8,2 in points of their quadrics 
of intersection with their associated primals. Since every point of y is double 
on | S|, these lines have n — 1 double points and two points of multiplicity 
2p + 1 on C,, and are therefore base lines of the system. 

The image of C, is a primal K, and of y is a primal T. These two primals 
constitute the complete Jacobian of the system. 

As in Sy, those values of pi, po == u corresponding to double roots of (3) 
define primals of the pencil (1) which are factors of the system, and therefore 
do not appear as fundamental elements in the proper transformation. 

In Sa the phenomenon of a plane field of lines meeting both directrices is 
possible only when the directrices intersect. 

In S4, associated with every value of u each triad of director planes de- 
termines a plane, that through the three points in which they meet by twos. 
This plane meets each director plane in a line, hence every line in it meets all 
three director planes. The plane meets its associated quadric primals in & 
conics, all parasitic in J. Thus, in 84, J has co? fundamental conics of the 
second kind, forming a surface 3, which is a part of the base of | S |, conjugate 
to the primes of 84. 


. . {r—l 
In 8, there are n — 1 spaces 8, meeting by twos in k 9 ) spaces Sna 


Through any point of any one of these intersections can be drawn one line 
meeting the others in each of the director spaces through it. The plane of 
these two intersecting lines meets each director space in a line. Hence for 
each set of & quadrics of the pencil there are oo”? such parasitic conics, 
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generating a manifold % of n —2 dimensions, not lying in a linear space of 
dimensions less than n. It is that defined by the Veneroni transformation.” 
These parasitic conics include’ all the particular cases arising from base 
elements lying in simpler spaces for special values of y. 
Finally, the other base elements of | S| consist of the lines that are 
bisecants of the quartic C, and multisecants of y. They form a manifold T. 
The equations of the transversal line ¢ through y meeting the director 


n+l 
spaces are X Pis; =0 (j= 1,2,---,n—1). The point z in which 4 
i=1 
e meets the prime Se; = 0 is given by the matrix 


(1) EYE" (1) 
Pi Fi 


Lo Aha: à : 


By (3), each element can be reduced to a polynomial rix of degree n — 2 in A, 
the coefficients being linear in y and functions of order (m, + m2) — (n — 2) 
in ¢1,¢2. Hach codrdinate z; is expressed as a determinant of order n — 1 
with elements rix. But this is the product of two determinants, one in the 
coefficients, and the other is | A2, A2""4,- - +, 1 | = r (Ai — Ax). 

This second factor is the same for all z;, and divides out of the trans- 
formation. This explains why the coincident director spaces do not appear as 
fundamental elements in T. 

A more convenient point z is obtained by adding the points of intersection 
of ¢ with the director spaces. Wach z; is of order (m, + m — (n—2)) in 
$1, $2 and contains y to order n— 2 apart from ¢. Hence the order of the 
transformation I is 


Ak (ms + m —n + 2) +2(n—2) +3. 


Let p=k(m + m.—(n—2)). Then the order of I is 4p + 2n—1. 
The base Cy, appears to multiplicity 2p +1. The manifold y of n— 2 
dimensions is double; the image of each point on it is a conic. By elimi- 
nating A between (2) and (3) and making use of (1), the order of y is found 
to be r = 2p + Rk(n— 2) +n— 1. The order of 3, locus of the parasitic 
conics may be obtained by determining the plane associated with each point 


12 Snyder and Rusk, “ The Veneroni transformation in S 


) w Bulletin of the American 
Mathematical Society, vol. 42 (1936), pp. 585-592. 
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' of intersection of two director spaces, and getting the & conics cut from the 
‘associated quadric primals by this plane. This set of conics, as the point 
. describes the intersection of the director spaces, describes 3. It is of order 
(n—2)(4p+n—1)—71. The manifold of bisecants of C, and multi- 
secants of y is of order 4p + 6n— 10. Since each quadric primal of the 
` pencil goes into itself by Z, the order of K is at once found to be 8p + 4n — 4, 
hence that of T is (n—1)(4p-+2n—-2). The table of characteristics for 
primes and the fundamental elements is now complete. 


Si ~ Sapena: Carr ye? VT ° 
Ci ~ Kspran—2 : C440". yt wer? ` 

y œ~ Pen- capsen-ay 1 Oat? y? SAT? 
ET Coprn+1 >? Ow Yr s r 


J = KT. 


CORNELL UNIVERSITY, 
AND 
WELLS COLLEGE. 





THE VENERONI TRANSFORMATION IN S,.* 


By GERTRUDE BLANCH. 


1. Introduction. The primals of S,, of order n, which pass through 
(n + 1) general linear spaces Sn» form a homaloidal system. The Cremona 
transformation of order n, determined by this system is known as the Veneroni? 
transformation. Studies of it have been made by Hiesland * and more recently, 
by J. A. Todd ë and by Virgil Snyder.* The author ê studied the transforma- 
tion in §4; but the form used does not permit of a ready generalization for Sy. 
One general form has been obtained by Snyder and Rusk.® The form derived 
in this paper may be of interest because of its special symmetry. In addition, 
it is shown that in Sy, n > 3, it is necessary to satisfy n(n — 3) /2—1 con- 
ditions in order that the transformation shall be involutorial. 


2. Following C. A. Rupp,’ let the linear forms 8-2 be defined by: 


nti 


Sats — 0; ALA (HI) 


y= 0. 


pi: ti = 0; A;(2) == 


Consider the determinant of order (n + 1) given below: 


ky lita ista "Arr tt nana 

ka — A(T) Gost, ‘TO Qartr 7 anal 
1 = (0, 
( ) ky Urtz lrg n — Á, (x) >ot Qr natns 

kns Qna Anya * * * Amarr ts — Ånn (2) 


* Received August 19, 1936; revised May 3, 1937. 

1 Lombardo Rendiconti II, vol. 34 (1901), pp. 640-654. 

2 Palermo Rendiconti, vol. 54 (1930), pp. 335-365. 

2 Proceedings of the Cambridge Philosophical Society, vol. 26 (1930), pp. 323-333. 
1 Bulletin of the American Mathematical Society, vol. 40 (1934), pp. 673-687. 

5 American Journal of Mathematics, vol. 58 (1936), pp. 639-645. 

° Bulletin of the American Mathematical Society, vol. 42 (1936), pp. 585-592. 

7 Bulletin of the American Mathematical Society, vol. 35 (1929), pp. 319-320. 
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The cofactor of every ky; is satisfied by v; = Ai (£) =0 (t= 2,3---n+1). 

Moreover, the cofactor of every k; is also satisfied by z, = A, (£) —0. For 

add to the second column the elements of all subsequent columns. The ele-. 
ments of the second column then become, respectively, 


A(T), — lti * +, — Grid, ete. 


It can be readily verified that the cofactor of k: is :W;, where W; is a Vri, 
containing all the fundamental 8, except #. Hence the determinant (1) is 


the complete linear system | V,* |, with k; arbitrary. Let ê 


(2) di ay W; (i=1,8,:-:,n+1). 


Replacing the first column of (1) by the i-th column, we get a determinant 
with two columns alike, and on account of (2), we have the following identities : 


Mi: mai; — Aile) = 0 (t= 2,---,2+1). 
j. 


Adding Mz + Ms +- > * Mas, and remembering that A: (£) = F aij2;, ais = 0, 


we get 
M: T X anti — A (£) = 0. 
3 


We therefore have the (n + 1) bilinear equations: 
(3) Ti D 0542"; — Ai (e) = 0 (i=1- -n+1). 
F 


Write the matrix of the coefficients || ai; ||. It should be observed that the 
elements of the i-th row of this matrix determine the fundamental ¢; in (s) 
and similarly, the transpose of this same matrix gives at once the form of the 
fundamental Sy. of (4), namely: 


(4) Pi: We = Lait; = 0 (i==1---n-+1). 
j 


3. Involutorial transformations. If aij = aj, for every i, j, and (x), 
(2) are regarded as superposed, we have the identity transformation; if 
dij = — Gj; for every 1, j, then the transformation becomes a polarity among 
(n + 1) quadric primals, and is necessarily involutorial. However, by sub- 
jecting (x) to a linear transformation—equivalent to changing the frame of 
reference—we may obtain a form wherein the fundamental Sn-2 in (+) coin- 
cide with their associated ® Sy. in (x), with fewer restrictions. 


8 By associated forms we mean those of (x) and (2’) associated in the same 
bilinear equation. 
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To determine a suitable transformation carrying ¢’; ~ pi, we note from 
(4) that 2’; will have to be some linear combination of the two primes de- 
termining ¢;. Hence the transformation must be of the form 


(5) vi = ris + sidi(y), (i=1:: n+ 1). 
As a consequence of (5) 
n+l 
(6) È ajat’ ~ D aji (riyi + 8; Z an) = p(y). 
3 J = 


Ié is necessary that pi(y) also be of the form 


(7) piyi + tiAi(y). 
From (6) and (7) 


(8) (pi — Essai) gi + > (tillik — nit. — D Sj; y= 0, ki. 
3 ÿ 


The coefficient of every y; must vanish. Consequently set pi = > s;a;;7. As to 
1. 


the second group of terms, we note that when 7 = k, titir — rx = 0, since 
dx = 0. Bet i—1,k—2; and again i = 2, k—1. We thus get 


tili — ei? 2 == 0; boo, — dors = 0. 
Or, transposing, 


tia (ty + 1) = (los (te + T2). 


Similarly, we must satisfy, in general 
> tij (ti + ri) = aji (t; + ri); for (j =1---(n +1). 

Since the object is to impose as few restrictions as possible on the coefficients 
Qij, set | 

From (8) and (9) 


(10) Tilit + rai + DX Sjasiaix = 0 ; (i, k =1---(n+1); kÆi). 
J 


By assigning all possible values to i and k, we obtain n(n + 1)/2 linear 
equations in the 2(n + 1) variables 1%, S+ A study of the forms in 8; and 
generalization to S» shows that these equations determine n(n—3)/2 —1 
functionally independent determinants in the space of the coefficients aij, 
which must have the value zero if the conditions (10) are to be satisfied.° 


? Thus in S, the 15 X 12 matrix gives 4 determinants of order 12, all having the 
last eleven rows of the matrix in common. The matrix of the last eleven rows has rank 
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When (10) holds, the forms are necessarily involutorial. For then the bilinear 
equations (3) are transformed into: 


(11) wi (piys— Ti D liyi) — E ages (rays + si È age) — 0. 
è 3 j J 


It is readily verified that the coefficient of tpyq is the same as that of Ton for 
all subscripts. Hence the theorem: The Veneroni Transformation in Sy can 
be made involutorial, with coincident associated fundamental elements, by 
imposing n(n—3)/2—1 conditions on the coefficients. This verifies that 
in 8; the transformation may always be made involutorial, and indeed in ce’ 
ways; in 84, one condition must be imposed on the coefficients—as the author 
verified in the paper referred to. In Ss, four conditions among the coefficients 
of the form are necessary. i 

These involutorial transformations are not the only ones obtainable—the 
Sn-2 of (a). need not all be associated with the same spaces of (s) in the 
bilinear equations. But the author’s study in S, previously mentioned shows 
that other such involutorial transformations are always more specialized than 
the type where the Sn-2 of (4°) are the same as their associated Sn2 of (x). 


HUNTER COLLEGE, 
New York. 


11; hence by well-known theorems about such matrices, the vanishing of these 4 de- 
terminants insures the vanishing of every other determinant of order 12. It is further 
possible to find sets of values of the coefficients a,, for which the Jacobian of the four 
determinants with respect to certain four of the coefficients a,, does not vanish. More- 
over, for the most general values of these coefficients, the four determinants have no 
common factor. Consequently the 4 conditions are independent in S,. The form of the 
determinants in S, permits a ready extension by induction to the independence of the 
conditions in S, 





ON 2n POINTS WITH A REAL CROSS-RATIO.* 


By F. Morney and J. R. MUSSELMAN.” 


1 The viewpoint of Klein, that elementary geometry is not a study of 
isolated theorems but the theory of invariants of a group, is applied here to 
“the inversive group and we study the meaning of an invariant of that group. 
Let us choose any 2n points a;(i = 1, 2,- - -, 2n) in a plane (or on a sphere) 
which are-ordered. Then, the expression 


(a, — a2) (as — a4) patie (@on-1 — lan) _ 


2) (dz — dg) (Ga — as) ony (Gen — ay) 





P> 


where p is any real number, is invariant under all homographies | 
y = (az + B)/ (ye +8) 
and under all antigraphies 
g = (ae + B)/(ye +8), 
and hence is an invariant of the inversive group. 
2. For n=}, the cross-ratio 


(as — Ge) (as — Gs) __ 


AAD (Ge — ts) (t — t) 


P 


is the necessary and sufficient condition that the four points a; lie on a circle. 
For n = 3, we have six points a; and 





(@, — G2) (Qs — ds) (as — to) 
(2.2) : (Go — Gg) (@4 — Gs) (ae — a) ee 


Consider the three arcs @,G203, Gglstls, listed, (or else the arcs Gest, dQsie, 
tete). Let Gta and asta; meet again at a point bs. Then from (2.1) 
we have 


(ai — a2) (as — ba) (as — 4) (as — ba) =. 
(ao — ds) (bs — dy) ae he (Ga — as) (ba — ds) DORE 





* Received April 30, 1937. 
787 


788 F. MORLEY AND J. R. MUSSELMAN. 
Hence, by using (2.2) we have 


(as — te) (@1— ba) __ 
(as — a) (bs — as) 7 


That is, the three arcs @,dols3, Gs@utts, Use, meet at the point ba. And equally 
the three arcs dottylts, Gsltslle, Uoli@e meet at a point, say b,. The single con- 
dition (2.2) implies both facts. Two arcs &iasts, dts; which meet again at 
ba have a resultant arc aibsas. The arcs @,@23, Ugly; and dsbea, are then 
termed balanced. Thus for an ordered hexagon the invariant (2. 2) means, 
that the arcs Gols, Gallas And QAslcü, (Or Grüsts, ass ANA site) are 
balanced. 
For n = 4, we have eight points and 


(a, — lta) (ds — hs) (ds — Ge) (ar — As) __ 
(Go — tz) (Ga — Gs) (Qo — G7) (As — Gr) 





(2.8) p. 

Consider the four arcs Gitods, MgllsAs, Astor and (rts, (or else the ares 
Aglsity, UsAsllg, Cort ANC Asie). Let aida and dus meet again at bs, and 
let dst; and yta, meet again at b;. Then from (2.1) we have 


(@; — G2) (ds — ba) _ (ds — Qa) (ds — bs) __ 
(aa — us) (ba =@) P” (a — as) (ba — a) °” 
(as — Qo) (47 — br) m (ar — ag) (a; — b:) _ 
(Go—4:)(b;—as) (e—a) (bru) ?* 


Hence, by using (2.3), we have ` 


(as — bs) (a: — br) = 
(bs—a&)(br—as)  *” 


which implies that the points as, ba, a, and b; are concyclic. Thus for an 
ordered octagon the invariant (2.3) is satisfied if the four points ai, as, the 
second meet of Aided, and asasas, and the second meet of as: and arist 
are concyclic. 

This can also be stated as follows: if we choose any two points x and y 
concyclic with a, and a; such that the two sets of FCS Giüots, AghsOs, Astar 
and Ushglz> Arles, Yas are balanced, the invariant (2.3) is satisfied. For 
this implies that a;baa,b; are concyclic. 

If we call the second intersection of the arcs G@j-26i14; and Milisi by 

"a bi (all subscripts taken modulo 8) we have the theorem that if the four points 
` as, Ds, a, and b; are concyclic, so also are dg, bs, do, bs; dr, Ds, M3, bi and 
` Ag, Dg, Ga, bo. 
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For thé condition from (2.1) that din, bin, @is, Diss be concyclic 
reduces to 
(i-s — Qi-2) (dis — Gi) (airs — liro) (ies — Ging) 
(Qi2 — ti) (ai — Gin) (aise — tins) (ira — Gi-3) 








(2.4) 


If we let i = 4 or 6 in (2.4) we obtain (2.3); if we let i= 5 or 7 in 
(2.4) we obtain the reciprocal of (2.3) which proves the theorem. Thus if 
it happens that one set of points Gis, bi-1, @i-s, biss for an ordered octagon be 
concyclic, there are three other concyclic sets. The single condition (2.3) 
implies all four. 

In the general case of 3n ordered points Gydsts@4* * * Gon, We replace the 
ATCS Girls, MMs by the arc aba; where bs is the other intersection of the 
two arcs. We have now 2n — 2 points 


AyDssAez* * *. 


We replace the arcs @ibsđs, dstted; by the arc a,¢54, where cs is the second 
intersection of the two arcs 4,0,a, and aa. We have now 2n — 4 points 


Ay C5A7Mgligliio* * 


Proceeding in this manner we arrive at four points. If these are concyclic, 
. then the original set (or any intermediate set) has a real cross-ratio. For 
we have taken b, such that 








o pag ears] rate 
i (ar — G2) (ds — a) __ a, — bs 
(as — da) (ai — Gs) TES as — bs 
so that instead of 
(a, — dz) (d3 — a4) (äs — ae) : : 2 





(üo Os) (Gg —G) (ig — ay) 2 > 


we have 
(ai — bs) (as — to) ` * er 
(ba — as) (as — ar) * > 
To sum up: if we have a closed arc polygon @&@ûs, Gs@a@s,* * `, Gon-allonta 


it is balanced if upon replacing aa, asus; by the resultant arc a:b4a, the 
new polygon is balanced. That is, if by continuing the process we get four 
points on a circle. If we have such a polygon, then taking a, @4' + * den 


6 


i 
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arbitrarily on their arcs we get 2n points with a real cross-ratio. In particular 
if a, approaches a:, if a, approaches az, and so on, then 


$a, k EA Reus Sena 


a ee eee 
(a: — üs) (üs — G5) © * * (@en-1— t1) is a rea p 


For n ==6 we can give another interpretation of 


(a, — a2) (az — a4) res (Q — Ge) Za 
is 5) (Go — a3) (a, — as) aes (aie — a) mi 


Let the second intersection of arcs @i-o@i 14 and iliti be denoted by bf. 
We shall derive the condition that the three circles ai-ebi-4đi-2; Qi-ebiQiz, and 
Giso0 isa Meet at a point. The condition that b:-4 is the second intersection 
Of Apehi5Qig ADA Qi-4li-3li-2 İS 


(ais — Gt-s) (Gis — i-s) (die — Dis) " 
(Qis — Gis) (ais — Gi-2) (Dis — i-c) 





The condition that b; is the second intersection of @4-20i-204 aNd iiss Ate. IS 


(aie — Gia) (Gi — Gis) (Giro — Di) __ 


(Gig — ti) (na Ga) (bi — ta) O” 


The condition that b:,4 is the second intersection of Gisodissisa aNd Qis4@iss@i-g 18 


(aise — Qira) (Qisa — lrs) (Gig — Biss) 


(ie da) min) 7 


The condition that circles dj-¢bi_-s@i-2, Gi-2biGise, Gisodisais meet at a point 
is from (2.2) . 
(ai-e — bi-4) (aie — bi) (aise — bisa) =) 

(big — die) (bi — ane) (bia — ie) C7 


The product of these four expressions is 


(ai-e — &i-s) (Qing — Gi-s) (ti-o — di1) (ai == Gin) (ise ane Qisa) (iss Tu iss) Es 
(ais — is) (ai-e <= Gi) (di <= di) (ais — Hire ) (Gis = iss) (Giss + ie) , 





For i= 7 or 9—subscripts are taken modulo 12—we get (2.5); for i==8 or 
10 we get the reciprocal of (2.5). Other values of i, due to the symmetry, 
repeat. Hence the invariant (2.5) for an ordered twelve-point means that 
the circles aibaûs, Asb7a9, Agb110, are on a point. Equally it means that circles 
2b 4, AeDgG10, 10012423 Qabar, Orbot, A110103; AsboGs, Asb10%i2, Arabo, are on 
a point. The single condition (2.5) implies all four facts. 

In similar fashion one can prove for sixteen points that if we call the 
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second intersection of @4-20i-10; and Maitie by bı and the second inter- 
section of ai-abi-oti and Gbisotiss by ci then the reality of the cross-ratio 
(1.1) implies that a;-6¢i-24i.2¢iss are concyclic. There are eight such sets of 
four points, such if one set is concyclic, all eight are. We list them 


di1G5G9 Crs Asto Aisti 
AgCehoCr4 GéC10@1402 
GsCr@i1C15 O7 Cy Ar 5ls 
GaCeGi2C16 GsC12016Ca 


e 
For ten poinis the invariant (1.1) implies that the circles @iabi-zđi and 
ADissbise have Gius as their second point of intersection. If it happens once it 
happens for all ten pairs of circles. 

For fourteen points, we can state that if the invariant (1.1) be satisfied 
then circles di-sCi-ali ANd Gibila have diss as their second point of inter- 
section. If it happens once, it happens for all fourteen sets of circles. 


3. A similar argument applies when the cross-ratio of the 2n points is 
a pure imaginary pi. The circle on abc can here be replaced by the Apollonian 
circle on b and about ac. Let us investigate six ordered points where 


| (a, — de) (ds — ds) (as — de) . 
(3.1) (=m, aa) = pl. 


The Apollonian circle on a, and about aas, may be written 


(a, — ta) (as — T) — 


acam 


Similarly the Apollonian circles.on a, and about aa, on a, and about asa, are 


(ay — a4) (u — 2) __ 


lames) 2 


(as — ag) (a; — x) 


(a, — 0) (ag —ay PO 


The product of these three expressions is (3.1). Hence for an ordered 
hexagon the invariant (3.1) means that the Apolloman circles on az and 
about ays, on a, and about asas, on de and about asa, meet at a point. Equally 
the Apollonian circles on a, and about 4:44, on a; and about aus, on a, and 
about 442 will meet at a point. The single condition (3.1) implies both facts. . 


4, We can express the condition that any n ordered points should lie 
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on a line in terms of the Lagrange resolvents+ of the n-point. We term as 
Lagrange resolvents of an ordered n-point the n— 1 expressions 


Vi = a, + edo + ag: t Gy 


where e is a root of e” — 1 other than e—1. We can take the n points as 
ai = 4 + pib, (i—1,: - -,n) where the p; are real. Consider for simplicity 
four points. Then 

Vi = b[ (p1— ps) + t(p2 — ps) | 

V: = b[p1 — ps + ps — ps] 

Va = b[ (pi — ps) — ip: — p4) ] 
whence 

VAA == V: Fa, AA = AA and VeVs == VAA 

or 


Vi/ Vs = Va/Va = Ve/Vi. 
And so in general, for n ordered points to be on a line, we have 
Vif Vax = Val Var ae? er: Van-1/ V1. 
THE JOHNS HOPKINS UNIVERSITY, 


AND 
WESTERN RESERVE UNIVERSITY, 


1 The Morleys, Inversive Geometry, p. 203. 


EXTRACT FROM A LETTER BY E. CARTAN CONCERNING MY 
NOTE: ON CLOSED SPACES OF CONSTANT 
MEAN CURVATURE.* 


By T. Y. THOMAS. 


In the proof of the theorem in my recent note in the American Journal 

of Mathematics (Vol. LVIII, 1936, p. 702) on hypersurfaces of a Euclidean 

eSpace the assumption was made that the hypersurfaces were closed (but with- 
out boundary). I am in receipt of a letter from Professor E. Cartan following 

a mathematical discussion at Princeton in which he shows that this theorem 

can be proved without the above assumption, i.e. the theorem is in reality of 

local character. Cartan’s proof forms an interesting supplement to my 

previous note. I present it (with permission).as an extract taken verbatim 

from his letter : 

“En ce qui concerne votre intéressant théorème, dont vous m’aviez du 
reste parlé à Princeton, sur les espaces à courbure moyenne constante, je ne 
sais pas si je trompe, mais il me semble qu’il se ramène à une propriété pure- 
ment locale et qu’il n’est pas necéssaire de supposer l’espace clos. Si j’ai bien 
compris, il s’agit de démontrer qu’une hypersurface $ à n = 3 dimensions de 
Vespace euclidean à n + 1 dimensions est à courbure constants si, considérée 
comme espace riemannien elle satisfait aux conditions Bag = Agag avec À > 0. 

“ Soient en effet a1, @2,' * * , an les courbures principales de l’hypersurface 
S. Les conditions imposées sont 


Gite + tts +: + ++ liln =A, 
Ga F als + * * * + dan =A, 


anta + Onde ++ + ++ Andn =A, 
on encore, un désignant par § les somme des courbures, 
a —aiS +2A=0. 
“ Toutes les courbures principales satisfont donc à une même equation du 


second degré 
g? — gs +rA—0. 


“ Supposons qu’elles ne soient pas toutes égales entre elles; et que par . 
exemple a, =4 dz. Toutes les autres courbures seront égales soit à a, soit à Ge. 
Supposons que a, se présente p fois, et a, q fois (p+q=—n). On aura alors 


* Received July 12, 1937. 
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a1 +@&=S, Ale = À, 
et, par suite, bs 
(p—1)a.+ (g—1)a — 0, yz > 0. 


Ces deux conditions sont contradictoires. 

“Toutes les courbures principales étant égales, l’hypersurface est une 
hypersphere de rayon 1/| a, |.” 

It suffices for the above demonstration that the hypersurface § is defined 
by functions t(s) where i—1,: - -,2-+ 1 which are continuous and possess 
continuous partial derivatives to the third order (ie. § is a hypersurface of 
class 0°). Including the case n = 2 for which the above result is immediately 
valid we may state the following theorem: 


Any hypersurface of class O° of constant mean curvature A> 0 and 
dimensionality n = 2 in a Euclidean space of n + 1 dimensions is a space of 
constant curvature. 


Remark. One can find n mutually orthogonal directions À, : * +,An at a 
point P of the hypersurface, these directions being given as solutions of the 
equations 3; (bi; —dxgij)Ax’ == 0 where the b:; are the coefficients of the 
second fundamental form and the a, are the (real) roots of the determinant 
equation | bi; — agi; | =0. The àn’ : -,An define the directions of lines of 
curvature at P and the a,,° * -,@, are (by definition) the normal curvatures 
at P of the corresponding lines of curvature. Denote by ri; the Gaussian 
curvature at P of the geodesic surface determined by the directions À; and 
Aj (49). Then 11; = aa; (Eisenhart, Riemannian Geometry, 1926, p. 198). 
Now Xyri; =A (1547) as a consequence of the condition that the hyper- 
surface be of constant mean curvature A (Hisenhart, loc. cit, p. 113). 
Substituting rı; = aiaj in these latter equations we obtain the above equa- 
tions of Cartan from which it follows that a; ==: + - == an =a. Hence from 


X; (bi; — agi) ui = 0 we have bi; = agi; at P. 
Then from the Gauss equations for the hypersurface 


Bagy = basbey — baybps 
we have 
Bagys = 4° (Gasgpy — JayIes). at P. 


These equations mean that the hypersurface is of constant curvature provided 
that the factor a? is a constant, i.e. independent of the point P. But multi- 
plying the equations through by g*°g6v and summing on repeated indices we 
obtain A = a° (n — 1) from which it follows that a? is a constant as required. 


PRINCETON UNIVERSITY. 





ALMOST PERIODIC FUNCTIONS AND HILL’S THEORY OF 
LUNAR PERIGEE.* 


By AUREL WPINTNER. 


From the analytical point of view, Hills theory of the mean motion of 
the perigee depends on three problems: i : 


(i) determination of the intermediary periodic path of the Moon; 


(ii) determination of the characteristic exponent of the orbit thus 
obtained ; 


(iii) identification of this characteristic exponent with the mean motion 
of lunar perigee. 


Inequalities which are due to the eccentricities are not considered in Hill’s 
theory and have been developed by Brown. The same holds for the parallactic 
terms, Hills equations of motion being derived by a modification of the 
restricted problem of three bodies. 

Hill? solved both problems (i), (ii) by a bold application of infinitely 
many variables, (ii) leading to a certain linear Eigenwertproblem of specific 
type, and (i) to a non-linear and non-recursive system of infinitely many 
equations for infinitely many Fourier constants. Hills application of infinite 
determinants in the linear problem (ii) has been justified by Poincaré? The 
question of existence and convergence in case of the non-linear system arising 
in problem (i) is of quite another nature. Hill was well aware of the novelty 
of this analytical question and he formulated its mathematical treatment as a 
desideratum.” The proofs requested by Hill were supplied some years ago.* 


* Received June 20, 1937. : 

1G. W. Hill, Collected Mathematical Works, vol. 1 (1905), pp. 284-335 and pp. 243- 
270. Cf. also the presentation of Poincaré in vol. 2, part 2 (1909), chap. XXV-XXVII 
of his Leçons de Mécanique Céleste. 

2 Cf., e.g, H. Poincaré, loc. cit. 1, pp. 49-56. 

2G. W. Hill, loc. cit. 1, p. 287. Poincaré’s presentation (loe. cit, 1, pp. 31-40) of (i) 
does not satisfy Hill’s desideratum; the legalization of Hill’s method in (i) is of a later 
date. It can be mentioned that the question of the existence of a family of simple 
closed orbits about the Earth is not identical with the question whether Hill’s method 
of infinitely many variables in the non-linear problem (i) (i.e. the method actually 
applied in lunar theory) is or is not a procedure which has mathematical legality. 
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Thus the mathematical problems arising in (i) and (ii) are solved. The 
present note deals with the mathematical problem in (iii) which presupposes 
(i) and (ii) in the same way as (ii) presupposes (i). 

Hill’s justification of the step (iii) is not of a mathematical nature, since 
it merely consists * of an interpretation of Hill’s results in terms of the formal 
theory of Delaunay. Since the Hill-Brown theory is, in the main, independent 
of the older lunar theories, it seems desirable to give a direct account of the 
step (iii). From the mathematical point of view, the objection to the usual 
explanation ® of (iii) is not merely a matter of method. In fact, it is a 
well-defined question, whether or not there exists at all a mean motion, and 
if it does, whether or not its remainder term shows a recurrent behavior which, 
as tacitly assumed in lunar theory, can be analyzed into an anharmonic Fourier 
series. 

In what follows, these questions will be answered in the affirmative. The 
proof depends on an appropriate application of a theorem on almost periodic 
functions which was formulated as a conjecture by the present author and 
subsequently proved by Bohr.* This theorem of Bohr states that if €(t) is a 
complex-valued almost periodic function of the real variable ¢ and | £(t)| > « 
holds for some constant æ > 0 and for every t, then the real continuous func- 
tion arg £(#) can be decomposed into the sum of a linear “secular” term pt 
and of a “ recurrent” term, the latter term being almost periodic, while x is a 
constant. Here and later on, almost periodicity is meant in the original sense 
of Bohr. 

The problem concerns certain of the solutions of the three Jacobi equa- 
tions for isoenergetic variations, this system of differential equations being 
represented by the equation of second order for normal displacements and by 
the equation of first order for tangential displacements.’ While the latter 


According to G. D. Birkhoff [“ The Restricted Problem of Three Bodies,” Rendiconti 
del Circolo Matematico di Palermo, vol. 39 (1915), part 3, art. 12], the existence of 
the simple closed orbits in question can be proved in a rather easy way. While such an 
existence proof was claimed by Poincaré (loc. cit.*, p. 30), it seems to the writer that 
the passage of the Méthodes Nouvelles which is referred to by Poincaré does not imply 
such a proof, a proof being essentially dependent on Birkhoff’s -device (cf. H. Poincaré, 
loc. cit.*, p. 30, line 6) or on some equivalent substitution (facilitating expansions 
which are uniformly convergent in the vicinity of the mass singularity). 

4A. Wintner, “Zur Hillschen Theorie der Variation des Mondes,” Mathematische 
Zeitschrift, vol. 24 (1925), pp. 259-265; also “Ueber die Konvergenzfragen der Mond- 
theorie,” ibid., vol. 30 (1929), pp. 211-227. 

5G. W. Hill, loe. cit. *, pp. 269-270; also H. Poincaré, loc. cit.*, p. 67. 

‘H, Bohr, “Kleinere Beiträge zur Theorie der fastperiodischen Funktionen, I,” 
Det Kgl. Danske Videnskabernes Selskab Math.-fys. Meddelelser, vol. 10, no. 10 (1930). 

7 Cf. G. D. Birkhoff, loe. cit. ?, part 1, art. 3. 
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equation is not needed for the determination of the’ characteristic exponents, 
the geometrical problem of the mean motion of lunar perigee cannot be treated 
by considering the normal displacements alone, instead of the whole problem 
in the (x, y)-plane. Correspondingly, the situation is different from the one 
arising in the Adams theory of the mean motion of the lunar node, a problem 
which is defined in terms of a linear canonical periodic system with a single 
degree of freedom and is, therefore, reducible to the torus problem of Poincaré- 
Denjoy. In other words,” the result to be obtained can be applied to, but is 
not identical with, an anharmonic Fourier analysis of a sequence of conjugate 
*points on the closed extremal of problem (i), the rotation number being repre- 
sented by the coefficient » of the almost periodic remainder term arg ¿(t) — pt. 
Hill’s equations of motion are of the form 


(1) e” —2y = Q(z, y), Y” + 2a’ = Oy (2,9), 
where the primes indicate derivatives with respect to t. Placing 
(2) = mr, 


where m is Hill’s parameter determining a solution of (1) within his family 
of periodic orbits, these periodic solutions are of the form + 


+00 +00 
(8) s= E axcos(2k -+1)7, y= X, a sin(2k + 1)r, where a, = (m). 
k=00 k=-00 


The Fourier constants a,(m) are analytic functions of m and vanish at m == 0 
with increasing rapidity as #— + œ. Hills procedure (i) leading to (8) 
has been justified * for | m | < 0.08333 - - -, and so, in particular, for the case 
m = + 0.08084- - - of the Moon. i 

In problem (ii), the validity of Hill’s method does not depend on the 
magnitude of m, since this problem is linear. Exceptional is only the case of 
an m for which the path (3) has a point on its curve of zero velocity (or 
reaches the mass singularity). In fact, for this case the equation of normal 
displacement 1° acquires a singularity, and no direct procedure seems to have 


8T, Levi-Civita, “Sur les équations linéaires à coefficients périodiques et sur le 
moyen mouvement du noeud lunaire,” Annales de l'Ecole Normale Supérieure, ser. 3, 
vol. 28 (1911), pp. 325-376. 

° Cf. G. D. Birkhoff, “ Dynamical systems with two degrees of freedom,” Trans- 
actions of the American Mathematical Society, vol. 18 (1917), part 2, art. 14, and the 
investigations of Poincaré referred to there. 

4 As to this equation, cf. A. Wintner, “Ueber die Jacobische Differentialgleichung 
des restringierten Dreikérperproblems,” Berichte der Sächsischen Akademie der Wissen- 
schaften, vol. 82 (1930), pp. 345-354. 
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been developed for the resulting singular Eigenwertproblem. The first posi- 
tive singular value of m is, however, quite large and is represented by the 
value m = 0.56: + - belonging to Hills cuspidal orbit of maximum lunation,” 
a value beyond the m-range under consideration. 

The Jacobi equations belonging to (1) and (3) can be written as 


(4) E — W = Qaa (t; m)E + Qay(t; m)n, 
a + E = Oay(t3 m)§ + Oy (0; M) 

and have, for fixed m, four linearly independent solutions (é(¢),4(t)) two 
of which are of a trivial type, while the remaining two, which represent 
isoenergetic displacements, supply the general solution of the equation of 
(isoenergetic) normal displacements; cf. (ii). The pair of trivial solutions 
of (4) is obtained by differentiating the solution (3) of (1), where 7 = t/m, 
with respect to m and the origin of the ¢-axis respectively, so that these solu- 
tions of (4) belong to the trivial pair (0,0) of characteristic exponents and 
the first of these two solutions contains a secular term and is not an isoenergetic 
displacement. Since the orbit (3) is symmetrical with respect to both codrdi- 
nate axes y = 0, s = 0 and is formally stable in the m-domain under con- 
sideration, it is readily inferred from the Fuchs-Floquet theory that, if (e, —c) 
represents the pair of non-trivial characteristic exponents, the two non-trivial 
solutions of (4) can be represented in the form 


E(t; m) =y À Ax cos{ (k + 1+ 0)r +8), 
(5) a 
(ts m) =y È Brsin{ (ke + 14 0) + 8), 


11 As to the corresponding range of the family (3) in the retrograde case m < 0, 
ef, G. D. Birkhoff, loc. cit. 8, part 4, art. 16. 

12 While Hill* had to derive this orbit, not from his analytical expansions, but by 
using mechanical quadratures, a mathematical existence proof for this orbit can be con- 
sidered as implied by Strémgren’s general termination principle, the existence of the 
. family (3) being established for small m > 0. Unfortunately, sufficient material is not 
available concerning the natural termination of Hill’s family, and the same holds precisely 
for that among the Copenhagen groups which corresponds to Hill’s family, i. e., for Ström- 
gren’s Klasse g. The analytic continuation of the lunar orbits (3) which is given by 
Kelvin in vol. 4, no. 55, of his Collected Works, is rather flat with fully developed loops 
(the latter arising at the stage of Hill’s cuspidal orbit). Judging from Kelvin’s single 
orbit, which may or may not be sufficiently advanced, one possibility for the natural 
termination would be an indefinite flattening in the direction perpendicular to the axis 


of syzygies, the orbit becoming the whole y-axis, while the Sun is infinitely distant and 
on the æ-axis. 
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where y £0 and ô are arbitrary real integration constants and 
c= c(m); Ar = Ax(m), By = Bi(m) (m = t/r) 


are real analytic functions of m. 

As m — 0, the behavior of Ax(m) and B,(m) in (5) is, for large |k |, 
similar to that of ax(m) in (3). In particular, the limiting values (Ax) m:o 
and (Bx)meo vanish unless | 2k +1| =1. If |2k+1|—1, so that k= 0 
or k == — 1, it is found from the expansions of Ax(m) and Bx(m) that 


6,) A240, Bo=A®; Ao —-3A?, B? = 8B%, 
where A? == (Ax) m=o, B? == (Be)m-o The limit relations (6,), together with 
(62) Aj=0, Bi=0, where 2#+14+1, 


have been checked by comparison with Kepler’s motion. 

Letting m— 0 in (5), using (6:)-(6:) and omitting the multiplicative 
integration constant y <0 (or, rather, 2A}y 340), one finds after an easy 
reduction that, if c° denotes the limiting value (¢)mzo of the characteristic 
exponent c—c(m), 


(€) ozo = — cos 7 cos(c°r + 8) — 2 sin r sin(c°r + 8), 
(7) m=0 == — sin r cos(c°r + 8) + 2 cos r sin (¢°r + 8). 
Hence 


(E + 7?) mao = cos? (6°r + 8) + 4 sin? (cor + 8). 


Since this continuous and non-vanishing function of + is periodic, there exists 
a sufficiently small constant « which depends on the integration constants 
ô and y =£ 0 but is such that 


(P+ 9?) m0 > % >0 for — o <r< + ©. 


Hence there exists a sufficiently small m* > 0 such that if m has any value 
between — m* and m*, one can choose a positive constant & == 4» for which 
the almost periodic functions (5) of r or t = mr satisfy the inequality 


(7) O Em) P + [ntm] > am > 0;  —co <i<+ 0, 


it being understood that am is, for fixed m, a function of the integration con- 
stants y, § occurring in (5), while m* is independent of y, 8. 
As pointed out above, the coefficients A,(m) and B,(m) tend, for fixed 
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small values of m, rather strongly to zero as k->-+ œ. Correspondingly, 
it requires only quite rough numeral estimates to show that (7) is satisfied 
for the value of m which belongs to the Moon, i. e. that m = 0.08084: - + is 
“ sufficiently small” or less than m*. 

For a fixed m and for fixed values of the integration constants y = 0, 8, 
introduce the perihelium œ, or rather perigee, as a function of ¢ or r by 
placing 
(8) E=pcos@, y=psinw, where p= (&+77)3 20, 


It is understood that, since p5£0 by (7), the value of w = w (t) is d?- 
termined for every ¢ by continuity, if one assigns an initial normalizing con- 
dition, say OS w(0)'< 2r. Put 


(9) L(t) =t = E+ ig = (E + r) exp iw; cf. (8). 


Then ¿(Ł) is, in view of (5) and (2), an*almost periodic function. Further- 
more, (7) shows that |¿(t)| >am? > 0 for every ¢. Consequently, the 
theorem of Bohr ® is applicable to £(¢) = | ¢ | exp iw. It follows that the 
perigee w == w(t) is of the form 


(10) w(t) = ut + an almost periodic function of t, 


where u is a constant. 

It is instructive to look upon (10) from the point of view of the funda- 
mental mathematical difficulty of celestial mechanics, a difficulty represented 
by the problem of small integration divisors in the astronomical theories 
and by Birkhoff’s unsolved stability problem of incommensurable rotation 
numbers in the corresponding mathematical theories. First, from (8), 


(11) - me Ee à 





It follows, therefore, from (7), (5) and (2) that the derivative w (t) =w (mr) 
of the perigee is an almost periodic function. Now the integral of an almost 
periodic function is almost periodic whenever it is bounded.: Hence, if p 
denotes the constant term in the Fourier series of the almost periodic function 
(11), so that 


T 
(12) ping f ow’ (t) dt, 
T00 A 
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then (10) can be inferred from (11) by integration if and only if w(t) — pt 
is a bounded function. On the other hand, the integral of an almost periodic 
function which has no constant term in its Fourier series is, according to 
Favard, sure to be almost periodic if there are no frequencies of arbitrarily 
small absolute value, i. e., if there are no “small divisors”; while otherwise 
one cannot say anything, as shown precisely by the classical astronomical 
problem. Now all that follows from (11), (7), (5) and (2) is that the 
frequencies of the almost periodic function œ (mr) or w’(mr) — p are con- 
tained in the double sequence 


(18) Cv, where v, v: =0, +1, +2, >>. 


Since c—c(m) is a continuous and non-constant function of m and can, 
therefore, be considered as irrational, the double sequence (18) is identical 
with the sequence of frequencies occurring in the classical problem of small 
divisors. Accordingly, Bohr’s theorem on arg ¢é(t) plays, in the above proof 
of (10), a definite dynamical réle: it assures that the classical small divisors 
are harmless in the present case [although the continuous function c = c(m) 
in (18) attains values which are represented by arbitrarily irregular continued 
fractions, no c-set of measure zero being excluded]. This could be checked 
by a direct discussion of the Fourier constants of the almost periodic func- 
tion (11). | 

Since all frequencies of the almost periodic function @’(mr) of t = t/m 
are contained in (13), the Fourier series of the almost periodic function on 
the right of (10) is of the form 


G4) aw(#) ui È X On cos { Amit Ess oy 


This agrees with a result of Bohr, according to which both the frequencies 
and the secular constant of w (mr) must be of the form (13); so that 


(15) p= (cr -+s)/m, c—c(m), 


where r and s are integers. 


Hill did not consider the Fourier series (14) but rather the constant w 
of the secular part of the perigee w(t); and he wrote,'* corrrespondingly, 


13 H. Bohr, “ Ueber fastperiodische ebene Bewegungen,” Commentarii Mathematici 
Helvetici, vol. 4 (1932), pp. 51-64. 

4#G, W. Hill, loc. cit.*, pp. 269-270. Hills notations are not the same as those 
used above; the difference is explained below. 
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w (t) = pt and w(t) =p. It is, however, obvious from the context that what 
Hill actually had in mind were relations of the type (14), (10) and (12). 
While this assumption of Hill is now justified, the corresponding mathematical 
postulates in Brown’s theory, where the higher powers of the lunar eccentricity 
are not neglected, seem to require an entirely different approach.” 

While (8) refers the perigee w(t) to the synodical codrdinate system, 
Hill’s perigee w(t) is referred to a siderial codrdinate system. Since the first 
of these frames, when considered from the second, rotates with constant angular 
velocity, a(t) — e(t) is a linear function of ¢, and so the above results hold 
for w(¢) also. Since c = c(m) and a = a(m) are continuous functions of M, 
while r and s in (15) are integers, one can determine the actual values of r,.s 
for small m by letting m —> 0 and comparing the result with the formulae of 
Kepler’s motion. This, when combined with the reduction of w(t) to w(t), 
gives as connection between the mean motion of lunar perigee and the char- 
‘ acteristic exponent c precisely the relation stated by Hill’ 
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15 Of, A. Wintner, loc. cit. *, pp. 214-215. 


SUR LES MOUVEMENTS DES SYSTEMES DYNAMIQUES QUI 
ADMETTENT “ L’INCOMPRESSIBILITE ” DES DOMAINES.* 


Par HEINRICH Hitmy. 


1. Considérons un système dynamique dont les mouvements sont définis 
par l'équation différentielle 


(1) dei/dt = Xi (a1,- > +, en) (i=1,: -,n). 


Nous interprétons la variable indépendante ¢ comme le temps et les variables 
Ts *,%n, comme les coordonnées du point p se mouvant dans l’espace 
euclidien £”, à n-dimensions. 

Supposons que les seconds membres des équations (1) sont des fonctions 
continues et qu’ils satisfont aux conditions de Lipschitz dans les points des 
sous-ensembles considérés Æ”. Dans ce cas auront lieu les théorèmes généraux 
de l'existence et de l’unicité des solutions, et également le théorème de la 
dépendance continue des solutions des conditions initiales. 

Les mouvements du système dynamique sont caractérisés par les trajectoires 
que décrivent dans Æ” les points pC E”. Nous désignons par f(g, 2B la 
position du point p dans le moment du temps t; f(p, 0) = p. 

Si À est un ensemble contenu dans #” le symbole f(A, t) désigne l’ensemble 
{f(p, t)} où pC A. 

Le symbole S(x, €) désigne le voisinage sphérique du point p au rayon e. 

L’ensemble M est dit positivement (négativement) invariant, si f (p, t) CM 
pour toute valeur de 40 (t50). L'ensemble M est dit invariant s’il est 
en même temps positivement et négativement invariant. 

Le mouvement f(p, t) est dit positivement (négativement) stable au sens 
de Lagrange si Pon peut indiquer une sphère S dont le centre serait le point p 
et le rayon sufisemment grand pour que f(p, t) C S pour tout {= 0 (tS 0). 

Le mouvement f(p, t) est dit positivement (négativement) stable au sens 
de Poisson si pour tous arbitraires e > 0 et T > 0 on peut indiquer des valeurs 
` de ¢ positives (négatives) qui satisfassent à l’inégalité 
p(p, f(p,t)) < e [p(x, y) désigne la distance entre les points æ et y dans E*]. 
Le mouvement f(p, t) est dit stable au sens de Poisson sil est tel simultane- 
ment dans le sens positive et dans le sens négative. 

Convenons de dire que le mouvement instable au sens de Poisson et en 





* Received May 3, 1937. L 
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méme temps stable au sens de Lagrange est un mouvement asymptotique. Si 
f(p,t) est un mouvement positivement (négativement) instable au sens de 
Poisson, il découle de la continuité des seconds membres de l’équation (1) que 
pour tout point p’ de la trajectoire f(p,t) on peut indiquer un voisinage 
sphérique suffisemment petit pour que le point p’, ayant une fois quitté ce 
voisinage n’y revienne jamais le temps changeant dans le sens positif (négatif). 
Nous dirons que le nombre positif y égal à la borne supérieure des rayons de 
tous les voisinages sphériques du point p’ dans lesquels il ne revient plus après 
lavoir une fois quitté, le temps changeant dans le sens positif (négatif) — : 
nous dirons que ce nombre est Pindice caractéristique du point p’ pour le temps 
. croissant (décroissant). 


2. Nous dirons que dans Pensemble invariant M a lieu Pincompressibilité 
des domaines si pour tout domaine relatif borné GC M se vérifie l’énoncé 
suivant: pour aucune valeur de ¢ le domaine f(G, t) west contenu dans une 
partie vraie de G. 


THÉORÈME. Si dans l’ensemble fermé invariant M a lieu “ Vincompressi- 
bilité” des domaines, tous les points de cet ensemble, sauf l’ensemble des points 
de la première catégorie de R. Baire, appartiennent à la somme des ensembles 
des points situés sur les trajectoires de mouvements stables au sens de Poisson 
et de ceux des points situés sur les trajectoires des mouvements instables au 
sens de Lagrange dans les deux sens. 


Démontrons, pour commencer, le théorème pour le temps croissant. 

Désignons par Q l’ensemble de tels points p C M qui sont situés sur les 
„trajectoires des mouvements asymptotiques pour t—>-+ œ. Prenons une suite 
de nombres positifs croissant indéfiniment et uniformement 


Ri, Re, sis Rn, a. 
et désignons par 
81, 82,7 + +, Sns° + 


Vensemble des points p C M situés dans les sphères et sur leurs frontières aux 
rayons respectivement égaux à Ry, Ea - +, Rn, © - décrites autour du point 
arbitraire appartenant à l’ensemble M. 

Soit Q* un ensemble de tels points p C Q:8$x pour ie on a 
f(p, t) C Sx pour toute valeur de ¢ = 0; alors 


(2) Q=. 
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Montrons que chacun des ensembles Q* est un ensemble de la premiére catégorie 
de Baire par rapport à S» et par conséquent par rapport à M également. 
Donnons nous une suite de nombres positifs 


Ets En" t ‘> Em 7 


_convergeant uniformément à zéro. igs ae par Q* Vensemble des points 
p C Q dont Pindice PRES est n = em. Il est évident que 


6) œ—Èor. 


Démontrons que pour & fixé et pour tout m l’ensemble Q* n’est dense 
nulle part dans Sx. Admettons le contraire; il se trouverait alors un domaine 
relatif GC Sr, dans lequel l’ensemble de points appartenant à Q* serait 
partout dense. 

Donnons nous un nombre arbitraire + > 0; choisissons dans le domaine G 
le point p’C QË et décrivons autour de ce point la sphère S* au rayon 
e < dem et suffisemment petit pour que les conditions S* C G et f(8*,7) : 8% == 0 
soient vérifiées, ce qui est possible en vertu de la dependance continuelle des 
conditions initiales. Montrons à present que f(S*, t) -S* —0 pour tout t= r. 
S'il n’était pas ainsi, on pourrait choisir un point q C S* et un nombre T > + 
tels quef(q, T} C 8*. Soit e* > 0 suffisemment petit pour que S(q,e*) C S*. 
En vertu de la dépendance continue des trajectoires des conditions initiales 
on peut indiquer un nombre ô > 0-suffisemment petit pour que 


FCE Cg 8), T) C S(F(g, T), =). \ 


Mais S(q,8) contient nécessairement le point p* C Q* , f(p*, 7) T S et 
f(p*, T) C S* par conséquent le point p*, ayant quitté las sphère S* y revienne 
encore, ce qui est contradictoire vu que Pindice caractéristique de p* surpasse 
ou égale em. 

Considérons le domaine 


P—Zf(S%1). 
Le domaine T est positivement invariant et borné, 
f(T; 7) — 2 f(S*, t) 


étant un sous-ensemble de T vrai vu que S* CT et f(T, r) S*—0 ce qui 

contredit la supposition que “ l’incompressibilité ” des domaines a lieu dans M. 

La contradiction: à laquelle nous arrivons montre que l’ensemble Q*, n’est 
Y 


806 HEINRICH HILMY. 


dense nulle part dans 8x. Mais alors l’ensemble Q*, en vertu de (3) et Pen- 
semble Q en vertu de (3) seront des ensembles de la première catégorie de 
Baire par rapport à M. 

En désignant par N l’ensemble des points pC M qui sont situés sur des 
trajectoires asymptotiques pour ł—>— œ et en répétant les considérations 
faites plus haut, démontrons que l’ensemble N sera un ensemble de la première 
catégorie de R. Baire par rapport à M. Mais alors l’ensemble A = Q + N 
sera également un ensemble de la première catégorie de R. Baire par rapport 


à M, et le théorèm est démontré. 
e 


3. Le théorème démontré complète les résultats obtenus dans le mémoire 
connu de E. Hopf? qui traite de la généralisation du Wiederkehrsatz de H. 
Poincaré en élucidant la catégorie au sens de R. Baire des ensembles étudiés 
dans ce mémoire. Le théorème de E. Hopf est applicable aux systèmes dy- 
namiques qui admettent Pinvariant intégral de H. Poincaré. Le théorème que 
nous venons de démontrer est applicable à une classe plus large de systèmes 
dynamiques, vu que l’incompressibilité des domaines peut avoir lieu dans des 
systèmes dynamiques qui n’admettent pas invariant intégral. Construisons 
un exemple d’un système dynamique qui justifie cette assertion. 

Considérons un segment de l’axe de x, de la longueur 1 aux coordonnées 
des extrémités —4 et + 4 et construisons sur ce segment un ensemble formé 
et partout non dense que nous désignons par P. 

Prenons une suite de nombres 


an = 1/4" (n = 1,2, +). 


Construisons sur le premier segment un autre segment de la longueur a, de 
maniére que son centre coincide avec le centre du premier segment et excluons 
tous les points intérieurs du second segment. Sur chacun des deux segments 
conservés construisons de nouveau des segments de la longueur &, de manière 
que les centres de ces segments coincident avec les centres des segments qui 
les contiennent ; excluons ensuite encore tous les points intérieurs des segments 
que nous venons de construire. Représentons nous ce procédé indéfini. Désig- 
nons par G l’ensemble de tous les points du segment [— 4, + 4] qui peuvent 
être exclus par ce procédé et par P l’ensemble de tous les autres points. : 

Tl est évident que l’ensemble P est un ensemble fermé et partout non dense, 
tandis que l’ensemble G est dense partout sur le premier segment. 

De simples calculs nous montent que 


1E. Hopf, “Zwei Sätze über den wahrseheinlichen Verlauf der Bewegungen dy- 
namischer Systeme,” Mathematische Annalen, Bd. 103 (1930). 
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mes P = 4, mes G = à. 


L’ensemble des intervalles, exclus du segment [— 4, + 4] lors de la con- 
struction de l’ensemble P est un ensemble dénombrable. Donc nous pouvons 
les énumérer. Soit 

Ag, Ao, ° . Åm’ >.. 


la suite de ces intervalles. Désignons par a, et par bn les coordonnées respec- , 
tives de l’extrémité droite et de Pextremité gauche de Pintervalle An. Défi- 
enissons sur le segment [— 4, + 4] la fonction #(s) comme il suit: 


0 , si CP, 





| bn — Qn 
T— 4 si Un =<T<A 
a(z) = ny n n + 2 


a bn — An 
bx — T, Si Qn + — Sts Ds. 


La fonction (x) est une fonction continue sur tout le segment [— $, + 41. 
De plus on peut constater par des simples calculs que pour deux points quel- 
conques +, et æ du segment [— 4, + 4] se vérifie l’inégalité: 


| ®(a,) — (2) | S | r — a | 


c’est à dire que la fonction @(z) satisfait à la condition de Lipschitz. 
Examinons dans le plan euclidean E? Pensemble de points M: 


—ł Scs +4, 
— © Sys + 0. 


A 


Construisons sur le segment [— 4, + 41 l’ensemble P et définissons ensuite 
sur ce segment la fonction &(x). 

Définissons sur Pensemble M un système dynamique, dont le avni 
est exprimé par l’équation différentielle suivante : 


de/dt—0,  dy/dt——[|y|+æ(x)]. 


Les seconds membres de ces équations différentielles sont des fonctions con- 
tinues satisfaissant aux conditions de Lipschitz. 
Les lignes sur lesquelles sont situées les trajectoires des points de l’en- 
semble M sont les droites: 
g = const. 


Les trajectoires des mouvements sont les ensembles suivants: tous les 
points appartenant à ensemble P construit sur l’axe + sont des points de repos, 
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. vu que dans ces points les seconds membres des équations différentielles s’an- 
nulent. Les droites qui n’ont pas de parties communes avec l’ensemble P sont 
des trajectoires de mouvements instables au sens de Lagrange dans les deux 
sens. l’ensemble de points situés sur ces droites est un ensemble dense partout 
dans Jf. Les droites qui ont des parties communes avec l’ensemble P sont 
formées par les trajectoires de trois mouvements indépendants: du point de 
repos sur laxe x et de deux semi-droites qui y sont contigues et qui sont les 
trajectoires de deux mouvements asymptotiques. Le point de repos est pour 
Pun de ces mouvements le point limite alpha, et pour l’autre—le point limite 
oméga du mouvement. i 

Désignons par M* un ensemble de points dont les coordonnées satisfont 
aux inégalités — 4 S t S +4, 0S y S1 et qui de plus sont situés sur des 
droites ayant des parties communes avec Pensemble P. Les ponits de Pen- 
semble M*, pour lesquels y = 0 sont des points de repos, et les points pour 
lesquels y > 0 se rapprochent asymptotiquement des points de repos pour 
t- + œ. 

L’ensemble M* est mesurable: mes M* — 4. Il découle du caractère des 
mouvements des points de l’ensemble M* que 


lim mes f (Af*, t) = 
t->+00 
Ceci veut dire que Pinvariant intégral de H. Poincaré ne peut être introduit 
dans le système dynamique éxaminé. Mais dans ce système a lieu l’incom- 


‘pressibilité des domaines, vu qu’il se trouvera dans chacun de ces domaines 
un point qui quitte ce domaine pour toujours. 


Moscou, U. S.S.R. 


THE STRUCTURE OF MONOTONE FUNCTIONS.* 


By Paine HARTMAN and RICHARD KERSHNER. 


Introduction. The present paper deals with continuous, monotone 
increasing functions 


y = f(z), where OS e¢S1 and OS y Sl, 


sand attempts a classification of the absolutely continuous or singular behavior 

of these functions, these notions being meant in the sense of Lebesgue. It is 
clear that this class of functions is in one-to-one correspondence with the class 
of monotone mappings of a dense enumerable subset of the interval Oa S1 
into a dense enumerable set of the interval 0 Sy S 1. Hence it is natural 
to attempt to describe the Lebesgue properties (absolute continuity, pure 
“ singularity,” or mixed behavior) of these functions f(x) directly in terms 
of the asymptotic or qualitative properties of the two dense sequences of 
numbers which are mapped on to each other by y == f(s). This approach 
was suggested to us by Professor Wintner. i 

One can fix one of the two sequences arbitrarily without loss of generality. 
The simplest choice seems to be the dense set on the æ-interval consisting of 
all points which have a finite dyadic development. Thus the Lebesgue proper- 
ties of f(x) will be explicitly described in terms of the sequence of numbers 
{y;} consisting of all function values f(%/2"), where k = 0,1,: : +, 2" and 
n= 0,1,: > -. For instance, there will be obtained (Section 1) necessary and 
sufficient conditions for the function y == f(x) to be absolutely continuous 
and corresponding conditions for y = f(x) to be purely singular, i. e., to have 
no absolutely continuous component. 

Essential use will be made of the fact that, while the inverse of a strictly 
increasing, absolutely continuous function need not be absolutely continuous, 
the inverse of a strictly increasing, purely singular function is necessarily 
purely singular. : 

For a certain class of functions, which will be called the class belonging 
to the symmetric case, the results will be particularly complete (Sections 3 
and 6). For instance, both these functions and their inverses will be shown 
to be “pure,” i.e., either absolutely continuous or purely singular. In the 
treatment of the symmetric case, use is made of the “ pure ” theorem + of the 


* Received April 23, 1937. 
1 Jessen and Wintner [4], Theorem XXXV. 
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theory of infinite convolutions and the theory of probable convergence of series 
of random variables. Actually, infinite products of random variables are used, 
but this is easily reduced to the theory of series. The latter theory, developed 
by Rademacher [12], Khintchine and Kolmogoroff [6] and others, is known 
to be equivalent to the convergence theory of infinite convolutions.? The 
theory of convolutions is made applicable by showing (Section 6) that certain 
of the functions of the symmetric case are infinite convolutions of the Poisson 
type; cf. Wintner [15]. This fact, on the one hand, makes possible a sharpen- 
ing of the results of Section 3 and, on the other hand, provides an interesting 
theorem on infinite convolutions. 

The description of the function y = f(x) in terms of the sequence of 
numbers k/8* provides for the simple construction of particular functions of 
a given type, for instance, (Section 4) absolutely continuous functions which 
are nowhere monotone, or (Section §) strictly increasing, purely singular 
functions which show that no restriction on the modulus of continuity which 
is weaker than a uniform Lipschitz condition of order 1 assures absolute 
continuity. 

The theorems to be proved imply, in particular, the results and examples 
given by Brodén [1], Minkowski [10], Denjoy [2], Faber [3], Sierpiński [13], 
van Kampen and Wintner [5]. The products I(1 = en) occurring in the 
sequel have been considered by Brodén [1] and their connection with the 
question of singularity has been recognized by Faber [3] and more particularly 
by Rademacher [11]. 


1. The general case. Lety—f(x) be a continuous, monotone increasing 
function defined on the interval [0,1] such that f(0) —0 and f(1) —1. 
Let yn” for k = 0, 1,- - -,2" denote the image of the point s = k/2" so that 
Then the set {yn*} is a dense set R of points on the interval [0,1], and, since 
f(x) is monotone increasing, 


(2) yt = 4 Ym) according as b/a = 5 /2™. 
> 


The numbers ynë, where & =0,1,- - -, 2, will 7 called the n-th section 
Rn of R. 


Denote by yn°, yn?,° °°, ya the 2” open intervals 
(3) : Yni Ynë Sy < yl; (k =0,1,:- igen Ly 
into which the y-interval [0,1] is divided by the points of R». Each interval 
Yn“ is subdivided into exactly two subintervals yu, and y% For convenience, 


2 Jessen and Wintner [4], Theorem XXXII. 
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one of these subintervals will be denoted by a,*, the other by @n*, the notation 
being fixed so that 


(4) GE Ay and aq + But = yaks b= 0,1,° +, 2"—1, 


where the same letter is used to denote either the interval or its length. Hach 
point y of [0,1] which is not a point of Ra determines, for every n, a unique 
interval y,” such that y is in yx*. The corresponding sequence of intervals 
will be denoted by yx(y). The intervals a,* and @,* into which the interval 
Yn” = ya (y) is subdivided by a point of Rn, will be denoted by an(y) and 
Baly). Now let 


én(y) = [on(y) — Ba (y) V/yn(y) if y is in a (y) 
en(y) = [Bal y) — an(y) \/yn(y) if y is in Ba(y) 


The symbol en(y) will remain undefined if y is a point of Ran. Thus e:(7) 
is a step function defined over the complement of Rus: in [0,1]; also 
=e <en(y) <+1 


THEOREM I. The continuous, strictly increasing function y — f(x) is 
purely singular, mixed, or absolutely continuous according as the set of points 
y for which the infinite product 


(6) D [1 + 6 (9)] 


diverges,’ is of measure one, of measure between one and zero, or of measure 
zero. 
The proof of Theorem I depends on the following 


(5) (n= 0, 1,-° *). 


Lemma I. A continuous function of bounded variation, y = (x), is 
purely singular, mixed, or absolutely continuous according as the variation on 
the set of points at which the derivative ¢’ (x) is not finite is equal to the total 
variation, less than the total variation but positive, or zero. 


This lemma is implicitly contained in the work of Lebesgue [9]. 


Proof of Theorem I. In order to apply Lemma I, notice that the varia- 
tion over the set of points at which f(x) is not finite is equal to the measure 
of the set of points y for which df*(y)/dy is zero, where æ—f"(y), 
0Sy1, is the continuous, monotone, inverse function of y= f(s), 
0Zz<1. Put 


(7) haly) = (5)"/ya(y), (n—0,1,:::), 


3 Divergence of an infinite product is understood to include the case of divergence 
to zero. 


812 PHILIP HARTMAN AND RICHARD KERSHNER. 


so that, by (1), (3), and the definition of yn(y), 


(8) Any) = [F (ya) — FF (Ya) 1/ (Yn — yuk), where ynë < y < yl. 


It is clear from (8) that ha(y) — df= (y)/dy, n >œ, if df*(y)/dy exists. 
Since f*(y) is monotone, its derivative exists almost everywhere on the 
interval OS yX1. Thus 


(9) hay) (>) df (y)/dy, n> œ, 
where the parenthesis enclosing a relation sign means that the indicated 
relation holds almost everywhere. ° 


Now suppose that ynii(y) = on(y); then, by (5), 


An (y) — Bn(y) = en(y)yn(y)- 
Hence, from (4), 


an (y) = byn (y) [1 + en(y)]- 
Similarly, if yna1(y) = Bn(y), then . 
Bu(y) = dya(y) [1 + en(y)]- 


Thus, in any case, 
Yan (y) = dyn(y) [1 + en(y) J, 
and so, since yo(y) ==1, 


(10) yaon(y) = (H [1 + e(y)]. 
From (7), (9) and (10), 


VAU bey) ](>)df(y)/dy, ne, 
that is, 


(11) 1/ [1 + (y) (=) af) /ay. 


Theorem I now follows from (11) and Lemma I in virtue of the remark made 
at the beginning of the proof. 


2. A criterion for pure singularity. A weakened form of the criterion 
for pure singularity furnished by Theorem I may be given which lends itself 
readily to the explicit calculation of particular examples. 

Taxorex II. Jf lim inf Ba(y)/on(y)(<)1, then y — f(x) is purely 

RON 
singular. : 

Proof. Since, by (5), 


__ | #{y) — Baly) 
le I= | Og) EBay) 





__ Baly) 
>+11-#8), 


N 
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it is clear that lim inf [@n(y)/on(y)](<)1 implies lim sup | en(y) | (>)0, 


which in turn implies the divergence of the infinite product (6) almost every- 
where on the interval 0 S y & 1. Hence Theorem II follows from Theorem I. 

A continuous, monotone increasing function considered by Minkowski [10] 
in connection with Lagrange’s theorem on the continued fractions of quadratic 
irrationalities was proved to be purely singular by Denjoy [2]. Denjoy’s 
proof depended on the metric properties of continued fractions. A more direct 
treatment can be obtained from Theorem II as follows: 

For convenience, we shall denote by Pn a point of Ra which is not a point 
of Baai The Minkowski function is determined by the following set R: 
Let Ry consist of the points 0/1 and 1/1; suppose that R, has been defined 
and consists of rational numbers, let p/q, p’/q’ be two successive points of Rn, 


` then (p +p’)/(q + g) is the point Pa between p/q and p’/q’. Note that 
. if p/q < p’/¢ are two successive points of Rn, then g'g — pq’ = 1, so that 


the yn” determined by these two points is of length 1/(qq’). Thus the ratio 
NE /ant is g/q or q/q according as q < g or g < q. In particular, the interval 
v%, determined by Rue whose endpoints are p/q and (2p + p’)/(2q +g) 
is divided by a point P,,, in such a way that 
Bla, = g/(Rg +7) < 3. 


n+2' n+2 


Hence if Pn*/a,* = 4, then neither endpoint of yn” is a point of Ry». and so, 
one is a point Pn-, and the other a point Py. 
Now suppose that na inf [Bn(Y)/an(y)] is 1 on a set of positive measure. 


Then, since BOE Z 1, it. follows that Ba(y)/&n(y)—>1 on a set of 
positive measure, aud so there exists a y-set T of positive measure and a suff- 
ciently large integer N such that Ba(y)/on(y) > 4, if n ÆN and y on T. 
Consider the points of T which lie in a particular yy*. Then this interval 
yx” is divided into four intervals by a point Pr. and two points Pw+s The 
above considerations show that the points of T which are in yẹ” must lie in 
the two intervals determined by the point Py, and a point Pys. Each of 
these intervals is divided into two intervals by two points Py,, and again the 
points of 7 which are in yy* must lie in the two intervals whose endpoints are 
one of these Py,, and the corresponding Py... Continuing in this manner, 
it is seen that there can be at most two points of T in any yy”. This contradicts 
the fact that T is a set of positive measure. 


3. Thesymmetric case. The set R will be called symmetric if the ratios 
Gn*/Bn* are independent of k, i.e., if | en(y) | = «n is independent of y. If 
the larger interval af is always nearer to the point y — 0 than the smaller 
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interval 6,*, the set R will be called lower symmetric. In the symmetric case, 
tormula (5) reduces to 


en(y) = + en if y is in (y) 
en(y) =— en if y is in Bn(y) 


where 0 & en < 1. ‘ 

The case where en is also independent of n has been treated by Faber [3], 
who has shown that in this case dy/dx can take only the two values 0 and + œ. 
These simple functions seem to be the earliest examples of nowhere constant 
purely singular functions. à ° 

Next there will be proved 


(12) (n =0,1,: >), 


Taxorem II. If R is symmetric, then x —f (y) is purely singular 
Lee) 
or absolutely continuous according as Š en? is divergent or convergent. 
n=0 
Since the inverse of a purely singular function is purely singular, Theorem 


[ae] 
III implies that y = f(x) is purely singular if and only if the series Jen? is 


n=0 
divergent. On the other hand, the inverse of an absolutely continuous function 
is not necessarily absolutely continuous, i. e., it may be mixed. However, if Æ 
is symmetric, then y = f (x) is absolutely continuous whenever « = f(y) is 
absolutely continuous. Thus the statement of Theorem III remains true if 
the function «= f* (y) is replaced by the function y = f(x). The proof of 
this fact depends on the theory of infinite convolutions and will be deferred 
to Section 6. 
In order to prove Theorem III several lemmas will be needed. 


Lemma IT. If {en} is an arbitrary fixed sequence for which 0 = en < 1, 
then the infinite product 
h co 
(13) = TE (1 + en) 
n=0 


is convergent almost everywhere or divergent to zero almost everywhere accord- 
& ; 

ing as X en? is convergent or divergent. 
n=0 


The “ almost everywhere ” of the lemma is meant in the usual sense (cf., 
e. g, Steinhaus [14]). A (1,1)-correspondence is defined between the set of 
sequences {+,+,: - -} and the points of the interval [0,1], with the excep- 
tion of an enumerable set on the latter interval. The sign + is made to 
correspond to 0, the sign — to 1. Then any sequence of + and — signs 
corresponds to the dyadic development of a point of the interval [0,1]. Con- 
versely, any point of the interval [0, 1] (up to an enumerable set) has a unique 
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dyadic development which corresponds to a sequence of + and — signs. A 
set of sequences {+, +, : -} is said to be measurable if the corresponding set 
of points in the interval [0,1] is measurable in the sense of Lebesgue; also 


the measure of a measurable set of sequences {+, +,: - +} is defined as the 
measure of its image set. Then the “almost everywhere,” in the statement 
of Lemma II, means “for all sequences {+, +,- +} with the possible 


exception of a set of sequences which has measure zero.” * 


foe) 
Proof of Lemma II. The fact that the convergence of X en? implies the 


n=0 
cônvergence of the product (13) almost everywhere is a well-known result of 


Rademacher [12]. However the entire lemma may be obtained with the help 
_of a theorem of Khintchine and Kolmogoroff [6]. Clearly, the product (13) 


co 
converges if and only if the corresponding sum X log (1 + en) converges. Now, 
n=0 


4It may be mentioned that the fact that the product (13), for a fixed sequence {a} ; 
is either convergent almost everywhere or divergent almost everywhere is a consequence 
of the famous “0 or 1” principle (Cf. Kolmogoroff [8]). An elementary proof of this 
principle for the case under consideration will be given here. This proof may be extended 
to a more general class of problems. 

Let {ô dp + +5 n paot * +} where 6, is a + sign or a — sign, be a particular 
sequence for which (13) converges. Then (13) also converges for any of the sequences 

H,+,...,2#,8,,,8,,,: + +} Now let S be the set of points of the interval [0,1] 
which is the image of the set of all sequences {5 E, for which (13) converges. 
The set S is clearly measurable. Let Y(æx), 0 £x < 1, denote the characteristic func- 
tion of S, i.e, y(x) is 1 or 0 according as x is or is not a point of S. Let the domain 
of definition of #(æ) be extended to the entire æ-axis by the formula y (w +1) —Y(x). 
The above property of the image of S means that Y (w + (3)") =w(#) for all æ and ` 
for all integers n. Thus, ÿ(x) is a periodic, measurable function with arbitrarily small 
periods. Hence, Y (w) is constant almost everywhere. Thus, 8 is either a zero set or 
a set of full measure. 

Added September 28, 1937. Using the method of Kac [Commentarii Mathematici 
Helvetici, vol. 9 (1936-37), pp. 170-171], it is possible to give a simple proof of the 
Burstin theorem [Monatshefte für Mathematik und Physik, vol. 26 (1915), p. 234] 
employed abcve. The theorem states that if g(x) is a measurable function having 
arbitrarily small periods, then g(x) is a constant almost everywhere. Let {Tn} be a 
sequence of periods of g(æ) such that r, >0, 700, The expression 


T+Tn 
M=7,-2 f eig(t)dt 
g 


is independent of both x and r,,, since it is equal to 


T0 


a 
M (eig(t)) = lim T-1 f. eig(t) dt. 
0 


Now, d+Tn 
M =r f eig(tdt (>) eiga), nc; 
œ 


so that, g(a) (=) const. (mod 2r). Application of this argument to cg(#), where c is 
arbitrary, yields g(x) (=) const. (mod 2r/c). Hence g(a) (=) const. 
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oO 

according to Khintchine and Kolmogoro:, the sum X log (1 + en) converges 
n=0 

almost everywhere if the mathematical expectancies 


am = $ log (1 — en?) 


and the mean square deviations 


bn —=4 [ log l =] 


are such that S Ans S bn are convergent series; cf. also Jessen and Wintnêr 
n=0 n=0 


[4], Theorems V and XXXII. These conditions are clearly satisfied if 


wo 
and only if the series Sen? is convergent. Now it may be supposed that 


n=0 


| log (1 + en) | < 1, atleast if n > N, since otherwise the sum 3 log (1 + er), 
n=N 
and hence the product (13), is divergent everywhere. Under this assumption, 


Lee] 
a result of Kolmogoroff [7] implies that ag (1 + en) is divergent almost 


everywhere unless 5 Gn, 3 bn are convergent series, j.e., unless Sa! is con- 
n=0 n=0 


vergent. That the product (13) is divergent to zero almost a if 


Fe? = + œ, may be seen from (15) below. This completes the proof of 


n=0 
Lemma II.. ) 


Lemma III. If BR is lower symmetric, then x = f(y) is purely singular 


o 
or absolutely continuous according as 3 en? is divergent or convergent. 
n=d 
Proof. Suppose y is a point of the interval [0,1] but not a point of the 
set R. Then y determines a unique product 


(14) DL + (9) = D [1 + o(f(2))] =I (1 + a). 


Thus y determines uniquely a particular sequence {+, +,: - -}, by (12). , 
On the other hand, this sequence {-+, +, + +} corresponds to the dyadic 
development of a point æ of the interval [0,1]. The fact that R is lower 
symmetric clearly implies that this x satisfies y = f(x). Thus the convergence 
or divergence of (13) “ almost everywhere ” in the sense of Lemma IT means 


oo 
the convergence or divergence of I [1 + en(f(w))] “ almost everywhere ” in 
n=0 > 
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the usual sense, i. e., for all x in [0,1] with the possible exception of a zero set. 
Now, by (11) and (14), 


(15) T + (F(=) (e). 


In virtue of (15), the proof of Lemma JII is peu by an application of 
Lemma I and Lemma II. 


Proof of Theorem III. Let x be a point of the interval [0, 1] which does 
not possess a finite dyadic development. This + determines a unique y by the 
cofdition y =f (s). Also, y = f(x) determines a unique sequence {+, -+,--°}, 
by (12). This sequence corresponds to the dyadic development of a point @ 
of the interval [0,1]. Thus, there is determined, up to an enumerable set, 
a measure preserving (1,1)-transformation of the interval [0,1] into itself 
by the formula z-> 4%. Now the symmetric set R determines a séquence of 
numbers {en}. Let Ë be the lower symmetric set which is uniquely determined 
by this sequence {en} and let y = f (£), 0 a1, denote the corresponding 
function. Then, 


(16) HU + (TEE + (Fl@)) 


On the other hand, by (11), 


(17) P(e) (=) [A + n(f(@))] and PDT + (F(A). 


Thus, by (16) and (17), - 
F(s) (=) (3). 


So, by Lemma I and the fact that the correspondence x — Z is measure pre- 
serving, it is séen that the function s = f(y) is purely singular or absolutely 
continuous according as the function # = f(y) is purely singular or absolutely 
continuous. Theorem III now follows from Lemma III. 


4 Nowhere monotone, absolutely continuous functions. Theorem III 
makes possible the construction, in a simple way, of functions which are 
absolutely continuous but are not monotone in any interval. Let R be a sym- 

oo 
metric set associated with a sequence {en},0 Se, < 1, for which 3 en? < + œ 


n=0 


w% 
but Xen = + œ. By Theorem III, the function s= f>(y) is absolutely 
n=0 X 


continuous, where y == f(x) is the function defined by R. Let ym” be an 
arbitrary interval determined by Rm. This ym” determines a set (8o, 8:,°-* , 8m) 
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of + or — signs, which are the first (m + 1) + or — signs determined by 


foe) 
any y in ym”. Now, since X en == + œ, it is clear that there exist at least two 


n=0 
sequences {ôo 8," * +, 5m, +, 2£,° * *} such that the product (18) diverges 
to + œ if the + signs in the product are chosen to be those of one of these 
sequences and diverges to 0 if the + signs are those of the other sequence. 


On the other hand, the reciprocal value of I [1 + en(y)] is a limit of differ- 
n=0 


ence quotients for the function  — f+ (y) at the point y. Thus in the interval 
yn" there exist at least two points such that the function æ == f1 (y) ha» a 
derivative number equal to + co at one of these points and at the other a 
derivative number equal to 0. Obviously, the function s == f1(y) —y is 
‘absolutely continuous but not monotone in any y-interval. 

In virtue of the remark following the statement of Theorem III, it may 
be seen that the function y == f(r) —+ is also absolutely continuous and 
nowhere monotone. 


5. The modulus of continuity of purely singular functions. Let 
y = f(x) be a function defined on the interval [0, 1]; let 


w(8) — max | f(z) — f (22) | 


for all +, belonging to [0,1] and such that |2,—2,|=8. Then the 
function w(8) is called the modulus of continuity of f(x). The fact that 
y = f(x) satisfies the Lipschitz condition of order « may be expressed by the 
formula o(8) = O(8*). If f(x) satisfies the Lipschitz condition of order one, ` 
(8) = O (8), then f(x) is necessarily absolutely continuous. The object of 
the present section is to show that in a certain sense this statement cannot be 
improved. 


For every monotone decreasing function (3) which approaches + œ 
as 85-—>-+ 0, there exists a continuous, strictly increasing, purely singular 
function, y = f (x), for which (8) = O (8p (8) ). - 3 


Proof. The function y == f(s) will be chosen to be of the type considered 
in Section 3, i. e., it will be defined by the construction of a symmetric set R. 
Tn fact, every én Will be chosen to be either 0 or a fixed constant 60<e<cl. 
If en is chosen in this manner, the set R will clearly be dense. Furthermore, 
by Theorem III, f(x) Lu be purely singular if en = c for infinitely many 
values of n. 

Now it is clear that 


s 
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w(2-*) S2max yh = 2-8" (1 6). 
Thus we obtain i = 
(18) o(8)/2"4(2") S21 (1 + 6)/6 0). 
Now, since ¢(2-) increases indefinitely with n, there exists a monotone 
sequence of positive integers {kn} such that 
(19) PCR) > (1+ 0)” (n =0,1,° + +). 


Now put e; = c or 0 according as j does or does not belong to the sequence {Kn}. 
Then 


n-1 
(20) H(l+e) = (1+c), where ki Sn—1 < kin 
j=0 


Thus it follows from (18), (19), (20) and the monotony of (8) that 


` (21) (2) /2"p (2) E (1 + c)/p(2™) S2. 
Now let 2-1 < $82, then (8) Sw(2"). Also 
(22) o(8)/8 S [o(2™)/2] [2/8] S 2[o(2™) /2"]. 


On the other hand, $(8) > (2), so that, by (21) and (22), 
o (8) /8$(3) S 2o (7) /2"p (2) S 4. 
This completes the proof of the italicized statement above. 


6. Certain Poisson convolutions. Let on = on (x) denote the distribu- 
tion function 


on(t) =0, — © <r); 
(23) on(t) =3(1+ en), 0<z= (3)™; 
on(z) = 1, (2) <s <+; 
OS en <1; n=0,1,:::. Thus o,(+) is the step function with the jump 


(1+ er) at s =0 and the jump 4(1— er) at z = (4)™". Clearly, the 
convolution 


+00 
eee E f co(£ — £) do, (£) 
-00 
is the step function with the jumps 


(4)2(1 +e) (1a) at o=0, 
(4)2(1 +6) (1—a) at s= (4)% 
(4)2(1—e)(1-+e) at c—2(4)% and 
(4)2(1—e0) (1— e) at = 38(4)*. 
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Similarly, the convolution 


(24) : T(@) =o * 01 > * * On = Tny * On 


has jumps (4)"* Il (1 + «;) at the points &/2"7, k=0,1,-- -,2°*—1L. 
j=0 


The arrangement of + and — signs in the product which represents the 
jump of 7, at the point &/2"* is the same as the arrangement of zeros and 
ones in the finite dyadic development of the point &/2™. Let y*ni. denote 
the Jump i 


e 
(25) Ynn = (G) 2 (1 = g), (k = 0, dash +, 22 — 1) 
j=0 

of Tn at the point v = £/2"*, Let 
(26) Ynat => Yni (k =0,1,:°°, g), 

j<k 
so that i 
(27) en (1/2) = Yna. 


Now, by (25) and the remark concerning the arrangement of + signs and 
— signs in (25), it is clear that f 


pave = ty na (1 + Ens2) and ye = fyënn (1 — en:2), 
so that 
vi + = Pn 


Thus, by (26), 


(28) Y nat = ye 
From (27) and (28) it is seen that 
(29) tm(b/2"*) = YP nats (m = n) E 


Now let r(x) denote the infinite convolution 
(30) r(x) = go * 01 woene -= lim r, (+). 
RO 
The conditions for the convergence of this infinite convolution are satisfied in 


the case under consideration for any choice of {en}, OS en < 1; cf. Jessen 
end Wintner [4], Theorem V. It will be supposed that 


(31) (HA (1+4) 30, (n> ©). 


°” This assures the continuity-of s(x). Now, comparing (29) with (30), 


(32) r (1/201) = yng. 
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Thus, by (1), the set of points y*,.. is the section R,., of the set R associated 
with r(x). Furthermore, by (26), the y“, defined by (25) are exactly the 
intervals y*n., determined by Anu (cf. (3)). Comparing (10), (12), (25) 
and the definition of a lower symmetric set R, it is seen that the set R asso- 
ciated with the function (30) is lower symmetric. Conversely, any continuous, 
strictly increasing function associated with a lower symmetric set R is the 
infinite convelution of Poisson distribution functions (23). 

Tt has been shown by Jessen and Wintner ([4], Theorem XXXV) that a 
continuous infinite convolution of step functions is either purely singular or 
absolutely continuous. Thus a function y == (æ) for which the corresponding 
set Æ is lower symmetric is either purely singular or absolutely continuous. 
On the other hand, it has been shown in Section 3, Lemma III, that y —r(x) 
is purely singular if and only if Se? = + œ. It follows that y = r(x) is 


n=O 


. [se] 
absolutely continuous if and only if Sen? < + œ. 
ñn=0 


By the use of a measure preserving transformation on the y-axis similar 
to that introduced in the proof of Theorem ITT, this statement can be extended 
‘to apply to the general symmetric case. 


Tuuorum IV. If R is symmetric, then y=f(x), together with 


oo 
x = f” (y), is purely singular or absolutely continuous according as 3 ex? is 


n=O 
divergent or convergent. 
It should be noted that, in the definition (23) of on(x), it was not 
essential to restrict e» to be positive. In fact, let p.(x) be any distribution 
function of the form 


i pn(z) = 0, — o <z<0; 
(33) palT) == Qn, 0< 2 SS (4)**; 
pat) = 1, A <rc io; 
0<qn <1; n—0,1,---. Then, if the infinite convolution po # pi #* * : 


is continuous, it is of the type considered in Theorem IV. Thus 


THEOREM V. The infinite Poisson convolution po * p,*: -> of distribu- ` 


n 
tion functions (33) is continuous. if and only if IE max (q;, 1 — q;) — 0, 
jįj=0 
n— -+ ©. If continuous, it is purely singular or absolutely continuous, along 
C9 
with its inverse,.according as X (q; — à)? is divergent or convergent. 
j=0 
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PLANAR GRAPHS WHOSE HOMEOMORPHISMS CAN ALL BE 
EXTENDED FOR ANY MAPPING ON THE SPHERE.* 


By V. W. Apxisson and SAUNDERS MacLanz. 


a Introduction. Certain conditions have been found under which a given 
homeomorphism of a given point set on a sphere can be extended to the sphere.* 

It is the purpose of this paper to characterize the cyclicly connected planar 
graphs ? G such that in every map of G on the sphere every homeomorphism 
of G into itself can be extended to the sphere The characterization will use 
only internal properties of the graph G, defined in G without reference to a 
map of G on any other space. 

It is known that the extendability of a homeomorphism of a map of G 
depends on the behavior of the complementary domain boundaries of the map 

‘under the homeomorphism. Therefore the procedure for our problem is a 
study to determine which simple closed curves of a given graph can be 
boundaries of complementary domains of a map of a graph. 

Definitions. The circuit * J of a cyclicly connected graph @ is called a 
bounding circuit of G provided that for any two distinct maximal connected 
components, N, and N2, of G—J the sets V,-J and W.:J lie respectively 
on two distinct ares AXB and AYB of J5 


* Presented to the Society, December 30, 1936. Received by the Editors February 
6, 1937; revised April 8, 1937. ; 

1H. M. Gehman, “ On extending a homeomorphism between two subsets of spheres,” 
Bulletin of the American Mathematical Society, vol. 42 (1936), pp. 79-81; V. W. Ad- 
kisson, “ Cyclicly connected continuous curves whose complementary domain boundaries 
are homeomorphic,” Comptes Rendus des séances de la Société des Sciences et des Lettres 
de Varsovie, vol. 23 (1930), Classe JIT, pp. 164-193. (Referred to in this paper as 
Thesis); V. W. Adkisson, “On extending a continuous (1— 1) correspondence of con- 
tinuous curves ou a sphere,” ibid., vol. 27 (1934). 

*For a discussion of cycliely connected curves in general see G. T. Whyburn, 
“Cyelicly connected continuous curves,” Proceedings of the National Academy of 
Seicnees, vol. 13 (1927), pp. 31-38. A eyclicly connected graph is also non-separable. 
See H. Whitney. * Nou-separable and planar graphs,” Transactions of the American 
Mathematicul Society. vol. 34 (1932), p. 339. 

3 This paper is the outgrowth of a problem originally suggested by Professor 
J. R. Kline. 

1 A circuit is a simple closed curve. 

€“ Bounding circuit ” is equivalent to “ boundary curve” as defined by S. Claytor, 
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Note that each set Ñ; - J consists of only a finite number of vertices of G. 
These vertices may be called “feet” of Nj. 

A split-circwit of G is a bounding circuit J such that G— J contains at 
least two components. The chief result of this paper may be stated in the 
following theorem. 


THEOREM C. Every homeomorphism of the cyclicly connected graph G 
into itself is extendable in every map of G on the sphere if, and only if, for each 
split circuit J and every homeomorphism o of G such that o(G) =G and 
o(J) Jd, the sets (@—J) and J-a(J/) each consists of two maximal cone 
nected ‘components. 


The final theorem (Theorem D) characterizes more precisely the com- 
binatorial structure of the graphs G satisfying the conditions of Theorem C. 
Specifically, such a graph either is a graph with just one map on the sphere 
or else is a graph with at most four essentially distinct homeomorphisms. 


Lema 1. Let the vertices p and q of a graph G lie on a circuit J of G, 
and in a map of G on a sphere S let R be one of the regions of S bounded by J. 
Then there is a complementary domain € boundary of G which contains both p 
and q and which lies in È if, and only if, there is no open arc of G in R which 
has ends on J and whose ends separate p and q on JT 


THEOREM A. If J is a circuit of G, then G can be mapped on a spheré ; 
so that J is a complementary domain boundary of G if, and only if, J is a 
bounding circuit. 


This theorem can be proved by the following procedure. Take any map 
of G in which a certain component of G—J, say N, lies “outside” J.? One 


“ Topological immersion of peanian continua in a spherical surface” Annals of Mathe- 
maties, vol. 35 (1934), p. 809. A simple closed curve J of G is called a houndary curve 
of @ provided that there do not exist in G@—J distinct components N, and N, such that 
(1) a point-pair of ¥,.J separates a point pair of Ñ. J on J, or (2) Ñ,- J = Ny. J = 
three distinct points. Both definitions will be found useful in later proofs. 

SA “complementary domain” will refer always to a domain complementary to 
some given map of G on a sphere. “Complementary domain boundary” will be abbre- 
viated as “c. d. b.” | 

TThis lemma follows from a lemma by Kuratowski, “Sur les courbes gauches,” 
Fundamenta Mathematicae, vol. 15 (1930), p. 274, Lemma ITI’; it can also be proved . 
directly for graphs by more elementary combinatorial arguments. 

8 This is Proposition K of Claytor, loc. cit., p. 828. 

° Tt is sometimes convenient to refer to the two regions of a sphere bounded by a 
creuit J as “outside” and “inside” of J. f 
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is able to show then, from the definition of a split-circuit, that the feet of N 
all lie on one c. d. b. of G “inside” and on J. Hence the given map can be 
altered by mapping N inside J instead of outside J. Proceeding in this manner 
we obtain a new map of G with all of @ inside and on J. 


COROLLARY 1. If there is only one component of G— J the circuit J is 
ac. d. b. of any map of G on a sphere. 


COROLLARY 2. If J is a split circuit, G can be mapped so that J is not a 
€. d.b. of G. 


CoRoLLARY 8. Thec.d.b. J of a map of & will have a disconnected inter- 
section with some other c.d.b. of the map of G if, and only if, J is a split 
circuit. 


Proof. The condition is sufficient. If J is a split circuit there are at 
least two components, N, and Na, of G—J, while J is composed of two ares 
AXB and AFB, such that N,-J lies in AXB and N.-J in AYB. Since G is 
cyclic, Ñ, + J is not a point, and A and B can be so chosen as to both belong 
to N,-J. Let R be the complementary domain of G bounded by J and set 
R,=S—R. Now A and B both lie on a c. d. b. K of G with K C R,. |For 
if not, by Lemma 1 there would exist a component N of G—J such that! two 
points of Ñ- J separate the points A and B on J and J would not be a split 
circuit. Since there is a component N, of G—J such that N.-J C AFB, 
the are AYB cannot be a subset of K, except possibly when Ñ.: J = A + B. 
In this case a different choice of K readily gives the result. In like manner 
the arc AXB is not a subset of K. Therefore, since A and B are common to 
both K and J, K-J is disconnected. 

The condition is necessary. Suppose G is mapped so that the c. d.b. 
J of G and the c. d. b. J; of G have a disconnected intersection F, Let F, and 
F, be two points in separate maximal connected subsets of this intersection. 
Then the removal of F, and F, disconnects G. For let the open are <F X Fay 
he auy arc lying in the domain complementary to G bounded by J and ¢F, YF. 
an are lying in the domain complementary to G bounded by Jı. The simple 
closed curve F,XYF.YF, has only the points F, and F, in common with G and 
disconnects G. Then F, and F, separate G into two components and neither 
component consists of a single arc, for otherwise F, and F, would belong to 
the same connected subset of F, contrary to assumption. Therefore there must 
exist two or more components of G — J, and since J is ac. d. b. of G, Theorem 
A shows J to be à bounding circuit. Then J is a split circuit. | 


wee) 
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THEOREM B. In any mapping of G on a sphere S there are two com- 
plementary domain boundaries of G with a disconnected intersection if, and 
only if, G contains a split circuit. 


Proof. The condition is necessary from Corollary 3. 


The condition is sufficient. Suppose G contains a split circuit J. Let 
N, and N: be two components of G— J and divide J relative to N, and Ne 
into two arcs AXB and AYB with A and B in N,-J , as in the proof of 
Corollary 8. Since J is a split circuit, every component M of G— J satisfies 
either # -J C AXB or M -JCAYB. Hence G—(A-+B) consists of two? 
mutually separated sets; H, = <AXB>-+N, plus all components M, except 
Ni, with # -JC AXB, and H,=<AYB>-+N, plus all remaining com- 
ponents of G—J. Ares of both sets H, and H, end on A, and so among the 
c. d. b.’s of G passing through ‘A there will be at least one c. d. b. K containing 
arcs in both H, and H.. Thus K must pass through A and B, the only points 
common to H, and H.. Since A and B disconnect G into H. ı and H., neither 
one an arc, K also disconnects G, so that K is a split circuit. Itis also a e. d. b. 
of G, so that by Corollary 3 it has a disconnected intersection with some other 
c. d. b., as asserted. 


Proof of Theorem C. The conditions are necessary. First suppose o(J) 
does not contain any points of a component N, of G — J. Take a map of G 
in which J is a c. d. b. of G. As o is extendable, o (J) must also be a c. d. b. 
of this map. We can map N; in the complementary domain of G bounded by J 
and leave G— N, fixed. But this gives a new map of G in which J is not a 
c d.b. while + (J) remains ac.d.b. But then o* cannot be extended to the 
sphere," contrary to assumption. Hence o(/) contains points in every com- 
ponent of G—ZJ. 

Since there are at least two components N, and N, of G — J, «(/) to pass 
from N, to Nə must contain points in J and also points not in J. Let 


J-a(J) consist of k connected pieces, g1, ga, * *, x, each piece an are or a 
point. Then J—J-o(J) consists of & arcs Fi, Fo,- , Fr, where the notation 
is chosen so that 

(1) J = Fi + gi + Fe H get: Fit ge 


in the cyclic order shown. Because J and o(J) are both c.d. b/s of G, it 
follows readily that the points of g,,- - +, gẹ are arranged in the same cyclic 


10 Thesis, Theorem 2. If M is a cyclicly connected continuous curve lying on a. 
sphere S, and T a homeomorphism such that T(M) =M, a necessary and sufficient 
condition that T be extendable to S is that for every c. d. b. J of M, T(J) be also a c. d. b. 
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order on o(J) as on J. Hence the ares of o(J) —J-o(J) can be so denoted 
by fi, fo’ > < fx that the cyclic order of arcs on o(J) is 


(2) oJ) = fı Æ gı + f2 get: i -+ fr E gr 


The ends of f; can then be so denoted by 4; and B, that these points appear 
on J and on e(J) in the cyclic order 4,B,4,B,- © - AzBx. 

The circuits J and o(J) together divide the sphere into k -+2 regions 
with the boundaries J, o(J), and f;-—F: ((=1,---+,%). As J and o(J) 
age c.d.b.’s of the map of G, the rest of G lies in the regions bounded by 
fi + Fa But each component of G—J must contain some points of o(J) 
and hence some arc fi. Therefore each closed region bounded by an fi- Fi 
contains exactly one component N; of G— J, and there are k such components. 
Because o carries J intoo(J), G@—o(/) must also have 4: components; namely, 
Nit Fi — (fi -+ Ai + Bi). 

Suppose now that there were three (or more) components of G—J. We 
can map N, in the complementary domain of G bounded by J, leaving the 
rest of G unaltered. This simply interchanges fı and F, in the boundaries J 
and «(J), so that there results a map of G with the c. d. b., 


K=f; + For Fit (J+ (oJ)), L=Pi + fet fet (J: (od)). 


These are the only c.d. b. containing J-o(J), because every other e. d.b. is 
contained in one of Ni- Fi. Since o must also be extendable in this map, 
it must carry K into K or L. But o carries J into o(J), hence carries each 
F, into some f;, and carries K into ac. d. b. containing o(f,), k — 1 of the fy, 
and J: (oJ). As this c. d. b. can be only L, and F; is in L, we have o(f,) = Fy. 
By the same argument, o(f;) == F, for every à. 

But o must leave fixed each end A, and B, of fı, for otherwise o(A,) == By, 
o(B,)== A, which is impossible since o(Ai~ Bi)= Ai +B; ((=1,2,:--+,h) 
and k 28. This contradiction shows oA, = Ai, cB, = B,. 

‘Then also of, = Fi, o(F,) =f, and o must carry N,  F, into itself. 
There is then another homeomorphism o”, equal to o on N, and to the identity 
elsewhere. This o’ carries the c. d. b. J into (J — F1) +f, which is not a 
e. d. b., so that o’ is not extendable in this map, contrary to hypothesis. The 
assumption of more than two components of G-——J is thus inconsistent. 
Therefore G—J consists of two pieces N, and No, and we have already shown 
that J-o(J) consists of two connected pieces, namely two arcs (or points) 
B,A, and B.A,. Therefore the conditions of the theorem are necessary. 

The conditions are sufficient. We need only show for each bounding 
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circuit J that in any map in which J is ac. d. b. of G, o(J) must be ac. d. b. 
of G. (Thesis, Theorem 2). Consider a map in which J is a c. d.b. of G. 
If J is not a split circuit then o(J) is not a split circuit and must be ac. d. b. 
of G. (Corollary 1, Theorem A). If o(J) =J the case is trivial. Hence, 
assume o(J) 4 J. Denote the two components of J : o{J) by « and 8. Then 
J consists of four parts F,, a, Fa, B in that cyclic order, where F, and Fo are 
arcs, a and 8 may be arcs or points. The circuit o(J) consists of four arcs 
fo % fe, B in that cyclic order, where f; and F; have end points in common. 
Hence J -+o(J) divides the sphere into four regions, 11, 12, re, Ta, With the 
respective boundaries: J, o (J), fı + Fi, and fo Fa. e 

Now the ares F, and F, of J belong to distinct components of G—o(J). 
For otherwise there would be an are f of G@—o(J) joining F, to F, and it 
readily follows that part of this are f must lie in the region rı, contrary to the 
fact that 7, is a complementary domain of G. 

Suppose now that o(J) is not a c. d. b. of Œ. Then there are ares of G 
in re bounded by o(J), so that at least one component of G—o(J) is con- 
tained in this region. But there are at least two other components of G —o({J) 
(those containing F, and F,) not in rə. Hence there are at least three com- 
ponents of G@—o(J). But this is impossible since there are only two: com- 
ponents of G—4J by hypothesis, and o carries components of G@—J into 
components of G—o(J). Therefore, o(J) isac.d.b. of G and the theorem 
is proved. 

We shall now obtain other necessary and sufficient conditions that eyery 
homeomorphism of G be extendable in every map. These new conditions will 
give in some detail a more complete characterization of the graphs G. 


Lemma 2. If every homeomorphism of G into itself is extendable in 
every map on the sphere, and if for some homeomorphism o, some split circuit 
J and some component N, of G—J,a(J) =J and o(N;) = Nj. then o has 
two fixed points on J. 


Proof. Because J is a split circuit we can choose an arc F = AYB of J 
such that F contains only A and B from W, -J, while F contains W,-J for 
some component N, of G—J. Map G with N, inside J and all other com- 
ponents of G@— J outside J. There is then inside J a domain complementary 
to G whose boundary K contains F. Furthermore K = F -+ f, where f is an 
open arc of Na. 

Suppose first that «(K) =K. Then o(J) =J implies that o(f) =f, 
o(F) =F and hence that o(A-~+B)=A+B. If A and B remain fixed 
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we have the two desired fixed points. If A and B are interchanged by o, there 
is a fixed point on™ F = AYB and also a fixed point on J — F. 

Now assume o(K) 4K. The component N, is separated from G—N, 
by F and hence by K = F -+f. Therefore K is a split circuit and W, a com- 
ponent of G—-K. Theorem C applied to K shows that o(K) contains an 
are of Na. But this is impossible since o(K) consists of an. arc of o( J) = J 
and an are of oN, = N,, neither in No. Therefore o(K) == K and the lemma 
is proved. 

Two homeomorphisms o and r are considered identical if o(G@) = G, 
T(G) == @ such that branch points that correspond under o also correspond 
under r, and edges that correspond under o correspond under r. (An edge of 
G means an arc of @ joining two branch points, but containing no other 
branch points. ) 


Tarore D. Hvery homeomorphism of a cyclicly connected graph G into 
itself is ectendable in every map of G on the sphere if, and only if, at least one 
of the following conditions holds: 


I. Every split circuit of G is invariant under every homeomorphism o. 
If there is a split circuit, then there is at most one o Æ 1. 


TI. No split circuit is invariant under any o 41; there is only one 
homeomorphism o5£1 and this o is of order 2. For any split 
circuit J, G—ZJ consists of two connected pieces N, and Nz; 
J-oa(J) consists of just two connected pieces M, and Ms, and 
o(N,) = a subset of N, plus an arc of J, o(N2) = a subset of Ne 
plus an arc of J, o(M,) = Me, o( Ms) = Mi. 


III. There are in G only four split circuits, Jı, Jo, Js, Ja and only two 
topologically distinct maps of G on the sphere are possible. The 
complementary domain boundaries of each map include exactly two 
split circuits: Jı and Ja in one map, and Js, Js in the other map. 
Any o is of order 2 and either carries every split circuit into itself 
or else interchanges both J, and Ja, and Ja and Ja. There are at 
mosi four distinct o’s, including the identity. 


Proof. Suppose every homeomorphism of G extendable. 


Case 1. o(J) = J for every homeomorphism o and every split circuit J. 
If some o leaves some split circuit J pointwise fixed then o is the identity. 


uW. L. Ayres, “ Concerning continuous curves and correspondences,” Annals of 
Mathematics, vol. 28 (1927), p. 402. 
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For, map G so that J is a c. d. b. of G, and extend o to be a periodic homeo- 
morphism o’ of the sphere!? Since this o” has a circuit of fixed points 
Hilenberg’s results 1* concerning periodic transformations of a sphere show that 
the extension o” is either the identity or is homeomorphie to a reflection in J. 
In the latter case o” would take G—J, on one side of J, into something on 
the other side of J; but there is nothing on the other side of J since J is a 
c. d.b. of G. Hence « must be the identity, as asserted. 

Consider now any split circuit J and any component N, of G—J. As 
in the proof of Lemma 2 choose a split circuit K = f + F, where fC N, and 
FCJ. For.any o, the hypothesis of Case 1 shows that o(K) = K,o(J) =” 
and hence that o(#) =F. Let A and B be the ends of the are F. If A and B 
are each invariant under o, then every edge and branch point of J is fixed 
under o, and æ is the identity. The only alternative is for o to interchange 
A and B. ; 

If there were two homeomorphisms ø and +, neither the identity, then 
both o and r must interchange A and B. Since o-7 leaves A and B fixed, 
it therefore will be the identity, so that e = 7. Hence there is, as asserted in I, 
only one homeomorphism not the identity. 


Case 2. For some split circuit J, and some o; o(J) #J. By Theorem C 
there are then only two components N, and N, of G—J. Introduce the 
subarcs F, and F, of J and the subarces f, and fs of o(J) as in (1) and (2) 
in the proof of Theorem C, and consider the four split circuits, | | 


(3) J, (J), Faf: tT oF), pt P24+J:o(J), 


composed of J, fı and fe. We shall show first that if G contains a split circuit 
K, other than one of (3), then K must lie entirely in one of the sets 
Hi =N; +F; (i=1,2?). 

Suppose G contains a split circuit K that is not one of (3) and has points 
in both H, and H. Let gi be the arc of K that lies in H; and A and B the. 
ends of F,. Then the circuits K and L (= K — ga + F) each pass through 
A and B. Now one of the ares, say gı, must be different from F, and from fi, 
and L is a split circuit; for any two components of G — L with feet on the are 
L— F, must have feet on distinct arcs (except for end points) of L since 








“Since @ is a graph (consisting of a finite number of vertices and edges) any 
transformation øe such that o(@) == @ is necessarily periodic with a finite period k. 
Hence, if o is extendable to the sphere, a transformation o’ of the sphere into itself can 
be so defined that o’ = e for points of G and that o’ is periodic of period k. 

*8. Hilenberg, “Sur les transformations periodique de la surface de sphere,” 
Fundamenta Mathematicae vol. 22 (1934), pp. 28-41. 
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they are on distinct arcs of the split circuit K, and there is only one component 
N, of G—L with feet on F.. If Gis mapped so that J and o(J) are both 
e.d.b.’s of the map of G, the region R inside f,-+F, (i.e. the region not 
containing F2) is cut by the are gı. Since o(J) 4J it follows easily that 
o(L) = L, and from Theorem C, G— L has only two components. But since 
the region R is cut by the arc g, of L there must be two components of G — L 
in À and one component N, in H., making three in all. Therefore, no split 
circuit except those in (3) has ares in both M, and If». 

Suppose o(H;) = H;. Then o(J) J, o(fi) =F; and o(Fi) — fi. 
F&rthermore, if the end points of F; remain invariant under o it is possible 
to define a homeomorphism r equal to o on H, and to the identity on G— H. 

- Then r is not extendable (Theorem C) contrary to assumption. Hence the 
end points of F; are interchanged by o. Suppose now that H, contains a 
split circuit K such that o(K) =K. Then K is in Æ, the “inside” of fı -+ F. 
Let R, be the region “outside” f, + F,. Extend o to be a periodic trans- 
férmation o” of the sphere. Since H, lies in Ra, o’ (R2) = Rə. The periodic 
transformation o’ of Rẹ must be homeomorphic to a rotation or to reflection * 
of À. The latter is impossible as o” has no fixed points on the boundary of Rə. 
The “rotation ” o” thus has a fixed point in Re, and by Lemma 2 o” has two 
fixed points in Ry. But fı -+F is fixed under o’ so that o’ must be homeo- 
morphic to a rotation of the sphere, although a rotation of the sphere cannot 
have a fixed circuit and three fixed points not on this circuit (Hilenberg). 
Hence o(K)  K so that G contains no split circuit invariant under ø. There- 
fore, if there is no homeomorphism of G sending H, into He, o is the only 
homeomorphism not the identity. This follows as in the last paragraph of 
Case 1. Then o? = 1,5 and we have condition II. 

The only possibility remaining is that some o has o(J) «J with 
o(H,) = H, and o( H) = H,. Suppose a split circuit K lies in H,. Then 
o(K) 54K and there are only two components of G— K. One of these com- 
ponents must contain H., and the other must lie in H,. Now o(K ) must 
contain an arc in each of these components, and hence must have an are in H. 
But this is impossible since o() must lie in H». Therefore, G contains no 
split circuits other than (3). 

Since c. d. b. must go into c. d. b. each of the following six o’s is possible. 
oi(Fi) = fi, o1 (fi) = F; (as in Case II, interchanging A; and Bi, where 
A; and B; are end points of Fi); o2(F1) = Fə, oo( Fe) = Fa, o2 (fr) = fra, 
o2(fo) = fı (where A’s go into B’s and B’s into A’s): o'a the same as on, but 








14 Bilenberg, loc. cit. 
15 Since o? leaves J pointwise fixed o° is the identity. 
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A’s go into A’s and B’s into B’s; o3(F1) = fao o3(F2) = fi, o3 (fr) = Fe, 
o3(f2) =F, (A’s into B’s and B’s into A’s) ; o's same as og but A’s go into A’s 
and B’s into B’s; o4(Fi) = Fi, o1(fi) = fi interchanging A; and Bi. Now 
the following pairs cannot occur for the same mapping of G: (01,04), (0, 08), 
(o’2, 0°3). For suppose o, and o, both exist for a given G. Then oso, (Fi) = fi, 
o,o: (fi) =F; leaving A; and B; fixed. But we have shown above (Case IT) 
that there is no homeomorphism (other than the identity) leaving the end 
points of F; fixed and carrying H; into H;. A similar contradiction may be 
obtained for the other two pairs of homeomorphisms. Therefore, there are at 
most three distinct homeomorphisms (excluding the identity) for any particu- 
lar mapping of G. 

The following relationships hold for the various o’s : o201 = 0's, o'201 == 03, ` 
C0, = a 0204 == o'z. 

Furthermore, since each of the above o’s is such that o? leaves at least one 
circuit of fixed points, it follows that o° = 1 in each case (Bilenberg). 

This establishes Case III, and the necessity of the given conditions. 

The sufficiency of any one of the above conditions follows from Theorem C. 

A further characterization of G when condition I is satisfied may be 
obtained by using Lemma 2. Let J be a split circuit with the invariant points 
X and Y. Then J can be expressed as the sum of two ares, AXB and AYB, 
so that the feet of any component of G—J lie entirely on AXB or entirely 
on AYB. Let N, be a component of G—J with feet on AXB. Let 
AXB=ApXqB. Then for any point of Ñ: J lying on (ApX — Z) there 
is a corresponding point of Ñ,- J lying on (Y¥qB—-X). 

In Case IT, o can be shown equivalent to a rotation of the sphere s through 
180° about two invariant points, one lying in the region of S bounded by 
fi + F, that contains H,, the other in the region of S bounded by fa -+ F, that 
contains H. 


COROLLARY. If G satisfies the conditions of Theorem D, then G either 
has no split circuits, or has four split circuits and at most four distinct homeo- 
morphisms, or has at most iwo homeomorphisms. 
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GEOMETRIC CHARACTERIZATIONS OF INVARIANT PARTIAL 
DIFFERENTIAL EQUATIONS.* 


By Aaron Frazxow.t 


1. Introduction. This paper deals with a system of curves 
(2.1) f(t, T2) =¢ 


on an oriented two dimensional Riemannian surface element whose metric 
tensor is? gi; so that | 
(1.2) ds? = gijdæidæ;, | gis | > 0. 


` It is assumed that f(a, 2) is the solution of certain partial differential equa- 
tions which involve the components of the metric tensor and their derivatives. 
The form of the equations which we consider is unchanged by an isometric 
transformation of the surface or by changes in the codrdinate system (s). 
This means that the curves (1.1) which are solutions must have geometric 
peculiarities which we investigate. 

For this purpose, it is useful to construct the orthogonal trajectories of 
(1.1). Then the geodesic curvatures of the two curves passing through each 
point and their tangential and normal derivatives are defined and are intrinsic 
quantities.® The intrinsic characterization of the system (1.1) which is sub- 
ject to various invariant differential conditions is given as relations among 
these geodesic curvatures and their directional derivatives.‘ In the final sec- 
tions, we derive equivalent geometric properties of a more synthetic nature if 
the surface is developable. We also indicate new characterizations of de- 
velopable and minimal surfaces. 


* Received December 14, 1936; revised May 5, 1937. 

1 National Research Council Fellow. 

2 As is customary in tensor analysis, an index which appears twice is to be summed 
over the range I, 2. 

# A detailed study of the intrinsic differential geometry on a surface appears in 
Graustein, ‘ Méthodes Invariantes dans la Géométrie Infinitésimale des Surfaces,” 
Mémoires de VAcadémie Royale de Belgique (Classe des Sciences), (2), vol. 11 (1929), 
and “ Invariant methods in classical differential geometry,” Bulletin of the American 
Mathematical Society, vol. 36 (1930), pp. 489-521. Cf. in particular the sections on 
differential invariants. | 

# Similar characterizations are given by the author in Proceedings of the National 
Academy of Sciences, vol. 19 (1933), pp. 543-548. 
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2. Some invariant relations for an orthogonal net. A single infinitude 
of curves is given by (1.1). We may introduce new orthogonal curvilinear 
codrdinates 

U = U (T1, To), . V= V (T1, T2) | 


so that (a, £2) = f (xs, %2). Then the given orthogonal net is equivalent to 
the parametric curves 
(2.1) =c 


(2.2) u= C. 
The metric tensor may be written as 
(2.3) ds? = 62400) Que 4. eB que, 


The geodesic curvature of a curve of (2.1) and its tangential and normal 
derivatives at a point are represented by y, ys and yx. The symbols for the 
corresponding curve of (2.2) are T, Ty and Ty. An analogous notation is 


used for higher derivatives with the understanding that yns = LT . The 


arc length of curves of (2.1)-and (2.2) is denoted by s and S respectively. 
‘The positive tangents and normals are oriented so that 


(2.4) ds——aN,  dn—ü8. 


We shall use the following symbols for differential invariants which occur 
in our work: 5 


Af = gff, 

Aaf = gf, aj 

Asf = gig’ [faf 5 ım — fif, ifin] 
Af = 3949" [f f, im — fiif, tm]. 


Of course, Aif and Af are the well known first and second Beltrami parameters. 
We note that since | g:;| > 0, Af > 0. Hence division by Aif is always 
permissible—a fact we shall use frequently in what follows. When there is 
no ambiguity we shall write A; for Aif. 

In the codrdinate system (u,v) having the metric tensor (2.3), the 
expressions for the geodesic curvatures of (2.1) and (2.2) as well as the 
A’s is greatly simplified. This makes it easy to verify ° that the following 
relations hold for any orthogonal net: 


ë The comma in the subscript denotes covariant differentiation as in Eisenhart, 
Riemannian Geometry, p. 26. 
®*Some of the details of the calculations necessary to derive (2.5) to (2.12) are 
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(2.5) (Ay)s =— 29 Ay 
(2. 6) Az = A1 (A )n — yAr* 
(2.7) (Ac)s =— (ys + T's) Ai — 2T A, 
(2. 8) A, =— y4" 

. (2.9) (As)s = (8yr — ys) Ai”? 
(2. 10) Ay =$ (y (A) —T(A:)s). 


The Gauss equation is equivalent to? 


(2.11) K =y, + Iyn — y TI 


where K is the Gaussian curvature of the surface. Every point function h (%1, £2) 
salisfies the integrability condition § 


(2. 12) hen — hns = yhe + Thn. 


These equations are useful in the characterization of the solutions of various 
invariant types of differential equations. 

We first prove that an analytic orthogonal net is completely determined 
by the values of y, T and their derivatives at one point. By the classical theory, 
the values of 


(2. 18) Yo Ys. Yss> ` | 
and 
(2.14) T; Ts, Pss, > > 


determine the curves of (2.1) and (2.2) respectively passing through the 
point if the initial direction of one of them is given. We refer to these curves 
as the base curves. It will suffice to prove that through each point of the base 
curve of one family which is sufficiently near the given point there passes a 
unique curve of the orthogonal family. At any point of the base curve of 
(2. 2), the corresponding curve of (2.1) depends on the values of the quanti- 
ties (2.18) at this point. But these quantities are determined at any point 
of the base curve of (2.2) by equations of which 





given in a forthcoming paper which characterizes the solutions of A,f—F(f) and 
A.f = af + b and gives some physical applications. 
7 Cf. Darboux, “ Lecons Sur La Théorie Générale des Surfaces,” vol. 3 (1894), p. 131. 
8 This condition is a special case of general integrability conditions which for an 
n-dimensional Riemannian space are due to Ricci. Cf. Eisenhart, loc. cit., p. 99 and 
Graustein. Bulletin, loc. cit., pp. 497-499. 
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= (rot (ya)o S + F (Yra) SE 
y= (ys)o° (ysn) 0° s+ (ysnn) 0° i 


are the first two. Thus the corresponding curve of (2.1) is fixed. In the 
same way, we show that through each point of the base curve of (2.1), there 
passes a determinate curve of (2.2). This proves i 


THEOREM I. The curves of an analytic orthogonal net are completely 
determined, except for initial direction, by the values of the geometric quant® 
ties (2.18) and (2.14) and their intrinsic normal derivatives of all orders 
at a single point. 


8. Geometric characterization of invariant orthogonal nets. In this 
section, we shall assume that f(a, x2) is the solution of an invariant partial 
differential equation and obtain characteristic properties of the corresponding 
orthogonal net. Such properties are known for some equations. Thus if 
Af = F (f), then the curves (1.1) are parallel, i. e, F — 0. This well known 
result follows at once from (2.5) since (A), = F” (f) -fs and fs is always 
. identically zero. A characteristic property for the solutions of Laplace’s 
equation, Af = 0, is also known.® It is ys + I, — 0 and may easily be 
deduced from (2.7). 

The two geometric equations given above involve the geodesic curvatures 
and their directional derivatives and are intrinsic quantities of the orthogonal 
net. On the other hand, the differential invariants although independent of 
the choice of the codrdinate system (vı) are not intrinsic since they depend 
upon the particular parameter f used to describe the curves (1.1). In what 
follows, we shall convert the non-intrinsic description of a system of curves 
by means of differential invariants into an intrinsic one by the use of geodesic 
curvatures. Valued suggestions by Dr. Harry Levy resulted in a simplification 
of our original proofs. 

We now assume that 


(8.1) Auf = F(f) 


and discuss the geometry of the corresponding orthogonal net. From (3.1) 
it follows that (A4)s = 0 since fe —0. We differentiate (2.10) with i 
to s and set the right-hand member equal to zero. This gives 


i (3. 2) ys(Ai)n + y (Ar) ns —Ts(Ar)s — T (Ar) ss = 0. 


9 Cf. Darboux, Loc. cit., vol. 3, p. 154. 
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From (2.12), 
(3. 3) (Ai) ns = (Ax) sn — y (Ar) s — P(A) 2. 


Substituting this expression in (3.2) and using (2.4) and (2.5) we obtain 


(3.4) (Ay) nfye — 3yr] — 2A, [yrs + 2ETy — YT + 20°] = 0, 
If 


(3.5) ye — 3yT = 0 
then it follows that . 
(3.6) yrs + 2ITy — yT + 2r = 0, 


Conversely, if (3. 5) and (3.6) are satisfied, (3.2) is true and (3.1) follows 
for some F (f). Indeed it is easy to show that in this case if y and T do not 
both vanish, if F is given, a suitable parameter g(f) may be found so that 


(3.7) Aig = F (g). 


For g(f) = c is the same system of curves as (1.1) and 
(3. 8) Ag (F) =g (Pg (f) : Asf + g (f) : Af]. 


From (3.5) and (2.9), (Af)s =0 or Asf==A(f). Since A,f = k(f) it 
follows from (3.8) that (3.7) has solutions g(f) for all F(g). The only 
exception occurs when A,f==A,f—0. From (2.8) and (2.10) this means 
that y =T = 0. 

If ys — 3yT $0, we consider the system of equations consisting of (2.5) 
and (3.4). The condition of integrability of this system is (3.3). This 
becomes after simplifying by means of (2.5) and (3.4), 


(ys — 890) [ (YEs + RTE — PT RIT) HT (yrs + RIT» — yT + 2T’) 
+ (ys 390) (Ts — y1) ] — (P's + 21 Tw — yr + RTE) (ys — 3p) 3 = 0. 


This proves 


THrorEm II. The necessary and sufficient condition that a one parameter . 
family of curves on a surface, f(21,%2) = c, be a solution of Ayf—=F(f) is 
that either y: — 8yT Æ 0 and 


(ys — 371) [(yP's + RIT — yT + 2T°)¢ 
+ Tps + 2ITy — YT + RTE) + (ye — 87T) (Ts — y1) ] 
— (Ts + 2ITy — yT + 20%) (ys — 8yF)s = 0 (Type I) 
or that ys — 3yT = 0 
9 
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and Ts + 2ITy — yT + 278 = 0. (Type II) 


Any particular family of Type II which does not consist of parallel geodesics 
can be parametered so that it is a solution of A,f = F (f) for every F(f). 


By similar methods, the condition that F(f) be constant may be obtained. 
By the last part of Theorem II, it is only necessary to consider families of 
Type I. In addition to the above property of Type I, we find another second 
order equation which guarantees that F(f) is a constant. As this equation is 
complicated, we do not give it explicitly here. However, there is a simple 
characterization when 
(3. 9) Auf = 0 


which is derived below. These curves are related to developable surfaces in a 
manner which is considered in § 5. 
If y 0, from (3.9), (2.5) and (2.10) we have 


271? 4 
(3. 10) (aa =— F Ae 


This equation and (2. 5) form a system whose integrability condition is (3. 3). 
When this is simplified by means of (2.4), (2.5) and (3.10) we obtain 


2yITw + Lys + Vs — yT — yl = 0. 
It follows from (2.11) that this is equivalent to 


Lys + yl (Ty —yn) + YTs + TK = Q. 
This result is stated in : ; 


THEOREM ITI. The necessary and sufficient condition that a one-parameter 
family of curves on a surface, f (21, £2) = c, which does not consist entirely of 
geodesics be a solution of Af = 0 is that 


Lys + yT (Tu — yn) + yTs + TK = 0. 


If y= 0, all the curves are geodesics. If they are solutions of (3.9), 
it follows from (2.5) and (2.10) that T = 0, i.e., the geodesics are parallel. 
From (2.11), this can occur only on a developable surface. . This shows that 
the only systems of geodesics, f (%1, %2) = c, satisfying A.f = 0 are families of 
parallel geodesics on a developable surface. 

More generally, if a one-parameter family of geodesics is a solution of 
(3.1), it is of Type II and according to Theorem II, T(I? + Ty) 0. From 
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(2.11) and this equation we find that the only systems of geodesics, f (x1, %2)—= c, 
which are solutions of A.f = F (f) are such that T = V—(K/2). In particu- 
lar, there cannot be a family of geodesics satisfying (3.1) on a region of a 
surface where the Gaussian curvature is positive. 

We now determine the characteristic properties of the orthogonal net if 


(3.11) (As + As)f == 0. 


These curves are related to minimal surfaces as is shown in $ 5. From (2.6) 
and (2.8) we ind that (3.11) may be written as 


(3.12) (VA )n = y VA + y( V4)’. 
The identity (2.5) is equivalent to 
(3. 13) (VA) = TVA. 


The integrability condition of (3.12) and (3.13) is (2.12) where h = VA. 
This condition, after simplification may be written as 


(3. 14) (ye + Ts) + (yey) Ar = 0. 


This means that the geometric characterization of (3.11) is obtained either 
by equating the coefficients of 1 and A, in (3.14) to zero or by substituting 
the value of A, given by (3.14) in both (3.12) and (3.18). In the first case 
the family is isothermal. This completes the proof of 


THEOREM IV. The necessary and sufficient conditions that a one-parameter 
family of curves on a surface, f(x, te) = c, be a solution of (A: + As)f— 0 
as that either the family be non-isothermal and 


ye + Ts +p- 0 
ye yI 
and 
yetTs] us = al FP Ys + mie) —0 
yea yes — yT 
or that 


ye +Ts—0 and ys—yT = 0. 


The geometric description of orthogonal nets which are solutions of 
Asf = F (f) follows immediately from (2.9) by setting the right-hand member 
equal to zero. Hence ys — 3yT = 0 is the characteristic property of the solu- | 
tions of Asf = F(f). Similarly, it follows from (2.8) that any one-parameter 
system of geodesics is a solution of Asf = 0 and conversely. 
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.4, Equivalent geometric properties on a developable surface. We 
consider some equivalent characterizations of the invariant systems of curves 
discussed in the previous section under the assumption that they are imbedded 
in a developable surface. In what follows, it is understood that the customary 
terminology of plane figures is to be applied to their isometric generalizations 
on any developable surface. The curves are referred to a system of codrdinates 
(z,y) which is isometrically equivalent to plane Cartesian coôrdinates. 

The characteristic property of curves which are solutions of A;f = F (f) 
as noted at the end of § 3 is 
(4. 1) ys — 3yT = 0. 


The axis of deviation of a curve at a point is defined as follows: Chords are 
drawn parallel to the tangents at the point and terminating in the curve. The 
limiting position of the geodesic joining the midpoint of each chord to the 
point is the axis of deviation. Thus the axis is completely determined by the 
limiting position of four points which approach coincidence. Two of these 
determine the tangent; the other two fix a parallel chord. Hence the expres- 
sion for the angle between the axis of deviation and the tangent involves only 
the first three derivatives. From analytic geometry, we find that if ¢ is the 
angle between the axis and the tangent geodesic 


(4. 2) ne ee ae 


It is well known property of the parabola that the locus of the midpoints 
of parallel chords is a line parallel to the principal axis. Since the osculating 
parabola of a curve has third order contact with the curve, it follows that the 
axis of deviation at a point of a curve may also be defined as the geodesic 
through the point which is parallel to the principal axis of the corresponding 
osculating parabola. 

The locus of points where the slope of the curves (1.1) is constant is 
called the system of isoclines or isoclinal curves of (1.1).1° The equation of 
the isoclines is fe (x, y) + cf,(x, y) = 0 where c is an arbitrary constant. It is 
easy to show that the angle @ between a curve of (1.1) and the corresponding 
isocline is determined by 


nu: 
(4. 3) tan 0 =—ž. 


19 The isogonal trajectories of a one-parameter family of curves consists of those 
curves which cut the family at a constant angle a. Each family obtained for a fixed 
value of a is called a base family of the system of isogonal trajectories. It is clear 
that the same isoclines are obtained for any base family. Thus the isoclines are a 
property of the whole isogonal system. 
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From (4.2) and A 3) it follows that (4.1) is equivalent to #—#. This 
proves 


Taxorem V. The characteristic property of a one-parameter family of 
curves on a developable surfrace, f (21,22) =c, which is a solution of 
Asf = F(f), (#540) is that at each point the avis of deviation is tangent 

to the isoclinal curve. 


Straightforward calculation shows that the curvature of an isoclinal curve is 


° __ Ts + YT (Tw — yn) Er 
(Rad ve LS | 

According to Theorem III, since K= 0, the characteristic property of curves 
which are not geodesics and. which are solutions of A,f = 0 is the vanishing 
of the numerator of this expression. Hence the property is equivalent to the 
condition that the isoclines be geodesics. A family of curves of this kind is 
completely determined by any one-parameter family of geodesics and a single 
curve which cuts them. As a result, we have 


THEOREM VI. The only one-parameter families of curves on a developable 
surface, f(a, t2) =c, which are solutions of A,f = 0 are families of 

(1) parallel geodesics 

(2) curves whose isoclines are geodesics. 


If a system of curves is a solution of Ayf = F (f) for every F(f), it is of 
Type II. When K = 0, the second of the characteristic equations for this type 
given by Theorem II may be transformed by means of the first and (2. 11) into 


Lys + yr (Ty — yn) + yTy = 0. 


Hence by the results obtained in this section, the isoclines and the axes of 
deviation of the family must form the same system of geodesics. Since the 
isoclinal curves are geodesics, the differential equation of the family must be 


(4. 4) y =s: f(p) + 9(p) 


where p == dy/dx. Here f(p) is the slope of an isocline on which the curves 
have slope p. Since the isocline is also the axis of deviation, the angle ¢ 
between the axis and the tangent geodesic is given by 


4 Since this condition also refers to the whole isogonal system, it follows that if e 
one base family is a solution of A,f = 0 then all are which do not consist entirely of 
geodesies. 
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(4. 5) | tan gE FA ; 

A comparison of (4.2) and (4.5) leads to 

(4.6) y(t p*) — spy” _ 8(L +p: f(p)) 
ae p—f(p) 


where y and ys are represented by their equivalent expressions in the deriva- 
tives of y. Hence any family of Type II must be a common solution of (4. 4) 
and (4. 6). ° 

After some discussion, we find that for the solutions of these two equations, 
either 





(4.7) f) =o; gp) =7 +? 
or 
(4.8) He) TFs op) —of +a. 


The solution of (4.4) and (4.7) is found to be any family of congruent 
parabolas with the same: principal axis. The curves satisfying (4.4) and 
(4.8) form any system of similar ellipses or hyperbolas. That any family of 
similar ellipses or hyperbolas is of Type II follows at once, since it is a well 
known property of these curves that a diameter drawn to a point bisects the 
. chords parallel to the tangent at that point. Of course, an analogous state- 
ment holds for the parabolas. This proves | 


Tarorem VII. The only families of curves on a developable surface, 
f(t £2) = c, which are solutions of Auf = F (f) for every F(f) are families 
of similar ellipses or hyperbolas and families generated by the translation of 
an arbitrary parabola parallel to its principal asis. 


5. Applications to the geometry of surfaces. Let an arbitrary surface 
be cut by all planes parallel to a fixed plane. If the single infinitude of plane 
sections is projected orthogonally upon the fixed plane, a one-parameter family 
of plane curves is obtained.®? The following questions suggest themselves: 
What are the necessary geometric properties of this family if the surface is 
known to be of a given type defined by an invariant differential condition? 
Conversely, what properties of a one-parameter family of plane curves are 


12 We exclude the trivial case in which the family degenerates into a single curve. 
This occurs if a cylindrical surface is cut by planes perpendicular to its generators. 
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sufficient to guarantee a surface of this type such that the given curves are the 
projections of its parallel plane sections? The answers to these questions 
follow readily from our previous work in the case of developable and minimal 
surfaces. The proofs indicate how analogous results may be obtained for other 
types of surfaces. 

Let 


(5.1) z= f(x,y) 

be the equation of a surface which is cut by oo! parallel planes 
e 

(5.2) 2= 0. 


Then the projections of the intersections of (5.2) with (5.1) are the family 
of plane curves (1.1). Since in the plane, A,f is the Hessian fay? — frofyy, 
the surface (5.1) is developable if and only if A,f=-0. The conclusion of 
Theorem VI relative to this type of family enables us to characterize it geo- 
metrically. The necessary property of these curves may also be deduced 
directly from the character of the surface in a simple manner. A developable 
surface may be considered as generated by the tangent lines of a curve in space. 
The curve is the edge of regression of the surface. The tangent to a plane 
section at any point is determined by the intersection of the tangent plane 
of the surface with the plane of the section. But the tangent plane is the same 
at any point of a generator. Hence the angle between a fixed generator and 
the tangent to any plane section at a point where it meets this generator is 
constant. Therefore the projections of the generators are the isoclinal straight 
lines of the family of projected plane sections. The projection of the edge of 
regression is clearly the envelope of these straight lines. 

In the degenerate case in which the family consists of straight lines, the 
plane sections on the surface must also be straight lines. Since the lines must 
be parallel the surface is a cylinder. 


We note that if one function f(x,y) is known which is a solution of 
A.f = 0, the most general function is a solution of the equation obtained by 
setting the right-hand member of (3.8) equal to zero. If Asf Æ 0, that is, 
if y £ 0, it follows that the most general function is af +b. This proves 


THEOREM VIII. The necessary and suficient condition that a one-parameter 
family of plane curves that are not all straight lines be the projections of the 
ot parallel plane sections of a developable surface is that their isoclines be 
straight lines. The isoclines and their envelope are the projections of the 
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generators and the edge of regression of the surface respectively. Any surface 
associated with a fixed family of curves in a fixed plane may be obtained from 
one such surface by à linear transformation orthogonal to the fixed plane. If 
the family of curves i$ composed entirely of straight lines, they must be parallel. 
In this case, the straight lines are the projections of the parallel generators of a 
cylindrical surface. 


The surface (5.1) is minimal if and only if (A, + A:)f = 0 since in the 
plane, (Az + As)f = (fy? + 1) fes — 2fofufey + (fe? + 1)fw- Applying the 
results of Theorem IV, we obtain a characterization of minimal surfaces hy 
means of the geometric properties of their parallel plane sections similar to that 
given above for developable surfaces. 
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SETS OF CONJUGATE MATRICES.* 


By E. T. Browne. 


1. Introduction. Let À be an indeterminate scalar and, let M be any 
given n-square matrix with elements independent of A. If then (A) is a 


scalar polynomial, and My, M.,-- <, Mv- are y—1 matrices satisfying the 

conditions : 

* I. The matrices M; (j= 0,1,-- pitt) are commutative in pairs; 
IT. The condition 

(1) (A—M) (A—M,) > +» (A— Ma) =F (A) 


is satisfied identically in A; we shall say that the y — 1 matrices Ma, ' + +, My. 
constitute a set of conjugates to M. 

From (1) it is clear that the degree of the polynomial (A) is». Ifv is 
the smallest positive integer such that an identity of the type (1). subsists, we 
` shall say that the v— 1 matrices M; constitute a reduced set of conjugates to 
. M. In the contrary case, we shall say that these matrices constitute an 
extended set of conjugates to M. From a reduced set of conjugates, one 
-obvious way in which we can get an extended set is by adjoining to the former 
an arbitrary number of scalar matrices. 

If in (1} we replace the scalar indeterminate À by M, we see at once that 
(M) —0. Hence, 6(A) must be divisible by the reduced characteristic func- 
tion of M. However, it is known, and it will be clear from the results of this 
paper, that it suffices to take ¢(A) as the reduced characteristic function of M, 
so that henceforth in this paper (à) will be used in precisely that sense. 

The notion of a set of matrices conjugate to a given matrix was intro- 
duced by Taber,? who, however, confined his attention to matrices Af of the 
third order with distinct characteristic roots. In this particular case, the 
reduced characteristic function coincides with the characteristic function f(A) 
of M. Taber imposed a third condition, viz., 


III. Each M; has f(A) as its characteristic function. 
In 1921 P. Franklin® employed the function f(A) on the right in (1) 


* Received February 3, 1937. 
+ Here and elsewhere throughout this paper, the symbols À and (À) are employed 
‘to denote the scalar matrices AZ, ¢(A)I, where J denotes the unit matrix. : 
2 Taber, American Journal of Mathematics, vol. 13 (1891), pp. 159-172. 
3 Franklin, Annals of Mathematics, 2nd Ser., vol. 23 (1923), pp. 97-100. 
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and showed that by omitting the condition III, a set of generalized conjugates 
could be set up for any square matrix M. E. S. Sokolnikoff * in 1933 was the 
first to employ the function (A) in (1) and she was led thereby to a con- 
sideration of “matrices conjugate to a given matrix with respect to its mini- 
mum equation.” | 

We also employ the reduced characteristic function ¢(A) on the right 
in (1) and it is the purpose of this paper to give an à priori method for 
deriving, along with other sets, the most general sets of conjugates which are 
expressible as polynomials in M. Before proceeding to the particular problem, 
however, we can make the following observation. If a set of y—1 matrices 
exists satisfying I and II, and Sokolnikoff has shown that such sets do exist, 
we have on putting A = M; in (1) 


¢(M;) = 0, (mdrr aoa 
We therefore have 


THEOREM I.’ If M,,- +--+, Mv constitute a reduced set of conjugates to 
a matrix M, the reduced characteristic function of each M; is a factor of the 
reduced characteristic function of M. 


Moreover, from the identity (1) we see at once that the elementary 
symmetric functions of the matrices M, Mı, - :,M,, are equal to the ele- 
mentary symmetric functions of the roots of ¢(A) == 0, these latter functions 
being considered as scalar matrices. 


2. The case in which M has a single characteristic root. We consider 
first the case in which M has a single characteristic root «, so that the reduced 
characteristic function of M reduces to 


(2) | pA) = (A—a)” (Sn). 
If we write 
(3). M=a+y 


i.e, If — «= n, it is obvious from (2) that y is nilpotent of index y, and 
that the matrices 
(4) 1, GA n°," . DPE 


4 Sokolnikoff, American Journal of Mathematics, vol. 55 (1933), pp. 167-180. ` 

For a complete bibliography up to 1933 see MacDuffee, The Theory of Matrices, 
Berlin (Springer), 1933. Cf. also Hermann, “ Über Matrixgleichungen und die Zerlegung 
von Polynomen in Linearfaktoren,” Compositio Mathematica, vol. 1 (1934), pp. 284-302; 
Richardson, “ Conjugate matrices,” Quarterly Journal of Mathematics, vol. 7 (1936), ~ 
pp. 256-270. 

5 Sokolnikoff, loc. cit., p. 173. 
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are linearly independent. Moreover any polynomial in M can be written in 
the form | 


(5) M; =; + Bin + yin? + + km, 


and conversely, any matrix of the form M; in (5) is a polynomial in M. 
In this case (1) becomes 
(6) (A—M) (A— M) +s A— Mr) = (A— 2)’, 
and our first problem is to determine matrices M; which are polynomials in W 
and which satisfy (6). 

* Since each M; is expressible in the form (5), the left member of (6) is 
apparently a polynomial F(A,y) in A and 7. But the right member is free 
of y so that the left member must be also. Since A” is the reduced characteristic 
function of 7, and since in this connection y behaves in all ways precisely as a 
scalar, save that 7” == 0, this last condition is possible if, and only if, F(A, 4) 
is divisible by 7’; i. e., if and only if F and its first y — 1 derivatives as to y 
vanish for y = 0. Putting 7 = 0 in (6) we obtain as a first necessary condition 


F(A, 0) = (A—@) (A — a) : : (Aa) = (A— a)”, 
identically in A. From this we conclude that 
(7) O Oy = Qa = = Oy 


Now designate by M;(n) the function on the right in (5) and differentiate 
F(A,) partially as to n. We get 




















ôM; 
OF 3 0F 0M; F(A n) OM; On 
On = fo OM; q Aci, an nos: LÉ rent 77 
Similarly, 
l M; (Mey 
PF 3 On? dn à 
af O92 | gt Ga” 
l M m e mu L 
OF : On? tn w , Na) +: 
ae ATM 2 | ET yet Gy 
and in general for k == 4, 5,° + + ,y—1, 
14 
EF p Ea n Cr) | 
ge GE | ya tt j 


where the dots indicate terms whose denominators are (A—-M;)? 


.. 
? > 
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(A—M;)**. Since (A— a)” 40, we have on putting 7 — 0, the following 
identities in À: 


(8) 5—2 a0 


A—a” 


(9) >| ak = R 











, 68; 6Biyi 285° = 
(0) 2] P+ a+ Oat = 

. de 248,8; + 12y;° 24B; yi 68; = ° 
(11) sie PRÈS + Ge + pee == 0, 





vlk; (v—1)! By 
Oy See jo 


Since the «s are all equal, we conclude at once from (8) that 
(13) S B;=0. 
If we rewrite (9) in the form fr 


2(A—a) Sy + DBP =0, 


we see at once that also 


(14) ZBF—=0, Dy —0; 

and similarly from (10), (11) and (12) 

(15) ZE. = Dey =, 

(16) È biy = È (28:8) + y) = E By; = 9, 
(17) 2 BF = 2% Ast =" = DBP * = 0. 





Not only are these conditions necessary but they are sufficient that matrices M; 
given by (5) shall satisfy the condition (6). 
In view of (13), (14) and (17) it is obvious from Newton’s identities 
that the B’s are roots of an equation of the type 
| z” — B = 0, ` 


whence, since 8 = 1, the remaining B’s are uniquely determined save for order. 
Indeed their values are 


vw, T's 
where w is a primitive »-th root of unity. 
The remaining conditions (14),---,(16) are obviously satisfied if 


we take 


y = ð = g ee kj =. 
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In this case we have as a set of conjugates to the matrix M == & + y the matrices 
(18) M; à + why (j=l, v— 1). 
These conjugates were given first by P. Franklin, and were called by bhim 
generalized conjugates. They are obviously polynomials in M, and have not 
only the same characteristic function but the same elementar divisors as M. 
However, there are other solutions than these for the y’s, 8’s, etc. Indeed, 

since y = 0, the ratios of the remaining y’s are determined uniquely from the 
v-—2 homogeneous linear equations 

. v-1 
> TI 0, 
(19) > > biyi = 0, 


> By; = 0. 
Then, since the B’s are distinct, the &’s are determined (but not uniquely) by’ 
the non-homogereous equations 


y-i 


> 5; = 0, 
. 1 . 
(20) RE Bids = E yi? 
a ee eee | 
For v= 3, we have as the most general set of conjugates which are 
expressible as polynomials in M 
(21) M =a +n, M, =a + wy + yy’, Mo = à + wy — yr’, 


where w is a complex cube root of unity and y is arbitrary. ‘ 
For v = 4, the B’s are 1, 4, —1, — i, where t = V—1. Then from the 
relations 
Fes yee er 
iyı — y2 — ty; = 0, 
the y’s are determined to be 
Yi yet ysl: i—il: —i, 


` while the ẹs are subject to the single condition 


8, + 82 + ds = 0. 
For y = 4, we have therefore the set of conjugates 
M=« ae % 


M, = à + im + pr? + Gr, 
M: = a — 7 + p(i— 1) + dm, 
M, = a — iq — pin? — (8, + de). 


(22) 
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We obtain in this way all reduced sets of conjugates to M which are 
expressible as polynomials in M. If v= n, i.e., if M has a single elementary 
divisor (A — «)”, the only matrices commutative with M are polynomials in M. 
In this case the foregoing method yields all reduced sets of conjugates to M. 

It should be noted particularly that the values of the B’s, y’s, ds, etc., 
depend in no wise on the value of «, but are dependent on y only. 

We now state a theorem which may be looked upon as essentially a 
corollary to Theorem I: 


Tasorem II. Jf M is a matrix of the form «+ n, where q is nilpotent 
of index v, there does not exist a set of less than v matrices, one of which is M 
itself, such that an identity of the type (1) subsists. 


8. Cyclic sets of conjugates. Referring to the matrix 
M=a+y 
of the preceding section, we know that the matrix 
M, = a + Bay + yay? + ay 


is a polynomial x(M) in M. We inquire if it will be possible to determine the 
parameters y, ô, * -, etc, in such a way that the set of conjugates will be 
cyclic; i. e., so that 


Min = x(W) (j =0,1,: ` *,v—1). 


Here we require that Wy = M. Since in this connection y behaves in all ways 
precisely as a scalar, save that „” — 0, we can expand x( M} in ascending powers 
of » as follows 


XC) x (an) x8) ax (a) BK) Fs ayy =y paix? (a). 


Since the matrices 1,7,77,---,’* are linearly independent the relation 
M; = x(M) will be satisfied only if x satisfies the conditions: 


x(a) = a, X (a) = Ba, x (4) = 3yo: xP (a) = (v— 1) le 


Expanding x (Mj) = x(a + Bm + yin? +: -+ xm) in an entirely similar 
manner, we obtain: = 


x (Mj) = x(a) + Bix’ (2) + gy x(a) + yx (a) } 
Fa LB a) + 6Bryix" (a) + 66% (a)} ++ 
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In view of the above conditions on x, it follows that M;,, = x(M;) if, and only 
‘ if, the parameters £, y, 8, ete., are determined so as to satisfy the conditions: ° 


(23) Bin = Bix’ (a) = BB: 
(24) yin = HAP (a) + 2yix' (a) } = Bi + iB, 
(25) Bian = 8PX” (a) + 6Biyix (a) + 6x (a) }= BB + Brym + Sba 
(26) eja = Byta + BB yd + (2858; + yi?) ys + By 
etc. Here we recall that y—5—e—0 and we agree to interpret yv = y, 
& == ô, etc. 

Since Bi, 8; = wf, the first of these conditions is always satisfied. 
The remaining conditions are also obviously satisfied in the case in which the 


ys, ds, ete., are taken to be zero. 
We therefore have the theorem: 


Tagorem III. If M is a matrix with reduced characteristic function 
(A—«)” so that M can be written in the form a + q where y is nilpotent of 
index v, then the v — 1 matrices 


M; = à + oly (j=1,:++,v—1) 
form a cyclic set of conjugates to M; that is, there exists a polynomial x 


such that 
Mii = x(M;) (j=0,1,---+,v—1;ly—M). 


We inquire, however, if there does not exist a more general cyclic set of 
conjugates than this. 

Suppose for example that » = 3 so that 8; = w is a cube root of unity. 
We have then only to consider the conditions (24) on the y’s, which reduce in 
this case to the single condition 


yi + y: = 0. 


It follows then that the set of conjugates in (21) is always cyclic, whatever 
value be assigned to y. This may also be verified by direct calculation. 

For the special case » == 3 we can therefore state the following result: 
If M is a matrix with reduced characteristic function (A— a)*, every reduced 


* These conditions could have been derived more easily as follows. Since n = M — a, 
we have on substituting into the expression for Ma, 
My = x(M) =a +p (M — a) + (Ma)? +. ++ x (M—a)ert, 
If now we replace M by M p M, by M,,, expand the expression on the right and equate 
coefficients of corresponding powers of n we obtain precisely the conditions (23),..., (26). 
However, for later purposes, it is more instructive to proceed as we did above. 
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set of conjugates to M, which are expressible as polynomials in M, is a 
cyclic set. 

Next consider the case y == 4. The conditions (24) yield in this case 
precisely the values of the y’s that are given in (22), while (25) reduces 
merely to the following 


8 =. Rp°i, 8: + 8, +- 83 el 0. 


Hence the set of conjugates in (22) becomes cyclic provided only 8 be taken. 
equal to 2p. This also may be verified by direct calculation from (22). 

Thus we find that in the case y — 4, although not every set of conjugate’ 
which are polynomials in M will constitute a cyclic set, the parameters y, & 
can be assigned values, not all zero, such that the resulting set will be cyclic. 

In equations (8),---,(12) we have not given general relations con- 
necting the parameters B,y,---,«fory > 5. The derivation of these depends 
on the general formula for the n-th derivative of a function of a function which. 
is admittedly quite complicated. We shall, therefore, not attempt to give a 
general proof by the present method, but shall outline the proof for y= 5. 
The method seems to be general. > 

Consider first equation (24) connecting the y’s: 


(24) Yia = piyi + 85° (j= 0,1,: ++, 4). 
Since yo = y = 0 by hypothesis, and since in order to complete the cycle we 
desire ys to be equal to y = 0, we have in (24) five homogeneous linear equa- 
tions in the four unknowns yı, Y2; Ys; ya The first of these reduces to the 
identity yı = yı, so that there will be a non-zero solution for the four unknowns: 
if, and only if, the four remaining equations are dependent. To show this. 
dependence, multiply (24) through by £,*-? and sum as to j from 0 to 4. 
We get 


4 4 
2 Ba Sy ja = = Ba y; + y 2 Bat 


since B;°= 8,7), On the left change the index of summation by putting 
j+1i=ti Since y; = yo = 0, this may be written: 


p> Br ty, = È Biyi + y1B1f Z Bi). 


Since 8, is a primitive fifth root of unity, the last term on the right is zero 
and the remaining terms cancel. The equations (24) are therefore dependent. 
Indeed, ye, ys, y4 are uniquely, determined in terms of yp 

We need now show that these y’s satisfy also the necessary conditions (19). 
To do this multiply (24) through by BF (k—0,1,2), and sum as to j- 
We get 
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> BřYin = Bi D By; + y XB. 


Since 38;" — 0 (m = 2,8, 4) the last summation on the right is zero. Also 
j* == BF;,:/8.%, so that the above equation can be written, after changing as 
before the index of summation: 


(1— BP") E By = 0 (x = 0, 1,2). 
Since 1 — f,**' Æ 0, we conclude that the y’s satisfying (24) satisfy (19) also. 

In a similar manner we can show that there exist 8’s and es not all zero 
Which satisfy (25) and (26), and in addition satisfy (15) and (16). In fact 
by squaring (24) and summing it follows that for v > 4 the y’s satisfying 
(24) satisfy also the condition Syj?= 0, so that (16) reduces merely to 
38:8; = 0. 

As a very special solution we may take the y’s and 8s all zero and then 
we have only to determine the es satisfying (26). Thus, if we write 8, =o, 
where w is a primitive fifth root of unity, the conditions on the és become 

e == (w + wt)e 
Eg = Wo + we, 
Es == Weg + we, 
0 = e; = we, + we. 
These equations yield the unique set of solutions 
£g = (w + wt)e:, EG = — (w +.0*) a, 6S 445 
which obviously satisfy the additional condition Se; = 0. Hence, in the case 
y = 5, we have the special set of conjugates: 
M =a + 7 
My = + o + er 
M, = à + 0%) + (w+ ot)eq! 
M, = a + wq — (o + o*) en! 
M, = a + o*n — ent. 
Here M; = x(M;), where x(A) =a + o (à — a) + e(à— a)*. 

Moreover, in general, if M = « + 7, where y is nilpotent of index v, and 

if we choose «’s such that ‘ 
Ko = 0, 
: Kj == oKj + wir, (j = 0, 1,---,¥—1) 
where w is a primitive »-th root of unity, it will follow that 
p-1 
ky =x; = 0 and 2 k; —0 
1 
10 
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and that the matrices 
(27) M; = a + why + K (j =1,: > -,vy— 1) 


form a cyclic set of conjugates to M. Indeed, it is easy to verify that if x(A) 
is the polynomial 


x) = a+ o(A—a) + x (A— a)” 


then 
Mia = x(41;) (j= 0,---,v—1). 
We therefore have the theorem: e 
THEOREM IV. If M — a+, where qis nilpotent of index v, the matrices 
My =a + Bin + ym H + km (id: + -;r—1) 
are polynomials in M, and the parameters B, y, ` * ,« can always be so chosen, 
with the y’s,: >, Ks not all zero, such the M; constitute a cyclic set of con- 


jugates to M. 


It will be observed that for xı — 0, the set of conjugates (27) reduces 
to the set of Theorem III. 


4, Extended sets of conjugates. | Hitherto we have considered reduced 
sets of conjugates only, and we have shown that if M == a +- 7, where 7 is 
nilpotent of index y, we can determine all sets of matrices M,,- + +, Mv. which 
are polynomials in Jf and which possess the property that 


(8) TT @ 3) = Q—a)" 


If now y is of index a < v, the argument by which we obtained the conjugates ` 
in the preceding section shows that precisely the same coefficients that were 
found in determining the M; there will yield a set of v — 1 Ws satisfying (6). 
With regard to the matrix M, this set will in this case be not a reduced set 
but an extended set of conjugates. 

For example, if 


a 1 0 0 1 0 
M=|0 «@ 0O]—a+7 where y=/{0 0 0 
0 0 « 0 0 0 


is nilpotent of index 2, the matrices in (21) with „ë = 0 
M = à +, M, = a + oy, M, = a + wh 
are such that the lasb two constitute an extended set of conjugates to M. In 


this particular case, the reduced set of conjugates would consist of the single 
matrix M, = & —- q. 
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Before proceeding to a discussion of extended sets of conjugates we con- 
sider the following problem: 

Let M be a matrix of the form « + y, where y is nilpotent of index v, and 
let m be a positive integer < v. Our problem is to find m < v matrices N; 


(j =1,- > +,m) which are expressible as polynomials in Jf and which satisfy 
identically : 
(28) H (A—N;3) = (A— a)”. 

j=l 


If m = 1, N, must be a scalar «. We suppose then that m > 1. We may 
Write N ı in the form 


Ny =a + a + a? t + at SAG 


where 
(29) E = yy + aon? +: + avg 
is nilpotent of index Sv. If a 540, ¢ is nilpotent of index v, and by Theorem 
II we cannot find a set of N’s including N, which satisfies (28). 
Let ax be the first coefficient in (29) that is different from zero. Then 
£ is nilpotent of index » where p is such that 
(u—1)k <r Z pk. 

We must determine k so that pm. Since vy > m, we may write 

v = gm—r (0=7r< m) 

v = (q— i)m +” (0 <7 Sm), 
where g, r and 7” are integers with q > 1. If we take i Æ q — 1, then 

km S (q—1)m <v S pk, 


so that p > m. But if we take k = q, then 


km ÈZ qm Zv > k(u—1), 
so that m = p. 
Let us then take N, = a + £, where 


E = af +: + ayy”. 
é is then nilpotent of index » = m and we can determine, as in section 2, 
p— 1 matrices Na.: + +. Np which are polynomials in £ and therefore in M, 
and such that 


Î a—W) ie a)". 


If p < m, we may now adjoin to the set of » matrices N; m — » matrices ° 
Nps,’ © +>Nm which are scalars or polynomials in M, determined in the same 
manner as above, and such that for the entire set of N’s we have 
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i (AN) = (A a)" 


It is clear that these matrices N can be built up in a great variety of ways. 
Next suppose that m >v in (28). Then an extended set of conjugates 
to M can be built up by the method mentioned at the beginning of the section. 
Otherwise, we may build up a reduced set of conjugates and adjoin to these 
m — v scalars or matrices N built up in the manner just indicated. 
Finally, we suppose that M is of the same form as before, viz., «, + 7, 
and we set ourselves the problem of determining matrices AZ; which are poly- 


nomials in Af and which possess the property that © 
(30) (A—M)(A— M)" (A M) = F(A), 
where 


F(A) = (A a) (A a): (A ar)", (Sir). 


Since F(A) must be divisible by the reduced characteristic function (A — a)” 
of M, this last condition is impossible if n, < v. We suppose then that v, = v. 
We then determine first a set of conjugates Mi, > +, Mv,-1, to M, which is 
either a reduced set or an extended set according as nı =v or v, >v. These 
satisfy the condition : 
H(A—M;) = (A— a)’ 
Next we use the root & and take Mv, = & + ¿ë where ¢ is of the form (29) 
and build up a set of v — 1 conjugates to M». These satisfy the condition 
L(A — Mj) = (A— a)”. 
We proceed in the same way with regard to each of the factors (A — a)” of F. 


The set of matrices obtained by adjoining all these subsets are obviously com- 
mutative in pairs and satisfy (30). 


5. The general square matrix M. We now turn to a consideration of 
a general square matrix M whose reduced characteristic function we shall 
* suppose to be 
GI) $A) = Aaaa) a)" (Gin). 


where the @’s are distinct. In order to apply the results of the foregoing work 
to this case, we must first consider the principal idempotent and nilpotent 
elements of M. 


6. The principal idempotent and nilpotent elements of M." We sup- 


1 Wedderburn, “ Lectures on matrices,” American Mathematical Society Publica- 
tions, 1934, pp. 28-29. 
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pose that the reduced characteristic function of M is given by (81) and that 
# > 1. Define the polynomials 2;(A) as follows. ‘ 
(A) . 
RO pre (t=1,---,7r). 
We can then determine two scalar polynomials H;(A) and G;(A) of degrees 
not exceeding >; — 1 and r—v; — 1, respectively, such that 


ef we write 
$i (A) Py H(A) hi (A) | (i = 1, IPS r), 


and for the matric polynomial ¢:(M) write merely ġ:, then ¢; is the principal 
idempotent element of WM corresponding to the root a;. These matrices i 
satisfy the conditions 


(32) bh = $5 for any positive integer k; 
(33) pip; — 0 ((Aj); 
(34) > pi =I. 


Moreover, these ¢’s are linearly independent and none is zero. 
Let us now denote by 7; the matric polynomial in M defined by 


(35) m =n (M) = (M — as) $i (=r). 


It is easily shown that these matrices y; satisfy the conditions 


(36) mëÆ0 (k< vi); n” = 0, 
(37) qipi = ni = Pini; qin =0 (Æj), 
and moreover, 

(38) M = X («ipi + mi) = Zhi (2i + mi). 


The matrix y; is the principal nilpotent element of M corresponding to 
the root a. 
From the above relations it is easy to establish the following lemma: 


LEMMA. If w(A) =a + bdA+ cd? + ++ bd is any scalar poly- 
nomial in À, the relation piy (qi) = 0 is satisfied only if w(A) = 0, i. e., only 
if a=b =: : -=k = 0. 








r 


7. Sets of conjugates for the general matrix M. We set ourselves e 
first the problem of determining + — 1 matrices M; (J =1,° - -,7— 1) which 
are expressible as polynomials in M and which in addition satisfy the condition : 
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(89) (A— M) (A— M): + e A— Mr) = p (A) = (A — a) (A ar)”, 
identically in À. Such a set of W’s automatically satisfies the condition I of 
section 1. l 

Since M can be written in the form (38) and since the ¢’s obey the 
relations (32) and (33), it follows readily that any polynomial f(M) in M 
can be written 


FM) = Sbif (ai + mi) = Xbifi(mi) 


Conversely, since the ¢’s and y’s are themselves polynomials in M, any expres- 
sion of this last type, where the f; are polynomials, is a polynomial in M. Lef 


M; = Zefi” (m). 
Since À = AL = X\bi, we may write (39) in the form 


T-1 
3: H AAO (me) } =A) 
Z 
which in view of (33) leads to 


pA — fe (ni) } = H(A) bi (=i, + +57). 


By the lemma of the preceding section, these conditions will hold if, and only 
if, the fs are so determined that 


(40) AFP (qe) Fe (A a) (Aa) (GA oy), 


Consider first this last condition with t+ = 1. Since M can be written in 
the form (38), the first factor in the brackets on the left is \— (a +m), ` 
where y, is nilpotent of index r. Our problem therefore reduces to finding 
a set fi (y) (7=1,: + +,7—1) which are polynomials in y, and which 
constitute an extended set of conjugates to & + y. This problem was solved 
completely in section 4. We arrange these in a column headed 4y, the leading 
entry in the column being «, + 7. 

We then proceed in the same way to determine a set of r — 1 conjugates 
fi? (mi) with respect to «+ mi fori—2,---+,r in turn. For each i, we 
arrange these in a column headed ¢; and with a; + y; as the leading entry. 
In this way we are led finally to an array of the type: 


Qı ne i ei a fe dr 
Mm tt mi tt Oe Hnr 
se AP (m) aara fi® (ni) i eps fe (nr) 
e (41) HP (m) fa Cay oo fe (or) ` 


HP (m) <> + AT (m) © fe? (or). 
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Now AJ is equal to the sum of the products of the ¢’s by the corresponding 
elements in the first row of the above array. In the same way, we may take 
as M; (j= 1,--+,7—1) the sum of the products of the ¢’s by the corre- 
sponding elements in the (j + 1)-st row. Clearly, in any column of the above 
any two rows after the first can be interchanged. Hence a set of r— 1 con- 
jugates M; can be built up in a great variety of ways. 

As an illustration, let us consider a matrix A which has as its reduced 
characteristic function 


è PCA) = (A — 1) (à + 1)? (à — 2). 
Here a, = 1, a = — 1, a = }2, so that M can be written 
M = $1 + m — be + 12 + hs 


_ where 7, and 2 are nilpotent of index 3 and 2, respectively. The array built 
up in the manner described above would be in this case: 


gi pe ps 

1 + m1 = + Ne 2 

1- oq + aq? —i— m 1 

(42) L + oh — aq? 2 1 
— 1 + bn? 1 + cn 1 

—1— by? 1— cae — 1 

2 1 — 1 


Using the elements in the successive rows as coefficients of the ¢’s, we 
would have as one set of conjugates to M the following : 


M, = (1 + om + aq”) + go(—1 — M2) + ps; 


M p= Rb: + $z + Pa. 
The set of conjugates given by Sokolnikoff for this particular case is obtained 
from the above on putting a=b—c—0. 
We now prove the theorem : 


© THEOREM V. If for a matrix M there exists a completely cyclic set of 
conjugates, it is always possible to arrange the elements in the columns of the 
array (41) in such a way that each column will be cyclic. 


For let 
M; = X pifi” (m) 
q=1 
Mja = È pafi PY (mi), 
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and suppose that there exists a polynomial x such that 


Min = x(M;) (G =1,:: -,7r— 1). 
Since x(M;j) = Six [fi (mi) ] this requires that 
Ipfi? (m) = Shix [fi (14) ] (j=1,---,7—1), 
and this, by (33) and the lemma of section 6, requires that 
FOP (me) = LR )] Gb or FAL TD. 


The theorem is therefore proved. 

Now a mere glance at the third column of the array (42) is sufficient ¢o 
show that the elements in this column cannot be made cyclic by any rearrange- 
ment of the elements. 

We therefore have the theorem: 


THEOREM VI. Itis not possible to obtain a completely cyclic set of con- 
jugates for the general matrix M. 


8. Special cases. Consider now the special case considered by Sokol- 
nikoff in which the reduced characteristic function of M is of the type 


DA) = (A— a)” (A — aa)”: (A — ar)”. 


We may then write 


M = X («ipi + m) 


where each y; is nilpotent of index v. Let w denote a primitive v-th root of 
unity. Then as given by Sokolnikoff, 

the first v— 1 conjugates are X(œipi + wni) (j=1,---+,v—1), 

the next v conjugates are Sajid; (arsi = di) 

the next v conjugates are Xai: 
and so on, where the @’s are cyclicly interchanged. 

These may be generalized in two ways. 

In the first place, instead of taking the second set of v conjugates as 
above, we might take » matrices exactly the same as M, M,’ > -, My, above 
in every respect save that a; has been replaced by @j4:, i. e., with the æs cyclicly 
interchanged. For the next v conjugates we might take v matrices of the same 
type with the @’s cyclicly interchanged once more; and so on. 

On the other hand, instead of taking as the first » conjugates the matrices 
given above, we might take the following: 


Mj = 3oi(ai + Bini tryin’ +o tx’) (=: 1), 


the f’s, ys, - +, £s being so determined as to satisfy the conditions (23), 
-+ +, (26). Since 8; = o, these conjugates reduce to those mentioned earlier 
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in this section provided we put y;—=8;—=---—«;—0. The next v con- 
jugates may then be taken as of the same form as the matrices M, Mı, > +, My 
but with the ws cyclicly interchanged; and so on. 

It is then easy to show that the matrices M, M,,- - -Ma constitute a 
cyclic subset among the conjugates to M. To prove this, we note that M, is 
known to be a polynomial y(Jf) in M.*°~Then just as in section 3 it follows 
that x must satisfy the conditions 
(43) x (ae) =a; xX (0) = Bas X (2) = 2yo XO (a) = (r— 1) Le. ' 
qn precisely the same way it can be shown that the further requirement 
M; = x(M;) imposes only the additional conditions 

Bin = Bix’ (oi) ~ BiB, 
via = GBP (ae) + Py ix’ (u) ] = By: + Yb 

etc. But the Ps, -y’s, etc. were chosen in advance so as to satisfy these very 
conditions. Hence the statement is proved. 

Similarly, it follows that each succeeding set of y conjugates constitute 


a cyclic subset. 
Consider now the r matrices of the above set: 


M = Z (aipi + 7); = 
My = Sidi + ni); 


k Bir- = 3 (Girardi + mi), 
where each is obtained from the preceding by a cyclic interchange on the @’s. 
We know that My is a polynomial in M. From the equation 


My == x(M) = Soix (as + 91) = Sbifx(ai) + mx (ai) + x(a) tt 4] 
it follows that 
x (i) = Mier, X (%0) = 1, x (u) =: = XY (a) = 0. 
But this is precisely the condition that 
Masny = x (iv). 
It is easy to see that for y > 1 the conjugates 
M, Mop: , Miva 
cannot be chosen in such a way that the entire set, including M, will be cyclic. 
8 Since the degree of the reduced characteristic function of Jf is »r any polynomial e 


in M-can be expressed uniquely as an equivalent polynomial of degree at most »r— ]. 
If then x be taken of degree £ »r — 1 the expression of M, = x (J£) is unique. 
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For if M, ==x(M), the polynomial x is subject to the conditions (43), while 


the condition 
M, VX (aL v-1) 


would require that x(ai) = Pe, which is incompatible with (48). 

We therefore have the theorem: | 

THEOREM VII. If the reduced characteristic function of a matrix M is 
of the form (A) = (A— ai)” (A— a)” ` > - (A— ar)”, then for v > 1 there 
does not exist a set of conjugates M; which are polynomials in M and such 
that the entire set, including M, will be cyclic. However, the conjugates car 
be so chosen that in the set there will exist cyclic subsets, such as 

(M, À > +, Mon), (Mon +) Men), (M, Mr +, Mer). 

9. Matrices with linear-elementary divisors. The case in which y = 1 
is of particular interest. The roots of the minimum equation are then all 
distinct and Jf has linear elementary divisors. The conclusions here might 
be drawn from those in section 8 as corollaries.® However, it is believed that 
the case is of sufficient interest to warrant separate treatment. 

Pierce 1° considered the case in which the characteristic equation of M 
has all distinct roots, which is precisely the situation considered originally by 
Taber for #—3. Obviously, the situation considered by Pierce is a special 
case of the one treated in this section. . 

If v == 1 each y is zero so that M can be written 


(44) M = Saip: 
and for any polynomial x(M) we have 
(45) | x(W) = 3x (a) : pi. 
The array (41) has in this case as elerments in its first row the numbers 
Gi, Qa,” + *, Gr. The columns are then built up by filling in with the @’s in 
such a way that in each column each g is used once and once only. Here each 
of the conjugates M; will be a polynomial in M, but it will not be true in 
general either that each M; has the same reduced characteristic function as M 
or that the set will be cyclic. 

For example, if r == 3 the array (41) might be 


oi . Pa hs 








Or Ae Gs 
Qe Gy Hy 
Ga Xg Ge 


° Sokolnikoff, loc. cit, p. 175. 
4 Pierce, Bulletin of the American Mathemutical Society, vol. 36 (1936), pp. 262-264. 


SETS OF CONJUGATE MATRICES. 863 


corresponding to which we should have the set of conjugates 


M = cp: + Gaps + ass 
M, = G21 + ipe + aids 
M, = shi + Agpo -+ Aapa- 

The reduced characteristic function of M, is (à— @2) (À — «,}, while that of 
M, is (A— as) (À — æa). Moreover, if M, — (Jf) it follows from (45) that 
x(a) = ao x(a) =a X (ta) = a. 

But then M: >< x( 1). 

It is possible, however, to arrange the œ’s in the columns of (41) in such 
a way that both of these conditions will be satisfied. Indeed all we have to do 
is to arrange them in such a way that no œ occurs more than once in any row 
or column. One way to do this is to interchange the @’s cyclicly. Thus, if M 
is given in (44), then we might take as M; the matrices 


Mi = Saijo: (jal: + +,r—1). 


where for ¿+ 7 we take the least positive residue (modi). Obviously if 
M, = y(M), so that x(a;) = ai, then also 

Misr = x (M3). 
Moreover, each M; built up in this way has the same reduced characteristic 
function as M. However, it should be noted that this is not necessarily true 
as to the characteristic function. 


Taxorenm VIII. If a matrix M has linear elementary divisors so that 
it can be written in the form (44), then for + > 2 there always exists more 
than one set of conjugates to M which are expressible as polynomials in M. 
It will not be true in general that each of the conjugates will have the same 
reduced characteristic function as M or that the set of conjugates will be cyclic. 
It is always possible, however, to find a set of conjugates satisfying both of these 
conditions. One such set is that obtained from the expression (44) of M by 
repeated cyclic interchanges on the a's. 

If r= n, the characteristic function and the reduced characteristic func- 
tion are identical. In this case we have the 
COROLLARY. If the characteristic roots %,° ` +, % of a matrix M are distinct 
there exists a polynomial x(r) (which is unique if its degree be taken = n—1) 
such that 

Gin = X(@) (i=1,: Ton; An = 01). 


If then we define 
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M, = (M), M =x (M1), © +; Mna = x (Mne), 


ihe matrices M; all have the same characteristic function as M and constitute 
a cyclic set of conjugates to M. 


10. Williamson’s matrix.’ In particular, if the characteristic function 
of M is of the form / 
(46) At — he (k 0) 


so that the characteristic roots of M are 
Oy = k, Yo = ok, ee Vo En = wh, e 


where w is a primitive n-th root of unity, then the unique polynomial x{A) of 
degree = n—1 such that x(@;) = ai. is precisely x(A) =o. This is the 
case considered by Williamson. 

Williamson’s matrix is the product B—OQA of the diagonal matrix 
Q = [1,0,- + <, o"t] by the circulant 


ig ly © © © Onin 
Gn-1 Qo ` * * Un-2 

A= . 
hy dg > ° * lo 


If we can show that the characteristic function of B is of the form (46) with 
k £0, then the matrices 
(47) oB, © B, + - ,w"1B 


constitute a set of conjugates to B. 
Write w; = ot, so that 


1, W1, Da, ` "3 Wn-1 


are the n-th roots of unity. The matrix 


11 ---1 
1 Wy tt On-1 
P= | 1 a? +++ wry 


T att ee + gn j 
5 n-1 
is non-singular and, as is well known,” if we denote by #(w;) the polynomial 


11 Williamson, Americun Mathematical Monthly, vol. 39 (1932), pp. 280-285. See 
also Udo Wegner, “The product of a circulant matrix and a special diagonal matrix,” 
.{merican Mathematical Monthly, vol. 40 (1933), pp. 23-25. 

“12 Scott, Theory of Determinants, Cambridge (1880), p. 82. 
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Bois) = Ge + tye; + dow? > + nioi”, 
we have 
AP =PN, or PAP =N 


where N is the diagonal matrix [8(1), 8 (w1), © :, 6(wn:1)]. Moreover, it is 
easy to verify that OP = PR, where È is the matrix 


+ 


00---01 
10::-00 

R= |01--.-00 

e 
00-:-10 
Hence, PABP == PAQPP34AP = RN, where 
0 0 Sues 0 Olon) $ 
Hl) 0 e 0 0 


Ee) 0 alwa) 0 0 


0 QF ses 8 (on-2) 0 


The characteristic function of this last matrix, and therefore of B = QA, is 
then easily seen to be 


A" —A(1)O(w1) * > Olona) =A" — be 


where 4" is equal to the determinant of QA or of (—1)"14. If then | A | £0 
it follows that the matrices (47) form a cyclic set of conjugates to B. 

But if | A | = 0, the characteristic function of B reduces to A” so that B 
is nilpotent of index » = n. It follows then that í 


(A—B)(A—oB) - - - (A—o™B) =X" — Br =)” 


so that the matrices (47) constitute a set, although not necessarily a reduced 
set, of conjugates to B. 


11. Sets of conjugates for a derogatory matrix. In the case in which 
M has a single elementary divisor (A —a@,;)”' corresponding to each root a; 
of the reduced characteristic equation (à) = 0 in (31), then the latter coin- 
cides with the characteristic equation. M is then said to be non-derogatory, 
and the only matrices M; commutative with M are polynomials in M. In this 
ease, therefore, all sets of conjugates to M are found by the methods of the 
preceding sections. 

If, however, for at least one root &; of ¢(A) = 0 there is more than one 
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elementary divisor, the foregoing statement is no longer true. We proceed 
now to an investigation of this case. 

Suppose for example that, corresponding to the root a, M has the ele- 
mentary divisors 


(48) (A— a)", (A—a)”4° +, (A — a), 


Then it is known that corresponding to the set of elementary divisors (48). 
there exists a set of so-called partial idempotent elements 


Yo. Wry" "> Wis | m 
and a set of partial nilpotent elements 
Los but * ‘> bt 


the latter being nilpotent of indices 


RE t) 
Vi Y, ví 


respectively. 
The ys satisfy relations similar to those satisfied by the punat idem- 
potent elements ¢; in (32), (33) and (34) ; viz., 


dé; Ways = 0 (ii) En — Pis 


where œ, is the principal idempotent element corresponding to the root a. 
These #s satisfy relations similar to (35), (36) and (87) satisfied by the 
principal nilpotent elements, viz., 


LEO (Eun), Syn = 0, bis = bi = Wik, 
Gb = 0 (5); Sim 


where 7. is the principal nilpotent element corresponding to the root a. 

These partial elements are not in general polynomials in M. Moreover 
they are not unique. In fact, if to the matrix M we apply. the transformation 
TMT, where T is commutative with M, a particular set of partial elements is 
in general transformed into another set, and all such sets are obtained in 
this way. 

It should be clear from the properties of the partial elements that any 
matrix expressible as a polynomial in a set of partial elements of M is com- 
mutative with M, and further that any two matrices both of which are ex- 
pressible as polynomials in the same set of partial elements are commutative 
with each other. : , : 

We seek then conjugates M; (j =1,--,-,7—-1) which are expressible 
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as polynomials in an arbitrary set of partial elements of M. It will then 
follow, just as in the discussion of section 7, that we are led to the problem 
of finding polynomials f satisfying equations of the form (40), where now m 
has been replaced by each of the £; in turn. In other words, in the array (41) 
the column headed ¢, is split up into t+ 1 columns headed yo, Yi, * +, Wt, 
respectively, and with the same root a, in all the columns. 

In the first of these subcolumns, headed yo, the leading entry is a, + £o, 
where o is nilpotent of index 4. The remaining r—1 places in the first 
column are then to be filled in with matrices which are expressible as poly- 
fomials in čo and which constitute an extended set of conjugates to a, + fo. 
These matrices satisfy a relation of the type (40) with y, replaced by &. In 
the second of these sub-columns headed y, the leading entry is & + &. The 
remaining entries are matrices constituting an extended set of conjugates to 
Gi + é and satisfying a relation of the type (40) with replaced by &. 
We proceed in this way through all the -+ 1 columns, using fo, és," * >, & 
in turn. 

If there is more than one elementary divisor corresponding to the root gs, 
we split up the column headed ¢ into partial columns and proceed in the 
same way. Finally, we obtain an array of the type (41) but containing just 
as many columns as Jf has elementary divisors. 

As the conjugate M; (j =1,---,r—1) we may then take the sum of 
the products of the y’s by the corresponding elements in the (j + 1)-st row. 

For a different set of partial elements clearly we are led to a different set 
of conjugates. We obtain in this way all sets of conjugates that are expressible 
as polynomials in the partial elements of M. 

Consider for example a matrix of order 8 whose elementary divisors are 


(A — 1)’, (à — 1)’, (A+ 1)%, (A—2). 


The partial elements corresponding to the last two elementary divisors are 
actually principal elements, so that the last two columns in the array (42) 
remain the same as there. However, the first column splits into two, as 
follows: | 


Yo p $2 pa 
ces i+ Zur he 22 

1 + obo + af? 1— — 1 — 7% 1 
1+ wf, — af,” 1 2 1 
— 1+ bh? —i+ dh 1 + en 1 
— 1 — bé? — 1 — dé; 1 — ene — 1 


2 2 1 — i. 
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If then we write 


M = (1+ boyo + (1 + br) + (— 1 + 92) he + Ph, 

then My, = (1 + obo + abo”) Wo + (1 — b1) i + (—1— 772) be + pe. 
M = (1 + 0% — abo”) Yo + yi + 262 + ha 

etc. 

Thus in the case where M is derogatory we have shown how to obtain 
many reduced sets of conjugates to M, but they are such that the M; are not 
expressible as polynomials in M. However, even this method does not yield 
all sets of conjugates to M, since there exist matrices commutative with Jf 
which are not expressible as polynomials in any set of partial elements of M. 

For example if 


110 111 1—2 —1 
M=(010}], w,—(010}], m,={0 1 0), 


001 001 0 0 1 


it is easy to verify that the M?s are commutative in pairs and moreover satisfy 
the condition I of section 1, with (à) replaced by (A — 1), the characteristic 
function of MW. Hence, M, and M, constitute an extended set of conjugates 
to M, but neither is expressible as a polynomial in any set of partial elements 
of M. Such sets of conjugates we leave out of consideration in the present 
paper, since the methods employed do not lend themselves readily to a dis- 
cussion of them. They are found most readily, perhaps, by a method given by 
P. Franklin in his paper “ Algebraic matric equations,” Journal of Mathe- 
matics and Physics, vol. 10 (1982), pp. 289-314. 
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ABELIAN FIELDS AND DUALITY OF ABELIAN GROUPS.* 


By REINHOLD BAER. 


4 


It is a classical theorem that the cyclic extensions of a (commutative) 
field are exactly those which are generated by solving an equation 2” — k = 0, 
provided sufficiently many roots of unity are available. Generalizing this 
result, Witt + has recently characterized the finite abelian extensions by means 
Qf invariants. It is the aim of this note to show that Witt’s theory may be 
extended—almost without any modification—to all those extensions whose 
group is abelian (finite or not) and that this may be done by the simple 
device of substituting Pontrjagin’s duality theory ? for the classical theory of 
characters of finite abelian groups. 


Chapter I. Vector Groups and Their Characters. 


Instead of introducing a topology in the considered Galois groups and 
character groups it seems to be more appropriate to describe their elements as 
vectors whose codrdinates are elements in certain finite groups and are subject 
to some conditions. This chapter is devoted to an account of these concepts 
and in particular to the theory of duality between abelian groups without ele- 
ments of infinite order and abelian vector groups. Definitions and theorems are 
adapted to the needs of the applications in the second chapter and topological 
ideas have been avoided. 


1. The concept of vector group. Two objects are needed for the defi- 
nition of a vector group: a set S of groups and an operation A(X < Y) 
defined for certain pairs X, Y in S. The groups in $ will be called the 
codrdinate groups and the group Y in 8 will be said to cover X in S, whenever 
A(X < Y) exists. 8 and h will be subject to certain conditions which will be 
enunciated in the course of this section and which will be denoted by (1. A) 
and so on. 


‘ 


* Presented to the American Mathematical Society, September 6, 1987. Received 
by the Editors, June 16, 1937. 

1E. Witt, “Der Existenzsatz für abelsche Funktionenkérper,” Journal für die reine 
und angewandte Mathematik, Bd. 173 (1935) ; E. Witt, “ Zyklische Körper und Algebren 
der Characteristik p vom Grad p",” Journal für die reine und angewandte Mathematik, 
Bd. 176 (1937), pp. 126-140. 

2L. Pontrjagin, “Theory of topological commutative groups,” Annals of Mathe- 
matics, vol. 35 (1934), pp. 361-388; E. R. van Kampen, “Locally bicompact abelian 
groups and their character groups,” Annals of Mathematics, vol. 36 (1935), pp. 448-463. 
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(LA) A(X < X) exists for every X in S and is the identity automorphism 
of the group X. : 


(LB) If Y covers X, Yeh A(X <Y) is a ain mapping the 


whole group Y upon the whole group X. 
(1.C) IfZ covers Y and Y covers X, then Z covers X and 


MX < Z) MY LINUX < Y). 


(1.D) To any pair of groups in 8 there exists a group in 8 which covers both. 
(LE) To every group X in S and every normal subgroup N of X there ewists 
one and only one group W in S such that X covers W and the homomorphism 
h(W < X) maps exactly the elements in N upon 1. 

(1.F) Every group in 8 is finite. 


It is a consequence of (1. A) and (1.E) that h(X < Y) is am iso- 
morphism if, and only if, ¥ = Y and h is the identity. 


Lemma 1.1. Suppose that S and h satisfy (1. À) to (1. F). 


(a) If the group H in 8 covers the groups K and L in S, and if every element 
in H which is mapped upon 1 by h(K < H) is also mapped upon 1 by 
h(L < H), then K covers L. 

(b) If F isa finite, not vacuous subset of S, then there iets one and only 
one group Gin S such that G covers every group X in F and such that 1 is 
the only element in G which is mapped upon 1 by every homomorphism 
h(X < @) for Xin F. If furthermore H in 8 covers every group in F, then 
H covers G and G may therefore be called the least common cover (= l. c. c.) 
of the groups in F. 

(c) If E is a not vacuous subset of S, then there exists one and bile one 
group E in S which is covered by every group X in F and which covers every 
group in S which is covered by every group in F. E may therefore be called 
the greatest common ground (= g. c. g.) of the groups in R. 


Proof. Suppose that H covers the groups K and L. Denote by K’ those 
elements in H which are mapped upon 1 by h(K < H) and by L’ those ele- 
ments in H which are mapped upon 1 by A(L < H). Assume that K'S I. 
Then A(K < H) maps L’ upon a normal subgroup L” of K and there exists 
therefore by (1. E) a group JM in S such that K covers M and h(M < K) 
maps exactly the elements in L” upon 1. It follows now from (1.C) that H 
covers M and that h(W < H) maps exactly the elements in L’ upon 1 and it 
follows from (1. E) that L = M, i.e. that K covers L. ; 

Suppose now that F is a finite, not vacuous subset of 8. Then it follows 
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by complete induction from (1. C) and (1. D) that there exists at least one 
group H in $ which covers every group X in F. Denote by H’ the set of all 
those elements in the common cover H of F which are mapped upon 1 by 
every h(X < H) for X in F. There exists by (1. E) a group G in S such 
that H covers G and A(G < H) maps exactly the elements in H’ upon 1, 
since H” is by (1. B) a normal subgroup of H. Now it follows from (a) that 
G is a common cover of the groups in F and it follows from the choice of G 
that 1 is the only element in G which is mapped upon 1 by every A(X < G) 
for X in F. à 

° Suppose now that G(i) is—for i—1,2—a group in S such that G (i) 
covers every X in F and such that 1 is the only element in G(i) which is 
mapped upon 1 by every A(X < G(i)) for X in F. As has been proved just 
now, there exists a group G in S such that G covers G(1) and G(2) and such 
that 1 is the only element in G which is mapped upon 1 by both A(G(1) < @) 
and h(G(2) < G). It follows from (1.C) that G covers every ¥ in S and 
that A(X < G) =h(G(i) < GA(X < G(i)) for X in F and +—1,2. 
Thus if w is an element of G which is mapped upon 1 by h(G(j) < G@) for 
j =1 or 2, then w is mapped upon 1 by every A(X < G) for X in F and 
consequently w is mapped upon 1 by A(G(j + 1) < G) and this implies that 
w==1. Thus it follows from (1.E) and (1. A) that G(1) = G = G(R). 

It follows now from the proof that every common cover of the groups in 
F covers their uniquely determined 1. e. c. 

Denote by T the set of all those groups in S which are covered by every 
group in the subset R of S. It follows from (1. E) and (1. F) that T is finite, 
and T is not vacuous, since every group in S covers by (1. E) the uniquely 
determined group in S which consists of the identity only. It is now an 
obvious consequence of (b) that the l.c.c. of T is the g.c.g. of F and this 
completes the proof of the lemma. 

If § is any set of groups, then it is usual to define as a vector any single 
valued function v which mdps every group XY in S on a uniquely determined 
element vx of X, its X-codrdinate. Vectors are multiplied in multiplying 
their codrdinates and thus the vectors over S form a group. But if in the set 
S a covering operation A(X < Y) is defined which satisfies (1. A) to (1. F), 
then only a certain subgroup will be considered, namely the subgroup of all 
those vectors v whose codrdinates vx satisfy: 

(1.V) If Z covers Y, then vy =v Y <2), 

The group of all the vectors of S which satisfy (1. V) will be called the 
vector group V(S,h), defined over K by means of the covering operation ` 
R(X <F). 
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If in particular S is a finite set, then it follows from Lemma 1.1, (b) 
that V(S,h) is essentially the 1. c. c. of S, and that S is essentially the set of 
all the different factor groups of V (S, h). 

If the set S is infinite, but countable, then there exists a sequence 
H(i) (¢=1,2,- - -), of groups in S such that H(t) A H(j) for 149, H(t) 
covers H(j) for j < i and such that every group X in S is covered by some 
H(i). The vector group V(S,h) consists essentially of the sequences A(t) 
with A(¢) in H(i) and h(t) = h(i + 1) #9 <H, The sequences which 
satisfy h(i) — 1 form a normal subgroup V(t) of V(S,4) and V/F (i) and 
H(i) are isomorphic. These groups are therefore essentially the so-called 
Cantorian groups.® 

In the following the set S need not be countable and two further assump- 
tions will be needed which are a consequence of (1. A) to (1. F), if S is at 
most countable. 


(1.G) Ifv is an element in the group X in S, then there exists a vector in 
V(S,h) whose X-codrdinate is s. 


In mapping every vector of V(S,%) upon its X-codrdinate a homo- 
morphism of V(S,}) upon the whole group X is defined, provided (1. G) is 
satisfied. If V(X) is the set of all vectors in V(S,%) whose X-codrdinate 
is 1, then V(X) is a normal subgroup and X and V(S,h)/V(X) are essen- 
tially the same. Furthermore S is essentially equal to the set of these factor 
groups and À to the homomorphism induced by V(S,h). 


(LH) The subset T of the set 8 is the whole set S if, and only if, T satisfies 
the following conditions: 
(i) If X is contained in T, then every group, covered by X, is contained in T. 
(ii) If X and Y are contained in T, then T contains a group which covers 
both X and Y. 
(iii) The vector v in V(S, h) is the 1-vector if, and only if, vx = 1 for every 
Xin. f 


2. Subgroups of vector groups. It will be assumed in this section 2. 
that the set S of coördinate groups, the covering operation h(X < Y) and the 
vector group V(S,A) satisfy (1. A) to (1. H). 


Notations. If U is a subgroup of V(S, A) and X a group in S, then Ux 
is the set of all the X-coürdinates of vectors in U, S(U) is the set of all those 


3D. van Dantzig, “Zur topologischen Algebra III,” Comp. Math., Bd. 3 (1936), 
pp. 408-426; H. Freudenthal, “ Entwicklungen von Riiumen und ihren Gruppen,” Comp. 
Math. Bd. 4 (1937), pp. 145-234. 
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groups X in S which satisfy Vy 1; V(U) denotes the set of all the vectors 
v in V(8,h) such that vy = 1 for every ¥ in S(U) and U denotes the set of 
all the vectors v in V (S, h) such that vx is for every X in S an element of Ux. 


V(U) and Ọ are subgroups of V(S, R). 
S(F(U)) =8(U), Ox = Ux for every X in 8. 
V(V(U)) = V(U), Ū = 0. 


_If U is a normal subgroup: of V(8,h), then it follows from (1.@) that 
every Ux is a normal subgroup of X, and if conversely every Ux is a normal 
Subgroup of X, then U is a normal subgroup of V (S, h). 


(2.1) USUSV(U) for every subgroup U of V(S,h). 
This is a consequence of the identity: S(U) = S(U) =8(V(U)). 
(2.2) If U is a normal subgroup of V(S,h), then V(U) =U. 


Proof. There exists by (1. E) to every group XY in $ a uniquely deter- 
mined group X’ in S such that X covers X’ and h(X’ < X) maps exactly the 
elements in Ux upon 1. If X in S covers F in S, then it follows from (1. V) 
that Ux is mapped by 4(Y1< X) exactly upon Uy. This implies in particular 
that Ux = 1 for every X in S, i. e. that every X” is an element of S(U), and 
S(U) is therefore by (1. A) exactly the set of all the groups Y’ for X in 8. 
If v is a vector in V(U), then vx=— 1 for every X in S and now it follows 
from the choice of the group X” that vx is an element of Ux for every X in 8, 
‘ie. that v is a vector in U. Hence V(U) =U for normal subgroups U of 
V(8,h) and consequently V(U) = U by (2.1). 


DEFINITION 2.3. The subgroup U of V(S,h) is closed, if U = YV (U). 


Thus all subgroups V(U) are closed subgroups and normal subgroups U 
are closed, if U = U. 

If G is any group whatsoever, then denote by O(G) its commutator group 
and by G* for a positive integer m the subset of those elements of G which 
mod O(G) are m-th powers of elements of G. Then O(G) and G™ are char- 
acteristic subgroups of G, G/C(G) and G/G™ are abelian groups and the 
orders of the elements of G/G™ are finite and divisors of m. 


(2.4) C(V(S,h))x=—C(X); (V(S, h)™)x = ZX" for every X in 8. 


3. Characters of groups without elements of infinite order. 


Notation. E is the essentially uniquely determined group with the fol- 
lowing properties : 
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(i) Every finite subset of E is contained in a cyclic subgroup of E; 
(ii) E contains elements of every finite order. 


| ‘This group Æ is abelian, contains for every positive integer n exactly one 
cyclic subgroup of order n and is isomorphic with the multiplicative group of 
the roots of unity in the field of complex numbers. 

Suppose now that G is an abelian group without elements of infinite order. 
Then every homomorphism of G into a subgroup of E is called a character of 
G and the product fg of the characters f and g of G is defined by the equation : 
10 = gfz for every x in G. Thus the characters of G form an abelian group, 

Since homomorphisms map elements of the finite order n upon elements 
whose order is a divisor of n, as a rule not the whole group Æ will be needed 
for the definition of the characters and it is obvious which part of F is really 
necessary. 

Every character of G induces a character in every subgroup of G and 
conversely it may be proved in the usual way * that every character of every 
subgroup of G is induced by a character of the whole group G. It is a conse- 
quence of these facts, of the finiteness of the orders of the elements in G and 
of the condition (ii), that 1 is the only element in G which is mapped upon 1 
by every character of G. 

If U is any subgroup of G, then denote by H(U) the group of all the 
characters of U. Let S == S(@) be the set of all the groups H(U) for finite 
subgroups U of G. If US U’, then every character of U” induces a character 
of U and thus a homomorphism h(H(U) < H(U’)) of H(U’) upon the 
whole group H(U) is defined. S and h satisfy obviously (1. A) to (1.C) 
and (1.F). (1.D) is a consequence of the fact that the join of two finite 
subgroups of G is a finite subgroup of G and (1. E) is a theorem in the classical 
theory of characters of finite abelian groups.’ 

If c is any character of G, then c induces in every finite subgroup U of G 
a character cm, its H(U)-cobrdinate. The characters of G are completely 
determined by its H(U)-codrdinates, since G is the join of its finite subgroups. 
By the definition of the homomorphisms h(H(U) < H(U’)) it follows that 
the coôrdinates of the characters of G satisfy (1. V) and thus it may be proved 
that the group of characters of G is exactly the vector group V (8, h), defined 
over S(G) by means of h. 

(1. G) is a consequence of the fact that every character of a subgroup of 
G is induced by a character of G and (1. H) follows from the remark: if U is 
any subgroup of G and w an element of G which is not contained in U, then. 


# Cp. footnote ?. 
5E. Hecke, Vorlesungen über die Theorie der algebraischen Zahlen, 1923. 
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there exists a character of G which maps every element of U upon 1, but w 
upon an element = 1. 

If the group G is not abelian, but all the elements of G/C(G) are of biti 
order, then every character of Œ (= homomorphism of G into #) maps the 
elements of C(G) upon 1 and induces therefore a character of G/C(G). 
Conversely every character of G/C(G) is induced by exactly one character of 
G. Thus the characters of G are essentially the same as the characters of 
G/C(G) and it is obvious how to apply the above considerations upon the 
theory of characters of groups G such that the elements of G/C(G@) are of 
finite order. 


4. Characters of vector groups. If G is any group, f a homomorphism 
of G, then denote by (G;f) the set of all those elements in G which are 
mapped upon 1 by f. (G;f) is a normal subgroup of G and f defines an iso- 
morphism of &/ (G; f) upon Gf. i 

In this section it shall be assumed that the set § of groups, the covering 
operation A(X < F) and the vector group V(S,h) defined over S by means 
of h satisfy-the conditions (1. A) to (1. HÆ). | 


Lemma 4.1. Let f be a homomorphism of V(S,h) into the group E, 
defined in 3. Then there exists a group N in § such that vf — 1, whenever 
vy = 1 if, and only if, (V(8,h);f) is a closed subgroup of the vector group 
V(S,h) and V(S,h)f is a finite (and therefore a cyclic) subgroup of E. 


Proof. Assume first that there exists a group N in S such that vy —1 
implies vf = 1. Then vy = wy implies of = wf and it follows therefore from 
(1.G) that f induces a homomorphism of N into E. N’—V(S,h)f and 
(1.F) imply now that V(S,h)f is a finite and therefore a cyclic subgroup 
of E. A vector v belongs to (V(S,h);f) if, and only if, its N-codrdinate vy 
belongs to (V;f). Let now XY be any group in 8. Then there exists by (1. D) 
a common cover X’ of X and Nin S. If vx —1, then vy = 1 and therefore 
of =1. Thus f is also a homomorphism of X’ and the vector v belongs to 
(V(8,h); f) if, and only if, its X’-codrdinate belongs to (X’;f). But since 
(X’; f) = (V(S,h);f)x and since X’ covers X, it follows that v belongs to 
(V(S,f);f) if, and only if, its X-codrdinate belongs to (V(S,h);f)x. Thus 
(V(S,h);f) = (V(S,h);f) and (V(S,h) ;f) is therefore, as a normal sub- 
group of V(S,%), by (2.2) a closed subgroup of V (S, R). 

Assume now that (V(S,h);f) is a closed subgroup of V(S,h) and that 
V(S, h)f is a finite and therefore a cyclic subgroup of F. There exists a vector 
g in V(S,h) such that gf generates the finite cyclic group V(S,h)t. If 
gx‘ is for every X in S an element of (V(S8,h);f)x, then gê is an element: 
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of (V(S,h);f) since (V(S,h);f) is a closed subgroup of the vector group 
V(S,h). If n is the order of g mod (V(S,h) ;f) and 0 < à < n, then there 
exists therefore a group N(i) in S§ such that gra, is not an element of 
(VS, h);f}n«s By Lemma 1.1 there exists the Le.c. N of these groups 
N(t) in 8. From the choice of the groups N (i) and N it follows that g* is an 
element of (V(S,%);f) if, and only if, gyt is an element of (V(S,%);f)y. 
Let now v be any vector in V(S,h). Then there exists an integer i such that 
vg’ is an element of (V(S,h);f). Consequently (vg*)y = vygy* is an ele- 
ment of (V(S,h);f)x. Now vx —1: implies that gy? is an element of 
(V(S,h)3f)y and therefore that gi is an element of (V(S,h);f). Thh 
vy = 1 implies that v itself is an element of (V (S, h);f) and this completes 
the proof of the Lemma. 


DEFINITION 4.2.. A character of the vector group V(8,h) is a homo- 
morphism f of V (S, h) into E such that (V(S,h);f) is closed and V (S, h)! 
is finite. 


COROLLARY 4.3. To every character f of the vector group V(S,h) there 
exists one and only one group Ny in 8 such that vf = 1 if, and only ify, == 1. 
Ny; is uniquely determined by either of the following two properties: 


f induces an isomorphism in Np. 
The group X in S covers N; if, and only if, vx = 1 implies of = 1. 


This Corollary follows essentially from Lemma 4.1 and (1. B). 

By means of this Corollary it is rather simple to construct all the possible 
characters of the vector group V(8,h). Just choose any cyclic group Z in § 
and an isomorphism f of Z into E. Z and f determine uniquely a character f 
of V(S,%) by the equation vf = vf, and Z == Np. Conversely every character 
of V(S,h) leads to such a pair Z, f which is uniquely determined by the 
character. This implies in particular that the vector v is mapped upon 1 by 
every character of the vector group V (S, h) if, and only if, all its codrdinates 
are elements of the respective commutator groups. Thus if V(S,h) ts abelian, 
then 1 is the only vector mapped upon 1 by every character of the vector 
group V(S,h). 


5. The duality theorem. Suppose that the set S of groups, the covering 
operation A(X < Y) in S and the vector group V(S,h), defined over. 9 by 
means of h, satisfy the conditions (1. A) to (1. H), that G is a group such 
that all the elements of G/C(G) are of finite order, and that an operation 
gov is defined which obeys the following rules: 
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(5.A) gow is for every g in G and for every v in V(S,h) a uniquely 
determined element of the group E, defined in section 3. 


(5.B) (gh) ov = (gov) (hov), go (vw) = (gov) (gow). 


(5.0) The group (V(S,h); 9) of the elements v in V(S,h) which satisfy 
gov= 1 is for every g in G a closed subgroup of the vector group V (8S, h). 


These rules imply that every v in V(S,h) induces by gov a character 
of the group G, and consequently cov = 1 for every c in O(G). Thus every 
gin G induces a homomorphism of V (6, h) into a finite subgroup of # and 
it follows now from (5.C) that every element g in G induces by g ov a char- 
acter of the vector group V(S,h). 

It is of importance to note that for the considerations of this section not 
the whole group F is needed, but only a subgroup of Æ which contains elements 
of order n for every positive integer n which is the order of an element in 
G/C(@) or the order of an element in some group X/C(X) for X in 8. 


THEOREM 5.1. The following four properties of the group Œ, the vector 
group V(S,h) and the operation g ov are equivalent: 


(a) gov==1 for every g in G if, and only if, v = 1 and 
gov==1 for. every v in V(S,h) if, and only if, g = 1. 
(b) gov==1 for every g in G if, and only if, v =1, 
G is abelian and every character of G is induced by some v in V(S,h). 


{c) V(S,h) is abelian, every character of the vector group V(S,h) is in- 
duced by some element in G and | 


gov= 1 for every v in V(S,h) if, and only if, g =1. 


(d) G and V(S,h) are each the character group of the other group (and 
therefore abelian). 


Remark. If G and (or) V(S, h) are finite groups, then the above Theorem 
5. 1 is a well known fact in the theory of characters of finite abelian groups ë 
and the propositions (a) to (d) together with the finiteness-assumption imply 
that G and V(S,h) are isomorphic. This remark shall be used in the course 
of the proof of the Theorem 5.1. | 


Proof. A. If G is abelian and every character of G is induced by an 
element of V (S, h), then 
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gov= 1 for every v if, and only if, g = 1, 


as follows from a rates in section 3. 
If V(S,h) is abelian and every character of the vector group 7 (8, h) is 
induced by some element in G, then 


g ov = 1 for every g if, and only if, v = 1, 


as follows from a remark at the end of section 4. 

These facts imply that (b) and (c) are both consequences of (d) ‘and 
that (a) is a consequence of each of the propositions (b) and (c). Thus the 
Theorem 5.1 will be proved as soon as it has been shown that (d) is a con- 
sequence of (a). 


B. Assume that (a) is satisfied. 

Clearly both G and V(S,%) are abelian groups, since the elements in G 
and in V(S,h) induce homomorphisms into an abelian group. | 

If g is any element of the group G, then there exists by (5.C) and 
Corollary 4.3 a uniquely determined group Wy, in § such that gov=1 if, 
and only if, vy, —1. If F is any finite subgroup of G, then there exists by 
Lemma 1.1 the l. c. c. Nr of the groups Ng for gin F: Since Np covers each 
No with g in F, and since 1 is the only element of Np which is mapped upon 1 
by every h(Ny < Nr) with g in F, it follows from the definition of N, that 
gov= 1 for every g in F if, and only if, vyp = 1, and Np is uniquely de- 
termined by this property. Since therefore 


g ov =g o w for every g in F if, and only if, ony = wy, 


an operation goz is defined for the elements g in F and v in Wp by the 
equations 


goæ—gov for every v in V(8,h) such that ON peo 


and this operation between F and Nr satisfies (5. A) and (5.B). From (a) 
and the definition of g o x it follows that g o s = 1 for every x implies g = 1, 
and it follows from the definition of Nr and the definition of goæ that 
g o x = 1 for every g in F implies s = 1. It is therefore a consequence of the 
theory of characters of finite abelian groups—as has been mentioned in the 
_ Remark—that F and Nr are isomorphic finite abelian groups and each the 
character group of the other group (under the operation gow). 

The fundamental step in the proof will be the proof of the following 
statement: 
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(5.2) Nr defines a one-one-correspondence between the set of all the finite 
subgroups F of G and the whole set 8. 


Suppose first that F and F are two finite subgroups of G such that . 
Nr = Nr =M. Denote by F” the subgroup of G which is generated by the 
elements in F and in W. F” is a finite subgroup of G, since G is abelian. 
Since gov = 1 for every g in F if, and only if, va = 1, and since g'ov = 1 
for every g in F if, and only if, vw = 1, it follows that g” ov = 1 for every 
g” in F” if, and only if, vx =1. Thus Ny = M and the groups F, F’, F” 
ad M are isomorphic. Since F and F” are subgroups of the isomorphic finite 
group F”, it follows that F = F” = F’ and Nr defines therefore a one-one- 
correspondence between the set of all finite subgroups F of G and a certain 
subset T of 8. 

It is an obvious consequence of the definition of Np that Np covers Nr 
if, and only if, MSF. If F and F’ are any two finite subgroups of G, 
F” their join-group, then Nr" is a common cover of Nr and Ny. If U is any 
subgroup of a group Nr, then denote by F’ the group of all those elements g 
in F which satisfy g o u = 1 for every u in U. Since F and Nr are each the 
character group of the other group, it follows from the classical theory of 
characters of finite abelian groups * that Np is covered by Nr and that exactly 
the elements in UY are mapped upon 1 by (Nr < Npr).—Tf finally v is a 
vector such that vy p= 1 for every finite subgroup F of G, then fov = 1 for 
every element f of G and it follows from (a) thatv—1. The set T satisfies 
therefore the conditions (i) to (iii) of (1.H) and this implies T = 9, thus 
completing the proof of (5.2). 

If c is any character of the vector group V (S, A), then there exists by 
Corollary 4. 3 a group N, in S such that v° — 1 if, and only if, vx, = 1. The 
character c of V (S, h) induces therefore a character c of the cyclic group M, . 
There exists by (5.2) a uniquely determined finite subgroup # of G such 
that Ny = N, and F and Nx are each the character group of the other group. 
F contains therefore an element g such that g o v= s° for every element x 
in NV, and consequently g o v == v° for every v in V(S,h). Thus every char- 
acter of the vector group V(8,%) is induced by an element of G. 

If c is any character of the group G, then e induces in every finite sub- 
group F of G a character ep. Since Nr is the character group of F, there 
exists an element cr in Np such that g o cr = g°r for every g in F. These 
elements cp satisfy (1. V) and they are therefore the codrdinates of a vector v 
in V(S,h). If (g) is the cyclic subgroup of G, generated by g, then 
g 0 V = g 0 UN g, = geo = g° and the character e of G is therefore induced 
by the element v of V.(S, h). This completes the proof of the Theorem 5. 1. 
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If the group G, the vector group V (S, h) and the operation gov do not 
satisfy the properties (a) to (d) of the Theorem 5.1, then at least the fol- 
lowing statements may be derived from this theorem: 

denote by Ge the set of all those elements g in G such that gov = 1 for 
every v in V(S,h) and denote by Vo the set of all vectors v, satisfying 
gov= 1 for every g in G; then 


C(G)<G@, UOU, h) € Vo. 


The operation X o F, defined by Gog o Vav = g o v for the elements X of 
G/G and the elements Y of V(S,h)/Vo satisfies (5. A) to (5.C) and the 
conditions (a) to (d) of Theorem 5.1. Every character of G is induced by 
an element of V(S,h) and every character of the vector group V(S,h) is 
induced by an element of the group G if, and only if, G—C(G@) and 
Vo= O(V(S,h)). 


Chapter II. Characters of Galois Groups and Characterization of 
Abelian Extensions. 


6. Representation of Galois groups as vector groups. This section is 
devoted to a representation of Galois groups as vector groups and to an ex- 
position of those parts of Galois theory which are needed for this purpose. 


Notations. If F is a field and G a group of automorphisms of F, then 
J(G) is the subfield of all those elements f in F which satisfy f — fe for every 
g in G—Itf K is a subfield of F, then an automorphism g af F is called a 
K-automorphism of F, if s = se for every s in K, and the group of all the 
K-automorphisms of F is denoted by R(K < F). 


THEOREM 6.1. G—R(J(G) < F) for every finite group G of auto- 
morphisms of F. 


A Proof of this theorem may be added, since.this theorem is slightly more 
general than the theorems which are usually reproduced in the literature, and 
since the proof itself is simpler than the proofs of the classical case use to be.f 

It is obvious that G'S R(J (G) < F). Assume now that the theorem is 
wrong. Then there exists an automorphism w in R(J (G) < F) which is not 
contained in G. There exists therefore to every element g in G an element 
v(g) in F such that v(g)s s£ v(g)”. 

Let now correspond to every element g in G a new symbol (g). If His 

e any field, then denote by H* — H (- - -æ(g): - -) the field of all rational func- 


ê The idea of the proof goes back to a paper of O. Bolza. . 


ABELIAN FIELDS AND DUALITY OF ABELIAN GROUPS. 881 


tions in the æ(g) with coefficients in H, and if h is an automorphism of H, 
then denote by h* tke uniquely determined automorphism of H* which coin- 
cides in H with h and has the s(g) as fixed elements. 

Let G* be the group of the automorphisms g* of F* for g in G. Then 
J(G*) =J(G)*. Since G is a finite group, it is possible to introduce the 
quantity {= 2 (8) a(g) in F# and the polynomial 

gin 


fe) =F; = alg) --) = IL (0 — t). 


Since the application of an automorphism g*, for g in G, upon f(x) 
effects a permutation of the factors, defining f(x), the coefficients of the poly- 
nomial f(z) are elements in J(G*) and the coefficients of the polynomial 
‘f(@; + :æ(g)::-) are elements of J (G). Sincew belongs toR(J(G) < F), 
it follows that w* belongs to R(J(G*) < F*) and consequently that ¢* is a 
solution of f(s) == 0. Hence there exists an automorphism z in G such that 
tt, But since th" = 2 v(8)"(8), this implies that v(%)* = v(x)" 
gin 


in contradiction to the choice of the elements v(g) and this completes the 
proof of the theorem. 


THEOREM 6.2. Let U be a subfield of the field F. Then every element 
of F is mapped by U-automorphisms of F only upon a finite number of dif- 
ferent elements in F and U=J(R(U'< F)) if, and only if, every element 
in F is a solution of an equation in U whose degree is exactly the number of its 
different solutions in F (ie. if a is an algebraic, normal and separable 
extension of U). 


This may ‘be proved by a slight change in the usual procedure.” The 
decisive step may be stated as a lemma for future reference. 


Lemma 6.8. If the field F is an algebraic and normal extension of its 
subfield U, then every U-isomorphism of a field between U and F upon a field 
between U and F is induced by an automorphism of F8 

Suppose now that the field F is an algebraic, normal and separable ex- 
tension of its subfield K. A field B between K and F is normal with regard 
to K, if every K-automorphism of F maps the field B upon B, and B is finite 


TR. Baer, “ Abbildungseigenschaften algebraischer Erweiterungen,” Mathematische 
Zeitschrift, Bd. 33 (1931), pp. 451-479. 

8 E. Steinitz, Algebraische Theorie der Körper. Neu herausgegeben und mit einem 
Anhang: Abriss der Galoisschen Theorie versehen von Reinhold Baer und Helmut Hasse, 
Berlin, 1930. Cp. Lemma 1, Lemma la and Lemma 2 on pp. 134-136. 
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with regard to K, if B may be generated by adjoining a finite number of 
elements to K. 

Denote by S(K < F) the set of all the fields B between K and F which 
ate finite and normal with regard to K and denote by S(K < F) the set of 
all groups R(K < B) for Bin S(K < F). If B and P” are two fields in 
S(K < F) and BSB’, then every K-automorphism of B’ induces a K-auto- 
morphism of B and every K-automorphism of B is induced, by Lemma 6. 3, by 
some automorphism ôf B’. Thus a homomorphism h(R(K < B)< R(K < B’)) 
of R(K < B’) upon the whole group R(K < B) is defined. The set S(K < F) 
and the covering operation h satisfy obviously (1. A) to (1.C) and (1.¥). 
That they satisfy (1. D) is a consequence of the fact that the field B”, generated 
by the fields B and B’ in S(K < F), belongs to S(K << F). If B is a field. 
in S(K < F) and N a normal subgroup of R(K < B), then J(N) is a field 
between K and B which is normal and finite with regard to K. N is finite, 
since R(K < B) is finite. Hence N—R(J(N) < F) by Theorem 6.1 and 
R(R(K <J(N)) < R(K < B)) maps exactly the elements in N upon i. 
Thus it has been shown that (1. A) to (1. F) are fulfilled by the set S(K < F) 
and the covering operation h. 

_ Every K-automorphism g of F induces an automorphism g, in every 
field Bin S(K < F). gp belongs to B—R(K <.B) and these codrdinates 
satisfy (1. V). g is uniquely determined by the g, since F is the join of the 
fields Bin S(K < B). If in every group B in S(K < F) an automorphism 
8, has been chosen in such a way that (1. V) is satisfied, then these gp 
determine exactly one K-automorphism of F whose coôrdinates they are and 
this proves that the group R(K < F) of the K-automorphisms of F is exactly 
the vector group, defined over the set S(K < F) by means of the covering 
operation h. 

(1. Q) is satisfied in this vector group, since by Lemma 6.3 every K- 
automorphism of a field B in S(K < F) is induced by an automorphism 
of F. Suppose now that T is a subset of the set S(K < F) which satisfies 
the conditions (i) to (iii) of (1. H). Denote by T the set of the corresponding 
fields in S(K < F) and by W the join of the fields in T. Then W is a field 
between K and F such that the identity is the only W-automorphism of F. 
It follows therefore from Theorem 6.2 that W = F and this implies that 
T= S(K < F) and consequently that T—S(K < F), i.e. that also (1. H) 
is satisfied. The result of these considerations may be stated as a theorem. 


THEOREM 6. 4. If the field F is an algebraic, normal and separable 
extension of its subfield K, then the set S(K < F), the covering operation h 
and the vector group V (S, h), defined over S(K:< F) by means of h, obey 
the postulates (1. A) to (1. H) and V(S(K < F), h) =R(K < F). 
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COROLLARY 6.5. If G is a subgroup of the vector group R(K < F), then 
R(J (G) < F) =F (G)—in the notation of n 2—and if Gi isa normal 
subgroup, then—by (2.2)—R(J(G) < F) = 


7. Realization of the character group of the Galois group. Let F be 
an algebraic, normal and separable extension of the field K. It will be possible 
to use the group #(K) of the roots of unity in K for the definition of the 
characters of the vector group R(K'< F) if, and only if, the following 
hypothesis is satisfied : 


Ch. R) K contains n different n-th roots of unity, if there are elements of 
order n in a group B/C(B) for B in the set S(K < F). 


Notation. K* is the multiplicative group of all the elements =£ 0 in K 
and G*(F) is the multiplicative group of all those elements s£ 0 in F whose 
order mod K* is a positive integer n such that K contains n different n-th 
roots of unity. 


_ Tueorem 7.1. Let F be an algebraic, normal and separable extension 
of the field K and G* a group between K* and G*(F). 


(a) The operation X og, defined for the elements X of the group G*/K* 
and the elements g of the vector group R(K < F) by the equation 


K*u o g = urs 
obeys the postulates (5. A) to (5. ©). 


(b) The following properties of the field F, the group G* and the operation 
X og are equivalent: 


(1) Fis the field, generated by G*. 
(2) R(K < F) is abelian, F satisfies (T.R) and G* = G* (F). 


(3) G*/K* and R(K < F) are—by means of the operation X o g—each 
the character group of the other group. 


Proof. The definition of X ov is independent of the particular choice 
of the representative of the class X, since the elements v are K-automorphisms 
of F and consequently k1! — 1 for k in K*. If the order of the element 
K*g of G*/K* is n, then g is a solution of the equation a*— g” = 0 with 
coefficients in K. K*gov is therefore for every K-automorphism v of F an 
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n-th root of unity and is by the choice of G* an element of K, i. e. an element 
of E(K). 
(XY) ov = (Xov)(Yoov), 


since v is an automorphism of F, and 
X o (vw) = Xtve — Xiu Yu-ww — (X ow)(X ov)” = (Low) (X ov) 


since X ov is.an element of K and w a K-automorphism. Thus (5. A) and 
(5. B) are satisfied. That (5. C) is satisfied, is a consequence of Lemma 4. 1 
and the fact that every X in G*/K* is contained in a field Bin S(K < F} 

I£ X o v = 1 for every v in R(K < F), then X belongs to J(R(K < F)) 
and since this field equals K by Theorem 6, 2 it follows that X == K* —1, i.e. 
(7.2) Xov-==1 for every v if, and only if, Y — 1. í 

If (1) is satisfied and v is an element of R(K < F) such that XY o v = 1 
for every X in G*/K*, then f? =f for every f in F, i.e. v = 1 and it follows 
from (7.2) that (a) of Theorem 5.1 is satisfied. Theorem 5.1 may be 
applied, as follows from Theorem 7.1, (a), and the choice of G* and con- 
sequently (d) of Theorem 5.1 holds true. Hence (3) is a consequence of (1).. 

If (3) is satisfied, denote by W the field, generated by G*. This is a 
field between K and F. Letv be any W-automorphism of F. Then Yov—1 
for every X in G*/K*, since these X are subsets of W. Since (3) holds true, 
also (d) of Theorem 5.1 holds true and therefore (a) of Theorem 5.1 is 
satisfied. Thus v=1 and it follows from Theorem 6.2 that W =F, i.e. 
(1) is a consequence of (3). 

Since (a) of Theorem 7.1 has been proved for every group G* between 
K* and G*(F), it may be applied upon G*(F) itself. The same applies to 
(7.2). Thus if (8) holds true, there exists to every X in G*(F)/K* an 
X’ in G*/K* such that X o v = X’ ow for every v in R(K < F), and since 
this implies XY = X’, it follows that (3) implies the equality of G* and 
G*(F), ie. (2). 

Assume now that c is a character of the vector group R(K < F). Then 
there exists by Corollary 4.3 a uniquely determined group Ne in S(K < F} 
such that v° = 1 if, and only if, uy = 1. Denote by Be the field in S(K < F) 
such that Ne = R(K < Be). Then c is a character of the group Ne. There 


exists in Be an element u such that b = J, hou 54 0—this follows e. g. from 
hin Ne 


the existence of a normal basis ° of B, with regard to K—and, using the fact 


°M. Deuring, “Galoissche Theorie und Darstellungstheorie,” Mathematische An- . 


nalen, Bd. 107 (1982), pp. 140-144. 


œ 
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that by (7. R) all the elements h° are contained in K, it may be verified that 
b1- — he. If n is the order of Ne, then b” = [J bhe = b? TT he is an 


h in Nc 


element of K and K*b is consequently an element of G*(F)/K*. Since 
K*b o v — v° for every v in R(K < F), it follows that (3) is a consequence 
of (2) and this completes the proof of the Theorem. 


COROLLARY 7.3. Let F be an algebraic, normal and separable extension 
of the field K, satisfying (7.R). 


di) R(K <F) is abelian if, and only tf, F is the field, generated by 
G*(F).—If R(K < F) is abelian, then G*(F)/K* and the vector group 
R(K < F) are each the character group of the other group. 

(ii) J(C(R(K < F))) is the field, generated by G* (F). 

(iii) Denote by G*n(F) the group of elements in G*(F) whose order 
mod K* is a divisor of m and by Fy, ‘the field, generated by G*n(F), then 
G* (F'n) = (À ‘m(F) and Fm = J(R(K < F)”). 


(i) is an obvious consequence of the Theorem 7.1 and (ii) and (iii) 
follow in using Corollary 6.5 and (2.4). 


8. Characteristic invariants of abelian extensions. 


DEFINITION 8.1. e(K < F) is for every algebraic, normal and separable 
extension F of the field K the set of all the orders of elements in groups 
B/C(B) for B in S(K < F) and 

P(n, K < F) is for every positive integer n the group of all the elements 
4 0 in K which are n-th powers of elements in F. 


P(n, K < F) contains the group K*” of the n-th powers of ‘elements 
Æ 0 in K. If K contains exactly n different n-th roots of unity, then 
P(n, K < F) =G*,(F)” and the correspondence between the elements of 
G*,.(F) and their n-th powers induces an isomorphism between G*,(F)/K* 
and P(n, K < F)/E*™. 


THEOREM 8.2. Suppose that H and L are algebraic, normal and separable 
extensions of the field K, that R(K < H) and R(K < L) are abelian and 
that (7. R) is satisfied by H and L. There exists a K-isomorphism between H 
and L if, and only if, 


(a)  e(K<Ħ)=e(K < L) =e; 


(b) P(n, K < H) =P(n,K < L) = P(n) for every n in e. 
12 
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Proof. It is obvious that (a) and (b) are necessary conditions. It 
follows from Corollary 7.3 that H is the field, generated by @*(H), and L is 
generated by G*(Z). Since G*(H) is the join of the groups G*,(H) for 
n in e and G*(L) is the join of the groups G*,(L) for n in e, it follows 
from (a) and (b) that H as well as L is a field, generated from Æ by solving 
all the equations 

a" — k = 0 for n in e and k in P(n). 


The existence of a K-isomorphism between H and Z is now a consequence 
‘of a well known theorem in the theory of fields.1° e 


. COROLLARY 8.3. Suppose that H and L are algebraic, normal and 
separable extensions of the field K, that R(K < H) and R(K < L) are 
abelian, that (T.R) is satisfied by H and L, and that the positive integer n 
is the L. c. m. of the integers in e(K < H). There exists a K-isomorphism 
between H and L if, and only if, 


(x) n is the l.c.m. of the integers in e(K < L); 
(b’) P(n, K <H)=P(n,K < L). 


This is a consequence of the proof of Theorem 8. 2, since the conditions 
concerning n imply that G*(F) = G*,(#) for F = H, L. 


Remark. If the fields H and L are contained in a field M, e. g. in the 
algebraic closure of K, then the conditions of Theorem 8.2 or Corollary 8. 3 
imply not only the existence of a K-isomorphism between H and L, but even 
the equality of H and L, since by Lemma 6.3 every K-isomorphism of fields 
between K and its algebraic closure is induced by an automorphism of this 
algebraic closure, and since furthermore normal, algebraic extensions are 
mapped upon themselves by K-automorphisms of the algebraic closure of K. 


` THEOREM 8.4. Suppose that e is a set of positive integers, containing 
all the divisors of its elements and the l. c. m. of every finite subset, that K is a 
field, containing n different n-th roots of unity for every n in e, and that D(n) 
is—for every n in e—a multiplicative subgroup of K*. ` ` 

There exists an algebraic, normal and separable eatension F of K such 
that R(K < F) is abelian, e(K < F) =e and P(n, K < F) =D(n) for 
every n in e if, and only if, | 


(1) K**= D(n); 


10 Æ. Steinitz, loc. cit., p. 112. 
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(2) D(n)/K** contains elements of order n; 
(3) D(n)*S D(nk); 


(4) the elements of D(nk) whose order mod K*"* divides n are represented 
exactly by the elements of D(n)*. 


Proof. A Suppose that F is an algebraic, normal and separable extension 
of the field K, that (7. R) is satisfied and that R(K < F) is abelian. Then 
K» S P(n, K < F), since K*=G*,(f). e(K < F) contains exactly the 
Srders of the elements in the character group of the vector group R(K < F). 
P(n, K < F)/K* contains therefore elements of order n, if n is contained 
in e(K < F), since P(n, K < F)/K* and G*,(F)/K* are isomorphic and 
G*(F)/K* is the character group of R(K < F). If u is an element of 
P(n, K < F), then there exists an element v in F such that v” =u. uë == ré 
is therefore an element of P(nk, K < F). If wis an element of P (nk, K < F) 
whose order mod K*"* is a divisor of n, then there exists an element f in F 
such that fr = u and an element h in K* such that u” —=h**, Consequently 
(fe) = u” == and f*h+ is an nk-th root of unity. Since the nk-th roots 
of unity are by (7.R) elements of K, it follows that f” is an element of K 
and u is therefore an element of P(n, K < F)*. If conversely the element u 
in P(nk, K < F) is at the same time an element of P(n, K < F)*, then 
u = v* for a suitable element v in &* and u” —v** is therefore an element 
of K***, Thus it has been proved that the conditions (1) to (4) are necessary 
conditions. 

B. Assume now that the groups D(n) satisfy the conditions (1) to (4). 
Then denote by F the essentially uniquely determined field which is generated 
from K by completely solving the equations 


a" — d = 0 for n in e and d in D(n), 


and denote by G* the set of *all the solutions of these equations in F. 

Since K contains for every n in e exactly » different n-th roots of unity, 
these numbers n are relatively prime to the characteristic of K and F is 
therefore 4 an algebraic, normal and separable extension of K. 

If u(i) is for i = 1,2 an element of G*, then there exists a number n (i) 
in e such that u(t)” is an element of D(n(i)) and there exists the 
lem. m of n(1) and n(2) in e. Since m—n(i)k(i), it follows that 
u(i)™ = (u(i) EG) is an element of D(n(+))* and therefore by (3) an 
element of D(m). Since D(m) is a group, (w(1)u(2))” is an element of 


31 E. Steinitz, loc. cit., p. 66. 
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D(m) and u(1)u(2) is consequently an element of G*. G* is therefore by 
condition (1) and by the definition of G* a group between K* and G*(F). 
Since F is generated by G*, it follows from Theorem 7.1, (b) that 


R(K < F) is abelian, F satisfies (7. R) and G* = G* (F). 


Since e is the set of orders of elements in G*/K*, it follows from Theorem 
7.1 thate=e(K < F). 

It is an obvious consequence of the definition of F and G* that 
D(n) = P(n, K < F) for every n in e. Assume now that u is any element 
in P(n, K < F). Then there exists an element v in G*(#) such that v” = u. 
Since G* = G* (F), there exists an integer m in e such that v" is an element 
of D(m). Denote by g the l.c.m. of n and m. q is an element of e and 
q = n = mm. Now it follows from condition (3) that vt == (v™)™ is an 
element of D(q) and, since the order mod K*" of vt == u” is a divisor of n, 
it follows from condition (4) that u” == vi = w” for some w in D(n). 
ww is therefore an n-th root of unity and thus contained in K, since n is a 
divisor of g. Since the n’-th roots of unity are for the same reason’ elements 
of K**, it follows from (1) that u == (ww-t)w is an element of D(n). Hence 


P(n, K < F) = D(n) for every nine, 
and this completes the proof of the Theorem. 


COROLLARY 8.5. Suppose that the field K contains n different n-th roots 
of unity and that P is a multiplicative group of elements = 0 in K. Then 
there exists an algebraic, normal and separable extension F of K such that 
R(K < F) is abelian, n is the l.c.m. of the numbers in e(K < F) and 
P(n, K < F) =P if, and only if K'S P and P/K*" contains elements 
of order n. ? | 


Remark. In this exposition of a theory of abelian extensions it has been 
assumed that the set e(K < F) does not contain the characteristic of the 
field K. If the characteristic of the field K is a prime number p and e(K < F) 
consists of powers of p only, then it is again possible to extend the methods 
developed by Witt for the finite case to the general case. But a more detailed 
discussion of this case may be omitted, since it may be handled in exactly the 
same way and the translation from the case “ prime to characteristic” to the 
other case follows exactly the lines, indicated by Witt. . 
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A NOTE ON TOPOLOGICAL FIELDS.* 


By N. Jaconson.* 


In a recent paper? the author showed that a locally compact, separable, 
totally disconnected (1. c. s. t. d.) field Ẹ has a valuation determined as follows: 
Let X be the totality of elements a, called integers, such that {a’} is hounded 
(contained in a compact and closed set)? and P the subset of elements b such 
fhat b” —> 0. Then § is a compact and open domain of integrity and $ a two- 
sided principal prime ideal = (+) in $. Every element y in § has the form 
wa" where k is a rational integer and we $ | P the part of X not in P. If we 
define expy to be k and |y |== yP” where 0 < y < 1 then y is a non- 
archimedean valuation of %, i.e., 


|nrg| =| y| [ye] | +| S max (| l | 9 |). 


We showed also that Ẹ is a cyclic algebra over its centrum © and the latter is 
either a p-adic field * or a field of power series in an indeterminate z with 
coefficients in a finite field. The former case obtains if the characteristic 
x(®) == 0 and the latter, which we shall call a z-adic field, if x(%) = p 0. 

Now if € is any commutative p-adic or z-adic field it may be topologized 
by means of the neighborhoods {a + Ur} of a where Ux is the set of points 
(do + air + + o)", k= 0, 1, 2,---, (p= (x)) in the p-adic field or 
(@% + a2-+-- -)2* in the zadic field. In this topology a sequence of ele- 
ments a == (a + ay Lee) (( + az +--+ -) 2%) converges to 
0 if and only if ky— œ. It follows that the neighborhoods a + Ux are closed 
and, since the a; have only a finite range, it is easily seen that they are also 
compact. The set of elements of finite length, e. g. (a + ax ++ + - au”) 
is denumerable and everywhere dense in © Hence © is a Lc.s.t. d. field. 
If Ẹ is an algebra with a finite basis over © it is a vector space over © and 
hence it is L.c.s.t. d. in the usual vector space topology. Thus we see that 
the theory of l. c. s. t. d. fields is equivalent to that of division algebras over a 
p-adic or a z-adic field. In this note we shall apply the topological methods 


* Presented to the Society September 7, 1937. Received by the Editors June 15, 1937. 
1 National Research Fellow. 

2“ Totally disconnected locally compact rings,” American Journal of Mathematics, 
58 (1936); pp. 483-449. This paper will be referred to as T. 

3 An equivalent condition is that {ar} have no divergent subsequence: T, p. 444. 
“i.e. an algebraic extension of finite order of a field of Hensel p-adic numbers. 
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of our earlier paper to investigate the automorphisms and anti-automorphisms 
of F. 

Let J be an automorphism or an anti-automorphism of the 1. c. s. t. d. field 
F, i.e. a (1—1) correspondence of ÿ on itself such that (a + b)! =a! + bf 
and (ab)/—a/b7 (automorphism) or (ab)? == bla (anti-automorphism). 
If ce the centrum ©, c? eG@ also and hence the correspondence c—>c’ is an 
automorphism of ©. By a theorem of F. K. Schmidt 5 J is a continuous trans- _ 
formation in ©. 

Suppose bı, b2,° - -, Om (m = 1°)" is a basis for § over © Then every 
y may be written uniquely in the form Xc;b;,c:e@. Set c; = Ei (y). ° 


Lemma 1. Ely) is a continuous function of y. 


Since Zi(y) is linear it suffices to show that if yv == 3c: bi > 0 
then Ei(yv) = ci —> 0. If c3® 450 there exists a subsequence which 
does not have 0 as a limit point and we may suppose that this is the whole_ 
sequence {c;}. For each v let A(v) ==1,- : -,m be an index such that 
| cay | Z| os | for all ÿ=1,::-,m. Since A(v) has a finite range, one 
of its values, say A(v) — 1, occurs infinitely often and hence by restricting 
ourselves to a subsequence we may suppose that | ¢, | Æ | cj | for all v. 
Since lime;540, lime,” 540 and there is a subsequence such that 
lim (c) == de ©." Again we write y for y Then 


lim (er ) yy = 0 = lim (b, + (e1) 0. Do + Ei + (Ca) Cm bm). 


Since | (a) u” | S1 we may suppose that cc; cj «. It follows 
that bı -+ Cobo ++ +> © F Cmbm == 0 contrary to the linear. independence of 
the b’s. 


Lema 2. J is a continuous mapping of on itself. 


Suppose | 


Yr = CMD te on Dm > y == bi t:e + Cmbm. 
By Lemma 1, c; — ¢; and since J is continuous in ©, c” —> c7. Hence 


yl = ODT Ae A Dy > yt = CDT ee bey bn’. 


SF. K. Schmidt, “ Mehrfach perfekte Körper,” Mathematische Annalen, vol. 108 
(1933), pp. 1-25. ` 
° The order of a division algebra over its centrum is the square of an integer called 
its degree. See, for example, Deuring’s “ Algebren,” Ergebnisse der Mathematik, p. 47. 
7 We require here the property of a locally compact field that a, > 0 if {a,} diverges: 
T, p. 442. | 
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Since J“ is also an automorphism or anti-automorphism it is continuous 
and hence J is a homeomorphism of %. 


THEOREM 1. Any automorphism or anti-automorphism J of Ẹ is iso- 
metric, i. e., | y7 | = | y | for every y in à. 


The condition that exp u = 0 is that {w} and {u”} be bounded (or have 
` no divergent subsequence). Since J is a homeomorphism {(w)”} = {(uw’)7} 
and {(u’)-’} are bounded also. Hence exp u” = 0. Now let # be an element such 
that P = (x), or expæ—1. Consider g’. Since (a7)” == (2”)J > 0,07 e$ 
and hence expa =] > 0. Similarly expa’*=—k&>0. If a7 = uv! where 
expu—0, æ=w"(a")t or (27)4/". Hence L=expe=—Ik and so. 
l = k= 1. Thus expz/—1. If expy—n"n an integer, y= ue" and 
—w(z/)" or = (x/)"w and hence expy/—n. Hence for any y, 
lw l=lyl. 
The condition that % have an automorphism is evidently no restriction’ 
since the identity transformation is such a correspondence. On the other hand 
we shall see that the existence of an anti-automorphism strongly restricts the 


structure of %. 
We recall that Ẹ is cyclic over ©. Its degree r(— Ym) over © may be 


characterized as the order of the automorphism u —> cua (mod $) of the finite 
field §~—- P where « is determined as above. We have for any u in $ 


cuc = us (mod $) (s = pt) 

where p is the characteristic of Y¥—B. It follows that 

(a!) ua! = (us)! (mod $) 

= (u7)s (mod $). 
Since | #7 | = | æ |, a7 = vx where |&|—1. Then 
(w) = at (vw v)s = a w/e (mod $) 

since vwy = u? (mod $).* Thus 

atus = suy (mod $) 
for all u’. Since u” varies over a complete set of residues mod $ when u does 
we have 


sus = sur” (mod $) 
sur? = u (mod $). 


Thus the order of the automorphism u —> sus (mod $) is either 1 or 2 and | 
hence r = 1 or 2. 


T, pp. 446-448. 
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THEOREM 2. The degree of an anti-automorphie l. c. s. t. d. field is either 
1 or 2. 


The condition r—1 or 2 is also sufficient that % have an anti- 
automorphism. For if r = 1, Ẹ is commutative and any automorphism is an 
anti-automorphism. If r= 2, Ẹ is a quaternion algebra over its centrum and 
it is well known that Ẹ has anti-automorphisms J. In fact J may be chosen so 
that J? = I the identity and c/ = c for all c in ©. 

We suppose now that J is an involutorial anti-automorphism (J? = I) 
and the characteristic x(%) 2. Let Ry denote the symmetric or invariant 
elements (A7 = L), Sy the set of skew elements (s7 = — s) and © = 8&8, €. 
Evidently @ is a closed subfield of © and hence is 1. c. s. t.d. For any y we 
have y= 4(y +9) +8 — y) =h +s where h—4$(y+y’) «Gy and : 
s == ġ(y — y) e©;. In particular this holds for y in © and in this case 
heG, se& AE. Hence if © AC, there exists an element g=<0 in 
SC. Then y =h + (sq7)q and sqteRs. For c in © we obtain a 
quadratic extension ©(q) of @. It follows that ©, is infinite and therefore 
is either a p-adic or a z-adic field.’ We note also that q? = qo is symmetric 

We wish to show that if © ~€, then = 6, i.e., Ÿ is commutative. 
For the present we drop the restriction that © is l.c.s.t.d. and allow it to 
denote any commutative field of characteristic 2. We suppose that Ẹ is a 

‘division algebra of order 8 over © with centrum © = G,(q) and J is an 
involutorial anti-automorphism of § leaving the elements of © invariant and 
mapping q into — q. The order of § over © is of course 4. 

It is easily seen that À; and ©, defined as above are vector spaces over 
©. If he Ry, hae Sr and if se Sy, sqeRy. Hence these spaces have the 
same order over ©. Evidently ©; ~8,;—0 and as we showed before 
F= S+. It follows that À; and ©; have order 4 over ©, and since 
Ry = Sy, F = Sy. 

Let T(y) and N(y) denote respectively the grace and norm of y relative 
to @ Then y —T(y)y+N(y) —0 and if yt © this is the equation of 
least degree having coefficients in © and satisfied by y. Then 


W — Ty) y + N(y) = 0 = (y) —T(y)y + N(y) 


and hence for ys © 


°” We note that any infinite closed subfield &, of a 1. c.s. t. à. field is not discrete. 
For if {a,} is a divergent sequence in &, then a,-1 > 0. 
and hence e G,. 

1° If Qf and are vector spaces over Ç, YB denotes the smallest vector space over 
©, containing all the products ab where ae 9{ and b e}. 
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Ome Ty) = TG) Ny’) = Ny)’. 


But for ye ©, T(y) = 2y, N(y) = y? and so (*) holds for every y in Ẹ. If 
ye Sy, T(y) =F (y) =T(—y) =—T (y) and N(y) = N(—y) =N (y), 
ie, T(y) «SG; ~€ and N(y) «Go. Sy C consists of the -multiples 
of q. 

Let ©’; be the totality of elements of trace 0 in G;. ©’; is a vector space 
over © and if y, te ©’; so does [y,t] = yt — ty. If y is any element of 
Sy, y =4T (y) + Yo where y=y—$T(y) <6. Thus Sy =S + Gog 
and S'A Cog — 0. It follows that the order of ©’; over © is 3. Since 
tx C7, the order of Ho = Sy + Col is 4 over Go. 

For y, t in ©’; we have 


gt EL (y + H — ge + gt — ty] 
= $[—NV(y+t) +My) + N(E) + yt — ty] eo. 


Hence o is an algebra over ©. Since % = GS’, + Gol, Sy = S'y + Gog 
and § = GG, we have = FoC. We have therefore proved the following 
theorem. 


THEOREM 3. If ® ts a division algebra of order 8 over ©, of char- 
acteristic A 2 with © = Co (q), g? e Go, as centrum and J an involutorial anti- 
automorphism in Y such that q —— q then % is a direct product © X Fo 
of © and Yo the join of Col and the space of skew elements of trace 0.1 


Since the centrum of Ẹ is © that of o must be ©. 

If © is a commutative l.c.s.t.d. field it is well known that an algebra 
Fo of degree 2 over Čo has every quadratic field as a splitting field, i. e., if 
© = © (g) then © X Fo is a complete matrix algebra over ©." Hence 


THEOREM 4. Jf isan l c.s. t.d. field of characteristic 2 and J an 
involutorial anti-automorphism such that c” =Æ c for some c in the centrum ©, 
then = © is commutative. 


In the remainder of the paper we shall extend the above results to Hn a 
complete matrix algebra of n rows and columns over an l.c.s.t.d. ‘field Ẹ. 
Let ei; (i,j=1,:::,n) be a set of matrix units in n; ecjexr = Sjxecr and 
every element b in a has the form 3yije;; where ij ¢%. As before let © 


1 Cf. A. A. Albert, “Involutorial simple algebras and real Riemann matrices,” 
Annals of Mathematics, vol. 36 (1935), p. 909. 

1? Deuring’s Algebren, p. 113. The proof given there for ©, a padie field holds 
also for a z-adic field. See Algebren, p. 137. 
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denote the centrum of # or of Hn. We recall that % may be characterized as 
the totality of elements commutative with the e:z. E 

Let J be an anti-automorphism of n and ez” — fize Then fisfer = Sjxfar 
and it follows that there exists a non-singular element s in Ẹnu such that 
eij = Sfijs. The correspondence b — bX — s*b/s is an anti-automorphism 
also and e,j* — ej Hence if ye}, y£ which commutes with the ei; belongs 
to Ẹ also and % itself is anti-automorphic. By Theorem 1 we have 


Tuurorem 5. If is an l. c.s. t.d. field such that n is anti-automor phic 
then ÿ has degree 1 or 2 over its centrum. 


e 
‘ If J is involutorial, then 
bij = lei” = ful = (sejis T = (st) sess. 
Thus ss? commutes with all e;; and s’ — su where ue}. If u==— 1 it is 


easily seen that the correspondence b > bE = sbs is an involutorial anti- 
automorphism in %, mapping Ẹ into itself. If us&1, 7 + s= s(u + 1) =t 
is non-singular and W =t. Hence the correspondence b — 0% == #-1h/f is an 
involutorial anti-automorphism mapping % into itself In either case Ÿ is 
involutorial anti-automorphic. Evidently if c7 4ce then cX -£c for c in ©. 
Hence by Theorem 4 we have 


Taxoreu 6. If Y is an l.c. s. t.d. field of characteristic 2 and Fn 
has an involutorial anti-automophism J mapping an element c of the centrum 
into o? s&c then Y = © is commutative. 


PRINCETON UNIVERSITY AND 
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13 Of. Albert, loc. cit. in 11, p. 897. 


THE QUATERNIONIC CONGRUENCE jat=6 (mod g) AND THE 
EQUATION h(8n + 1) = x2 + x? + x2.” 


By Gorpon PALL. 


1. A quaternion will be called integral if its codrdinates are rational 
integers. Such quaternions will be represented by the letters a,---, e. 
i, ‘ +, %, and their integer codrdinates will be distinguished by subscripts; 
thus £= to + it, + jte + Fts. 

If g is a rational integer, the congruence c= d (mod g) is equivalent to 
the system cr = dy (mod g) (f= 0,1,2,3). Most of the familiar rules for 
handling congruences can be extended, with due regard to lack of commuta- 
tivity, to such congruences. For example, if a==b and c == d (mod g), then 
ac = bd; for ac — bd = (a —b)c + b(c— d). Again, if Ne (= Ze = Xer?) 
is prime to g, as == be implies a = b ; for (az — bs) = (a — b) Nz. 

Some of our results (e. g. §2 and (19)) will bear incidentally on can- 
cellation of an inner factor. For instance, by (12) either of fit = + à (mod 4) 
implies ff ==1 (mod 4). 

The study of the congruence iat==b (mod g) is reducible to the case 
where a and b are pure quaternions (§5). If g — 2" and 4{ Nb, the con- 
ditions for mere solvability are simple (Theorems 2 and 4). But all solutions 
t satisfy one and only one of = 1 or 8 (mod 4), as set forth in Theorems 3 
and 5. 

Our applications to the equation 


(1) h(8n + 1) = 2? + a? + g3? 


employ properties of the residues fat for moduli g dividing 4Na, where a is 
any given pure quaternion ia, + ja. + kas. Analogous results, in part, exist 
for any g but will not be treated here. 

For any g and (pure) a we obtain a system of residues fat (mod g) as t 
ranges over all integral quaternions. We regard the quaternions formed from 
a by permuting or changing the signs of a, a2, @s as constituting a set X(a). 
Tf a’ is so formed by an even number of permutations and an even number of 
sign-changes, then for any odd modulus g, the residue-systems fat and da’u 
are identical ($ 11, end). Thus there are associated with S(a) at most four 
residue-systems (mod g), g being odd, namely those represented by 


* Received June 18, 1937. 
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(r) i Fat, i(—a)t, ia*t, 1(— a*)t, 


where a* == ia, + jas + kas The four need not be distinct (Th. 9). 
If fat= 6 (mod g), Nbe=Na(Nt)*(modg). We now assume g | Na, 
g odd, a proper and pure. If g is a prime p, then fat represents besides 
0 (mod p) exactly half the remaining p?—-1 residues b such that p| Nb; 
if ps£1 (mod 8) the other half are represented by £(— a)t, ia*t, or E(— a*)t 
(§ 14). These results are extended to composite g (§ 14). If g contains a 
non-square factor == 1 (mod 8) not all residues b of norm divisible by g are 
represented by (1). It may be possible to supply the deficiency by other 
quaternions of the same norm as a, but this we shall not here investigate. 
In (1) h and n are assumed to be non-negative integers, 4f h. If 8n +1 
is a square m°, m > 0, then all proper integral solutions & = tx, + j£: + kay 
` of (1) are of the form fat, where a = ia, + jaz + kag is an integral solution of 


(2) h = a," + ay? + a? 


and ¢ is a proper quaternion of norm m (proper meaning having coprime 
coërdinates). To prove this we use the following well-known and fundamental 
result in the arithmetic of quaternions: 


A proper quaternion, with norm divisible by an odd positive integer m, 
has exactly eight right-divisors (left-divisors) t of norm m. These form a 
class of left-associate (right-associate) quaternions + t, + it, + jt, + kt 
(+i, th, tH, + tk). 

Consider then a proper, pure quaternion v of norm hm?. Its left-divisors 
of norm m (unique up to a right unit factor) are the conjugates of the right- 
divisors. For if æ = vt, č = — v = fù. Hence, since Nv = hm, t is a left- 
divisor of v, v = fa, « = tat. 

If æ is derived in this way from a, X(x) is derived from 3(a). For any 
proper, pure v of norm hm, t = fut, where Nt == m, and ¢ is unique up to a left 
unit factor. Iftis replaced by = it, ais replaced by — iat = ia, — jus — kas; 
similarly for + jt and + kt. Evidently —— æ is derived from — a; and if 
|, Za, ts be permuted or changed in sign, so that &—> 4”, then 2’ is derived 
from @ similarly obtained (cf. $ 9, near end). Thus 3(a) is derived from 
X(a). In $ 15 we shall complete the proof of 





THEOREM 1. Leth >0,4}h. Let W be a positive divisor of h such 
that h/h’==1 (mod 8) (e.g. W =h). Let A denote the class of all residues 
(mod 4h’) of proper solutions « of (1) derwed from a single proper set of 
solutions of (2), with 8n + 1 = m? (m =1,5,9,18,- : +) ; and let B denote 
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the class of residues (mod 4h’) obtained similarly with m = 3, 7, 11, 15, : -. 
Then: 


I. the classes A and B are mutually exclusive; and 


II. if W has no factor > 1 of the form 8f + 1, then all proper solutions 
of (1) belong to A or B, and for any n such that (8n +1)h/h is not a 
square, (1) has equally many solutions in each class A, B. 


Whenever (2) has only one proper set of solutions, e.g. when h < 17, 
the clause “ derived from... of (2)” can be omitted. The classes A and B 
are then easily calculated by forming solutions of h(4f = 1)? = 2,2 + a? Has, 
the work being abbreviated by using §16. We give a table, listing only the 
least absolute residues (mod 4h) of (a, 22,2), and arranging each triple in 
a definite order: 


h residues A, m = 4f + 1 residues B, m == 4f + 3 
1 (1, 0, 0) (1, 2, 2) 
2 (1, 4,0), (3, 3, 4) (3, 8,0), (1,1, 4) 
3 (1,1,1), (1, 5,5) (1, 1, 5), (5, 5, 5) 
5 (1or9, 0,2), (3 or Y, 4,10), (5,8,6) (9 or1, 10, 8), (7 or 8, 6, 0), (5, 2, 4) 
6 (2, 1,1), (2,7, 7), (2, 5, 11) (10, 1, 1), (10, 7,7), (10, 5, 11) 
(10, 5,5), (10, 11, 11), (10, 1, 7) (2, 5, 5), (2, 11, 11), (2, 1,7) 

10 (0,1 or 9,8 or 18), (20, 7 or 17, 11 or 19) change the even 
(4, 3 or 13, 15), (16, 7 or 17, 5) f or odd z; 
(8, 11 or 19, 15), (12, 1 or 9, 5) | of À 

11 (1,1, 3), (3,8, 13), (5, 5, 15), (7,7,21), (9, 9, 17) to 
(21, 21, 3), (19, 19,13), (17, 17, 15), (15, 15, 21), (13, 13,17) 2h — t: 

(1, 21, 19), (8, 19, 9), (5, 17, 7), (7, 15, 1), (9, 18, 5) according as 

13 (0, 2, 3 or 23), (20, 2, 5 or 21), (4, 14, 3 or 23), h = 8 or 
(12, 26, 5 or 21), (8, 14, 13), and multiply h= 8 (mod 8). 


these by 3 and 9, reducing mod 52. 


For example let h —2. If 8n + 1 is a square (4f + 1)”, fZ 0, the 
proper solutions of (1) have the two odd x; = + 1 (mod 8) if the even a; 
is ==0 (mod 8), but the two odd z; are = + 3 (mod 8) if the even a; is 
= 4 (mod 8); vice versa if 8n-+1—(4f+3)%. But if 8n +1 is not a 
square then 2(8n + 1) has equally many proper representations of either type. 
Thus 34 = 5? + 3? + 0? = 32 + 32 + 4%, 

The case h = 2 can be given a more elegant form: A 

In the equation 2 (8n + 1) = 2,2 + a,” + 2.7 (x, even), there are equally 
many solutions of each type | | 
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P: s= + qt (mod 16), Q: t= + t: +8 (mod 16), 


when 8n + 1 is not a square. If 8n + 1—s*,s > 0, then all proper solutions 
are of type P if s= 1 or 3 (mod 8), but of type Q if s == 5 or 7 (mod 8). 

For A yields P if n is even, Q if n is odd; vice versa for B. 

Hence 8n + 1 =y? + yY + 2y, where 


Yı = F(T + T2), Ya = $ (T1 — T2), Uy = Ys. 


As a corollary of cases h — 1 and 2, every 8n +- 1 is represented in both forms 
e 


vy" + 16%? + 1677, 21° + 82" + 640,575 


whence both forms are easily shown to be regular, although their genera con- 
.tain two classes. The present theory has extensions to many ternary quadratic 
forms. | 

As a further corollary, every 8n +1 except 1 and 25, and every 
2(8%-+ 1) except 2, is a sum of three positive squares.! 

For h — 1 and 3 Theorem 1 is essentially equivalent to certain results of 
Jacobi and Glaisher obtained by theta-function expansions. For references, 
see Dickson’s History, II, to Jacobi, pp. 262-3; Catalan, p. 266; Glaisher, 
p. 268; Bachmann, p. 270. Glaisher conjectured (Quarterly Journal of 
Mathematics, 20 (1885), p. 96) that his results could be proved by “ actual 
transformation of the squares,” and they were in fact proved recently by the 
writer by using automorphs of v? + x? + 3°, but not published. The close 
connection between such automorphs and quaternions is well known. 


2. Even if Na is prime to g, fat==a(modg) need not imply 
it=31(modg). For example, if g is odd and a = ^, fit == i expands into 


to? + h? — te? bel, — tots + tite==0, tote + tite = 0. 


These are compatible with it==— 1 if 0 = to =h =] -A t? + 4,2, and with 
H= 1 if 0 = h = t == to? -+ t? — 1, either set of conditions being solvable. 

That # = + 1 are the only possibilities is shown in § 3, provided g is the 
power of a prime. We assume that g is the power of a prime throughout § 3. 


3. On taking norms. From iat==6 (modg) follows fat =b + qu, 
lit = 6 + go, latlāt — bb + g (b0 + vb) + gwT, i. e. 


1 This was conjectured by the writer in “On Sums of Squares,” American Mathe- 
matical Monthly, XL (1933), 10-18, on p. il. The number 137 should be omitted from 
Theorem 3 of that article. 
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(3) ` (Nt) Na— Nb = g (bd + vb) + g?No. 


Here b + vb, a quaternion plus its conjugate, is an even integer. 
Assuming Na= Nb (mod 2g) we draw some conclusions from (3). If 
Na is prime to g and g is odd, (Nt)?==1 and Nt == + 1 (mod g). We have 
just observed that both residues + 1 are obtainable for Né when a =i and g 
is odd. Although, as we shall see for example in (19), the like result does 
not hold for even g, (8) yields only Nt= + 1.(mod g) if Na is prime to g 
(g even) ; and Nt = + 1 (mod $g) if 4 | g, Na=2 (mod 4), 4Na prime to g. 
e Conversely, if neither Va nor Nb is divisible by 4, and 2 | g, (3) requires 
Nt odd, Na = Nb (mod 4) if 2 | g, Na= Nb (mod 8) if 4|g. And if 8 |g, 

and Na = Nb = + 2 (mod 8), (3) implies Na = Nb (mod 16). 
4, On expanding fat (cf. (42) and § 5) we see that ? 


(4) tat = (Nt)a (mod 2), 
for any integral quaternions t,a. Hence if 2 Ẹ}b, 
fat =b (mod 2) implies a==6 (mod 2). 


5. Henceforth we shall treat fat =b (mod g) with a = ia, + jds + kas, 
b = ib, + jb. + kbs (pure quaternions). Nothing essential is hereby lost. For 
if € = ao +a, y —= bo + 5, then the real part of tet is faot = aNt, and 
iat = y breaks up into | 
aNt= by, tat =b. 


6. Principal theorems for g = 2”. Hypothesis throughout: 
(5) : a = ia, + jäs + kas, b = ib, + jbo + kbs 
are pure integral quaternions, neither divisible by 2; 
(6) l = 1 if Na iseodd, l =? if Na? (mod 4). 


Like a familiar theorem on quadratic congruences in elementary theory 
of numbers is the following: 


THEOREM 2. The solvability for t, necessarily of odd norm, of 
(7) fat = b (mod 41) 
implies, for every integer n > 0; the solvability for t of 
(8) iat =b (mod 2”). 


However a new feature is presented in 
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THEOREM 3. If (7) is solvable, then all solutions t satisfy one and only 
one of the congruences 


(9) A: #==1 (mod 4), B: tt=— 1 (mod 4). 
THEOREM 4. Congruence (Y) is solvable for t if and only if 
(10) a=b (mod 2), Na= Nb (mod 81). 


THxoREM 5. Conditions (10) being assumed, the solutions of (Y) are 


of type A or B in accordance with the following rules: è 


(11) if Na =3 (mod 8), A holds or B according as an =— b, (mod 4) for 
an even (0 or 2) or odd (1 of 3) number of values h =1, 2,3; 


(12) if Na =1 (mod 4), and a, (say) is odd, then A holds if dz = b,, a3 = bs, 
B if az= b, + 2, as = b; + 2 (mod 4) ; 


(13) if Na? (mod 8) and 4ļ|as, A holds if (bı, bs) = (+ a, as) or 
(+ 3a, 43 + 4) (mod 8), B if (bi, ba) = (+ G, a, + 4) or 
(= 8a, ds) ; ; 


(13°) if Na=6 (mod 8) and a; = b, = + 2, A holds if + (bı, be) = (a1, la) 
or 3(d,,— de), B if + (bı, be) = (a1, — de) or 3(0, 42); A and B 
being reversed if as = — bz (mod 8). 





The subscripts 1, 2, 3 may be permuted in (12)-(13’). 
Theorem 2 is proved in § 7, 3 in § 8, 4 and 5 in $$ 9, 10. 


7. Proof of Theorem 2. Proceeding by induction we may suppose that 
iat — b = 2"w, where w = iw, + jw: + kw; is a pure, integral quaternion, 
n > 1. 

First take Na to be odd, n = 2, and set 


(14) u = t + 2"4z, z an integral quaternion. 
Then üau — b = 2"e, where 
e = w + $(Zat + faz) + 27 2az, 


and we wish to choose z to make e even. As in (4), zaz = (Nz)a (mod 2), 
so that it suffices to have $(éaz + Zat) =w (mod 2) and Nz even. Abbreviate 
fa = d = do + id, +- - -, whence at —— d and Nd is odd. The desired 
conditions expand into 
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dıZo + dot, — daza + dots = Wi, 
dažo + daZı + doze — dits = Wo, 
dažo — dos + dite + dots = Ws, 
— Zo + 21 — 22 + z = 0, (mod 2). 


(15) 


The determinant of the coefficients in the left members is 


Nd(dy + di + de + ds). 


This being odd, conditions (15) can be satisfied. 
e Second take Na = 2 (mod 4), n = 3, and set 


(16) — À + 27-267, 


where 0— 1 +1, 1+ 7, or 1 + k according as a), a, or ds is even. Then 
. Pa = 2v, where v is an integral quaternion of odd norm. Now üau — b = 2%e, 
where e = w + $ (zvit — foz) + 232007. Since Nv is odd, the argument pro- 
ceeds as in the first case. 


8. We prove a more general result than Theorem 3: 
THEOREM 6. Assume (5) and (6),n22. All solutions t of 
(17) iat =b (mod l-2"), 
if any exist, satisfy one and only one of 
(18) it ==1 (mod 2"), it =— 1 (mod 2°), 
the particular one depending only on the residues of a and b (mod 41). 
It is expedient first to prove: 
(19) tat =a (mod l-2*) implies ft = 1 (mod 2”) ; 


(5) and (6) being assumed. Since fat = a, (Nt)at = ta, i.e. 


(20) Nt (aati + dote + asta) = its + dot, + zts, 
(21) Nt (dito + dots — t2) = dito — azta + Agle, 
(22) Nt(— ats + azto + asti) = dits + azto — ast, 
(23) Nt (dite — det, + asto) = — Gite + dati + asto, 


to modulus 7-2". Form (21)a; + (22)a2 + (28)as: 


(24) (NE) to (ai? + de? + ag”) = to (01? + ay? + a), (mod l- 27), 
13 
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The conclusion #¢==1 (mod 2”) follows from (20) or (24), if 
(25) at, + det, + aata or ty is odd. 


In fact (25) always holds in consequence of (20)-(23) : to see this, we prove 
the impossibility of 


(a) to even, ti, te, ta odd, a, a odd, as even; 
(B) to, ti, t even, ts odd, ds even. 


In case (x), Nam=2 (mod 4), and (21) holds to modulus 8. If 4|{, 
‘Nts=3 (mod 8), (21) reduces to 4==0(mod8). If 4|t)—2, Ni=—1 
(mod 8), (21) implies 8{2a,¢.. In case (8), Nt = 1 (mod 4), and (21) yields 
4/2 (dats —4st,), a contradiction unless a, is even. But then a, is odd, and 
(22) yields 4|2 (astı —ait3), whereas astı — dits is odd. : 
Now Theorem 6 will follow from Theorem 8. For by § 3, (17) implies 
= + 1 (mod 2"), and only one of these agrees with either residue + 1 (mod 4). 
If, besides (7) we have tau==b (mod4l), then (Nu)’a= uba, 
uiati == a (mod 41), and by (19) with n=2, N(tü) = NtNu = 1 (mod 4), 
Nt = Nu (mod 4). 


9, Let us write «Ab to indicate that (7) is solvable with #=1, and 
aBb to express solvability with ft == — 1 (mod 4). Let § denote either A or 
B, but a fixed one of them on a given line. Trivially, . 


(26) aSb implies a’Sb’, 


if a == ha, b = hb, (mod 41), h an odd integer; 


(27) aSb implies bSa; 
(28) aAa; 

(29) aSb, bSc, imply aAé; 
(30) | aAb, bBc, imply aBe. 


If a” == iad; — jä — kaz, — 1a, + ja, — kas, or — ia, — jaz + kag is obtained 
from a by 


(31) changing the signs of any two of the ai, 
then ada”, and | 
(317) aSb implies a’Sb, aSb””, a” So”. 


For a” =—— iai, — jaj, or — kak, and N(ti) = Nt, ete. 
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The third conclusion in (31’) may be generalized: if the same sequence 
of permutations and sign-changes be applied to the codrdinates of both a and b 
to produce at and bi, then | 
(32) aSb implies at Sbt. 


This is evident as regards. an even number of permutations and sign-changes: 

‘for an even number of such operations on i, j, & produces a permutation of 
the entire class of integral quaternions which preserves the truth of all 
relations constructed by addition, multiplication, etc. If an odd number of 
eperations are involved in forming af we note that aSb implies (— a) S(— b), 
by (26), and use — af and — bt in (32). 


Examples: Write (£1, to, %3) for iz, + jte + kz, From (1,1,1)A(1,1,1) 
follows (1,1, 1)A(1,—1,—1), ete. From (1,1,2)B(1,1,— 2) follows by 
(26) (3,3, —2)B(3, 3,2), (8, —3,—2)B(8, — 3, 2), ete. 


10. The necessity of (10) was observed in §§ 3 and 4. 


Both (10) and § 9, especially (82), reduce considerably the number of 
pairs of residue triples to be considered, first as to whether they can be trans- 
formed into each cther, (mod 4) if of odd norm, (mod 8) if of norm 4n + 2; 
second, whether the transformation is of type A or B. Al cases can be reduced 
to (33)-(38) below. 

To begin with, suppose t, dz, a, odd. We have 


(33) (LAVAGE,  (4,1,1)B(—1,—1,—1). 
For (332) follows from 
(—i—j— k) (i+ jtk) (i+ j k) =—i—j—k (mod 4). 


Changing any two signs at once we have the parts of Theorems 4 and 5 which 
concern Na = 3 (mod 8). e 
Next let a, be odd, a and a; even. We have 


(34) ~ (1,0,0)B(1,2, 2), (1, 2, 0) B(1, 0, 2). 
For 
(1—t— f(A Fit j) =i + 2j + 2k, 
(1—i—j) G+ 27) (1 ++ j) = 5i + 4j — 2h = i + 2k (mod 4). 


The parts of Theorems 4, 5 concerning Na == 1 (mod 4) now follow. 
We prove next the sequences of relations 


(35) (1, 1, 0)A(3, 3, 4) B(1, 1, 4) 4 (8, 3, 0), 
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(36) (1,3,0)4(8,1,4)B(1,3,4)A(3,1,0): 
(2i— k) (i + j) (2i + k) = 31 — 5j + 4k = 3i + 3j + 4k (mod 8), 
(2—i—j— k) (i+ j) (Hit jE) = i + jH emi j H tk, 
(Li ÿ) (+ 5) (LH à 5) =i; 
(—2i— k) (i+ 85) (2i + k) = 8i— 15ÿ + 4k = 3i + j + 4k, 
(i—j +b) (i+ 87) (—i + j — k) = — Ti — 5j — 4k =i + 8j + 4k. 


Hence, for example, (1, 1, 0)B(1, 1,4) by (30); none of the residue triples 
in (35) can be transformed into any in (86), in view of (10). Similarly 


(37) (1, 1, 2)A(B, 3, —2)B(1, 1,—2)4(8, 8, 2), 


(38) (1, 8, 2)A(3, 1, —2) B(1, 3, —2) A(3, 1,2): 
(—2i— k) (i+ j + 2h) (2i +R) = 11i — 5j — 2k = 3i + 3j — 2h, 
(~it jik) (i+ j+ 2k) (SH) =i tj hi + ÿ— 0; 
(—2i—k) (à + 8j + 2h) (2i + k) = 11i — 15i — 2h = 3i + j — 2k, 
(LS HE) (i+ 8j + 2k) (1—j— k) = (— 3i + j— 2k) A (8i +j + 2k). 


From (35)-(38), Theorems 4 and 5 may now be easily verified for 7 = 2. 


11. Part I of Theorem 1 will follow from the case À = 1 of 


THEOREM 7. Let a satisfy (2), (5), and (6), and let at be obtained from 
a by merely permuting or changing signs of r, az, ds. Let À be an odd integer 
prime to h—Na. Let H be any positive odd factor of h such that 
h/(1H) =1 (mod 8), e. g. H=h/l. Then if the g.c.d. of the components 
of tat is prime to H, and t, u are of odd norms, 


(39) fat = \ūatu (mod 41H) implies Nt == (lLH|A)Nu (mod 4). 


We first extract from § 10 what pertains to b == Aat (mod 41). In (39) 
necessarily at =a (mod 2); and the number of Values of at to be considered 
may be diminished by employing (31), which cannot affect (39), since 
tatu = vatv, if v = iu and at == — iati, etc. All cases are virtually contained 
then in 


Lemma 1. If Nae=3 (mod 8), and a’ — a or is obtained from a by 
permuting the ai, then aAb if b==a (mod 4), aBb if b==— a’ (mod 4). If 
Na=s438 (mod 8), let a’ be obtained from a by interchanging the coürdinates 
as and ay of like parity; and a” from a’ by changing the sign of the remaining 
coôrdinate. Then: 
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if Nas= 1 (mod 8), aAb when b= ta, ta’, or ta” (mod 4); 


if Nam 5 (mod 8), adb when b= ta (mod 4), 
aBb when b= +a’ or + a” (mod 4) ; 
if Na== 2 (mod 16), aAb. when b= +a, +a’, or +a” (mod 8), ~ 


| aBb when b= + Ba, + 3a’, or + 3a” (mod 8); 

if Nas= 6 (mod 16), aAb when ba, 3a, a’, 3a’, 5a”, Ya” (mod 8), 
aBb when b = 5a, 7a, 5a’, Va’, a”, 8a” (mod 8); 

if Na= 10 (mod 16), aAb when be=a, Ya, 3a’, 5a’, 8a’, 5a” (mod 8), 
aBb when b == 3a, 5a, a’, ta’, a”, Ya” (mod 8); 

if Nas=14 (mod 16), aAb when b= a, 3a, 5a’, Ya’, a”, 3a” (mod 8), 
aBb when b == 5a, a, a’, 3a’, 5a”, Ya” (mod 8). 


We obtain next certain relations connected with 


(40) at ==— a + ia, + ju, + krs = é, tat = ie, + jes + ke; = 0, 


where, on expanding, we find 


To = Mib, + Gate + Aste, Li = hito F Arts — Aste, 
V2 == Qato + Agty = Gite, Ta = dato + Gite — ol 


C1 = Oh (bo? + h? — to? + ta?) + Que (tots H tate) + 203 (— tote + tate), 
(42) Ca 2a, (— tots +- lite) -+ 2 (ty? + ta? TT. i? asen ta?) + Ras (tots + tots), 
Ca = 20; (tote + tity) + 2a2(— toti + tata) + As (to? + t? — t? — t). 


(41) 


We can easily verify that, to modulus h (= 3a,’), 


Due T fy”, MO Lots + Lite, Cy == — Tolz -F Vla, 
{43) Qali E= — Lols + LiLo, MCa Œ= To” + Tr, Qoc E= Lol + Los, 
Qst == Lola + ViTa,  AgCg = — ToT, + Lotz, Uzly E= To? + T35 


(44) 328 = Nt= Na: Ni = 0 (mod h). 
Similarly we write 
(45) i atu = — Yo + Yr + jY + kys =), tatu == id; + jde + kd — d. 


The substitutions which carry a into at replace (41)-(44) by (41f)-(44i) 
with tu, y, cd, E> 7. 
In order that fat be prime to H, at must be likewise, i.e. 


(46) Los Li, To, Ta, H must be coprime. 


The hypothesis of (39) breaks up into two parts: 
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(47) ci == dd; (mod H) (i = 1, 2,3), 
(47) ` ulatū = dat (mod 41). \ 
We shall show in all cases that, if (47) and (46) both hold, one of the 


four characters (+ A|H), (+ 2A|H) has a certain value, and then verity from 
Lemma 1 that in accordance with this value and (47), 


(48) adat if (1H|A) —1, aBaai if (LH|X) ——1. 

First take a =a. Now ajc; = aid; (mod H), and by (43), (48°), 
(49) ao? += (y + y) (mod H) (i— 1,9,8).° 
Summing, we have 2a? + NE = A (2y + Ny), to? = Mo, 

(50) | z? == y (mod H) (f =0, 1, 2, 3). 
This contradicts (46) unless (A|H) = 1, whence 
(51) (HJA) = — (IA) if H=X=3 (mod 4), 

= (|A) otherwise. 


Now H==h/l (mod 8). In Lemma 1, if h = 8 (mod 8), aAda or aBAa accord- 
ing as A==1 or — 1 (mod 4), in agreement with (51) ; if H==3 (mod 4) and 
1 = 2, aAa if à= 1 or 3 (mod 8), aBàa if `= 5 or 7 (mod 8), which agrees 
‘with (51). If Hs48 (mod 4) a glance at Lemma 1 confirms that aAda or 
aBAa according as (IA) = 1 or — 1. 

Second take at = ia, + ja, + kaz assuming == 43 (mod 2). This is 
the a’ of Lemma 1. The cases a == a, or a, == M, (mod?) will follow by 
symmetry. 

Now by (43) and (43t), and (44t), 


0, == — Te? — 2, G2Co + lal = 22" -+ To? + £3", A2C3 + Azle E= Lota 

mdi == — Y? — Yi”, Asda + dod. == 2Yoys, Azda t aads = RY? + Yo” + Ys”, 
and by (47), | 
BT? = — À (Y2 — Ys)’, RAY? = — (Ts — És)’, - 
(te + T3)? = — Ap’, A(Y2 + Ys)? = — 22,7, (mod H), 
whence, unless (— 2A|H) = 1, some prime factor of H divides £o, 21, a2 de Ts, 
and £z — #3, contrary to (46). Hence. 
(52°) CHJA) =— (IJA) (—2|H) if H= = 3 (mod 4), 

= (A) (— 2|H) otherwise. 


(52) 


The comparison with (48) and Lemma 1 is left to the reader. 
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Third take at == — ia, + jas + kas, 42 = as (mod 2). This is equivalent, 
by (31), to at =-— ia, — jus — ka, and hence may be reduced to the pre- 
ceding case by changing À to — A. Thus we have to compare (48) with 
at = a”, and Lemma 1, upon the assumption that (2\|H) — 1, i. e. 


GHJA) =— (Ia) (2|H) if H=A=3 (mod 4), - 
(IJA) (2|H) otherwise. 


l 


The accordance with Lemma 1 is easily verified. 

There now remains only a, == 4, = 43 (mod 2), whence Na = 8 (mod 8) ; 
with at equal to «) ias + jas + kar B) — as — jag — ka, y) tas + ja, + kaz, 
or ò) — it, — ja, — kas. 

Fourth, assume «). By (48) and (487), 


Gaia = to -H L1? EE — E? — Tg, Aoly = Loli + Lots, Gale = — Lots + Los, 
yds = YoY2 + YiYs ds = — YoY2 + Vis dr == Yo? + yo” = — ys” — ys", 


© whence by (47), 


(zo + m) = A + y), (to — 1)? ==A(Yo +), 

(22 + Ts) = (Yo — 4)", (£2 — T3)? =E AY — Y3)’, 
contradicting (46) unless (A|H)= 1. That is, since Na = h = H = 3 (mod 8), 
(H|A) = (— 1|). This agrees with the first part of Lemma 1 and (48). 

Case 8) is reduced to «) by changing À to —A; hence (—A|H) = 1 and 
(H|A) =— (—1]A), in agreement with (48) and Lemma 1 with Na = 3 
(mod 8). Cases y) and 5} are similar. 

As a corollary we have 


THEOREM 8 Let H be an odd factor of Na, a as in (5), A an ee 
Then the congruence 
(53) f fat = Aüaïu (mod H), 


has no solutions t, u with tad proper, af 


1) A is a quadratic non-residue of H, and (apart from operations 
(53’) (81)), at =a or ia, + jas + ka, or ias + ja, + kao; 
or 

2) —2d is a quadratic non-residue of H, and (apart from operations 
(537) (81) ), af = ta, + jag + hay or tag + jäs + ka, or ta, + ja, + kas. 


By changing À into — À, at into — at, we have a result associated with 
any odd or even number of permutations or of sign-changes of the aj. 


THEOREM 9. Let H be any odd integer, À an integer prime to H, a proper 


908 . GORDON PALL. 


and pure. Then (58)is solvable for t, u with iat proper, if (53’) holds and 
Ais a quadratic residue of H, or if 08") holds and — 2d is a quadratic residue 
of H. 


For let u be any quaternion tol which üaïu is proper (mod H), e. g. u= 1. 
If As=s? (mod H), and at = a, take t= su; if however at = ias + jas + ka, 
take t= su(1 +i + j + k)/2 (md H); and if af = dus + ja + kas, take 
‘t==su(1—i—j—k)/2. The trivial effect of operations (31) is by now 
obvious. If A==— 2s? (mod H), and at = it, — jas — kag, take t==s(7 + k); 
and so forth. F ‘ 

Taking À — 1 we have at once the statement referred to § 11 on p. 895. 


12. THEOREM 10. Let a, b be pure integral quaternions, . 
(54) p an odd prime, pf a, pt b, p*|Na, p"| Nb, r > 0. 
Then the number of solutions t (mod p") of 
(55) iat = b (mod p") 
is exactly p> times the number of solutions t (mod p) of 
(56) iat = b (mod p). 

Clearly, any solution ¢ of (55) must satisfy 
(57) iat == b (mod p+). 


The solutions of (55) are to be sought among the quaternions ¢ + up, where 
t ranges over all solutions of (57), and u is to be determined (mod p) to satisfy 


(E+ pra)a(t + pu) =b (mod p"). 
On setting fat — b = pw; this reduces to 


v + dat —iaw = 0 (mod p), 


and hence on writing at = — a +: - : as in (40), we have 
Tilo + Loy — Tale + Loug =E — $11, 
(58) Tao + Lath, + Colle — Trus = — 42, 


Lglly — Toy + Tale + Tous = — 43, (mod p). 
These three congruences are not independent. For if c = fat, 


éc — attat = — Nt (Na)t = 0, 
whence 
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Catı F Cote + Cats = 0, Oyo st Cole — Cite == 0, 


(59) 
( —~ Cig + Cog + Cali = 0, Cilo — Cor + Cato = 0, (mod p) . 


Fortunately, the same relation connects the right members of (58) : 

(60) . C101 + Cove + cata = 0 (mod p). 

To prove this we consider c — b = pw, 

(é—b) (e — b) = p”, 
whence as p'|Nc and p'|Nb, p'|$(ēb + bc) = real part of čb. But 
če — 6b == p'ëv. Hence p divides the real part of cv, which is (60). 
Thus the congruences (58) reduce to two. For example let p f cs. Then 

, (583) is a combination of (581) and (58). By (43), one of the determinants 

— Tolz + Gite, LoL, + Lots, Lo? + z3? is prime to p. Hence we can choose 

two of uo, Ur, Uz, Us arbitrary (mod p), and the remaining two are then 


uniquely determined. That is, (58) has precisely p° solutions u (mod p), and 
(55) has exactly p° times the number of solutions of (57). 


18. Tuuorem 11. Let a be a pure quaternion,p|Na, pt a, p an odd 
prime. Then 
(61) iat = 0 (mod p) for exactly p° residues t (mod p); 
and tat represents (mod p) exactly $(p?—1) of the p?—1 residues b such 
that pT b and p|Nb, and each such residue represented is obtained for exactly 
2p? incongruent values t (mod p). 


We inquire, for a given u, how many values ¢ (mod p) satisfy 
(62) | tat = üau (mod p). 


We employ notations (40)-(45), with at =a. Hence (62) becomes c; = d; 
(mod p) (i = 1, 2, 8). . 
Thus (62) implies ajc; = aid;, and as in (50), 


(63) wp? = y; (mod p), (f = 0,1, 2, 3). 
Conversely. either of the systems 

(64) . Tf = Ur (mod p), (f=0, 1,2, 3), 
(65) TE — yi (mod p), (f = 0, 1, 2, 3), 


implies in view of (43) and (43t), asc; = aid; (i, j =1,2,3), and hence, * 
since p { a, c; = d; (j = 1,2, 3), which is (62). 
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Now (64) and (65) each possess exactly p? incongruent solutions ¢ (mod p). 
To see this we write out (64) in full: | 


dits + azta + agt; = yt, F etl, + Aste, 
(66) arto — azta + azt; = Go — Agile + ags, 
Golo + ast — ils = Goo + Gala — Us, 

azto — gt, + Gite = glo — lur + Atle, ` (mod p). 


The argument for pf a, will be typical. Then (663), (664) are linear com- 
binations of (66,) and (662), with the multipliers a3/a, and d2/d, — 2/1 
and d3/d:. The system reduces to the first two congruences; t and t can Be 
chosen arbitrarily, and to, t, are then uniquely determined; that is, £ has p? 
residues (mod p). The same argument applies to (65). 

The solutions ¢ of (64) are distinct from those of (65) unless yp =— y = 0 
(f =0,1,2,3). Then au= 0, tau = 0. The case fat = 0 (mod p) can now 
be completed. We can take u = 0, and see that (66) with zeros on the right 
has again exactly p? solutions. This yields (61). Incidentally it shows that. 


(67) _ if pf a, p|Na, then p|fat if and only if plat. 


For the rest we shall suppose p{c—=tat. In addition to (59) we must, 
if ci = di, have 


(68) Yı F Coa + Cas = 0, Cho + Cos — C2Y2 = 0, 
— Ys + Coo + Ca¥ = 0, C1Y2 — Cor + Csÿo = 0, (mod p). 


There remains from (63) to be treated the possibilities a» == + yp in which 
not all the signs are alike. We shall reduce all cases to (64) or (65). 
Suppose for example, £o = — Yo, Lı == Yı, Lo = Yo, Ta = Ys, From (59) 
and (68) follow p|2ciyo (i = 1, 2,8), plyo. Hence to = yo and we have (64). 
Similarly whenever one or three of the signs are + (or —) we are led to 
(64) or (65). 
The case of two plus or two minus signs is typified by ` 





y 


(69) | To — Yo, M1 =E — Yı, T2 = + Yo, = + Ys- 
If c; = di, then (59) and (68) yield 
ples, P| Coe + Css, Pleo + Caÿ1, 


and since pte, plc + c;? but pf cecs. Incidentally, p = 1 (mod 4). Fur- 
ther by (43), 


Q102 = Tog + Tita == — YoYs — YY: = — dr, 


THE QUATERNIONIC CONGRUENCE fat = b (mod g). 911 
whence p|a, also (since c.==d,5£0), and pf ads. Thus 
To = gt, + Asta = (— 2/5) (— Gabe + dots) = (— a/a) T1, 
and similarly £ = (@:/as)%s. Thus by (421) and pla, 


0 = Cı E= Bto (dots — Aste) + Bt (dete + gts) 
== lots — Bt, (Ge/dg) U1 == (2/a3) £1 (asto — Got) = 2443/43, 


that is either 2) == a, == 0, or £: == a, == 0; reducing the case to (64) or (65). 

o The theorem follows, since ¢ has p* possible residues (mod p), p? of these 
are used for fat = 0, and the remaining p? (p? — 1) form sets of 2p? residues t 
for each of which iat has the same residue. That 


(70) | bi? + ba? + by? == 0 (mod p) ` 


has exactly p° solutions, including (0, 0,0), is easy to show. 
The characterization by other criteria of the residues fat (mod p) is not 
here attempted. 


COROLLARY 1. Congruence (56) is solvable for b==0 and for only half 
those residues b 20 (mod p) such that Nb =Q. 


Coronary 2. If p|Na, p> 2, then fat==üau implies at= au or 
at = — au (mod p). 


14. Write aë = ia, + ja; + ka, and assume gcd(a, a2, as) —=1. By 
Theorem 8 with À = + 1, and Theorem 11 et seg., we see that if H is an odd 
factor of Na, then all residues b (mod H), such that Nb == 0, are represented 
between 
fat, and F(—a)t, -when H = p= 83 (mod 4), 
iat and ia*t, when H = p= 5 or 7 (mod 8), 
tat and £(—a*)t, when H = p= 3 or 5 (mod 8), 

+ fat and + ia*t, when H = pq, p, q, and 1 incongruent (mod 8); 


(71) 


p and q representing odd primes. 
It will be observed, that if, in Theorem 1, h’ has no odd factor > 1 of the 
form 8f + 1, it is of the form IH, with 


(72) | a H = 1 or p or pq, 


P, q odd primes incongruent to each other and to 1 (mod 8). 
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Evidently all solutions of (1) satisfy 
(73) Nex =1H (mod 81H), 


if H is an odd divisor of À such that h/(1H) =1 (mod 8). Further, if H is 
of type (72), then as a ranges over a set S(a), and ¢ over all integral qua- 
ternions, fat represents all residues v (mod 41H) satisfying (73). For by 
Theorem 4, since Na = h = 1H (mod 81), every residue œ (mod 41) such that 
(74) æ=4@ (mod 2), Na == lH (mod 81) 

» 
is represented by each of fat and — fat (separately), and every residue 
ve=a™* (mod 2) satisfying (742) by each of fa*¢ and — fa*t. We can choose 
a so that a, = a, (mod 2), a==a* (mod 2), and hence can combine all residues 
(mod H) with all residues (mod 41) such that e==a (mod 2). Permuting 
Gi, Gr, ag cyclically we get all residues æ (mod 41H) subject to (73). This 
proves the first part of II in Theorem 1. 


15. To prove the second part of II in, Theorem 1, consider a solution æ 
of (1) with (h/k') (8n +1) not a square. We can choose an odd prime p 
‘such that simultaneously ; 


cs) Grips, EtG 


Choose s so that 2 + h(8n + 1) =0 (mod p). Then s + s has exactly 
eight (left-associate) right divisors of norm p, say . 


` 


(76) stow,  Nu—p. 
Then 
(77) vEt = px’, where af == vu — s. 


The relation between œ and + is reciprocal, © carrying @ back into x. If v is 
replaced by a left-associate, the only change in # is that two components are 
changed in sign. Thus a (1,1), correspondence is set up connecting the four 
solutions 


(#1, To, Ta), (Ti, — Ta, — %3), (— Lis Ta, — T3), (— Dis — Ta, Ts), 


of (1), with four similarly related solutions 2’, — 127i, ete. 
* We shall prove that « and + are in opposite classes A and B, in view of 
' (751), provided h’ == 1H, H of form (72). Suppose x == fat (mod 4h’), which 
° is possible by $ 14; and let «== ÿaïw (mod 4h’), where at is also in (a). 
Then by (77), ` 
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viatt = piaïw (mod 4h’). 
By Theorem 7, 
N (vt) = Nw (mod 4) if (h’|p) —1, 
=— Nw if (h’|p) =—1. 


If (h’|p) =1, p==3 (mod 4) by (751), Ni == — Nw (mod 4), 2’ is in the 
opposite class tox. If (h’|p) =— 1, p==1 (mod 4), and again Nv = — Nw, 


16. In Theorem 1 let h’==1H have no factor > 1 and ==1 (mod 8). 
By § 14 every solution æ of (73) with 21, 2, 2g, W coprime, belongs to A or B. 
BY Theorem 7, 


‘if À is an integer prime to 4h’, then s and Aw are in the same or opposite 


8 
ve classes A or B, according as (h’|A) = 1 or —1. 


For example, in the table following Theorem 1, if W —2 and A= 8, 
(2|3) =— 1, (1,1,0) is in A, (3, 3,0) in B. 


17. Ifih—H or 2H, H as in (72), then for any solution © of (1) there 
exist integers 71, 72, Ts, and an odd integer m such that 


(79) hm? = (a, + Arh)? + (te + 4reh)? + (as + 4reh)?*. 
For we can solve v= fat (mod 4h) with Na= h and Nt odd. 
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A LIST OF EXPANSIONS FOR THE FUNCTION 4(x, y, z).* 


By Warrer H. GAGE. 


1. Ina recent paper‘ the writer has given a method for obtaining the 
trigonometric expansions for the so-called doubly periodic functions pevca (1,4,2), 
whère à 

Vihe + y +2) 
Brice 95) 5, Cay ? 


for sixty-four values of the quadruple index abed. 

Using the set of sixteen expansions for the so-called doubly periodic 
functions deve(2,y) of the second kind? (first obtained by Hermite) an 
the relation ate 

-Paded(Z, Y, 2) = peve (T, Y) ` paca(% + Y 2), 


we obtain expansions which are valid where the regions of convergence of the 
functions hesc(z, Y), poea(® + y,2) overlap® . By this method it is possible 
to get the expansions for abcd equal to 0000, 1111, 2222, 3333, 0011, 0022, 
0033, 1122, 1133, 2233, 0123, and all possible arrangements of each of these 
numbers. In the lists below, however, we have omitted those which are 
obtainable from the given ones merely by interchanging 2, y, 2. 

The two sets of expansions obtained by Basoco and Bell + for forty-eight 
functions in two variables prove to be special cases of these new expansions 
for æ or y equal to zero. The case z = 0 gives us for the forty-eight functions 
a third set which so far has not been published. On the other hand, the 
method employed by Basoco and Bell can be applied to the sixty-four 
Pavca(t, Y, 2) to yield four sets of expansions for one hundred and ninety- 
two additional functions in three variables. ° 


* Received June 17, 1937. 

1% A method of obtaining certain theta expansions,” to appear in the Transactions 
of the Royal Society of Canada. 

2E. T. Bell, “Arithmetical paraphrases,” Transactions of the American Mathe- 
matical Society, vol. 22 (1921), pp. 198-219; “ Theta expansions useful in arithmetic,” 
Messenger of Mathematics, no. 635, vol. 54. (1924), pp. 166-176. 

3 Tannery and Molk, “ Éléments de la Théorie des Fonctions Elliptiques,” Tome 3, 
pp: 120-129. 

+“ Further theta expansions useful in arithmetic,” American Journal of Mathe- 
matics, vol. 57 (1935), pp. 1-10. 
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2. As in the case of thé series in two variables, these new expansions 
enable us to derive-by the method of paraphrase a large body of arithmetical 
theorems on quadratic forms. In particular a full set, applied systematically 
to Jacobi’s identities ë (and to all which can be derived from them) expressing 
Palæ +y +z) in terms of g(s), 0,(y), Bs(z), leads to an endless variety 
of paraphrases, involving arbitrary odd or even functions of divisors of in- 
tegers in given partitions. In the general case, relations between Ÿ and ¢ 
functions enable us to get paraphrases in any even number of variables. As a 
matter of fact, since certain of the pavca (z, y, 2) possess alternate expansions, 
direct comparison of the two series in these cases gives-at once a set of arith- 
metical theorems. A study of the results that have been obtained by using the 
expansions for ¢avc(x, y) gives ample evidence of the possible applications of 
these new expansions in deriving theorems on quadratic partitions. 

In what follows the reader is referred to Bell’s papers cited above,? and in 
particular to the paper by Basoco and-Bell,* for explanations -of notation. © 


3. Following their method we set down the various partitions which 
occur. ` 


(1) - Rn =m, -+ 2n, n= d, m = dð, te = dodo. 
(II) 7 n= m+ M, Nbr, m= hin, No = tore. 
(IIT) m= 4m + me, m= tr, ty did, M = tote. 
(Iv) | m = th + 2M m= tr, M = tin, ne = daba. i , 
Qn = 11 + Wa, Qn = Er, n = dò, Wi = ËT Na = dH. 
(V) m= M+ 2n, m= tr, Mm = bT Ne = tere. 


4. ‘The expansions of which the partition is (I) (in § 3) have the form 


Parea (2, Y, 2) = Tanca (2, 9, 2) + 4% dE Fovea (2, y, 23 n) ). 
If we let 
P (£, y, 2) = cos 2{ (ds — dz) + (di — 8) y + 8:2} 
— cos 2{(d, + daje + (di + 82)y + 8:2} 


then 
Tuult, y, 2) = — 1 -+ cot g cot y + cot y cot z + cot z cob x; 
Toas (2, Y, 2) = — 1 — tan x cot y + cot y cot z — cot z tan T; 


Dion (T, 9,2) = 1 — tan g tan y + tan y cot z + cot z tan x; 
‘Posie, y, 2) = Trou (2, Y, ©) 5 Tuz (x, 9,2) = Tien (2, Y, 2) 5 
T2222 (%, y, 2) = 1 — tan x tan y — tan y tan z — tan z tan z; 


5 Jacobi, Werke, vol. 1, p. 501 ete. 
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Piru (@, y, 23 n) = Pi (z, y, 2) = {cot (s + y) + cot z} sin 2(da + dy) 
+ (cot + cot y)sin 2{d(a + y) + 82) + 2P: (2, y, 2); 
Pana(2, y, 2) = (—1)*[{cot 2 — tan (w + y) Jsin 2(de + dy) 
+ (cot y — tan æ)sin 2{d(a + y) + 82}] 
+ 2(—1)*&P,(a, y, 2) ; 
Fisa (2, y, 2) =— (—1)*? {cot z + cot(x + y) }sin 2 (da + dy) 
+ (tan z + tan y)sin 2{d(x + y) + 8} 
—?(— 1) %*%&P, (x, Y, z); 2 
Faral, y, 2) = {cot(x + y) — tan z}sin 2 (dx + 3y) 
+ (— 1)? (cots + cot y)sin 2{d(x + y) + 82} 
+2 (—1)4P, (2, y, 2); 
Fazz(2, y, 2) = (— 1)°[ {tan(x + y) + tan z}sin 2 (du + dy) 
—(— 1)? (cot s — tan y)sin 2{d(x + y) + 82}] 
—?2 (— 1) pP, (a, y; z) > 
Fans (2, y, 2) = (—1)®[(— 1) {tan 2— cot(x + y) }sin 2(dx + dy) 
+ (tan x + tan y)sin 2{d(x + y) + 82}] 
— 2(— 1) P, (x, y, 2). 


5. The expansions in which the partition is (II) have the form 
area (2, Y2) — Larea(t, y, 2) + 4 2 q” (Z Favea(a, y, 23 %))- 


Let 
P2(a, Y z) ass H, (x, Y, 2), R, (a, Y, z) = H, (2, Y, z), 
Q: (7, y, z) = Ki (z, Y2), S(T, 7,2) = K,(x, Y 2), 
Ay, (a, y, 2) = Has tajo + (2t, — ra) y + 712} 
+ (—1)* cos{2 (t, + te)e + (Ris + re)y + m2} 
Ki(«, y, 2) = sin{2(t + taje + (2h + re)y + riz} 
— (— 1)* sin{2(t, — t)z + (2t,—72)y + 712}. 
We have ‘ 


Toon (2, Y, 2) = T3311 (2, Y, Z) = CSC y cse z; 
Toz: (T, Y, z) = Toszı (x, Y, 2) = Tao (z, z, y) 
= Posie (T, Z, Y) = sec y cse z; 
Too22 (2, Y, 2) = T3322 (2, Y, 2) = sec y sec z; 
Foon (2, y, 2) = cse y sin{2t (s + y) + 72} 
+ ese z sin(2te + ry) + 2P.(2, 4,2); 
Fosu (T, Y, 0 = (—1)"[ese y sin{2t(x + y) + 72} 
+ ese z sin (2e + ry) + 2P,(%,y,2)]; 
N Pozi (2, Y, 2) = ‘2 1)" sec y sin{2t(x + y) + rz} 
+ (—1]7) ese z cos(2tx + ry) 
+ 8(— Lyte 1 | 72) Qo(x, Ys 2); > 
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Fosa (a, 9,2) = sec y sin{2t (x + y) + r2} 

+ (—1)"(—1]r)ese z cos(2ix + ry) 

+ 2(—1)"(— 1] 72) Q2 (a, y2); 
Fso (2, y, 2) = (—A1|r)ese y cos{2t (a + y) + rz} 

+ sec z sin (2te + ry) + 2(—1]71)S2(2, y, 2); 
Foara (2, y, 2) = (—1)"[(—1]|r) ese y cos{2t(a + y) + 72} 

+ sec z sin(2éa + ry) + 2(—1|71)82(a, y, 2)]; 
Fooza (©, I a) = (—1|r)[(— 1)” sec y cos{2i (a +y) +72} 

+ sec z cos(2ta + ry) | 

à +2(— 1)™(— 1| 7172) R(T, y, 2); 
Fasz (T, 9,2) = (117) [sec y cos{2t(a + y) -+ rz} 
+ (— 1)” sec z cos(2te + ry) ] 
+ 2(—1)™(— 1] rire) Bo (2, y, 2). 


6. For partition (III) we have the form 
Padca(T, Y, 2) = 42 g”!?(S Pavea(x, y, 23 m)). 


Let 
P;(2, y, 2) = cos{ (2d, — te) a + (2d, —72)y + 28:2} 
— cos{ (2d, + te)a + (2d, + r2)y + 2812}, 
Qs(a, y, 2) = sin{ (2d, + t2)a + (2d, + r2)y + 28:2} 
+ sin{ (2d, — te) a + (2d, — 72) y + 28,2}. 
Then 


Fio (€, y, 2) = {cot (æ + y) + cot z}sin (te + ry) 
+ 2P: (x, y, 2) ; 

Fozoi(%, y, 2) = (—1|t) {cot z — tan (e + y) }cos(ta + ry) 
+ 2(—1)%(—1 | ta) Qa (T, Y, 2); 

Fisna (2, y, 2) = (—1|m) {eot(# + y) + cot z}sin (ta + ry) 
+ (—1]ma) Pala 92); 

Faoo2(%, Y, 2) = {cot (x + y) — tan z}sin (ta + ry) 
+ &(—1)®P3 (2, VA 2) ; > 

Pose (2, y, 2) = (—1|7) {tan(a + y) + tan z}eos(te + ry vy) 
— 2(— 1) (—1| 12) Qs(% 9, 2) 5 

Foss2(%, Y, 2) = (—1|m) {cot(# + y) — tan z}sin (te + ry) 
+ 2(—1)®(—1] mz) Pa (a, y, 2). 


7. The form in which the partition is (IV) is 


pavea (T, Y; z) = Tavca (T, Y, 2) 
+ 42 q” (> Favea(%, y, 25m) ) + #29"(2 Gavea (2, Y 237) )- 
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We have 
Tor10 (2, Y, 2) = Teus (T, Y, 2) = cse & CSC y; 
Tozzo (8, Y, 2) = T's203 (2, Y, Z) = sec T sec y; 
Ts120(%, Y, 2) = Tors (T, Y, Z) = CSC + sec y. 
Let 
P,(x, Y,2; tis T1 da, 32) = P,(2, Y, 2), 
P,(x, ¥Y; 23 Vs, Ti d's, va) = P’, (a, Y, 2), 
Qs(, Y, 25 tr, T1, do 82) = Qa (T, Y 2), 
Qa (z, YZ; V1, Ti, d'a %2) = Q's(2, Y: z) > 
Pt, y, z) = cos{ (t, — 2de)@ + (tı — 282) y + 22} 
— cos{ (71 + 2de)a + (ri + 282) y + 24,2}, 
Qaz, y, 2) = sin{ (rı + 2de)a + (ri + 282) y + 2th} 
— sin{ (rs — 2de)e + (ri — 282) y + 2tiz}. 
Then ` 


Forno (z, y, 2) = (cot x + cot y)sin{2tz + r(x + y)} 
+ 2P4(a, y, 2) ; 

Goro (2, y, 2) = (cot x + cot y)sin{2l’z + r(e +y)} 
+ ese(a + y)sin 2(de + 8y) + 2P'a(e y, 2) ; 

Fsi20(2, y, 2) = (—1]7) (cot x — tan y) cos{2tz + r( + y)} 
++ 2(—1)%(— 1] 71) Qa (2, y, 2) 5 

Gsr20(2, Y, 2) = (— 1 |7) (cot x — tan y) cos{2t’z + r (s + y)} 
+ (—1)5 sec(x + y)sin 2(dax + $y) 
+ 2(—1)8(— 1]7s) Qala, y 2) à 

Foso (£, Y, 2) = (tan v + tan y)sin{2tz + 7r(a@ + y)} 
a: 8 (— 1) P, (a, VE 2) > 

Gozzo (8, Y, 2) = (tan + + tan y)sin{2¢’z + r (s + y)} 
— (—1)** cse(x + y)sin 2 (de + 8y) 

; — 2(— 1) 2P, (a, y, 2) 5 

Faia (2, Y, 2) = — (cot x + cot y)sin{2éz + 7(a-+ y)} 
— 2P4(x, Y, 2) 5 

Gz (£, Y, 2) = (cot x + cot y)sin{2#2 + r(e + y)} 
+ esc(x + y)sin 2 (dr + dy) ' 
+ RP (x, y, 2) ; 

Pois (z, y, 2) = — (— 1 |7) (cot e — tan y) cos{2éz + r(e + y)} 
— 2(— 1)®(—1]71) Qi y, 2) 5 

Gores (2; Y, 2) = (— 1 |7) (cot à — tan y) cos{2t’z + r (e + y)} 
+ (—1)? sec(s + y)sin 2(de + èy) 
4 2(— 1)” (— 11541) Qala 9 2) ; 
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foal, y, 2) = — (tan x + tan y)sin{2iz + r(x + y)} 
+ 2(—1) Ps (a, y, 2) 5 

E y, 2) = (tan v + tan y)sin{2v’z + r (e +y)} 
— (—1)* cse(x + y)sin 2(de + dy) 
—2 (— 1) Pap, (x, Y, z) s 


8. Finally, those expansions in which the partition is (V) have the form 


Paved (2, Y2) = 4 2 P(E Favea(%, y,25 m)). ` 
(m. 
On putting 


P(x, y, 2) = Ai (2, 9,2), Qt, ¥, 2%) = Aa (T, Y, 2), 
R(t, y, 2) = B(x, Y2); S5(@, y, 2) = B;(+, Y2), 
Ax (a, y, 2) = cos{ (ti — 2t2)a.+ (t — r) y + 712} 
+ (—1)* cos{(t + 2ta) + (ti + 72)y + me}, 
By (x, y, 2) = sin{ (h + 2te)a + (4, + r2)y + 712} 
+ (—1)* sin{ (t — 2t2)a@ + (tı — re) y + 712}, 
we have 


Pyoro(&, y, 2) = cse y sin{t(% + y) + 72} + 2Ps(a, y, 2) 5 
Fauso(æ, y, 2) = (— 1] #)ese y cos{t(% + y) + 72} 
+ 2(—1)"(— 1] t,) B(s 9,2); 
Faso (2, y, 2) = (— 1|#)sec y cos{t(a + y) + 72} 
+ 2(—1| tire) Qt y, 2) 5 
Fasso(, y, 2) — sec y sin(t(a + y) + 72} 
+ 2(—1)"(— 1] r2)Ss(2, y, 2) ; 
Pog (2, y, z) = (— 1 |r)ese y cos{t(x + y) + rtz} 
+ 2(— 1|7:)Bs(z, y2); 
Fiss (T, y, 2) = (— 1| m)cse y sin{t(* + y) + 72} 
+ 2(—1)™(—1] m) Ps (x, y, 2) 5 
Fos (T, y, 2) = (—1| m) sec y sin{t (x + y) + 72} 
+ 2(—1]m,) (—1|r2) Ss(a, y, 2) 5 
Fosse (T, Y, 2) = (— 1 | r)sec y cos{t(a + y) + rz} 
$ 2(—1)™(— 1] a7. Lu 2) 
Let 
Ut, y,%) = 0 (£, 9,2), Vlt, Y, 2) = Ca (8, 4,2); 
Cr (2, y, 2) = cos{ (re — t1)@ + (ro — 71) y + Être} 
F (—1)* cos{ (re + ht + (ro + ri)y + taz}. 


Then we have 
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Fos (2, y, 2) = (—1]7)see(u + y)cos (te + ry) 
+ 2(—1|nr2) V; (z, Y, 2) ; 

Foszo (£, y, 2) = (—1|m)ese(a + y)sin (tz + ry) 
+ 2(—1]m,) U5 (a, y, 2); 

Fsoos (7, Y, 2) = ese(e + y)sin (te + ry) 
+ 2(—1) "U5 (x, y, 2) ; 

Fossa (x, y, 2) = (—1|m)ese(@ + y)sin (tx + ry) 
+ 2(—1)™(—1| mi) Us (x, y, 2) ; 

Foooo (T, Y, 2) = csc(x + y)sin (te -+ ry) 
+ 2U; (x, y, 2); 

Fosos (2, Y, 2) = (— 1] t) see(x + y) cos(ta + ry) 
+ 2(—1)"(—1| tite) Vs (2, y, 2). 
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SOME ARITHMETICAL APPLICATIONS OF RESIDUATION. 


By Morgan Warp. 


1°. The operation of residuation was apparently first considered by 
Dedekind in his theory of the modules in a ring of algebraic integers [1]. 
It was introduced into polynomial ideal theory by Emanuel Lasker [2], and . 
flas since been used systematically by F. S. Macaulay [3] and others. I propose 
to show here how the operation may be applied to various arithmetical prob- 
lems,’ in particular to developing a systematic calculus for the periods of 
elements in any finite Abelian group. 


2°. Consider first for simplicity a cyclic group @ of order » written 
additively. Every element « of @ may be uniquely represented as 


(2.1) a = ty, 0O<a=<x 


where y is a fixed primitive element of @ and ay means y +y +: -+y 
taken a times. We write La for a in (2.1); for example Lo =~. Let Pa 
denote the period of a; that is the least positive integer p such that po = 0. 
The starting point of our investigation is the observation that P, is the residual 
of La with respect to x. 

Lg considered as an operation on @ to the finite ring Ky of the integers 
modulo v is linear and distributive: 


Lamp = MDa + Lg (mod x), m, n integers. 


On the other hand, Pe is neither a linear nor a distributive operation; given 
P, and Pg, all we can assert about Pa.g is that it divides [Pa, Pg], the least 


1The numbers [1], [2],- - - in square brackets refer to the bibliography at the 
close of the paper. 
? For example, consider the problem of solving 


(1) AX = 0 (modd m. F). 


Here A and F are given polynomials in indeterminates æ.,,. . .,æ, with coefficients in a 
commutative ring Jt while m is an ideal of R. We seek all solutions X in the quotient 
ring §il#,,.--,@,]/m. Tf Qf and F denote the ideals (m, 4), (m, F) then the totality 
of such solutions of (1) constitute the residual ideal of W with respect to & (Van der 
Waerden [4] Chapter XII). Thus the solution of (1) is equivalent to specifying this * 
residual, say by determining a basis for it. I have given a complete solution for the 
case when s = 1 and Ķ is the ring of rational integers. Ward [5]. 
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common multiple of Pa and Pa Simple numerical examples show that Pasg 
may be any divisor whatever of [ Pa, Ps]. 

These facts suggest that we introduce in & one or more new operations 
Eon, xy such that Paog, Pass may be calculated knowing only the values 
of Pa, Pg; the definition of P, as a residual immediately suggests how these 
operations should be defined. But before introducing these operations, we 
shall briefly summarize the properties of residuation of which we make use. 


8. Let © be the set of ideals‘ A, B, o - - of a fixed commutative ring 
containing a unit element. If A and B are any two elements of ©, the residual 
of B with respect to A is by definition an ideal C such that 


ADBC; if ADBX then CDX. 


We write as usual O — A: B. The residual always exists and has the following 
properties : 


(3.1) A:B—A:(4,B) —[4,B]:B, 
(A:B):C—(4:C):B—4A:B0, 
A—M:N and B—M:(M:N) imply B—M:A, A—M:B, 
M: (Ay, Aa: ©, Ax) = [M: A M: An -, M: Ag], 
[An An *, Ar]: M = [41 M, Aa: M, : +, Ap: M]. 


If we restrict © to be a principal ideal ring, then A D B if and only if 
there exists a quotient Q = A/B such that A == QB. ' Furthermore this 
quotient is unique. It is easily shown that A:B = A/B whenever the 
quotient A/B exists, so that formula (8.1) becomes 


A B 
(4,B) [A, B]° 








(3. 11) A:B 


On using this result and the unicity of the quotient, we easily find that 
the following additional rules for residuation hold jn any principal ideal ring.‘ 


(M,N) =M: (M:N), M:AB—{(M:A)(M:B)}:M, 
(As Ao, ` +, An): M = (A: M, + +, Art M), 
M: [A1, Azt + +, Ap] = (M: Aa, + +, M: Ax). 


8 We use (A,B,---), [A, B,- - -] both for the union and join of ideals A, B,. . - 
or the greatest common divisor and least common multiple of integers 4,B,. . .. 
*We use the notation of van der Waerden [4], chapter XII save that roman 
capitals are used -for ideals instead of gothic capitals. 
. SA detailed analysis of the properties of residuation, is given in Ward [6], 
Dilworth [7]. = 
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4°. The formulas of section 3° give the fundamental relations 


N __ [#, La] 
(x, Le) La ? 


Pa = X: (X: Pa), La =N: Pa if and only if La divides ~v. 


(4.1) Pa = X: La = 


We define our new operations over the group G as follows. We write 


d= (é, 1) if Ds = (Le, Ly); 
u= [én] if Lp = (Le, L,] (mod v). ` 


It is clear that the group Œ forms an arithmetic structure ° with respect 
to the operations of union and cross-cut thus defined which is simply iso- 
morphic with the structure of the ring Ky. 

The third operation over @ which we shall consider is a multiplication 
simply isomorphic with multiplication in Ky: we write 


a=é-y if Lr = LgLy (mod n). ' 


If we call two elements of 6 equivalent if and only if each divides the 
other, then equivalent elements have the same period and conversely. 

The periods of 8, » and ~ obey the following simple rules which are easy 
consequences of (4.1) and the formulas of section 8°: | 


Pan= [Pe Pl, Pac... to = [Peo Peo :, Pal, 
Par (Pe, Py), Pe, Ea, 2.6 Ex] m (Pe, Pr FT Pe,); 
Pen {PPa à, Pas... te (Pa Pte: + Peps ve. 


Thus for each operation the period is readily calculated from the period 
of its constituents. It is possible to define a residual é:y in G@ by 
Le, = Le: Ly, but its period is not calculable in terms of the periods of 
é and 7 alone. l í 


5°. If we choose a different primitive element y’ in place of y defining 
a new operator ZL’: over Œ we have 


L'a = L yDa (mod x), ‘La = LL’, (mod x) 


where I/yLy = 1 (mod x), so that both L’, and Ly are prime to x. It readily 
follows that the operations (é,7), [é n] are independent of the particular 
base y chosen to define them. The situation for the product is different. We 


6 Or distributive lattice. See Ore [8] or Ward [6] for detailed definition. 
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find that (a- 8)’ =y- (a-B). On the other hand P'a == Pa. The formula 
(4.1) are thus unchanged. ‘For example: 


Pe gy = Py. Eom = (Py Pe ght N= {8 . Peg} i N = Pep. 


6°. Suppose now that the group G is the direct sum of x cyclic groups 


Ga, DE Ge of orders xy, one ye : 
(6.1) > G — GO + Ge +. oe + GH +. ae + Ge, 
so that the typical element « of Œ is of the form è 


a =g pD fees fg ooa, 


We select in each group 6? a primitive element y and define operators 
La‘? as in section 2° by 


Ly = a, Gg) = ady@, (i as 1, 2, LE k). 


We then associate with the element a the vector Qa whose i-th component 
is Lg. The operations (a, 8), [«, 8] æ: 8 over G of union, cross-cut and 
product are defined by the vectors Lam, Siagi La.s with components 
(La, Lg), [La P, Lp], La? Lg respectively where the components are 
taken modulo y‘? in the associated rings Ky, 

With an obvious extension of notation, we write 


0,8) = (Las Le), Lta,81 = [Ra Le] 
Ra p ms Ra Š La. 


The vectorial period of a is defined as the vector Pa with components 
PaP =v: LW. If denotes the vector with components v™, w@, +--+, wo 
(R is simply £o, where 0 is the identity element of Œ) then we write 


Pa =R: Qa ° 


These definitions allow us to extend immediately the formulas of section 
4°; thus 


Bias = (Ba, Ps); Bae) = [Pa Be], Bo. p = Ba: Ba: R. 


The actual period of « (that is, the least positive integer p such that 
pa = 0) is simply the least common multiple of the components of the vectorial 
period. Denoting it as before by Pa, we have 


Pa = [Pa V; Pa, +, Pa ® J. 
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We cannot calculate the scalar period of a: 8 or [«, 8] directly in terms 
of the scalar periods of « and 8. But for the union («, 8) we have the elegant 
formula 

P ap) = [Pa Ps]. 


These considerations apply to any finite Abelian group since every such 
group may be represented as a direct sum of cyclic groups. If we assume as is 
always possible that the order of each summand is a power of a prime, then the 
number of summands @ is uniquely specified and also the orders N®. 

e To remove in part the ambiguity in the definition of the components of & 
and Pe due to the fact that the order of the groups @ in (6.1) is unspecified, 
we agree to arrange the prime power orders » first in the natural order of 
the primes, and then arrange the powers of each prime in order of magnitude. 
The remaining ambiguity in the order of the components due to adjoining 
isomorphic groups in the decomposition (6.1) appears to be inherent, as the 
set of all vector functions % over & can be regarded as a basis for a repre- - 
sentation of the group of automorphisms of Œ, each function being corollated 
with the sub-group of automorphisms leaving its components unchanged in 
order, but changing possibly the basis elements y‘ in terms of which the 
‘ components Lg are specified. We have already seen in section 5° that the 
components of Pg are unaffected by such changes of base. The remaining 
automorphisms of @ will permute isomorphic groups in (6.1) thus inducing 
a permutation of the vector functions Pg. In any event the scalar period 
function Pg remains unaffected. 

Since any finite field excluding its zero element is a cyclic group with 
respect to multiplication, the calculus we have developed in section 4° carries 
over entire to the periods of elements in any such field. The vectorial calculus 
of the present section similarly applies to the periods of the units in any finite 
commutative ring. 


e 
7°. The operations which we have defined over the finite group have 
analogues in common arithmetic. For if 


co 00 
A =] Pa”, B = J [| P,® 
i 1 


are the decompositions of the positive integers A and B into their prime factors, 
where P4, Po, P3,- + © denote the primes 2, 8, 5,- - - in their natural order and 
only a finite number of the exponents a, bn are not zero, we may define a « 
“union,” “ cross-cut ” and “product ” of A and B “of the second kind” by 


926 MORGAN WARD. 


x 


© co 
(4, B) = || Pree [A, B] = IT P, lemtnl 
1 1 


A-B = [Į Pa, 


1 


The product of the second kind is distributive with respect to the ordinary 
product A X B or“ product of the first kind”: 


A (BXC)=(4:B) X (4-0). 


The analogy with our treatment of groups becomes evident if we think 
of À as specified by the vector with components a, &, - * : 

Indeed our product is the arithmetical analogue of the “ multiplication 
of the second order” considered by De Morgan [9] and others [10] in the 
hierarchy of operations 


A+B, AX B=exp(logd + logB), ÀA:B—exp(eloslosAtlologB) — AlogB..., 
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RATIONAL CURVES OF ORDER n + 2 INVARIANT UNDER 
DIHEDRAL COLLINEATION GROUPS OF ORDER 2n.* 


By R. M. WINGER. 


1. Introduction. The problem of self-projective curves, i.e. curves 
which admit linear transformations. into themselves, may be said to go back 
to? Euler and Steiner who respectively investigated curves with a diameter 
and a center. Projectively considered, it is a matter of indifference whether 
one asks that a curve have a center or a diameter. For a center of symmetry 
is merely the center of a harmonic homology, or reflexion, whose axis is the 
line at infinity; while a diameter is an axis of reflexion whose center is a point 
at infinity. The diameter becomes an axis of symmetry when the center of 
the reflexion is in the direction of the perpendicular. An algebraic curve may 
have several axes of symmetry although it can have but a single center. If 
there are two axes, the product of the corresponding reflexions will be a rotation 
of finite period, say p, and the reflexions will generate a dihedral group of 
order 2p which leaves the curve invariant. | 

Multiple axial symmetry of an algebraic curve is thus intimately con- 
nected with dihedral groups. Indeed the whole question of the symmetry of 
curves or other geometrical figures is but a metrical aspect of collineation 
groups.” 

The problem of self-projective curves, consciously formulated, has been 
attacked by numerous writers, including Klein and Lie, S. Kantor, Wiman, 
Ciani, Snyder and the Author. 

The maximum axial symmetry of an algebraic curve of order m is m-fold, 
‘the axes radiating from a point at equal arigles.* A rational m-ic with m — 1 
axes of symmetry must be of even order and a trochoid. There is in fact a- 
one-parameter family of such curves. There is also a one-parameter family 
of trochoids possessing m — 2 axes of symmetry when m is even. These two 


* Read before the American Mathematical Society, September 3, 1936. Received by 
the Editors May 24, 1937. 

+ Winger, American Mathematical Monthly, vol. 37 (1930), p. 5. Also Loria, 
Spezielle Algebraische und Transzendente Ebene Kurven, Second Edition, vol. I, 
Chapter 10. j 

* Of. Jaeger, Lectures on the Principle of Symmetry, Amsterdam, 1920, Chapter 8. 

3? Winger, American Mathematical Monthly, loc. cit., also American Journal of 
Mathematics, vol. 36 (1914), p. 66 where the equations are obtained for rational curves. 
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systems have been discussed elsewhere.* For all values of m (m > 3), even 
or odd however there is a one-parameter family of non-trochoidal rational 
curves with m— 2 axes of symmetry. These form the subject of the present 
study. We shall find it convenient to take m =n + 2. Projectively stated 
then, the problem is the consideration of those rational curves of order n + 2 
(other than projective trochoids) which are invariant under dihedral collinea- 
tion groups of order 2n. The curves divide broadly into two classes, according 
as n is odd or even, corresponding to the two main species of dihedral groups. 
The family includes as special cases many remarkable individuals among 
which may be mentioned the self-dual curves of Wear,’ which are autopolar 
with respect to the maximum number of conics; certain of the polar tangent 
curves considered by Stratton. A metric version of Wear’s curves are the 
self-dual rational curves of maximum symmetry studied by Duncan (for n 
odd). 

As usual there are two groups involved, the binary group on the para- 
meter and the ternary group on the points of the curve. The binary group is 
generated by the collineation 


s: =d, #1], 
and the involution 
r: Y= 1/t. 
The first generates an invariant cyclic subgroup ga whose elements are 
UV = ett, i—1,2,: -n. The product of these by r yields the n involutions 
Ul = dit, 


The ternary group is generated by the cyclic substitution 


S: ey, = Pt dodo, da = EUs 


or a’, = tr, Lo = Et, d'a = T3 
of period n, which generates a ternary cyclic subgroup Gn, and the reflexion 
R: tite, dat, B's = Ta. 
The elements of the ternary group comprise the elements of the cyclic 
Gui a, = ea, Ba = Cit, d'a ta, (i =1, 2; :-n), 
t American Mathematical Monthly, vol. 39 (1932), p. 578. 
5 American Journal of Mathematics, vol. 51 (1929), p. 482. 


© American Mathematical Monthly, vol. 43 (1936), p. 398. 
7 Bulletin of the American Mathematical Society, vol. 40 (1934), p. 344. 
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together with the products of these and À which are the n reflexions : 
wy == te, V'a = ty, De = D. 


The axes of these reflexions are ai — ett, — 0, while their corresponding 
centers are (ef, — 1, 0). The centers thus lie on the line +, = 0 and the 
axes meet at u, = 0. The equations of the axes as a whole are x,” — v” = 0, 

There is a fundamental difference according as n is odd or even. When 
n is odd the axes are all conjugate (equivalent), and no center lies on an axis. . 
But when n is even, say n = 2k, they divide into two complementary sets 
A+, À —: 

À +: Të + ast = 0, A—: a,*—a% =0, 


the corresponding centers of which we shall denote respectively by C + and 
C—. Now the axes (and centers) of either set are conjugate among them- 
selves only. Further the axes and centers are incident in pairs: Each center 
C + lies on an axis A = of the complementary set when k is odd but on an 
axis A + of its own set when k is even. Again when n is even the binary 
group ga contains an extra involution, # == —dt, and the ternary Gn an extra 
reflexion with center uz, and axis +. The special sets of conjugate points of 
the binary group are the pair of parameters 0, œ and the two sets of n, 


“+10, é—1— 0. 


I. The General Curve of the Pencil. 


2. Consider now a rational curve of order n + 2, 
ta = fi (t), (i= 1,2, 3), 


where f; are polynomials of order n + 2, and suppose that when ¢ is trans- 
formed into {’,æ (parameter ¢) is carried into z’ (parameter t). Then apply 
to fı the generating transfoymations of the binary group and ask that æ; be 
transformed according to the generators of the ternary group. ‘ We find thus 
the canonical equations of the most general rational curve of order n +2 
invariant under cur group: $ 


(1) t= Ente + at’, Ta = at” + 1, La == pe -+ t, 
where a is an arbitrary constant. The line equations are 


8 When » is even and #/2 + 1 odd, there is a second variety in which m, = tA, 
This is the trochoidal case already discussed, American Mathematical Monthly, vol. 39 
(1932), p. 584. 
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w, =a + [n 4 1 — (n—1jalé +1 
(2) Uy = È% +. [n + 1 — (n— 1)a]i + at 
us = — at + [a? (n — 2) — n — 2] — at. 


We shall first consider the properties of the curves for general parameter : 
a, distinguishing the two cases n odd, even. While the curves are highly 
restricted, the treatment is quite general. We deal in a sense with a doubly 
infinite system of curves, since there is a one-parameter family ‘for each value 
‘of n, which in turn may be any positive integer. 
The flex form is seen to factor into ° 


(3) (P+ 1) {Ra 
+ [(n— 1) (n—2)a — 3na + (n +1) (n + 2) ]é + 2a}. 


An immediate observation is that the first factor represents one of the special 
sets of conjugate points (parameters) of the binary group and it is obvious 
from (1) that they are cut out by x, hence 

One third of the flexes, whose parameters comprise one of the special sets 
of conjugate points of the binary group, lie on the fived line of the ternary 
group. The other intersections 0, co of +, constitute the special set of two 
conjugate points. The remaining flexes form a general conjugate set under 
the binary group, since obviously the other special set #*—1 is not a factor 
of the flex form. 


3. The general curve, n odd. The double points of the involution 
’==1/t are +1. By referring to equations (1) we see that the parameter 
1 is cut out by the axis tı —%—0. The parameter — 1 names a flex 
whose codrdinates are (1, — 1, 0), a center of reflexion. Further the tangent, 
at the point t= 1 is, from (2), tı + ve — (a + 1)æs — 0 and thus goes 
through the center. Since the centers as well as the axes are conjugate we 
may say 





The centers of reflexion are flexes and thus lie on the curve. From each 
runs one simple tangent to the curve whose contact is on the corresponding 
axis. These contacts as a whole, namely t* — 1 = 0 comprise the other special 
set of parameters under the binary group. 


We have noted one point on each axis. The others must be fixed under 
a reflexion, while their parameters are paired under an involution. This 

° When n = 1 we get a family of cubics which are all projectively equivalent except 
the cuspidal curve, a ==— 3, 
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requires nodes or multiple points of higher order. Anything but nodes how- 
ever would demand more double points than are available. Hence 


On each avis lie (n + 1)/2 nodes, which accounts for all of them. 


The nodes fall into (n + 1)/2 special conjugate sets under the ternary 
group, the parameters of each set however forming general conjugate sets of 
the binary group. We are now in possession of all special sets of conjugate 
points of the ternary group which lie on the curve: Besides the nodes they 
gre the three sets whose parameters are the special sets of the binary group. 

Again, all tangents from a center of reflexion are fixed under the reflexion 
but their contacts are subject to the corresponding involution. This means 
in the general case that all tangents from a center, except the flex tangent of 
the center itself and the simple tangent already noted, must be bitangents. 
We may say then, the curve being of class 2n + 2, 


n— 1 bitangents meet at each center of reflexion, accounting for half 
the total. 


4, The general curve, m even. When n is even the changes we have 
to record are due mainly to the division of the axes (and centers) into two 
sets which are not conjugate to each other, and to the presence of an additional 
reflexion, whose center is ws and whose axis is v, The double points of the 
associated involution, #’ —-—#, are 0, œ, which lie on the axis and name 
contacts of tangents from the center. The other intersections of this axis will 
be nodes but, since they are also flexes, bifleenodes are formed. Hence 


There are n/2 biflecnodes on the axis t, = 0. 


Now setting n == 2k, we have to distinguish two cases according as k is 
odd or even. . : 

k odd: The axis x, — v = 0 cuts out the pairs of parameters #?? — 1 = 0 
and # +10, which are double points of two involutions. The first pair 
name contacts of tangents from the center of the reflexion, while the others 
are parameters of a bifleenode on va. The remaining intersections of the axis 
are ordinary nodes. The biflecnode is a center of reflexion whose axis is 
2, + £2 = 0. All intersections of this axis are nodes, for the double points 
of the associated involution fall at the center. And all the tangents from a 
biflecnode, except the nodal tangents themselves, are double lines. Since these, 
results are typical, we have 


932 R. M. WINGER. 


Each of the axes À — cuts out one biflecnode, (n — 2)/2 ordinary nodes, 
and two contacts of simple tangents from its associated center; whereas each 
avis A + cuts out (n + 2)/2 ordinary double points. From each biflecnode 
run n-—2 double tangents, but from each of the other centers, including us, 
run two simple and n double tangents. 


‘This accounts for all of the double points and n? double lines, leaving 
n(n— 2) double lines to be distributed in general sets. 


k even: Hach of the axes À — cuts out n/2 ordinary double points and 
two contacts of tangents from the corresponding center, while each of the con- 
plementary sets of aves A + cuts out one biflecnode and n/2 ordinary double 
points, accounting for all of the double points. 


Each biflecnode is a center C + and thus lies on an axis conjugate to 
its own. Through each biflecnode pass n— 2 bitangents and through each 
of the other centers, including us, pass two simple and # double tangents, 
accounting for a total of n? bitangents as before. 


5. The pencil of invariant conics. Whether n is odd or even, there 
is a pencil of conics which are individually invariant under the group. The 
equation of the pencil in points and in lines may be written 


(4) Tito = AV,” and AU = Us”. 


All proper members of the pencil touch the curve at the points t = 0, œ and 
cut out besides 22 points which comprise conjugate sets, special or general, 
under both groups. Likewise the 4n common lines of each conic and the curve 
form conjugate sets of both groups. Indeed the common points and lines of 
the curve and degenerate members of both pencils belong in conjugate sets 
of the groups. Conversely, all conjugate sets of points and lines of both 
groups, special as well as general, are common points and lines of the conics 
and the curve. Among the conics of particular interest are: 


One conic Value of à 
(5) with contacts at ¢ = 1, (a t 1)? 
na| (n—3)a— (n + 3)] 


(n— 1) (n—2)a— (n + 1) (n + 2) 


[(n—2ja +n +F 
4n? 


(6) on 2n flexes, 








. (7) on flex lines *° t + 1=0, 


1° Bifleenodal tangents when n is even. 
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nal (n—2)a— (n+2)] 
(n—1)a— (n +1)? 
na(a +1) 
(n—2)a+n +2. 

We note that the value of À in (&) is independent of n. We observe also 
that two or more of the conics may coincide or one or more of the conics may 
degenerate (À = 0, 0) for particular values of a, i.e. for certain special 
curves, On the other hand, the coincidence of any two of the conics or the 
dggeneration of any one implies a specialization of the curve. 


(8) on the other 2n flex lines, 





(9) on contacts of tangents from us, 


II. Special Cases. 


6. By assigning particular values to a we obtain an infinite system of 
projectively distinct curves. Among the most interesting special curves are 
those with singularities arising from the coincidence of the flexes. These are 
found by equating to zero the discriminant of the second factor of the flex 
form (8). We shall consider them briefly. The discriminant of the second 
factor of the flex form, considered as a quadratic, is 


(a—1)[(n—1)a— (m+ 1)][(n—2)a— (n+2)] 
X [(n—1) (n—2)a— (n + 1) (n + 2)]. 


The complete discriminant is a power of this, together with two other factors 
corresponding to a = 0, œ. For obviously these values imply multiple roots 
of the flex equation. When a = 1, œ the curve degenerates for then the three 
line sections z; = 0 have a common factor. Ordinarily the flexes in question 
form a general set under the binary group. But when the discriminant 
vanishes the flex parameters coincide at least in pairs and hence must reduce 
to special sets. We find readily the following consequences of a vanishing 


discriminant: 
e 


When The curve has ` 
. a=(n+1)/(n—1), | undulations at # — 1 = 0 
a = (n+ 2)/(n—2), i cusps at #—1—0 ; 
a = (n + 1) (n + 2)/(n—1) (n— 2), 5-point contact flexes at # -+ 1 = 0 
a = 0, n-point contact tangents at t == 0, co. 


Th the first three cases the flexes involved coincide in pairs at the respective 


# Bitangents when # is even. 
12 The flexes represented by the first factor obyiously cannot coincide. ` 


15 
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singularities, but when a == 0, they coincide n at a time. We shall now discuss 
the individual curves. 


a=(n+1)/(n—1). 


7. The undulations lie on the axes of reflexion, one on each when n is 
odd and two on each axis A— when n is even. The undulation tangents 
pass through the centers of reflexion, one through each when n is odd and 
two through each O — center when n is even. The other properties of the 
curve noted for the general case must be modified to conform to the fact that 
an undulation arises from the coincidence of three lines through a center of 
reflexion, one bitangent, one line joining two flexes, and one simple tangent. 


a = (n + 2)/(n—2). 


8. This is the self-dual case treated by Wear (1.c.). The cusps reduce 
the class of the curve to n + 2 and the number of double lines to n(n — 1)/2. 
When n is odd, there is one cusp on each axis, which is the cusp tangent. 
Also (n—1)/2 double lines meet at each flex (center of reflexion). When 
n is even however the cusps fall in pairs on the axes A —, which are now 
double-cusp tangents and count as double lines. Further when n is even 
and & is odd, each double-cusp tangent cuts out one of the biflecnodes and 
(n—6)/2 ordinary nodes; while the other axes A + cut out (n + 2)/2 
ordinary nodes each. Further (n—4)/2 double lines, including one double 
cusp tangent, meet at each biflecnode and (n + 2)/2 double lines meet at 
each of the other centers C—. When k is even, each double cusp tangent 
cuts out (n —4)/2 ordinary nodes, whereas the other axes A + cut out n/2 
ordinary nodes and one biflecnode each. Hence in this case (n + 2)/2 double 
lines, including one double cusp tangent, meet at each center C—, while 
(n — 4)/2 double lines meet at each center C +, which is now a biflecnode. 
When n is even, the tangents from the additional center u, consist of two 
simple tangents and the k double cusp tangents, which have already been 
enumerated. All the singularities of the self-dual curves have now been 
accounted. for. 

The line equations of the curve, after factoring out the cusp form, 
reduce to | 

Uy = (n+ 2)t" — (n — 2) 
(10) uz = (n — 2) t — (n+ 2)? 
us = — 2(n + 2)t(*—1). 


The binary transformation # = 7/t, where y* = — 1 induces the polarity 


I: Uy =T, Us = Ta, Ug = — ANT, a = (n + 2) /(n — 2) 
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which interchanges the dual singularities of the curve. This combined with 
the Gen yields the 2n correlations: 


Y= et, Ue: = ei, Us = — RANT, 
Wi = la, U2 = t-te, tg 207Xs, 


(11) (¢=1,2,---n). 
The first set of these are polarities in all cases. Moreover when n is odd, say 
n = 2p — 1, we get a polarity in the second set, namely when i = p. We 


may summarize thus: 


° When a= (n+ 2)/(n— 2), the curve admits a Gan, comprising 2n 
‘collineations and 2n correlations. Of the correlations n are polarities when 
n is even while n + 1 are polarities when n is odd. The curve is thus auto- 
polar with respect to n or n + 1 conics, according as n is even or odd—the 
maximum number for a rational curve of order n + 2. 


a = (n + 1) (n + 2)/ (n — 1) (n — 2). 


. 9. All of the flexes of this curve unite to form higher flexes with 5-point 
contact tangents at i” +-1—0, distinct when n is odd but joined at special 
biflecnodes when n is even. These singularities absorb a total of 3n double 
lines and reduce the number of tangents that can be drawn from each of them 
by 5 or 10, according as n is odd or even. The properties of the general curve 
will be modified in consequence. Hence, when n is odd the number of double 
lines that meet at each flex in question is n — 2, leaving n(n — 3), which 
belong in general sets. When n is even, k odd or even, n—4 double lines 
meet at each biflecnode and n at each of the other k + 1 centers, n(n — 4) 
remaining. 

a=0. 


10. The equations reduce to 
(12) T1 = pre Tz = L T = pet + A 


There are hyperosculation points at = 0, œ, whose tangents are 7,2, = 0 
and which absorb together 2n flexes and n(n — 1), i.e. half of the double 
lines. The other intersections of +, are simple flexes or ordinary biflecnodes 
according as # is odd or even. Thus all the flexes lie on as. All tangents 
from us coincide with sıza —0. The pair of lines a, + zz = 0 are cyclic 
cutting out the points #2 + 1—0. 

The dual of the line curve may be written, see equations (2), 
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du = (n+ 1), 
(13) t= (n+1)# +1, 
t = — (n +2)", 


This is a projective trochoid having an (n + 1)-fold point with coincident 
parameters at each of the points i = 0, œo. Each of these points, which is the 
dual of a tangent with (n + 2)-point contact, is thus equivalent to n cusps 
and n(n —1)/2 nodes. 

Numerous other noteworthy curves occur in the family, among the most 
interesting of which are those arising when some of the invariant conics of $ 5» 
degenerate or coincide. We get degenerate conics (and special curves) when 
À —0 or œ. These cases we shall now consider. 


a—— 1. 


11. This curve has an n-fold point at us with parameters # — 1 — 0. 
When n is odd the multiple point has distinct tangents and absorbs n(n —1)/2 
double points, leaving n, one of which lies on each axis. Moreover the tangent 
at each branch is on one of the centers of reflexion. When n is even however, 
the tangents touch in pairs,-forming k tac-nodes within the multiple point 
which absorb n/2 extra double points and a like number of double lines. 
These with the usual n/2 biflecnodes account for all of the nodes. The tac- 
nodal tangents are the axes A + or À — according as k is odd or even and 
are thus on the centers O — in both cases. Each counts as a bitangent and 
replaces the two simple tangents from a center C— of the general case. 
Hence, k odd or even, all of the tangents from each center C — are double 
lines. From each center (+ (a biflecnode) run »—2 double lines. We 
have now accounted for n? bitangents, including those absorbed by the tac- 
nodes. The center us yields no new ones since all of the double lines from 
there are the tac-nodal tangents. Conics (5) and (9) in lines both degenerate 
to u? = 0, i.e. the multiple point repeated. e 


a = (n + 8)/ (n — 3). 


12. Conic (6) reduces to z = 0 when 


a= (n +1) (n +2)/(n—1)(n—2) 


for then all the flexes combine to form higher flexes (supra). This conic also 
degenerates when a = 0 or (n + 3)/(n— 3), reducing to ziza —0. The 
case a = 0 has already been noticed. For the other value of a the flex form 
factors into 
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[(n— 3) +n + 3][(n + 3) + n—3] 
and we have at once: 


If n> 38 and a—(n+3)/(n—3), the 3n flexes are cut out by the 
sides of the invariant triangle, one third lying on each side. When n is odd 
‘all the flexes are distinct but when n is even those on x; == 0 form biflecnodes 
as usual. 


a—— (n+ 2)/(n—2). 


“ 13. Conic (7) in lines degenerates to us? = 0 for this value of a which 
is the negative of that for the self-dual case. The tangents from ws by (2)) 
are now given by ¢(¢”-+ 1)? = 0, hence in this case 


The tangents from the fixed point of the ternary group, except the 
simple tangents 0, œ, are all flex tangents with their contacts on the fixed 
line. If n is odd they are all simple flex lines, but if n is even each is a tan- 
gent at a special biflecnode whose tangents coincide. 


Each such biflecnode or oscnode counts for three ordinary double points, 
i.e. contains two latent bitangents. Since an ordinary double flex tangent is 
equivalent to two flex and four double tangents, these oscnodal tangents are 
equivalent to two flex and six double tangents. Thus the tangents from us 
account for 3n bitangents. The oscnodes are centers of reflexion © +, lying 
on the axes A — or A + according as k is odd or even. From each can be 
drawn to the curve, besides its own tangent, 2n — 4 tangents which comprise 
n — 2 double lines; while from each of the centers O — can be drawn 2 simple 
and n double tangents. We have now accounted for n(n + 2) bitangents, 
n(n— 4) remaining. 


a = (n-+1)?/(n—1)*. 


14. For the self-dual curves, as well as when a = 0, the line conic (8) 
reduces to us? = 0, i. e. the point (repeated) in which the cusp or the hyper- 
osculation tangents respectively meet. When a takes the value above the conic 
becomes uus == 0, whose common lines with the curve, except 0, œ, are 
given by 
[(m + 1) — n + 1]T(n—1)# — n —1]? = (second factor of flex form)?. 


18 It is a rather common experience to encounter a dihedral curve with numerous 
flexes on a line at the centers of reflexion. The trinomial curves a" + y*+4+2"=0, 
n a positive integer, meet the sides of the reference triangle, which are axes of homology, 
in hyperosculation points which absorb all of the flexes. But this is the first non-trivial* 
instance I know of a rational curve whose full complement of simple flexes lie on the 
sides of a proper triangle. 
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Hence n flea tangents meet at each of the points u, —0, u, —0. Or, 


. When a == (n +1)?/(n—1)*, one third of the inflexional lines meet 
at each of the points cut out by the line on which lie the contacts of the — 
remaining third of inflexional lines. 


a==— (n + 1)/(n— 1). 


15. If n is odd and a =— (n + 1)/(n— 1), the tangents from the 
centers of reflexion (flexes) touch the curve again on the axes, at the points 
#—1— 0. E 


This fact, first observed for the quintic # is easily verified for the general 
case. These line singularities are triple lines, each equivalent to one flex 
tangent and two bitangents, accounting thus for a total of 2n bitangents. 
From each center can be drawn 2n — 2 other tangents which must unite to 
form n— 1 bitangents. This accounts for n(n + 1), so. that n(n— 3) 
are left. 

What is the meaning when n is even? The biflecnodal tangents cannot 
touch the curve at one of the points # — 1 == 0 for these points do not lie 
on the axes of which the biflecnodes are centers. Now we saw that there is a 
conic (5) which touches the curve at the points #"—1—0; and when n is 
odd the flex lines #7 + 1 — 0 touch the curve at the same points. Hence the 
conic (7) on these flex lines must be identical with conic (5). In fact the 
condition that these conics be the same for a proper curve is just that 
a = — (n + 1)/(n— 1) whether n be odd or even, the equations reducing to 


Athy Us = (n —1)?ug”, or (1 — 1) mt = T3. 


For the even case this conic is on the biflecnodal lines and we may summarize 
as follows: 


If a= — (n + 1)/(n— 1), the conic on, the flex lines t" +10 
touches the curve at the points t»—1—=0 (as well as at 0, ©). When n is 
odd the flea tangents touch curve and conic at the same points and thus count 
for four common lines each. When n is even the flex lines in question are 
biflecnodal tangents, which however do not touch the curve elsewhere. In 
either case all common lines of curve and conic are comprised in the flex (or 
biflecnodal) tangents and the tangents at the contacts. 


1 Winger, “ Self-projective rational curves of the fourth and fifth orders,” American 
Journal of Mathematics, vol. 36 (1914), p. 75, where the curve is taken in slightly 
different form. 
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III. Metrical Specializations. 


16. All of the foregoing curves can be given a metrical setting. The 
most effective way to do this is to introduce circular codrdinates x, by means 
of the relations 
x = X + iY —24,/23 
(14) BAY has 


where X, Y are ordinary Cartesian codrdinates and ¢ is to be considered as a 
complex number of absolute value 1.4% The general equation of the curve 
e 

now becomes 1° 


(15) s= (i + at)/(t7 +1), t = cos 0 + à sin 0 = cis 6. 


In this form the axes of reflexion are axes of symmetry equi-spaced about a 
point, the Cartesian origin. When n is even this point is a center of symmetry, 
i. e. a center of the curve. All of the curves are circular, touching the circular 
rays at I and J. The invariant conics (when proper) are concentric circles. 
When a = (n+ 2)/ (n— 2), the self-dual case, and n is odd we get the 
curves treated by Duncan (l.c.). 

‘To write the parametric equations of (15) in Cartesian codrdinates, we 
have, expressing ¢ in its trigonometric form 


x = [cis (n + 1)0 + a cis 6]/(1 + cis n0). 


Changing the denominator to half angle functions, we get 
x = [cis (n + 1)8 + a cis 0]/[2 cos (n0/2) cis (n6/2)], 
whence, dividing by cis (n6/2), 
x = X + tY = {cis [ (n + 2)0/2] + a cis [(2— n)6/2]}/2 cos(n6/2). 
Equating real and ee parts, we have the desired equations: 


16) 2X = {cos [ (n + 2)8/2] + a cos [(n—2)8/21}/cos (n6/2) 
( RY = {sin [(n + 2)6/2] — a sin [ (n —2)8/2]}/cos (n9/2). 


15 One equation suffices for this representation, though associated with it is the 
conjugate = (af" + 1)/ (t! + t). : 

* This is really a matter of interpretation rather than a transformation of coördi- 
nates. We should have been led to the same result had we written the equations of the, 
curve and the generators of the group in circular codrdinates to begin with and then 
restricted the curve to admit the group. 
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17. a——1. Another striking metrical case is the curve for which 
a——1. If we set a —— 1 in (16) and apply trigonometric formulas for 
changing sums to products, we get 


X = — tan (n@/2) sin 6, Y == tan (n@/2) cos 8. 


Rotating the axes through 90°, we have X = — Y”, Y — Z and the equations 
become, dropping primes, 

(17) X = tan (n6/2) cos 8, Y = tan (6/2) sin 6, 

whence we write down at once the polar form g 
(18) p = tan (n6/2). 

Therefore, if a ——1 our curves are projectively equivalent to the polar 


tangent curves (18) 37 

Or, reversing the last step, we may say that the curve p = tan (n6/2), 
where n is an integer (not zero), is a rational curve of order n + 2 belonging 
to the class of curves of this paper. 


18. Again,leta—0. We have at once from (16), putting (n+2)6/2=—=¢ 


19 2X = sec [np/(n + 2)] cos > 
(8) 2Y = sec [np/(n + 2)] sin 


which in polar form becomes 
(20) 2p = sec [ng/(n + 2)]. 


In this form the curve, which is obviously the inverse with respect to the pole 
of the rose curve p = cos [np/(n + 2)], has been widely studied under the 
name of the epi or Cotes’s spiral. Hence, 


When a = 0, our curve may be projected into the epi (20). 


UNIVERSITY OF WASHINGTON, 
SEATTLE, WASHINGTON. 


47 The curves p = a tan mê + k, where m is rational, have been studied by Stratton, 
American Mathematical Monthly, vol. 48 (1936), p. 398 ff. He discusses the symmetry 
but not the implied group properties of these curves. 

-18 For reference see Loria, Spezielle Algebraische und Transzendente Ebene Kurven, 
I, pp. 366, 367. 


CONTRIBUTION A L'ÉTUDE DES SYSTÈMES DE CHOSES 
NORMEES.* 


Par V. GLIVENKO. 


I. Position du problème. 


` 1. Dans un article récent, j’ai étudié les systèmes de choses normées, 
c’est à dire les ensembles S éléments @, b,: : - satisfaisant aux axiomes 
suivants: 

Asiomes des choses. 


1°. l’ensemble S contient des couples d’éléments a, b liés entre eux par 
- une relation aC b telle que aC b et 6 Ca entraîne a= b et inversement, 
et que a C b et b C c entraîne aC o. 

2°. A tout couple éléments a, b de l’ensemble S correspond un élément 
ab, de S, tel que ab C a, ab C b et quexCa et sC b entraîne x C ab. 

3°, À tout couple d'éléments a, b de l’ensemble $ correspond un élément 
a + b, de S, tel que aCa+b, bCa+b et que aCy et b C y entraîne 
a+bCy. 

4°, L’ensemble S contient un élément 0 tel que, quel que soit l’élément z 
de S,ona0 Caz, 

Axiome de la norme. 


A tout élément a de l’ensemble § correspond un nombre non négatif | a |, 
norme de cet élément, tel que aC b et a £ b entraîne | a | < | b |, qu’on a 


la+bi+lal=]{al+16] 
et qu’on a | 0 | = 0. 
Actuellement, nous ne considérons qu’un cas particulier des dits systèmes, 
que nous appellerons systèmes de choses complètement normées et qui satisfont, 
par définition, aux axiomes supplémentaires suivants: 


Axiome supplémentaire des choses. 


5°. L'ensemble S contient un élément 1 tel que, quel que soit l’élément 
z2deS,onazCl. 


* Received January 15, 1937. A 
+“ Géometrie des systèmes de choses normées,” American Journal of Mathematics, 
vol. 58 (1936), pp. 799-828. 
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Aziome supplémentaire de la norme. 
Ona|1|—1. 
Nous appelons systèmes distributifs les systèmes où, pour tous les trois 
choses a, b, c a lieu la loi distributive dans la forme 


ac + be = (a + b)c 
ou bien dans la forme 
(a + c) (b + c) = ab +c 
qui est équivalente à la précédente. 
. e 

2. Dans l’article cité, jai- introduit la notion d’espace métrique presque 
ordonné. C’est l’espace métrique D contenant un point que nous appelons 
origine et qui possède les propriétés suivantes (1’ et 2’). Rappelons que, (a, b) 
désignant la distance de point a et de point b, on dit qu’un point c se trouve 
entre deux points a et b si l’on a 


(a, c) + (c, b) a (a, b). 


Convenons de dire maintenant qu’un point a est plus prochain qu’un point b, 
ou bien que b est plus lointain que a, si & se trouve entre l’origine et b. Alors: 


1. Si les points a et b, de D, sont plus prochains qu’un point +, chaque 
point qui se trouve entre a et b est, lui-aussi, plus prochain que z; de même, 
si les points a et b sont plus lointains que y, chaque point qui se trouve entre 
a et b est, lui-aussi, plus lointain que y. 

2’. Parmi les points, de D, qui se trouvent entre les deux points donnés 
quelconques, il existe un qui est le plus prochain et il existe un autre qui est 
le plus lointain. 


J’ai établi que tout système S de choses normées est un espace métrique 
presque ordonné où la distance de a et de b est égale à | 


la+5|—]|a|. ° 


Nous appelons espaces transitifs les espaces métriques presque ordonnés 
où la condition suivante est remplie: 

T. Si un point c, de D, se trouve entre æ et y et si tous les deux points 
x et y se trouvent entre a et b, le point c se trouve, lui-aussi, entre a et b. 

Convenons de dire, pour abréger, que le système © est métrisé, lorsqu'on 
a pris l'expression | a + b | — | ab | pour la distance de a et de b. Jai établi 

eque tout système métrisé distributif S, de choses normées, est un espace 

métrique presque ordonné transitif. 
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Tous les deux résultats mentionnés, concernant les relations entre les 
systémes de choses normées et les espaces métriques, ont été obtenus en prenant 
toujours la chose 0 du système pour l’origine de espace correspondant. Or, 
il est naturel de poser le problème s’il est possible, ou non, de prendre une autre 
chose u >£ 0 pour l’origine, en sorte qu’il y restent intactes les conditions 1’ et 2’ 
(dans le cas général) et la condition T (dans le cas des systémes distributifs). 

La solution de ce probléme étant intéressante grace 4 la simplicité des 
énoncés définitifs, je suis décidé à la publier ici. 


: II. Condition de Dedekind. 


8. Dans tout ce qui suit, il nous sera d’une grande importance un fait 
qui a été bien éclairci, entre autres, dans les travaux de M. Garrett Birkhoff.? 
C’est que tout système S de choses normées satisfait à la condition de Dedekind. 
Cette dernière peut s’énoncer comme il suit: 

(D;:) Quelles que soient les trois choses a, b, c de 8, où aC c, on a 


(a+ b)c—a- be. 


On peut lui attribuer aussi une autre forme que voici: 
(Dz) Quelles que soient les trois choses a, b, c de S, on a 


(ac + bje— ac + be, 


On établit sans peine l’équivalence de (D,) et de (D,) en remarquant que, 
pour qu’on ait a C c, il faut et il suffit qu’on ait ac — 4. 

Démontrons maintenant que tout système S de choses normées satisfait 
à (D,). En premier lieu, on a toujours 


ac + bc € (ac + b)c. 


Pour s’en convaincre, il suffit de remarquer qu’on a ac C ac + b et ac C c, 
par suite acC (ac + be, et qu'on a beCac+b et beCe, par suite 
be C (ac +b)e. Il nous reste done à établir l'égalité 


| | ac + be | = | (ac + b)c |. 


On s'appuie ici sur un principe général. En effet, s’il était quelque part 
«Cy et oy, il serait nécessairement |s| <|y|. Donc, de Cy et 
| z |= | y | il s’ensuit toujours gz = y. 

Pour établir Pégalité | ac + be | = | (ac + b)e |, il suffit d’effectuer un 
simple calcul, à savoir: 





2“ On the combination of subalgebras” et “ Applications of lattice algebra,” Pro- 
ceedings of the Cambridge Philosophical Society, vol. 23 (1933), pp. 441-469, et vol. 30 
(1934), pp. 115-112 respectivement. 
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| (ac + b)e|=—l|actb|+ |e|—|acto+e} 
= |a] +[b]—]ad]+]e|—4d+e] 
= | ac | — | acbe | + | be | = | ac + be |. 


4. Dans l’article cité, j’ai démontré que, dans Fespace formé par un 
système métrisé S, un point c se trouve entre deux points a et b si et seulement 
si l’on a, dans S, 


(E) ac + be = c = (a + c) (b + 0). 


t 
Grâce à la condition de Dedekind, cette condition (#,) peut se présenter aussi 
sous une forme distincte. En effet, en se servant de la condition de;Dedekiñd, 
on obtient: 


ac+be=(ac+b)e et (a+c)(b+c) =c+ (a+ c)b. 
Par conséquent, les égalités (#,) peuvent s’écrire 
(ac + b)c = c =c + (a + c)b, 
ou, ce qui revient au même, 
(E) (a+c)bCcCac+bd. 


C’est la forme en question. 


III. La notion d’extrémité. ! 


b 


5. Appelons extrémité Vun système 8 chaque chose u, de S, qui possède 
les deux propriétés suivantes : 


1) A la chose u correspond une autre chose @, de S, telle que 


(1) uŭ = 0, 
(2) u+ü—1. 
2) Quelles que soient les deux choses a et by de S, on a 
(3) (a + bju = au + bu, 
(4) (a+ b) = aŭ + bü. 


Jl est évident que, u étant une extrémité, & Vest aussi; nous dirons que 
u et & sont les extrémités opposées. i 

Établissons tout d’abord que, u étant une extrémité d’un système métrisé 
S, de choses complètement normées, on a, quelles que soient les deux choses 
a et b, de S, 


| J 
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ab + u = (a +u) (b + u). 
‘ : l 
Puisqu’on a toujours ab +uC (a+ u)(b +u), pour établir Pégalité qui 
vient d’être écrite, il suffit de démontrer Pégalité 
[ab +u] = | (a +u) @ + u)]. 


A cet effet, remarquons qu’on a 


Qa+u)(G+u)l=]etul+lètul—la+btul 
Or, 
© [atu]+|b+ul=|a|+lul—jaul+]b|+lul—]6u] 


et, en tenant compte de (3), 


la+b+ul=]a+b|+lul—[|(a+bu] 
=|a+b|+|ul—|au+bu|—=|a+b|+[ul—|au]—] bu] + | abu|. 
Donc, Le 
(a +u) @ +u) = |a] +]d|— la+] +|u]— | abu]. 
Or, 
la| +]b]|—|a+b|= |a] 
et 
| u |— | abu | = | u | — | ab |—] u| + |ab+u|—|ab+u|—|ad|. 


Done, 


[(a+u) (b+ 4)|—=| ab +a}. 


Remarque. Le fait que u est une extrémité n’y joue, de fait, aucun rôle. 
Quelle que soit la chose déterminée c, de 8, légalité 


(5) (a+ b)c==ac + be 
a pour conséquence légalité | 
(6) ab +c— (a+ c)(b +e). 


Nous venons de voir que ceci a lieu dans les systèmes S de choses normées. M. 

O. Ore è a réussi à établir une proposition plus générale, 4 savoir que l’égalité 
(6) est une conséquence de (5) dans tous les systèmes où la condition de 
Dedekind est remplie. 


6. THÉORÈME I. La chose u étant une extrémité d’un système S de 
choses complètement normées, son opposée % ne peut être définie que d’une 
manière univoque. 

** On the foundation of abstract algebra,” I, Annals of Mathematics, vol. 36 (1935), 
p. 416. : 
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Démonstration. La chose u étant une extremité, on a, quelles que soient 
les deux choses a et b, | 
(a+ bu = au + bu 
et, comme nous l’avons vu tout à l’heure, 

ab + u = (a 4 u) (b +u). 
Prenons maintenat les choses « et y qui possèdent, tous les deux, les propriétés 
de Pextrémité &, de sorte qwon a, en particulier, 
uz = 0, uy = 0, ° 
u+ r=], u+ y=. 
Il en résulte qwon a 


(z+y)u=ru+yu=0, sy +u= (z+ u) (y +u) =1. 


On en obtient, en se servant de (D1), 


sy = ay + (s + y)u = (ay +u) (+y) =8 +y, 
d'où & = y. 


Tæforème II. La chose u étant une extrémité d’un système métrisé 8, - 
de choses complètement normées, la condition nécessaire et suffisante pour que, 
dans l’espace formé par K, un point a se trouve entre u et un autre point b, 
est qu’on ait 

ubCaCut od. 


Démonstration. D’après (FE), a se trouve entre u et b si et seulement 
si l’on a 
(b+a)uCaC ba+u. 
Or, ceci équivaut à 


bu + auCaC (6+4u)(a+4), 
ce qui equivaut, 4 son tour, 4 . 
ubCaCu+b. 


THtorEME ITI. Les choses y et & étant deux extrémités opposées d’un 
système métrisé K, dans l’espace formé par S chaque point z se trouve entre 
u et à. | 


Démonstration. En vertu du théorème IL,’ pour que z se trouve entre 
u et &, il suffit qu’on ait 
ui CzCut a. 


Or, ceci est toujours vrai, parce que uŭ = 0 etu+ai—1. 
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Taéorème IV. Les choses u et & étant deux extrémités opposées d’un 
système métrisé S, si, dans l’espace formé par K, un point a se trouve entre 
u et b, alors b se trouve entre a et & et réciproquement. 


Démonstration. En vertu du théorème IT, si a se trouve entre u et b, on a 

ub CaCu+ 0. 

Il s'ensuit que, d’une part, 

tia C &(u + b) = üu + ib = üb Cd 
et que, d’autre part, 
bCHi+b—(#+u)(@+ 6) —=G+ubCti+a. 

En somme, on a 

faCbCé+a, 


ce qui suffit, d’après le théorème IT, pour que b se trouve entre a et &. La 
réciproque se démontre, naturellement, de méme. 


IV. Théoréme fondamental. 


7. Il serait très commode d’avoir des symboles spéciaux pour le plus 
prochain et le plus lointain des points que se trouvent entre les deux points 
donnés, a et b. Dans la suite, nous employerons les symboles a A b (pour le 
point le plus prochain) et a\/ b (pour le point le plus lointain). 

Ceci posé, le théorème fondamental de cet article s’énoncera comme il suit: 


Tutorime V. Dans l’espace formé par un système métrisé S de choses 
complètement normées, un point u peut être pris pour l’origine si et seulement 
si la chose u est une extrémité de S. Dans ce cas, on aura, en désignant par & 
l'extrémité opposée de u: 


(7) aA b= ab +u(a+b) 
= ab + ua + ub = (a + b) (u + ab) = (a + b) (u + a) (u +b), 


(8) aV b=ab + üla +b) 
— ab + Ga + ab = (a + b) (G+ ab) = (a +b) (+a) (+b). 


Démonstration. Nous utiliserons partout le fait que, si un point c se 
trouve entre deux points æ et b, on a nécessairement 


abTeceCa+b 
(ceci est immédiat, car, si ¢ se trouve entre a et b on a, d’après (F1), $ 


ab C (a + c) (b + ce) = c = ac + beC (a+b) 


948 f Y. GLIVENKO. 


et que, lorsque Pun des points a ou b est une extrémité, la réciproque est vraie 
elle-aussi (ceci résulte du théorème IT). 

Soit maintenant S un système métrisé, de choses complètement normées, 
et soit u une extrémité de ce système. Essayons de prendre u pour l’origine 
de l’espace formé par 8. Alors, par définition, un point a sera plus prochain 
qu’un autre point b, ou bien, b sera plus lointain que a, si et seulement si a se 
trouvera entre u et b. Nous allons voir que tous les deux conditions 1’ et 2’ 
y seront remplies et que les points a A b et a V b y seront toujours (7) et (8). 

Adi’. Soit c un point qui se trouve entre deux points a et b et soit x un 
point qui est plus prochain que a et b. Il est à montrer que « est aussi plié 
prochain que c. Autrement dit, soit 


ab CeCa+b, 

ua C gC u+ a, 

ubbCaCutos. 
Il est à montrer que 

ucCaeCute. 
Or, ceci résulte des relations: 


ucC u(a+ b) =ua+ubC eC (u+a)(u+d) =u+t+abCute. 


Ad 2’. Soit c un point qui se trouve entre deux points a et b et soit y 
un point qui est plus lointain que a et b. Il est à montrer que y est aussi plus. 
lointain que c. Autrement dit, soit 


ab CcCa+pb, 

uy CaCu+y, 

uy Cd Cu + y. 
Il est à montrer que 

wCceCut+y. 
Or, ceci résulte des relations: 


uy CabCceCa+bCu+y. 
Ad a Ab. Posons 
z= ab + u(a + b) — ab + ua + ub. 
Alors, on a, tout d’abord, | 
z= (a + b) (u + ab) = (a + b) (u + a) (u + b). 


C’est une conséquence immédiate de (D,). Puis, æ se trouve entre a et b. 
Pour s’en convaincre, il suffit de remarquer que c’est (Æ,) qui y est remplie, 
car on a, en tenant compte de (D:), 
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ax + be — a(ab + u(a + b)) + b(ab + u(a+b)) — ab + ua + ub =e 
et 
(4+ @)(b + 2) = (a+ (44 b)(u+ab)) (6 + (a+ 6) (u+ ab)) 
= (a+b) (u + a) (u +b) =o. 


Soit enfin c un autre point qui se trouve entre a et b. Il est à montrer que « 
est plus prochains que c. Autrement dit, soit 


abCeCat+b. 
Il gst à montrer que 

uCzCut+e. 
Or, ceci résulte des relations 


uc C u(a-+ b)C ab + u(a+ b)= x —(a+b)(u + ab)Cu+ ab Cute. 
Aday b. Posons ` 
y = ab + Ga + db) = ab + Ga + ñb. 


* Alors on a, tout d’abord, 


y = (a + b) (Gi + ab) = (a +b) (+a) (ñ+ b). 


Puis, y se trouve entre a et b. Tout cela se démontre de même que les choses 
analogues pour +, en remplaçant + par y et u par &. Soit enfin c un autre point 
qui se trouve entre a et b. Il est à montrer que y est plus lointain que c. 
Ce dernier signifie que ¢ se trouve entre wet y. Or, c’est équivalent, en vertu 
du théorème IV, à ce que y se trouve entre c et 4 Autrement dit, soit 


abCecCa+bd. 
Il est à montrer que 
fleCyCtt+e. 


Celui-ci se démontre de méme que la chose analogue pour +, en remplaçant 
toujours v par y et u par 4. 

Nous avons démontré ainsi la suffisance de la condition du théorème. 

Soit maintenant § un système métrisé, de choses complètement normées, 
et soit u un point, de l’espace formé par S, qui peut être pris pour Vorigine 
de cet espace. Nous allons voir que u doit être une extrémité de S, c is dire 
qu’il doit posséder les propriétés 1) et 2) (n° 5). 

En vertu de la propriété 2’ de l’origine, le point u ne peut être choisi pour 
Porigine que si, après ce choix, parmi les points qui se trouvent entre les deux 
points arbitraires a et b, il existera un qui sera le plus prochain et il existera 
un autre qui sera le plus lointain. Or, tous les points de l’espace formé par S 

16 
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se trouvent entre les deux points déterminés, savoir entre 0 et 1, car on a, 
pour chaque chose z, de S, 


0z + 1z = z = (0 + z) (1 + 2), 
c’est à dire que (#,) y est remplie. Donc, on peut affirmer, en particulier, 
que, parmi tous les points de l’espace formé par S, il existera un qui sera le 
plus lointain. Soit v ce point. En particulier, le point v sera plus lointain 
que le point 0 lui-même, c’est-à-dire que 0 se trouvera entre u et v, ou bien que 
u0 + 70 = 0 = (u + 0) (v + 0), ` 
ou encore 


(9) uv = 0. 


De même, le point v sera plus lointain que le point 1, c’est-à-dire que 1 se 
trouvera, lui-aussi, entre u et v, ou bien que 


ul + vl =1= (u+1)(0-+1), 
ou encore i 
(10) utov=ti1. 


Revenons aux points quelconques a et b. Dire que, parmi les points c qui 
se trouvent entre a et b, il existera un qui est le plus prochain, c’est dire qu’il 
existera un point æ tel que, premièrement, x se trouve entre a et b et, deuxième- 
ment, quel que soit le point c se trouvant entre a et b, æ se trouve entre u et c. 
Alors, puisque les points ab et a + b se trouvent toujours entre a et b, il existera, 
en particulier, un point ~ qui se trouve, en même temps, entre a et b, entre u 
et ab et entre u et a + b, de sorte qu’on a 


abCaxCa+t+d, 
uab Ca C u + ab, 
u(a+b) CrCu+ (a+d). 
Nous allons voir, tout d’abord, que le seul point 4 pouvant satisfaire à ces trois 
conditions est 


a = ab + u(a +b) = (a + b)(u + ab). 
En effet, on doit y avoir 

ab +u(a+b)CrC (a+ b)(u+ ab). 
Par suite, dire qu’il existera un point qui se trouve entre a et b et qui satisfait 
à trois conditions en question, c’est dire, en particulier, que le point 
ab + u(a + b) se trouvera entre a et b. Or, dans l’article cité, jai établi * que, 


lorsqu'on a 


* Au cours de la démonstration du théorème VI, pp. 821-823. 
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(a+ b)u 4 au + bu, 


alors le point ab + u(a + b) ne se trouve pas entre a et b. Par suite, dire que 
le point ab + u(a + b) se trouvera entre a et b, c’est dire, en particulier, 
qu’on aura 


(11) (a + b)u = au + bu. 


Pareillement, dire que, parmi les points c qui se trouvent entre a et b, 
il existera un qui est le plus lointain, c’est-dire qu’il existera un point y tel 
que, premièrement, y se trouve entre a et b et, deuxiémement, quelque soit . 
e point c se trouvant entre «a et b, c se trouve aussi entre u et y. Or, ce dernier 
revient au dire que y se trouve entre c et v. En effet le point v étant plus 
lointain que tout autre point, les points c et y se trouvent, tous les deux, entre 
u et v, de sorte qwon a 
(u, c) + (6, v) = (u,v), 
(wy) + (y, 0) = (u,v). 
On en tire: 


(u, c) + (c, v) = (u, y) + (y, v). 


De plus, lorsque c se trouve entre u et y, on a 


(u, c) F (c, g) (u, y). 


En comparant, on obtient: 


(cy) + (y, v) E (30): 


Cela établi, on peut affirmer qu’on aura: 


(12) (a + b)v = w + bv. 


On la démontre de même que la chose analogue pour v, en remplaçant x par y 
et u par v. 

En résumé, on voit qwà la chose u doit correspondre une chose v, de sorte 
que uet v satisfassent aux égalités (9), (10), (11) et (12). Or, ces dernières 
expriment précisement les propriétés 1) et 2) caractérisant Pextrémité « et 
son opposée i. 

Nous avons démontré ainsi la nécessité de la condition du théorème. 


8. THÉORÈME VI. Si, dans l’espace formé par un système métrisé S, 
- de choses complètement normées, tout point de l’espace peut être pris pour 
Vorigine, le système S est nécessairement distributif. s 


C’est un simple corollaire du Théorème V. En effet, lorsque tout point c, 
de l’espace formé par 8, peut être pris pour l’origine, alors, en vertu du 
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théorème V, toute chose c, de S, est une extrémité de 8. Dans ce cas, quelles 
que soient les choses a, b, c, de S, on doit avoir 


(a + b)e = ac + be. 


C’est la loi distributive. 


V. Cas des systèmes distributifs. 


9. La condition T, nécessaire et suffisante pour que l’espace métrique 
presque ordonné soit formé par un système distributif, reste intacte quand on 
varie le choix de l’origine de cet espace. En effet, la condition T ne contient 
aucune indication, soit explicite soit implicite, sur le choix de lorigine. 

Il en est autrement pour une autre condition, T bis, établie dans mon 
article cité. Pour bien comprendre tout ce qui suit, rappelons d’abord un 
théorème auxiliare qui y était établi, à savoir: 


Lorsque, dans l’espace métrique formé par un système de choses normées, 
on prend 0’ pour l’origine, un point a est plus prochain qu'un point b si at 
. seulement si Von a 
aCb. 


Après avoir démontré ce théorème, j’ai commencé d’employer le symbole 
aC b, non pas seulement dans son sens primitif, celui d’une relation entre 
les deux choses a et b d’un système, mais aussi pour exprimer que le point a, 
de l’espace formé sur ce système, est plus prochain que le point b. Pareillement, 
il y était établi que, lorsqu'on prend 0 pour Vorigine, on a a Ab =ab et 
a\/b=—a-+6. Après ceci, Jai commencé d’employer les symboles ab et 
a+b pour désigner les points & À b et a V b. C’est ce qu’on doit avoir en 
. vue dans l’énoncé du théorème concernant la condition T bis, à savoir: 


La condition nécessaire et suffisante pour qu'un espace métrique presque 
ordonné D soit transitif est qu'il possède la propriété suivante: 
® 7 
T bis. Un point c, de D, se trouve entre deux points a ct b st et seulement 
si Von a 
ab Ce Cats. 


On y suppose, comme je le faisais partout dans l’article cité, que c’est 0 
qui y est pris pour loxigine. Donc, en tenant compte des remarques qui 
viennent d’être faites, l’expression ab CcCa<+b qui figure dans Pénoncé ` 
de ce dernier théorème peut s’interpréter de deux façons différentes. Nous 
allons exprimer cela explicitement en forme de deux théorèmes, VII et VIII. 
Ce qui est intéressant, c’est que ces théorèmes-ci restent valables avec le choix 
arbitraire de l’origine. 
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Tutorime VIT La condition nécessaire et suffisante pour qu'un espace 
métrique presque ordonné D formé par un système S de choses normées, sott 
transitif est qu'il possède la propriété suivante: 

This. Un point c, de D, se trouve entre deux points a et b si et seulement 
si l’on a, pour les choses a, b, c de S, 


abCcCa+b. 


La démonstration y est inutile, car c’est précisemment ce qui a été de- 
montré dans mon article cité. 
e 

THÉORÈME VIII. La condition nécessuire et suffisante pour qu'un espace 


métrique presque ordonné D soit transitif est qu'il possède la propriété suivante: 
T ter. Un point c, de D, se trouve entre deux points a et b si et seulement 
si ce point c est plus lointain que a A b et plus prochain que a V b. 


Démonstration. Supposons d’abord que l’espace en question est transitif, 
c’est-à-dire que la condition T y est remplie, et soit c un point qui est plus 
lointain que a À b et plus prochain que a V b. Nous allons voir que c se 
trouve alors entre a A b et aV b. En effet, d’après les suppositions faites, 
le point a A b se trouve entre Porigine wu et le point c, tandis que le point ¢ 
se trouve entre l’origine u et le point a V b. Ce dernier peut s'exprimer aussi, 
en vertu du Théorème IV, en disant que le point a V b se trouve entre le point 
c et le point & qui est l’extrémité opposée de u. On a donc, en vertu du 
Théorème II, 

uCa bCu+c, 


äcCaV bCaite. 
De plus, comme, en vertu du ‘Théorème ITI, fous les points se trouvent entre i 
u et &, on a, d’après (E1), 
uc + tle = c = (u + c) (& + c). 
On en déduit sans peine qwon a 
(a Ab + c) (a V b)C(u+e) (i+ c)= c= uc + icc (a A\b)e+(ay b). 


En tenant compte de (Fe), ceci suffit pour affirmer que le point c se trouve 
entre les points a A b et aV b. Or, ces derniers points se trouvent entre a et 
b. Par suite, Vaprés T, le point c se trouve, lui-aussi, entre a et b. On voit 
ainsi que, si le point ¢ est plus lointain que a A b et plus prochain que a V b, 
ce point ¢ se trouve entre a et b. La réciproque étant manifeste, cela signifie 
que la condition T ter est remplie. 
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Iaversement, supposons que la condition T ter soit remplie, que c se trouve 
entre x et y et que x et y se trouvent entre a et b. Alors, nous savons qu’on a 


ay CcCr+y, 

abCaCa+d, 

abCyCa+bd, 
doù 

abdCcCa+b. 
Ceci posé, on peut démontrer que le point ¢ est plus lointain que a /\ b et plus 
prochain que a V b, c’est à dire que ° 


ucCa AbCu+c, 
ficCaVbCtite, 
ou bien que 
ucC ab+u(a+6) Cute, 
cC ab+été(a+b) Ci+e. 


Pour s’en convaincre, il suffit de remarquer que, lorsqu’on a ab C c, on a aussi 


‘ab +u(a+b)Cc+u(a+b) Cc+u, 
ab + üla +b) Cc+t(a+b) Cc+û, 


et qua, lorsqu'on ac C a + b, on a aussi 
2 2 


ucCu(a+b) C ab + u(a+b), 
tic C &(a + b) C ab + Ga + bd). 


Ceci établi, il en resulte, d’après T ter, que c se trouve entre a et b. On voit 
ainsi que, si le point c se trouve entre + et y et que v et y se trouvent entre 
a et b, le point ¢ se trouve, lui-aussi, entre a et b. C’est la condition T, de 
sorte que l’espace est transitif. 


10. Dans le cas des systèmes distributifs, l’énoncé du théorème fonda- 


mental se simplifie comme il suit. ° 


THÉORÈME IX. Dans l’espace formé par un système métrisé distributif 
S, d2 choses complètement normées, un point u peut être pris pour l’origine 
st et seulement si la chose u, de S, possède le complément, c’est à dire qu'il 
existe la chose à liée avec u par les relations 


uŭ = 0, 
u+üi=]1. 


C'est une conséquence immédiate du Théorème V. En effet, la propriété 
de & qui figure dans l’énoncé du présent théorème n’est autre chose que la 


+ l 
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propriété 1) de extrémité. Quant à la propriété 2) de Pextrémité, elle est 
remplie, dans les systèmes distributifs, de soi-même. 


11. Il est intéressant de considérer encore le cas particulier des systèmes 
ordonnés, c’est-à-dire des systèmes où, pour chaque couple de choses a, b, on a 
nécessairement, ou bien aC b ou bien b C a. 


Taféorème X. Dans l’espace formé par un système métrisé ordonné S, 
de choses complètement normées, les seuls points qui peuvent être pris pour 
l'origine sont les point 0 et 1. 


* En effet, l’origine devant être, d’après le théorème V, une extrémité de S, 
soit w cette extrémité et soit & son opposée. Alors, si Pon a uC &, on a 
u—uûü—0. Si lon a, au contraire, & C u, on a u =u + ŭ=1. 


VI. Un exemple. 


12. Terminons par un exemple. Soit S l’ensemble dont les éléments 
a, b,: > - sont les fonctions mesurables (é), d’une variable réelle é, définies 
dans Vintervalle 0 S é< 1 et telles que 0 S p(£) S1. Convenons d'écrire 
a= b si les fonctions correspondantes ne diffèrent Pune de l’autre que sur un _ 
ensemble de mesure nulle, et posons a C b si, pour les fonctions correspondantes 
p(£) et y (é), on a presque partout (é) = y (é). Enfin, a étant la fonction 
(é), posons 


Lei fac 


Cela posé, l’ensemble S est un système distributif de choses complètement 
normées. Ici, on a, & et b étant respectivement les fonctions $(£) et w(é), 


ab —min[$(é),¥(é)], a+ b= maz[ġ (é), y(#)1. 


Quant aux extrémités opposées, w et &, ce sont respectivement les fonctions 
w(£) et a(é) de la forme suigante. Soient =, et Z deux ensembles mesurables, 
de points é, dont la partie commune est vide et dont la somme est l’intervalle 
0S ES 1, d’ailleurs arbitraires. Alors 


rZ y 1 sur €: 
o(£) = 0 su ais olé) = ar 
1 sur Bo, 0 sur Bo. 


Dans l’espace formé par le systéme S métrisé, la distance de point a et de 
point b, qui sont respectivement les fonctions ¢(&) et y(£), est donnée par 
la formule i 


(2,0) = f | $6) — wE) dé 
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Ici, un point c, qui est la fonction x(£), se trouve entre deux points a et b, 


qui sont respectivement les fonctions ¢(é) et ¥(€), si et seulement si Von a 
presque partout 


min[$(£), ¥(£)] 5 x(é) S max[¢ ($), ¥(é)].- 


Pour Porigine, on peut y prendre un point u qui est Pune des fonctions w(é) 
définies plus haut. Enfin, a et b étant respectivement les fonctions (£) et 


y(é), on a 


ni n 


{min [6(8,(8)] sur 
AATE j max [4(é),¥(é)] sur 


__ $ max [¢(€), y(€)] sur 
ou min [¢(é),¥(&)] sur 


S 
N 
- + 


m m 


$ 


Appendice. 


Je profite de Poccasion pour corriger une petite erreur admise dans mon 
article cité. On lit, p. 804: “ Pour avoir un exemple d’espace métrique presque 
ordonné, prenons un ensemble arbitraire de nombres réels, où (a, b) = | a—b |. 
Tl est aisé de voir que le rôle de Porigine peut être joué par un nombre quel- 
conque appartenant à cet ensemble.” Le Théorème X du présent article nous 
apprend que cet exemple est incorrect. 

Cette même erreur se répète p. 818, où Pon lit: “ Pour avoir un exemple 
espace métrique presque ordonné transitif, il suffit de rappeler l’exemple déjà 
cité d’un ensemble arbitraire de nombres réels, où (2, y) = | z —y |.” 


Moscou, U. S.S.R. 
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TOPOLOGICAL PROPERTIES OF THE SOLUTIONS OF ORDINARY 
DIFFERENTIAL EQUATIONS.* 


By T. M. CHERRY. 


The conception that any solution of a set of differential equations possesses 
topological properties rests upon its representation as a curve in a suitably 
æhosen space, and the observation that the points of this curve do not in general 
form a closed set. Hence we are led to consider its derived set, which consists 
of the curve itself together with two other sets, its œ- and &-limit sets, which 
are derived respectively from the “ positive and negative ends” of the curve 
(Birkhoff [1]). The present paper rests upon the idea that'solutions may be 
classified according to their relations with the associated w- and a-limit sets. 
This idea is not new, the case of a solution which is contained by both its limit 
sets having been long recognized as of importance (Hadamard [1], Birkhoff 
and-Smith [1]); but it does not appear hitherto to have been ‘systematically 
developed. Such a development is found in $$ 4, 5, 7 below, in relation to 
which §§ 1-8 contain the necessary preliminaries and § 6 is a digression. The 
recurrent solutions of Birkhoff appear in §5 as a sub-class of those I call 
pervasive, while the theory of general pervasive solutions in. $ 7 amounts to a 
generalization of the descriptive theory of transitive systems. In §§ 8-11 there 
is developed a method of constructing transitive systems which do not consist 
simply of a single minimal set, and yet are soluble by quadratures; the systems 
constructed are not however of Hamiltonian type. 

The extent of previous explorations in the field with which we are con- 
cerned makes it inevitable that the present work should be distinctive in its 
point of view rather than its method or final results. Theorems IT, IV, V and 
part of Theorem VI are apparently new, while the proofs of Theorems ITI (i), 
VI, VII differ more or less in detail from those given by Birkhoff. The ex- 
amples in §§ 9-11 are new. 


[Note added in proof. A Referee has drawn my attention to a recent 
paper of H. Hilmy [1], the ideas of which are to some extent common with 
those here used, though differently introduced. Hilmy’s exceptional un- 
decomposable set is in my terminology (§ 4) an asymptotic trajectory together 
with its w- and a-limit sets; his guasi-minimal set is my stratum ($T) ; and 
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his example of a quasi-minimal set which is not minimal anticipates the 
principle used in § 9.] 


1. Terminology. Let 


(1) dx, /dt = Xi (21, ° . "y Zn); (i—1,: i ",n) 

be a system of differential equations in which X., © -, 4, are real single- 
valued functions of n real dependent variables 4,,: - -,2,. The conception 
that is fundamental to our object is that any set of real values (41, ` `, tu) 


of these variables is a single entity, a point of an n-dimensional space; so that 
by suitably defining one or both of the terms neighbourhood and distance for 
this space we can utilize the topological ideas of limit-point, etc. It is cus- 
tomary to take the space to be Euclidean, but that this convention is unneces- 
sarily restrictive is evident since the results to be proved are purely topological. 
We shall take as our fundamental definition: A neighbourhood of a point (a;) 
is the aggregate of all points (x;) for which, for some positive number e, 


|a—a|<e ((=1,---,n). 


More specifically, we call this aggregate the «neighbourhood of (ai). We 
utilize also closed neighbourhoods defined by inequalities | v; — ti | € e. 

For convenience of language we abridge certain statements about neigh- 
bourhoods by use of the term distance, with the definition: The distance 
between the points (a), (ai) is the greatest of the n numbers | x; — a; |. The 
symmetry and triangle axioms are thereby satisfied; and the statement “the 
distance between (2;), (4) is equal to (less than, greater than) e” is equiva- 
lent to “ each of the points (2), (a;) lies on the boundary of (inside, outside) 
the e-neighbourhood of the other.” 

We describe the functions X; as regular at a point (a;) if they all have 
continuous first derivalives in some neighbourhood of the point. If the X; are 


regular at (a;) a solution š 


(2) ti = fi (t) (i=1,:::,n) 


of the system (1), for which f:(to) = ai, is uniquely defined in some interval 
|t—-t)| <r; and the solution may be continued over successive intervals 
overlapping with this as long as the point (f;(t)) does not approach arbi- 
trarily near to a point where the X; are not all regular. 

We describe the solution (2) as regular if the fi(t) may be continued over 
all reaT values of t, and if there is a positive constant 8 such that the X, are 
regular in the 8-neighbourhood of each of its points. We describe the solution 
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as bounded if the f:(t) are bounded. The existence of regular bounded solu- 
tions * is assured if the system (1) possesses an integral 


Fa, > +, €n) = constant = c 


which, for some range of c, represents in our space a family of hyper-surfaces 
possessing closed sheets, at all points of which the X; are regular. Our object 
being to investigate properties of a solution which follow merely from the , 
hypothesis that it is bounded and regular, it would be beside the point here to 
develop other criteria for the existence of such solutions. | 

e Any solution (2) specifies in our space a variable point (f;(¢)) which 
we call a current point and denote by a symbol such as P(t) ; definite positions 
of it (fixed points of space) are denoted by symbols such as P(t)), Po, P; the 
aggregate of all its positions for — 0 < t < « is a solution-curve or tra- 
jectory. Any solution specifies a trajectory together with a correspondence 
between its points and values of ¢. It is often (e.g. in the phrase “a point 
of a solution [trajectory]”) but not always a matter of indifference whether we 
speak of “solution ” or “ trajectory ”; and we use the same symbol, such as 
(P), for both. We call ¢ the time-variable, and use terms such as time, 
instant, prior in connection therewith; and we can hence think of a solution 
as being or specifying a motion of a current point. 

From the solution (2) we can derive another 


(3) a= fi( +7) (i= 1,- + +,n) 


in which r is any constant. To the solutions (2), (3) correspond different 
current points P(t), P(t + r) which run along the same trajectory, the former 
passing through any position a time 7 in advance of the latter. Thus given any 
two positions Po, P, on the trajectory, all current points thereon take the same 
‘time, T say, to pass from P, to P;, and the time (— T) to pass from P, to Po. 
We call P, the T-transform * of Po, and P, the (—T)-transform of P,. 


2. The auxiliary theorem. Let D be a closed connected set of points, 
and D’ the (open) domain which is the sum of the &-neighbourhoods of all 
points of D ; è being a positive constant. Let the X; be regular at all points 
of D’. Then, from the fundamental theorems on the existence of solutions 
and their continuity with respect to the initial values, there follows: 


1 Birkhoff [1] calls such solutions positively and negatively stable. = 
2 Poincaré [1] calls P, a consequent or antecedent of P, according as T is positive » 
or negative. 
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(i) There is a positive constant r such that any current point which is 
in D for t—t remains within D’ throughout the interval |t—t)| <7 
at least. 

(ii) Let a current point P(t) be at P(t) in D for t= to, and remain 
within D’ for tı < t< te, (where tı may be — œ and tz may be œ); let e be 
any positive.number and T any (finite) number between t and ta; then there 
exists a positive number n, ==n(e T), such that all current points whose 
distance from P (to) at t = t, does not exceed n are at a distance from P(t) 
not exceeding e for all t in the closed interval (to, T). 


Following Birkhoff [1], we call (ii) the Auxiliary Theorem. s 


COROLLARY. If P(t) is a limit-point (or the sole limit-point) of a 
sequence of points, then P(t, + T) is a limit-point (or the sole limit-point) 
of the T-transform of this sequence, provided tı < to -+T < tz 


3. The œ- and «-limit sets of a bounded regular solution. The fol- 
lowing definitions and theorems are due, in their precise form, to Birkhoff [1]. 

Let (P) be a bounded regular solution and P(t) the associated current 
point. Let {¢,} be any increasing unbounded sequence. The hypothesis that 
the solution is bounded implies that the points P(t,) all lie in a bounded 
portion of the space; hence the set {P (t:)} has at least one limit point, called 
an w-limit point of (P). The set of all such points is called the w-limit set 
of (P), and denoted by Lu(P). 

The set of points similarly defined by decreasing unbounded sequences 
{li} is called the a-limit set of (P), and denoted by La(P). 

Tt is apparent that all solutions which, like (2) and (3), belong to the 
same trajectory define the same w- and a-limit sets. 

The derived set of (P), regarded simply as a set of points, consists of 
Lo(P), La(P) together with the set (P) itself, which may or may not belong 
to either or both of Da(P), La(P). 


THEOREM I. The following results are stated for the w-limit set; there 
are corresponding results for the a-limit set. 


(i) The set La(P) is closed, since in an arbitrary neighbourhood of any 
point of its derived set there are points of D,(P) and hence points P(t) for 
which ¢ is arbitrarily large. 

(ii) The set Lo(P) consists of a set of bounded regular trajectories. If 
Q is. any point of L.(P) we are to prove that for any T the T-transform of Q 
belongs to L,(P). 
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Call D’ the 8-neighbourhood of the trajectory (P), i.e. the sum of the 
-neighbourhoods of all its points: è being the constant involved by definition 
(§ 1) in the hypothesis that (P) is regular. By the Auxiliary Theorem, if Q,, 
the T-transform of Q, belongs to D’, and if Q is a limit-point of the sequence 
{P(é;)} in which t; — œ as i— œ, then Q; is a limit-point of the sequence 
{P(é + T)}, and is an w-limit-point since t; + T — œ as t—> co. Hence if 
the T-transform of Q belongs to D’ it belongs to La(P). 

But by § 2 (i) there is a positive constant + such that, if Q(t’) belongs 
to Le(P), (every point of which is within D” at a distance at least § from its 
boundary), then Q(t) belongs to D’ for | t—# | <7; so by the result just 
italicized, if Q(t) belongs to Lo(P) for Y StS t”, it belongs to La(P) for 
W—r<t<t +r. Hence Q(t) belongs to Lo(P) for all real t; which 
proves the result. f 

It is clearly appropriate to say that L.(P) consists of a closed set of 
trajectories or solutions. | 


(iii) Corresponding to any positive number e there exists a (finite) 
number T, == T (e), such that for t > T, P(t) lies within the e-neighbourhood 
of Lw(P). This is proved by reductio ad absurdum. In virtue of the result 
we can say that, if (P) is not a part of L.(P), P(t) is asymptotic to La(P) 
as £—> 0, 

(iv) From (iii) it follows that the set Lu(P) is connected; and hence 
from (i) té is perfect. 

` (v) To any numbers ty and e, (€ > 0), corresponds a (finite) number 
T7, = T (e, to), greater than t, such that, for some t between to and T’, P(t) is 
within the e-neighbourhood of each point of La(P); i.e. P(t) approaches its 
limit-points L,(P) uniformly. This is proved by reductio ad absurdum. 


4, Classification of bounded regular solutions. It follows from § 8 (ii) 
that, if one point of the solution (P) belongs to Ly(P), then all its points 
belong. Hence there are two mutually exclusive possibilities, which we denote 
by the symbols Vu, Aw: 


Va : every point of (P) belongs to La(P), 
Aw: no point of (P) belongs to Laf P). 


Similarly there are two mutually exclusive possibilities, which are shewn by 
particular examples (§§ 9, 10 below) to be independent of the former: 


Va : every point of (P) belongs to La(P), 
À, : no point of (P) belongs to D,(P). 
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By combination of these we classify bounded regular solutions (P) into three 
types, as follows: 


PERVASIVE SOLUTIONS (VuVa). (P) belongs to both L,(P) and La(P). 
ASYMPTOTIC SOLUTIONS (AwAa). (P) belongs to neither Lo (P) nor La(P). 


PERVASIVE-ASYMPTOTIC SOLUTIONS (Voda OR Vadw). (P) belongs to 
one but not both of Lo(P), La(P). 


Any solution which possesses the property Vo will be called positively 
semi-pervasive ; and similarly for the properties Va, Ao, Ag. Thus a solution 
of type Vau is negatively semi-pervasive and positively semi-asymptotic. 

It is apparent that all solutions which differ merely by constants additive 
with ¢ are of the same type; and the trajectory which carries a pervasive 
(asymptotic, etc.) solution may be described as pervasive (asymptotic, etc.). 

If a solution (P) is positively semi-pervasive the set of points L,(P) will 
be called the associated stratum; * and similarly for a negatively semi-pervasive 
solution. If the solution is pervasive it will be shewn below (Theorem IT) 
that the sets Lu(P), La(P) coincide, so that there is only one stratum asso- 
ciated with the solution. 

A “pervasive” solution is so named because its points are everywhere 
dense in, or pervade, the associated stratum. The term “ recurrent” would be 
equally appropriate, but is already standardized as denoting a-sub-class of 
pervasive solutions, namely, uniformly pervasive solutions (§ 5 below). The 
terms stable-à-la-Poisson (Poincaré [2]) quasi-periodic (Husson [1]) and 
quasi-recurrent (Birkhoff and Smith [1]) have also been used with the same 
sense. An “asymptotic” solution is named from the property pointed out in 
$3 (ili) (cf. Hadamard [1]). 

In the following work the symbol C is used to denote the relation of 
strict inclusion between the two sets; so that S,C Sa excludes the possibility 
8, = 82. 


THEOREM II. For a pervasive solution (P), Lu(P) =La(P). For a 
pervasive-asymptotic solution of type Vade, La(P) C La(P). For a pervasive- 
asymptotic solution of type VaAw, Lu(P) C La(P). 


Let us assume the hypothesis V4, i. e. that (P) is positively semi-pervasive. 
Every a-limit point of (P) is a limit point of a sequence {P(t;)} in which 


3 Hadamard [1] calls this the domain of (P); as this usage of the word “ domain ” 
is not in accord with its accepted modern connotation I introduce a new term. 
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{t:} decreases to — oo. Since all the points of this sequence belong to (P), 
and hence by hypothesis to L,(P), and the latter set is closed, every «-limit 
point of (P) belongs to L.(P). Hence 


(4) if (P) SLe(P), then La(P) S Le(P). 


Similarly, if (P) S La(P), then Lo(P) S La(P). 


Hence if (P) is pervasive, so that (P) € Ly(P) and (P) € La(P), then 
La(P) = Lu(P). 

* Conversely, assume that (P) S Le(P) and La(P) =L.(P); then 
(P) S La(P), and the solution (P) is pervasive. 

Hence if (P) S Lo(P) and (P) is not pervasive, so that though 
positively semi-pervasive it is negatively semi-asymptotic, the possibility 
Lo(P) = La(P) is excluded, and from (4) there follows La(P) C Le(P). 
Q. B. D. 

It may be noted that for a solution of type Veda we have (P) C L,(P) 
and not (P) = La(P); for the latter alternative in combination with the 
Theorem just proved would give La(P) C (P), implying that some but not 
all points of (P) are a-limit points. If (P) C Lo(P) the latter set consists 
of a non-enumerable set of trajectories, and if (P) = L.(P), (P) is periodic 
(Birkhoff [11). 

For an asymptotic solution there are no necessary relations of inclusion 
or exclusion between L.(P), La(P). Examples may be given of each of the 
cases (i) La(P) = La(P), (ii) D.(P), La(P) have no common point, 
(iii) one of Ly(P), La(P) is a proper part of the other, (iv) Lo(P), La(P) 
have common points, but neither contains the other. 

The classical work of Poincaré [2] has often been quoted as proving, for 
the case in which there is a positive integral-invariant and all solutions which 
pass through a certain neighbourhood are bounded and regular, the existence 
of solutions of the types he%e called semi-pervasive and pervasive. This is not 
so; for Poincaré, taking an arbitrarily small but determinate (fixed) region D, 
proves the existence of solutions which traverse it infinitely often, and all that 
this shews is that the o-limit set (or a-limit set, or both) traverse D. 
Poincaré’s method is easily modified so as to yield the existence of pervasive 
solutions; but this is unnecessary since Carethéodory [1], who quotes Poincaré 
in the above incorrect sense, has proved that the set of trajectories which are 
not posttively (negatively) semi-pervasive is of measure zero, and tle com- 
plement of the sum of these two nul sets is the set of pervasive trajectories.” 
Thus, with the hypothesis stated, almost all trajectories are pervasive. 
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5. Uniformly and non-uniformly pervasive solutions. The notion of 

a uniformly pervasive solution is due to Birkhoff [1], who calls it recurrent. 

From the present point of view it seems most natural to adopt as a definition 

the necessary and sufficient property of Birkhoff’s Theorem III, instead of the 
notion of a minimal set, as follows: 

Let (P) be a pervasive solution, and denote the associated stratum, i. e. 

` the coincident sets Lu(P), La(P), by 3. Let us say that P(t), starting from 

the position P(t)), makes an e-cireuit of 3 in time T, (T'> 0), if for some ¢ 

between ĉo and ¢ + T (inclusive) it is in the closed e-neighbourhood of each 

point of 3. Then we define: d 


The pervasive solution (P) is uniformly pervasive or recurrent if for 
every positive number e there is a (finite) time T, =T (e), within which a 
current point P(t) makes an e-circuit of 3, whatever its starting point on (P). 


Taxorem JII.* (i) If the solution (P) is uniformly pervasive its stratum 
3 consists of an aggregate of solutions each of which is uniformly pervasive 
with 3 as its stratum. 

(ii) If the solution (P) is non-uniformly pervasive, every solution which 
has one point in the stratum à associated with (P) lies in à, as do its w- and 
a-limit sets; and 3 contains solutions for which both the w- and a-limit seis 
are proper parts thereof. 


(i) Let any positive number e be assigned. Choose any positive number € 
less that e, let x — «—’, and let T (e) be the time not exceeded, by definition, 
in any <-circuit of 4 by P(t). 

Let Q be any point of 3, Q(t) the current point that is at Q at ¿ = 0, and 
A(t) any other current point. By the Auxiliary Theorem there is a positive 7 
such that the distance Q(t) R(t) does not exceed x for 0 StS T(é) provided 
only the initial distance QR(0) does not exceed n. Take for R(0) a point 
P(t’) whose distance from Q does not exceed y, 4 suitable choice of ¢’ being 
possible since Q belongs to 3d. Then for 0S tT (e’) the distance 
Q(t)P(F + t) does not exceed x. But in this time-interval P(t’ + £) passes 
within a distance not exceeding # of each point of 3; so Q(t) must pass 
within a distance not exceeding x + e, — e; and as e is arbitrary, every point 
of 3 belongs to Lo (Q). 

But since (Q) SS and the latter set is closed, L,(Q) € 4. Hence 
Leo(Qy= 3. By a similar argument we prove Le(Q) — 4; and since the 





“This is identical with Birkhoff [1], Theorem III. The proof of (i) differs from 
Birkhoff’s. 
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time for an e-circuit by Q(t) has been shewn not to exceed the constant T (e), 
whatever its starting point, (Q) is uniformly pervasive. 

(ii) The hypothesis that (P) is non-uniformly pervasive implies that, 
for some fixed positive e, there are starting-points P (tn) from which P(t) 
fails to make an e-circuit of d in the arbitrarily large time Ta. A limit point 
Q of {P(tn + 47,)} for Ta — œ gives, by use of the Auxiliary Theorem and 
§ 3 (v), a solution (Q) for which neither Lo(Q) nor Da(Q) coincides with 3. 
Since, as in (i), Lw(Q) and La(Q) belong to 3, we have L,(Q) C à, 
. La(Q) C à. 


THEOREM IV. A uniformly semi-pervasive solution is uniformly pervasive. 


Suppose that for a positively semi-pervasive solution (P), P(t) passes. 
within an arbitrary distance « of each point of L4(P) for to S t S to + T(e), 
where T'(e) is finite and independent of to Let Q be any point of L.(P). 
Choose any positive « and a sequence {#;} diminishing to — œ. Then for 
each à there is a t; between t; and ti; + T(e) for which P(¢’;) is within a 
distance e of Q. The sequence {P(t’;)} has a limit point R in the closed 
e-neighbourhood of Q; and Æ belongs to La(P) since ti ->— œ as i—> œ. 
Since e is arbitrary and La(P) is closed, Q belongs to La(P). Hence 
Lu(P) S La(P). 

But since (P) is positively semi-pervasive, La(P) € Lu (P), (Theorem IT). 
Hence La(P) = L,(P) and (P) is pervasive; and our initial assumption 
shews it to be uniformly pervasive. 


6. A property of uniformly pervasive (recurrent) trajectories. 


4 


THEOREM V. If P(t), P(t+ T) are any two current points on the same 
uniformly pervasive trajectory, the distance P(t)P(t+ T) has, for T fixed 
_and t variable, a positive lower bound. 


If the trajectory (P) js periodic the result is trivial. In the contrary 
case let Po, P, be the fixed non-coincident points P(0), P(T); then a domain 
D, surrounding P, has as its T-transform a domain D, surrounding P.. If 
D, is infinitesimal so is D1, so we can and shall suppose that the distance 
between points of Do, D; has a positive lower bound 8. 

Since (P) is pervasive, P(t) is within D, at a sequence of instants 


(5) ba + + te, ba, 0, ti, ta 7, 


where t; — œ and t;—>— œ as t— œ; and the points P(t, + T), being, 
the T-transforms of P(t;), must be within D,. 
1% 
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Now given any two distinct current points Q(t), R(t), not necessarily 
on the same trajectory, there is a positive lower bound for the distance 
Q(t)R(t) during a given finite time interval # S t S # + T’, and for con-. 
tinuous variation of the starting points Q(t’), R(#) this bound varies con- 
tinuously. Hence if Q(t’), R(#) be any points of Do, D: respectively, there 
is a positive lower bound g for Q(t) R(t) for’ StS PY + T. 

Let e be the upper bound of the distances of points of D, from Py and, 
introducing the hypothesis of umform pervasiveness, let Te be the time in which 
P(t) uniformly performs an e-circuit of the associated stratum; and let r be . 
the upper bound to the time any current point remains continuously withjn 
D (so that when e is small, r is small and Te large). Then in the sequence 
(5) we can, for every i, take r < tin — = Te+r. Choose T’ = Te +17, 
Q(t’) =P (t:i) and R(t) = P(t: + T), and we have 


PPE) =o for StS tig. 


Since this holds for all integers i, the lower bound g is valid for all ż. 
Q. E. D. 


For recurrent trajectories of elementary continuous type, specified by 
periodic functions of arguments At + a, Aat + aa, © + (Ài A2" * > constants 
mutually incommensurable; @ı, @2' >+ arbitrary constants), there are the 
further propérties : 

(i) The ratio of the upper to the lower bound of P(t) P(t + T) has, for 
all T, a finite upper bound; so that if by taking T suitably large we have P(T) 
close to P(0), the points P(t + T), P(t) remain permanently close. 

(ii) The same is true of the bounds of P(t)Q(t), where Q(t) is in the 
stratum associated with (P) (which is a minimal set) but not on the tra- 
jectory (P). | 

For recurrent trajectories in general it seems that these statements are 
false, and that it is not even true that P(¢)Q(¢) has a lower bound distinct 
from zero. ° 


7. Solutions associated with a non-uniformly pervasive or pervasive- 
asymptotic solution. With any pervasive or semi-pervasive solution (P) is 
associated its stratum 3, (d = L.(P) or La(P)), which is a perfect set of 
points in which the points of (P) are everywhere dense, and which contains 
all points of any solution having one point therein. If Q is any point of 3 
we hase therefore 

. L(Q) Sd, Lal) SB. 
We call Q 


(d ' 
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a r-point if L,(Q)= La(Q)= 8, 
ao-point if L4(Q)C 3 and La(Q)C £, 
a p-point if either L,(Q)=— 2 and L,(Q)C 2, or L,(Q)C 8 and La(Q)= 3. 


Every point of 3 belongs to one of these three classes; and all points of 
the same trajectory are of the same class. If (Q) consists of o-points, Lo(Q) 
and Z,(Q) consist of o-points. If (Q) consists of u-points, that one of Le(Q), 
La(Q) which is a part only of 3 consists of o-points. If 3 contains one 
p-point, the u-points are everywhere dense therein. 
© If (P) is uniformly pervasive, 3 consists entirely (Theorem III (i)) of 
a-points. 

If (P) is non-uniformly pervasive, 3 contains o-points (Theorem III 
(i1)) as well as the w-points of (P). If (P) is pervasive-asymptotic, 
ð contains w-points (those of (P)), and, as just pointed out, o-points. In 
these cases the uniformly-pervasive solution or solutions which 3 must contain 
(Birkhoff [1], Theorem II) must consist of o-points. 


Turorem VI. The stratum associated with a non-periodic pervasive 
or pervasive-asymptotic solution contains an aggregate, having the cardinal 
number of the continuum, of pervasive trajectories which are everywhere dense 
therein, i. e. which consist of r-points. 


a 


(i) Let (P) be a solution which is positively semi-pervasive, it being 
irrelevant whether negatively it is semi-pervasive or semi-asymptotic provided 
only it is not periodic. Then L,(P) is the associated stratum. Choose any 
point P (to) of (P), this not being an equilibrium point since then (P) would 
be (degenerately) periodic. We can thus choose a neighbourhood % of P(t) 
and a positive constant r such that any current point inside N at t= 0 is 
outside N at t == + r. Thus for any trajectory which traverses D, the portion 
within M consists of a set of distinct ares which is finite or enumerably 
infinite. In particular the trajectory (P) has infinitely many arcs within À ; 
for since P(t.) belongs to Zu (P), P(t) must traverse N infinitely often, and 
no two traverses are made on the same arc since (P) is not periodic. 

(ii) Let us say that two closed neighbourhoods within M are not coupled 
if there is no trajectory arc within N having points common with both. 

Let N’ be a neighbourhood: of a point of (P), contained by N. Then 
N’ contains two closed neighbourhoods, centred at points of (P), which are 
not coupled. For since N” is centred at a point of (P), which belongs ta 
Lw(P), P(t) traverses N” infinitely often on different arcs within 9; the 
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closed e-neighbourhoods of points Po, Pı of two such arcs, within N’, are 
then not coupled if e is sufficiently small. 

(iii) Let there be assigned any closed neighbourhood Ñ centred at any 
point of (P), and any positive numbers n, T ; then there exists a neighbourhood 
a(n >m T) centred at a point of (P), c counted by Tl, and such that any 
current point which is within $(N,», T) at t— 0 is within the y-neighbour- 
hood of P(t.) at two instants at least, one prior to t = —T and the other 
subsequent to t—TS Let P(t,) be the centre and e the radius of Ñ, i.e. 
T is the closed «neighbourhood of P(t); and let d = $e, 7 = Jy. Since 
P(t.) and P(t) belong to L.(P) there exists a finite T” greater than T such 
that P(t + T°) is within the ¢-neighbourhood of P(t,), and a finite T” 
greater than T such that P(t)+7’-++ T”) is within the -neighbourhood 
of P(t). Thus a new current point P’(t) on (P), which is coincident always 
with P(t -+ to + T’), is within the ¢-neighbourhood of P(t,) at t= 0 and 
within the 7/-neighbourhood of P (to) at t =— T and t= T”. 

Choose « such that the distance R(t)P’(t) does not exceed y” for 
— T'S t < T” provided only that R(0) P’(0) =x; and choose a positive x’ 
less than both.« and &. Then since 27/—y any current point within the 
«neighbourhood of P’(0) i.e. of P(te + T’) at t= 0 is within the y-neigh- 
bourhood of P(t) at t = — T’, T”. The former neighbourhood is contained 
by Ÿ since its radius and the distance of its centre from P(t,) are both less 
than e, = 4e; and it satisfies all the conditions required for $( Nn, T). 

(iv) Proceeding now to the main theorem, let {7%} be a sequence of 
positive numbers diminishing to the limit 0, and {7} an unbounded in- 
creasing sequence of positive numbers. Starting with the neighbourhood N 
of (i), and the numbers 1, T® , select any closed neighbourhood A of P (to) 
contained by M, and let a (À on, 7) be determined as in (iii). Then 
as in (ii) select two closed neighbourhoods D, Ñ, centred at points of (P), 
contained by ¢(f, 4, T®) and hence by Ñ, and not coupled. The radii 
of these may be chosen less than ». Then by (ièi) any current point in Ny 
or Ñ, at £0 is within the 7% -neighbourhood of P(t.) at two instants at 
least, one prior to £ = — T9 and the other subsequent to t — 7. 

Next let there be determined a (No, 9, T®), and closed neighbour- 
hoods Noo, No: of two points of (P), contained thereby, of radius less than 
4%, and not coupled. Then Noos Ro, are contained by No, and any current 
point within either at t = 0 is within the »©-neighbourhood of P(#) at two 
instants at least, one prior to t = — T and the other subsequent to t = T®. 


* This lemma is based on Birkhoff, Dynamical Systems, Chap. VII, sec. 11. 
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Next starting from N, determine closed neighbourhoods RN 10> i, therein 
with similar properties. 

-Proceeding thus, we have at the n-th stage 2” closed neighbourhoods sym- 
bolized Hits... ig, Where each à is either 0 or 1. Each of these is contained 
in all those of preceding stages whose symbols are obtained by curtailing the 
suffix it2- © ‘in, is centred at a point of (P), and is of radius less than q% ; 
and a current point in any one of them at¢ = 0 is within the „™ -neighbourhood 
of P(t.) at instants prior to t = — T™ and subsequent tot = T™. No two 
of the neighbourhoods from any stages are coupled, since this would imply the 
@upling of corresponding neighbourhoods with curtailed symbols, which with 
sufficient curtailment is contrary to the construction. 

(v) Corresponding to every infinite sequence t,%2,- - +, where each 7 is 0 
or 1, we have a sequence of closed neighbourhoods 

nh, Ri, Nantes Pistes eu 

each contained in its predecessor. There are 2No distinct sequences of this sort. 
Since the neighbourhoods are closed, each sequence determines a point Quis... 
common to all its members, there being only one such point since the radius 
n™ tends to zero as n— œ. Each point Q belongs to La(P) since it is a 
limit-point of the points of (P) at which the neighbourhoods of the corre- 
sponding sequence are centred. A current point which is at Q at ¢ = 0 is for 
each n in the 7“ -neighbourhood of P (to) at instants prior to t = —T™ and 
subsequent to ¿= T™ ; hence P(t)) is both an æ- and w-limit point of (Q). 
Hence 


(P)SL:(Q), (P) S Li(Q); 
and since the sets on the right are closed, 
Lo(P) S La(Q);  Lu(P) S Le(Q). 
But since Q C Zu(P), 
Lal) E Lo(P), Le(@) S Lu(P). 
Hence Z4(Q) = Lo (Q) = Lu(P}, and (Q) consists of r-points. 

Of the 2X points Qiie... no two can be on the same trajectory arc 
within N, for this would imply the coupling of neighbourhoods of the sequences 
containing the two points. Hence there are at most N, of the points on any 
one trajectory, and the aggregate of distinct trajectories consisting of r-points 
has the cardinal number of the continuum. 


QE. D. 


In virtue of this theorem the stratum associated with a pervasive-asymptotic 
solution can be regarded as associated with a solution which is pervasive, and 


r] e 
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necessarily non-uniformiy pervasive (Theorem III) since the stratum contains 
pe and o-points. 

Tuxrorem VII. (i) An arbitrary neighbourhood of any point of the 
stratum 3 associated with a non-uniformly pervasive or pervasive-asymptotic 
solution contains either o- or p-points of à. 

(ii) If the o-points are not everywhere dense in 3 they are nowhere dense, 
and 3 contains a p-trajectory of each species: that is, a trajectory (R) for 
which Ly(R) = 3, La(R) C 8, and a trajectory (R’) for which Lal R) = £, 
L,(R) C à. 


(i) Let N be a given neighbourhood of a point of d. Let 8 beck 
o-point of 3d, and P(t) a current point on a trajectory of 3 which consists of 
#-points. Then we can choose to so that P(t)) is within N. P(t.) does not 
belong to (S) + Lu(S) + La( S) since every point of this set is a o-point. 
This set being closed, P(t.) has hence a positive distance from it; and there 
is a neighbourhood N’ of P(t.) contained by N, the distances of points of 
which from points of (8) have a positive lower bound. 

Let {P(ti:)} be a sequence of points of (P) converging to the point S, 
all external to N’. P(t) is outside N’ at t = tı, and is inside at some sub- 
sequent instant since P (tẹ) belongs to L.(P). Hence there is a unique #; 
corresponding to and greater than each #;, such that P(t) is outside N” for 
ti S t < Y: and is on its boundary for t = #4. 

Let R be a limit point of the sequence {P(t’;)}; then R(t), the current 
point which is at R at t= 0, is for any ¢ a limit point of the sequence 
{P(t + t)}. Now since the distance between any points of (S).and of h’ 
has a positive lower bound, it follows from the Auxiliary Theorem that 
| fi — tı | > œ% as the distance SP (t) — 0, and hence as i —> œ; and with 
Vi > ti this implies t'i — t; —> co. Hence for any fixed negative t we have, 
for all sufficiently large à, ti < Yi +¢ < t'i; so that P(t: + t) is outside N’, 
and hence R(t) not within N’. Thus La(#) has no point within nN’, and 
(R) is a trajectory consisting of o- or p-points. The point Æ lies on the 
boundary of M” since it is a limit point of the P(#:) which lie there, and is 
the required o- or p-point within TN. 

Note: It is not proved that S belongs to La( E), nor that R(t) is for any 
positive ¢ within N°. 

(ii) Suppose now that the o-points are not everywhere dense in 4, and 
that N is a neighbourhood of a point of 3 free from o-points. Let D be any 

‘ neighbourhood of any point of 3. 
We can choose to, é so that P(t), P(t) lie within N, D respectively. 
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A sufficiently small neighbourhood D” of P(é,) has its (éo —{,)-transform 
contained by N, and D” contains no &-points since any transform of a o-point 
is a o-point. Hence there is a sub-neighbourhood of D, centred at a point 
of 3, free of o-points; and the o-points are nowhere dense in 3. 

It follows that the point R defined in (i), being within N, must be a 
p-point. Hence (R) consists of u-points, and since La(R) C 3 we must have 
Lu(R) = 3. In a similar manner, by taking #4 less than t:;, we find a tra- 
jectory (W) with La(F’) = 3, La (R) C £. 

Q. E. D. 
e 

In view of this theorem there are three logically possible types of strata 3 
associated with non-uniformly pervasive solutions, the characteristic properties 
being 

(a) the o-points are nowhere dense and the p-points everywhere dense 
in ð, 

(b) both c- and w-points are everywhere dense in 3, 

(c) the o-points are everywhere dense and there are no p-points in 3. 
If the solution with which 3 was originally associated is pervasive-asymptotic, 
& can be of type (a) or (b) only. The type (b) can be subdivided according 
as there are u-trajectories of both species or of one species only. 

In $$ 9-11 below, all these types are illustrated, though only in the cases 
of type (a) are the X; in the differential equations regular-analytic. The 
type (b) is illustrated by the quasi-ergodic systems of geodesics on closed 
surfaces of negative curvature which have been given by Artin [1] and others; 
in such cases the stratum is not of course the surface on which the geodesics lie, 
but a related three-dimensional manifold. 


(iii) In the case where the o-points are everywhere dense in 3, let us 
call a point Q of 3 a o-point of class y if y is the upper bound of distances of 
points of 3 from the trajectory (Q); and let 3, be the set of all o-points of 3 
whose class is not less than n Then it is easy to establish the following facts: 


(a) If Q belongs to 3, then every point of (Q), Lo(Q) and La(Q) 
belongs to Sy. 

(b) There is no point of 3, in a sufficiently small neighbourhood of any 
a-point or p-point or o-point of class less than 7. 

(c) The set Zy is closed. 

(d) Hither an arbitrary neighbourhood of 3, contains complete o-trajectories 
(whose class-number is less than but arbitrarily near q), or there are trajectories. 
of positively (negatively) semi-asymptotic type whose w- (a-)limit set belongs 
to 3,; in the latter alternative a set of suitably selected points, one on each 

. . 
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of the semi-asymptotic trajectories, is closed, but the set of all points on these 
trajectories is not necessarily closed. 


Birkhof has called the system of trajectories filling a closed connected 
region 3 transitive if arbitrary neighbourhoods of any two points of the region 
are traversed by the same trajectory of the system; and he has proved (Dy- 
namical Systems, Chap. VII, Sec. 11) that in this case 3 contains trajectories 
whose o- and «-limit sets coincide with 3d. Thus 3 is a stratum, and the 
theories of the structure of strata and of transitive systems are identical. In 
Birkhoff’s terminology, the trajectories which consist of r-points are general, 
and those which consist of o- or u-points are special. For the non-trivial case 
in which the system contains special trajectories, it may be observed that 
Theorem VI contains a new result concerning the power of the aggregate of 
general trajectories, and that Theorem VII reproduces Birkhoff’s theorems 
on the special trajectories (Dynamical Systems, Chap. VII, Sec. 9) with a 
somewhat more direct proof. 

The analysis of 3 into z-, u- and o-points may be of some significance in 
connection with the problem of metrical transitivity. If ð is a regular hyper- 
* surface on which measure is suitably defined and on which there is a positive 
integral-invariant, it is known (Carathéodory [1]) that the p-points are of 
measure 0. The question then arises whether the o-points are of measure 0, 
which is of course necessary for the metrical transitivity of 3. I have not 
been able to do more than reduce this question, by means of (c) in (iii) above, 
to the following: Is a closed invariant set which is a part only of 3 necessarily 
of measure 0? 


CONSTRUCTION or SYSTEMS OF DIFFERENTIAL Equations Havine Nox- 
UNIFORMLY PERVASIVE AND PERVASIVE-ASYMPTOTIC SOLUTIONS. 





° 
8. As starting-point of the construction we take a system of differential: 

equations in two dependent variables r, z: 

(6) dr/ds = R(r,2), dz/ds = Z (r, 2) 

which possesses a (real) periodic solution 

(7) r= f(s),  2—g(s). 

Suclesystems are easy to construct, by starting with an equation 

(8) F(r,2) = constant 

which, with r and z as rectangular coürdinates, represents a family of closed 


° 
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curves without singular points, and eliminating the constant by differentiation. 
For example, from 
(9) a? + 2? == constant 


we may pass to the differential equations 


dr/ds == — 2, dz/ds =r 
whose solutions 
T = C COS S, z= csins 


age periodic, and reproduce the circles (9). 
The properties postulated for the functions occurring in (6) and (7) are 
as follows: 


(i) R(r,z) and Z(r,2) are analytic functions of r, z, real and regular 
at all points (f(s), g(s)) for which s is real. 

(ii) f(s) and g(s) are analytic functions of s, real and regular for all 
real s, and periodic with period S; 

(iii) the lower bounds of f(s) and g(s), for s real, are positive. The 
properties (i), (ii) are here stated in a form convenient for subsequent require- 
ments, and without regard for the fact that they have some logical connection. 
From them, together with the general theorem of uniqueness of solution of a 
system such as (6), there follows: 

(iv) the closed curve specified by (7) has no singular points. 


The property (iii) is, in geometrical terms, that the curve (7) lies entirely 
in the positive quadrant of the rz-plane. 

We now pass to a system with three dependent variables x, y, z by ad- 
joining to (6) a differential equation 


d0/ds- = Rx/T 
where 7’ is any constant such that S/T is an irrational number, and putting 
(10) g = r cos 6, y =r sin 6. 
In the space in which x, y, z are rectangular coördinates, r, 4, z are cylindrical 
coördinates, and the equations (7) represent a torus 3 obtained by rigid 
rotation of the curve (7) about the axis r = 0; and in virtue of (iii), (iv) 


above, 3 has no singular points. 
In terms of +, y, z the system is 
(11) da/ds—=2R/r—2ny/T, dy/ds—=yR/r+2na/T, de/ds—Z, . 


where we are to put r = + V (2? + y?) ; its right members are (from (i) and 
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(iii) ) single-valued regular functions of x, y, z for (z, y,z) on 4. à is made 
up of a family of the trajectories of (11), which may be specified by the 
corresponding solutions 


(12) x= f(s)cos(2rs/T + 80), y = f(s)sin(2rs/T + 6), 2—g(s), 


fo being an arbitrary constant. 

It is well known that, since S/T is irrational, this family is a minimal 
set of recurrent, or uniformly pervasive, trajectories each of which has 3 for 
associated stratum. Each trajectory, if followed in either sense, spirals in- 
definitely round 3 without singularity, and has infinitely many ares lying fn 
an arbitrary neighbourhood of any point of 3. Each trajectory: may be 
specified by any value of the constant 6) chosen from an enumerably infinite 
set; and there are an infinity of distinct trajectories, of the cardinal number 
of the continuum, one of which passes through any assigned point of 3. 


9. Choose any point A of the surface 3, say (£u Yi, 1). Let E(x, y, 2) 
be an analytic function, real and regular for all (x,y,z) on 3 and positive 
at all these points except A, where it vanishes; for example 


E= («—2,)’ + (y — y) + (2—2). 
We shall shew that the differential equations 
(18) dz/dt = H(aR/r— Rry/T), dy/dt = E(yR/r + Rnt/T), dz/dt = EZ 
have certain solutions, viz. those which lie in 3, which are either non-uniformly 
pervasive or pervaswe-asymptotic. 
Since (13) is related to (11) by the substitution 

dt = ds/E, 

the trajectories of (13) are geometrically coincident with those of (11); and 


for the solutions carried by these trajectories we have to determine the manner 
in which ¢ is correlated with their points. For the solutions in À we have 


8 ds 
n Í. BUF (s)cos(2ns/T F 0), f(s)sin(ns/T F 0), g(3))” 
where sọ is an arbitrary constant effectively additive with t. 

First let 4 have such a value that the curve (12) passes through A, the 
value, necessarily unique, of the parameter s at this point being s, say. Then 
for s = s, the denominator Æ on the right of (14) vanishes, while for s s£ s, 
it is positive with a positive upper bound. Since Æ is a regular function of 
ex, y, 2 which are, by (12), regular functions of s, F is a regular function of s; 
and near s, we have a convergent expansion 


(14) 





ae, 


a 
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E =a(s—s,)? +b(s—s) +... 
where, because Æ is never negative on 4, the leading term has a positive 
coefficient and an even exponent. Hence the integral in (14) diverges at 
s = s, like an odd negative-integral power of (sı — 8). 

Thus if so > sı, (14) gives ¢ as a single-valued strictly increasing function 
of s defined for s > sı, and t—>— œ as s—>s, + 0; while since 1/F has a 
positive lower bound, £— œ ass—> œ. Ifs, < s, tis a single-valued strictly 
increasing function of s defined for s < s,, and £— œ ass—>s,—0,t>— 0 
as s—>— œ. In both cases, inversion gives s as a single-valued strictly in- 
creasing function of ¢ defined for all real t; if so > sı we have s—>s, as 
t —>— œ, and s— œ as t— œ; if So < s, we have s —> — © as t->— œ, 
and s— s, as é—> œ. Hence the curve (12) splits into three complete tra- 
jectories of (18), for which respectively s = s, (giving the equilibrium point 
A), $s >, ands <s. Any solution carried by the portion for which s > sı 
has the point A as its a-limit set and, since s — œ as t —> co, the whole surface 
à as its w-limit set. For the other portion the w-limit set is A and the a-limit 
set is ð. Thus for (18) we have just one pervasive-asymptotic trajectory of 
each species, each of which carries of course the infinitely many trivially dif- 
ferent solutions corresponding to different values of so. 

Now let 6) have such a value that the curve (12) passes arbitrarily near 
to but not through A. Then in (14), # vanishes for no value of s though its 
lower bound is 0, and ¢ is a single-valued strictly increasing function of s 
defined for all real s; and since 1/H# has a positive lower bound, t — + œ as 
s—> + œ. Inversion gives s as a single-valued strictly increasing function of t, 
defined for all real #, with s —> + co as £—> + co. Thus the curve furnishes 
one trajectory of (13), any solution carried by which has the whole surface 3 
as its æ- and as its w-limit set. The solution (or trajectory) is hence pervasive, 
with 3 as its stratum. That it is non-uniformly pervasive follows most easily 
from Theorem III (i) since we already know æ to contain c- and p»-points. 
The mechanism of the non-finiformity is of course that in (14) the denomina- 
tor # is arbitrarily small for the infinitely many values of s corresponding to 
sufficiently near approaches to A; and it may be proved directly that if a 
current point enters the e-neighbourhood of A, where e~ 0, it remains within 
a fixed neighbourhood of A for a time of order 1/e. 

We see therefore that 3 is the stratum associated with‘each of the non- 
uniformly pervasive or pervasive-asymptotic trajectories of (13) contained 
thereby. It contains one o-point A, two trajectories made up of »-poiate, and 
an infinity, of the cardinal number of the continuum, of trajectories made up* 
of r-points. 
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10. The example of § 9 is in accord with the definitions of §§ 3-5, but is, 
so to speak, psychologically weak: the equilibrium point A is removable by 
change of the independent variable, and it might be held that the definitions 
should be modified, so as to presuppose such removal. It is however easy to 
pass to an example free from this possible objection. 

Adjoin to (13) the differential equation 


dhy/dt = 20/U, 
where U is a positive constant, and let new variables u, v be introduced by the 
_ relations 
(15) uU==2008y, ve=zsiny, z= + V (w+ 27). 
We obtain the system of the fourth order 
da/dt = E(aR/r—2ay/T), dy/dt = E(yR/r + 2ae/T) )\ , 
du/dt = uEZ/z— 2xrv/U, dv/dt == vEZ/2 + Rru/U ? 
of which ct solutions are got by adjoining to any solution of (13) the equation 


y = Rrt/U + Yo. 

If the solution of (13) lies in 3, the solutions of (16) thus generated lie in 
the hypersurface X obtained by rotating 3 about the plane u—v—0 (or 
z== 0) in the four dimensional space in which a, y, u, v, are rectangular 
coërdinates. Y is without singular points since by the initial assumption (iii) 
of §8 ð has no point common with the plane z = 0; and æ is the section 
of Of by the half-hyperplane # = 0. Any solution (Q) in & has in common 
with 3 the points 

-© P(to— RU), P(to— U), P(t), P(to +U), P(b +230), -> 
occupied at equidistant time-intervals by some current point P(t) which moves 
in 3 according to the differential equations (13). The points of L,(Q), 
La(Q) in 4 are the limit points of the respective sequences 
(17) P(t), P(to + U), P(to + RU), : er 
(18) P(to); P(to— U), P(to— 20), >>, 
and the complete sets L.(Q), La(Q) consist of the trajectories of (16) through 
these limit points. We call.(17) and (18) the positive and negative U-sets 
based on P(t.) and desire therefore to know their derived sets when P(t) is 
any assigned point of 3. 

If P(to) is at A all the points of (17), (18) are at À, and we have for 
the system (16) a periodic trajectory J carrying the co? trivially-different 
solutions 
: (19) T2, Y =J, U= zZ cos(2at/U + ypo), v = 2 sin(2rt/U + yo). 
If P(t) asymptotes to A as t— œ, any associated positive U-set con- 


(16) 
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verges to A, and the generated solutions of (16) have the periodic trajectory 
J for w-limit set. There are ico? such solutions, carried by œ? trajectories. 
There are similarly cot trajectories of (16) having J as a-limit set. 

The only other, and most general, case is that where P(t) passes arbi- 
trarily near to each point of 3 as t—> œ (or as t->— œ). In this case 
it is clear that any associated positwe (or negative) U-set cannot converge 
to A, but it is not immediately evident whether or not such a set is everywhere 
dense in 3. [If for instance, altering our hypotheses, we take E = 1 on 3, 
such a set is not or is everywhere dense in 3 according as U is or is not com- 
m&nsurably related to S and 7.] It can be proved that every U-set except 
those which converge to A is everywhere dense in 3, whatever the value of the 
constant U, provided that S/T is a transcendental number of a certain type 
and that the analytic function E of the complex variable s is suitably chosen.® 
The proof of this is too long to be given here, and the following result is 
sufficient for our purpose: 


THEoremM VIII. For any choice, in accordance with the conditions pre- 
viously stipulated, for the functions and constants occurring in the right 
members of the equations (18), there is a value of U arbitrarily near to any 
given positive number U, for which every U-set in 3, except those which 
converge to the point À, is everywhere dense in à. 


Assuming this for the moment, it follows that any positively (negatively) 
semi-pervasive solution of (13) generates oo? solutions of (16) which are 
positively (negatively) semi-pervasive with Sf as the associated stratum. 
Thus X is made up of the following sets: (a) the periodic trajectory J ; (b) co 
trajectories (Q) for which Lo (Q) =J, La(Q) = H, and œt trajectories (Q’) 
for which La (Q) =F, Lo(Q’) = H sand (ce) œ? trajectories (Q”) for which 
La(Q”) = La(Q") = H. It follows as for the system (13) that the tra- 
jectories (Q”) are non-uniformly pervasive. 


Proof of Theorem VIIJ. (i) If P(t) is any current point in 4, we call 
_the aggregate of points {P(+t)} for which # S t S +7 a closed" trajectory- 
arc of duration +. If Q is any point of 3, other than A, let @ be an analytic 
are through Q lying in d and nowhere tangential to a trajectory; the U- 
transform of £ is then an analytic arc @v, and the closed trajectory-ares which 
stretch from € to év are all of duration U. 


1 1 1 
convergent and €, >0 as nœ, asymptotic formulae connecting the values of the. 
integral in (14} over suitably chosen ranges can be developed by deformation of the path 
of integration, and lead to the stated result. 

Ti.e. “closed ” in the sense that the end Donate belong to the are. 
s 


s IÈ S/T = with @,,, > 2q,/e,,,; Where p,/q, is the n-th 
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If P(t) passes arbitrarily near to each point of 3d as t — œ, the positive 
U-set based on any point P(t)) of its trajectory has a limit point on any closed 
trajectory-arc QQ y of duration U. For the half-trajectory described by P(t) 
for t = t, cuts @, at P(t’) say, in an arbitrary neighbourhood of Q. P(t’ + U) 
then lies on év, and if P(t’) is sufficiently near to Q the closed trajectory-arc 
from P(t’) to P(# + U) lies in an arbitrary neighbourhood of the are QQ y. 
The first named arc contains one point of the U-set 


P(t), P(to + U), P(ty +2U),° °° 


which is in question, or two points if t’ == tọ (mod UV). - Hence in an arbitrary 
neighbourhood of the closed arc QQ y there are infinitely many points of the 
U-set, which has therefore a limit point on the are. 

Similarly, if P(t) passes arbitrarily near to each point of 3 as t >— o, 
the negative U-set based on any point P(t) of its trajectory has a limit point 
on any closed trajectory-arc of duration U. 

(ii) If P(t) passes arbitrarily near to each point of 3 as t—> œ, P(to) 
is a gwen point of its trajectory, and U, is a given positive number, then we 
can choose U as near as we please to Uy such that the positive U-set based on 
P(to) has every point of the trajectory-arc QQu as a limit point. 

We shew how to choose U so that an arbitrary neighbourhood of any point 
of the trajectory-arc from Q to its (2U))-transform Qv, contains infinitely 
many points of the positive U-set based on P(#). For this purpose let € 
be an analytic arc through Q not tangential to any trajectory, œ the arc-length 
on € measured from Q, and 46, the r-transform of @. Any trajectory-arc near 
. QQ2v, can then be referred to the value of ¢ at the point at which it cuts £. 
A set of domains D, in 3 is then defined as follows, y being a positive constant : 


D; bounded by ares of 4, Lu, and of trajectories $ == 7, — 7 
D, Eu bay © © © gmt dy 
D: à HR jo “ “ p= 37 
D, * EO OCO bitty bn “ % s $=} 
Ds À C € «Bos hyh E * “<. pee ck by 
De ‘£ E E E hla an “ “ 5 p= hy 
D, s E E NEG, Env a ope “s $= + py 


An arbitrary neighbourhood of any sont of the arc QQ2u, then contains in- 
finitely many of the D. 


Let 2t, be the time-interval between the end-arcs of D, so that 


ty = ty == == LU ts = = ts = LU, t= SS Step tra = 40>, ete. ; 
and . 
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(20) tm S tn < 2U 0. 
Call the are in D, which is at equal time-intervals from its end-arcs its azis; 
€. g. Liu, is the axis of D. ` 


By hypothesis P(t) traverses each D, for arbitrarily large values of t, 
so there are arbitrarily large integers în such that the point P (to + inU ) of the 
U-set based on P (tọ) lies on a trajectory-are traversing Dp at a time-interval 
less than U from its axis. If U increases by 8U, tọ remaining fixed, 
P(t) +%U) advances along the trajectory (P) through an are of duration 
4n8U ; so we can choose SU, with | SU | < U/in, such that P (to + in(U + 8U)) 
IRs in Da, on its axis. By giving U a succession of increments from the 
starting-value 7, we thus move points of the U-set, of suitably chosen ranks 
dut" * *, in succession on to the axes of D1, Da,- >+. The alteration in U 
at the n-th stage produces a consequential displacement of each of the points 
Pto tU), © +, P(to 4in0); but by taking the ratios t/t, i3/t2,° * * 
sufficiently large we secure that, for each j, P(t. +%;U) never gets moved 
out of D;. 

A suitable rule for choosing i, %2,- © - is as follows: Choose a constant « 
between 0 and 4. Choose i, greater than 2/x and such that P(t) + Uo) lies 
on a trajectory-are traversing D,, at a time-interval less than U, from its axis. 
‘Choose U., = Uy + SU, such that P(t, + U1) lies on the axis of D,. Then 


| èU | < Uo/i < RUo/u < KUo < Uo, 0< U: < 204. 


Suppose that i, * © -,%1 have been chosen in succession such that 
(a) Urna = Us + 8U + BU +: - HU with | 
FU | < «iV, (j = 0,1,: °° ,n—2), 
so that 
(21) l Un — Uo | < «Uo/(1—k) <U,; 
(22) (b) 4 > 20 otj-1/xtjaa, (j = 2, 3,- + ` n— 1); 


(c) P(to + inaUng) lies on the axis of Da-i; : 
(4) P(te+4jUn+), for j= 1,2,---,n—2, lies in D; at a time- 
interval from its axis less in absolute value than 
Ceo! Spe eps 7 
Choose i, greater than 2Uoin-1/ (xtn-1) and such that P(t + Un) liès 
on a trajectory-arc traversing Da, at a time-interval from its axis less than 


Un Choose Un, = Un + bnU, such that P(t) + inUn) lies on the axis 
of Da. Then from (21) oo 


| 8210 | < Una/in < 2Uo/in ; 
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and the time-interval between P(t + 1;Ur) and P(é + Un) is t58n10, 
with an absolute value less than 2Uoi;/in. From (20), (22) we have, for 
j = 2, 3,° T’ (n— 1), 
ty1/t4y < K (tj-1/2U0) < K, 
and the same relation holds for 7 = n in virtue of the choice of în. Hence 
20 o/in = 2U o/t © ty/ta* ` + ina/in KK 9+ K" = KU o, 
and for } = 1,2,: >: ,n— 1 
d5/in = LATTES : tjsr/Ujs2 as n-1/ in 
< (Kt;/2U0) + MIT = it, RU. s 
Thus | 8:10 | <x«"Uo, and the time-interval of P (to + i;Un) from the axis 
of D; is less in absolute value than (x +- - -+ x«*4)t;. The properties (a), 


(b), (c), (d) are thus by induction established for all n. The sequence {Un} 
converges to the desired value U, for which 


| U — Uo | <«Uo/(1—«) < Uo, 0<U< 20), 


while the time-interval of P(t) + %;U7) from the axis of D; is less in absolute 
value than «t;/(1—«), which is less than t;, so that P(t) + 4U) lies in D;. 
For a sufficiently small choice of x, U is as near as we please to Up. 

It follows immediately that every point of the trajectory-arc QQeu, is & 
limit point of the U-set based on P(t) ; and there is the further relevant fact 
that this arc contains a closed arc QQu of duration U. 

(iii) With the value of U just chosen, every U-set is everywhere dense in. 
3, except the positive (negative) U-sets on the trajectory positively (nega- 
twely) asymptotic to À. 

If any U-set has a limit point R, the Auxiliary Theorem shews that the 
t-transform of the set has the {-transform of R as a limit point, for any t. 
In particular the U-transform and the (— U)-transform of Æ are limit points 
of the original set. . 

Since the U-set P(to),P(to + U),: + - which*is in question in (ii) above 
has every point of the trajectory-arc QQvu as a limit point, and Qy is the U- 
transform of Q, it follows that every point of (Q) is a limit point. But Q(t) 
passes arbitrarily near to each point of 3 as t—> co, or 4 —>— œ, or both, 
since every solution (except A) in 3 has æ as its w- or -limit set, or both. 
Hence there is one U-set P (to), P(to + U), - whose derived set is 3. 

From what was first pointed out it follows that for .any {” the positive 
U-set based on P(t) + t) has for derived set the ¢’-transform of 3, which 

*coincides with 3. 
Now any U-set K which is not of the type excepted in the enunciation 


e 
‘ t 
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has by (i) a limit point, P(to + 1’) say, on (P). Hence as before K has 
each of the points 


Pitot ë), P(o +ë +U), Pto + +20), >> 


as a limit poini. These points having juśt been seen to be everywhere dense 
in 3, K must be everywhere dense in 8. Q.E.D 


It is of interest to note that the functions R, Z, E can be so chosen, in 
accordance with the conditions of §§ 8, 9, that the right members of the 
eguations (13) are polynomials in x,y,z, and those of the equations (16) 
polynomials in z,y,u,v. The simplest choice of F(7,z) appears to be 


F(r,2) =P + 2 + 1/7 + 1/7. 
If c > 4 the curve F = c consists of ovals symmetrically placed one in each 


quadrant; for c = 4 we get the four acnodes r = + 1, z = + 1; and the axes 
r = 0, z = 0 correspond to c = œ. Eliminating c, the system (6) is 


dr/ds = 1° (zt — 1) = R, dz/ds = # (1 — 1+) =Z. 


The solutions for c > 4 are periodic with a period S which is an analytic func- 
tion of c, and any one of these solutions can serve as the basis (7) for the 
construction. The right members of (13), (16) will be polynomials as stated 
if Ẹ is a polynomial in a, y, 27; for example 


E = (v— m)? + (y — y)? + (2 — z)’. 

11. The principles exemplified in §§ 9, 10 can be used to construct more 
complicated examples. The function Æ can be chosen, as a polynomial, to 
vanish at any finite number of assigned points A;,- ' `, An of 3 and be posi- 
tive elsewhere on 4, and the points 4:,: : `, An may be on the same or on 
different trajectories of the system (11). If A1,---,Am are on the same 
trajectory, this splits into (2m + 1) complete trajectories of the system (13), 

. namely the equilibrium points A,,-*-, Am, the finite open arcs A:42, °°", AmaAm, 
and two semi-infinite arcs. The points of the latter become w-points, and 
Ax,‘ °°, Am and the points of the finite ares become o-points. 

If the points A are infinite in number but not everywhere dense in 3, 
an Æ which is not identically zero must cease to be regular-analytic at their 
limit points, but can be chosen so as to be regular, in the sense defined in § 1, 
at all points. With this sort of # we can exemplify the types (b), (c) of §7; 
the examples already given are of type (a), with the o-points nowhere 
dense in 3. ek ae 

Taking the trajectory (12) of the system (11) for which 6, has an assigned 
value, let equilibrium points A,,As,- > : be introduced at the points 

18 ° . ' 
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S = 81, S2,° * +, (81 < S2 < 83° >}; 


where $» is so chosen that the sequence {An} has À, as its sole limit point; 
this implies that sn —> œ as n— co. E is of course to vanish at Ár, As °° 
and be positive elsewhere on 3. : Then the half-trajectory s =s, of (11) 
furnishes an infinite number of complete trajectories of (18), viz. the points 
An and the finite open arcs AnAnu, and each of these consists of o-points. 
The half-trajectory s < s, consists as before of »-points. Hence the stratum 3 
is of type (b), with both o- and y-points everywhere dense therein, and all 
p-points lie on one positively semi-asymptotic and negatively semi-pervasiye 
trajectory. 

If we now introduce another equilibrium point A, on a different trajectory 
of (11), this gives for (13) another o-point A, and two pervasive-asymptotic 
trajectories, one of each species. Hence 3 has now the o-points everywhere 
dense and u-trajectories of both species. 

If instead of introducing A, in this manner we treat a complete trajectory 
(instead of a half-trajectory) of (11) in the previous manner, this is split 
into an infinite number of equilibrium points An and finite open arcs AnAni 
(n =: + -— 2, —1,0,1,2,: : +), where the An can be so chosen that the 
aggregate {An} has À, as sole limit point. Choosing Æ so as to be positive 
on & except at the An, the stratum 3 is of type (c), with everywhere dense 
o-points and no p-points. 
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THEORY OF QUASI-GROUPS.* 


By B. A. Hausmann and OYSTEIN ORE. 


The present paper contains an investigation of the theory of groupoids, 
i. e. algebraic systems in which one operation is defined. There exists already 
a number of publications on such systems and various interesting although 
disconnected and scattered results have been obtained. In most of these studies 
certain axiomatic rules have been laid down and the properties of the corre- 
sponding systems have been deduced. 

. Here we shall try to obtain a more systematic theory by a different 
approach to the problem. Instead of starting from a chosen set of axioms 
we analyse the conditions necessary in order to obtain specific theories and 
theorems. In the end this turns out to be mainly an analysis of the associative 
law and the various possible formulations of the associative law represent the 
conditions for the existence of various analogues to the theorems in ordinary 
group theory. 

In the first chapter one finds a classification of the groupoids and the 
definition of quasi-groups. Then follows an analysis of the conditions for 
co-set expansions with various properties, and one is led to three different types 
of associative laws. An interesting phenomenon by such quasi-groups is the 
‘existence of a minimal quasi-group not equal to a ai element but contained 
in all other quasi-groups. 

In the second chapter one finds the structure theory of quasi-groups. 
We define normal quasi-groups and consider the conditions for laws of iso- 
morphism. Next we determine the conditions for the normal quasi-groups to 
form a Dedekind structure and from these investigations follows from the 
` general structure theory the conditions for the theorem of Jordan-Hélder and 
the direct decomposition theorem of Schmidt-Remak. Conditions for the 
existence of quotient groupoids are also given. Various problems which we 
had to omit from these considerations have been mentioned in the concluding 
section. 

Chapter I. Quasi-Groups and the Associative Law. 


1. Definitions and axioms. Since there exists a great variety of nomen- | 
clatures in our subject it may be well to specify at the beginning the no 
of the fundamental concepts used in the following. 
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We consider systems M consisting of an arbitrary finite or infinite number 
of elements a1, @,: - >. Such a system shall be called a groupoid if it satisfies 
the 

Propuct axiom. To any two elements a’ and a” in À there corresponds 
a unique third a =œ : a”. : 


Hence groupoids may be said shortly to be systems with one operation. 
The product axiom may be expressed also in the symbolic form 


(1) A- A= WV = N. 


The order of a groupoid is the number of its elements. A subset B of A shall 
be called a sub-groupoid if 
(2) B? 


Any set of elements of 


D. 


IA 


da": 
will generate a sub-groupoid 


W = La, de, * *} 


consisting of all possible products with a finite number of factors of the aj. 
Since the associative law usually does not hold one has to distinguish the 
various ways of combining the factors. The simplest case is the cyclic 
groupoid 

C= {a} 


consisting of all possible products of one element. A power of a is any element 
belonging to {a}. 

The union [B, ©] of two sub-groupoids B and © is the groupoid generated 
by the elements of 8 and © and the cross-cut (B, ©) is the groupoid of their 
common elements. It is easily seen that the union and cross-cut as here defined 
satisfy the ordinary structure axioms. If we agree to consider the void set as 
a sub-groupoid if there exists sub-groupoids without common elements we have: 


e 
THEOREM 1. The sub-groupoids of a given groupoid form a structure. 


Usually we shall have to impose further axiomatic restrictions on the 
groupoids considered. We shall say that W is a homogeneous groupoid if it 
satisfies the axiom: 


HOMOGENETTY axiom. Fach element of A is a product. 


Thjs means that for each a in Ÿ we can determine other elements v and y 
such that | 
aay. 
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This again may be expressed as 
(3) W — A 
which is a stronger form of (1). 
When % is a non-homogeneous groupoid it may be decomposed into 
disjoint classes by the following method. A product 


(4) Q = Oy" 2°" ‘On 


shall be said to have the length n. Let us again recall that since the associa- 
tive law does not hold the product (4) is not uniquely defined but depends on 
tħe way in which the factors are combined. We define Y” as the set of all 
elements of Y representable as products of length n. Then Y” is seen to be a 
sub-groupoid and we have 

ZPP.. 


The elements of Y which are not products belong to 
A (A) = Y— 9 
and in general those elements which are representable as products of length n 
but not of length # + 1 belong to 
An (A) = W — Yr, 
This gives us the decomposition of the elements of Ÿ into the disjoint classes 
A = A, (MW) + AC) He 


Obviously those elements of Y which are representable as products of arbitrary 
length belong to all W”. Hence we may say: 


. THEOREM 2. The cross-cut 
D= (HW, -) 
is the maximal homogeneous sub-groupoid of the given groupoid À. 


‘It is clear that any other homogeneous sub-groupoid must be contained 
in D. If for some n we have 9” = W"! then D — A” and we may call n the 
order of non-homogeneity of Ñ. | 

If 8 and © are sub-groupoids of À, let us denote by B- © the totality of 
elements b-c. Those sub-groupoids $ of A for which 


A-BEB (VAS) | = 
shall be called left-ideal (right-ideal) sub-groupoids. The study of these 


+ 
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groupoids would lead us to a multiplication theory of ideals and rings. In the 
present paper we are however more interested in systems approaching groups 
where such ideal groupoids do not exist. 

The next considerations lead us to systems in which the following con- 
dition is fulfilled : i 


EXISTENCE OF QUOTIENTS. To each pair a and b in À there exist at least 
one x and one y such that 


a-t=—=0b, y: a=b. 
This condition may also be expressed 
(5) a AN a 


for every a. The solutions of the equations (5) are unique if we impose 
further : | 


CANCELLATION LAW. When 


(6) az =ay or 24 —= ya 
then z =y. 


The two preceding conditions together may then be formulated as a single 
axiom : 


QUOTIENT Axiom. To each pair a and b there exists a unique x and y 
such that - 
(7) az = b, ya = b. 


A. groupoid satisfying the quotient axiom shall be called a quasi-group. 
Quasi-groups differ from the ordinary groups in the properties that no unit 
element, hence no inverse need exist and the associative law is usually not 
satisfied. For finite groupoids the cancellation law and the quotient axiom 
are equivalent since they both imply that each element of M% is contained in 
every column and line of the corresponding Cayley square. If one only sup- 
poses that one of the equations (7) are uniquely solvable we may call the 
corresponding system a left-hand or right-hand quasi-group. 


2. Co-set expansions. Since a great part of the theory of groups depends 
upon the theory of co-set expansions it seems natural to investigate when a 
co-set expansion can be obtained in a groupoid. Let M be the given groupoid 
* and $ any sub-groupoid. The totality of elements a-8(%-a) shall be called 
a left (right) co-set of Y with respect to B. We define: 


. e 
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Co-set EXPANSION. We shall say that there exists a left co-set expansion 
of À with respect to B when the co-sets of U with respect to B form a system 
of disjoint sets exhausting M. Furthermore no co-set shall contain equal 
elements. 


These conditions may be expressed 


I. The equation 
v: b =a 


` 


has a solution for all a and some b in &. 


II. Any relation 
t: bi = y+ do, bi, ba in B 
implies 
aD = a8. 
III. Any relation 
ab, = ab: 
implies b, == bp. 


Condition I implies namely that every element of % belongs to some 
co-set while II shows that two co-sets are either identical or disjoint and III 
shows that no co-set contains equal elements. 

From I follows immediately : 


THEOREM 3. Co-set expansions can only exist in homogeneous groupoids. 


Condition III permits us to draw the ordinary conclusion that if 9 and 
$ have the finite orders N, and Ny then N, divides Ny and the quotient 
N,,/N,, is equal to the number of distinct co-sets. 

Let us next determine the conditions for the existence of left co-set 
expansions for all sub-groupoids of W. When one agrees to consider 2% itself 
as a sub-groupoid, it can be shown: 


THEOREM 4. The necessary and sufficient condition that there shall 
exist a left co-set expansion for all sub-groupoids of a given groupoid À is that: 


I. To each a and b there shall exist such a be in the cyclic groupoid 
{b} that the equation 
g’ ba =a 
has a solution. 
II. Any relation 
Q b, = a3 ` ba 
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shall imply 
aD = 4,8 


where B is any groupoid containing b, and be. 
III. The left-hand cancellation law shall be satisfied. 


The proof is immediate. Let us observe that the first condition implies 
that every element in Ÿ lies in a co-set with respect to any cyclic sub-groupoid 
of Ñ and conversely when it is satisfied any a lies in some. co-set with respect 
to any sub-groupoid. 

In the case where one does not consider % to be a sub-groupoid the abov® 
conditions must be slightly modified. 


8. The first associative law. From now on we shall suppose that Y is 
a quasi-group. Some of the results are however valid under somewhat more 
general conditions but we shall leave these more general formulations of the 
theorems to the reader. 

We shall also suppose that A is of finite order. This assumption is not 
essential in the sense that one can formulate the results in such a manner that 
they also hold in the infinite case. The theory is considerably simplified 
however for finite quasi-groups and the number of necessary conditions is 
reduced. One consequence of this condition is that every sub-groupoid § is a 
quasi-group. We have namely for any h in $ 


h= Gh =% 


because all these complexes contain the same number of elements. 
From theorem 4 follows next: 


THEOREM 5. The necessary and sufficient condition that there exist left 
co-set expansions in a finite quasi-group À with respect to any sub-groupoid is 
that the following condition be fulfilled: 


A. CONDITION OF associativity. Any relation 


(8) Ga" bi = Ay: de 
shall imply 
(9) ay B= a, B 


where B is any groupoid containing bı and ba. 


e ‘We shall now analyse the condition of associativity and show that it may 
actually be considered as a weak form of the associative law. 
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THEOREM 6. The condition of associativity in a quasi-group A is equiva- 
lent to: 


As. ASSOCIATIVE LAW. Let a and b be arbitrary elements of X. For 
the fixed element c let dy be determined sych that 


(10) (a:b) ` Co = 4: do. 
Then we have for any c 
(11) (a:b) -c =a:d 


where d belongs to the groupoid @ = {co, do, c} generated by co, do and c. 


Proof. Obviously the condition A implies A;. To prove the converse let 
a relation (8) hold. Since we can write a, = a: ` x it can be expressed 


(a2: x) + by = a2 ' be 
and hence by A: 
(a2: 2) ` e = t: C = Q: Q 


where d belongs to the groupoid {b:, b2, c}. Hence we have for any groupoid 
$ containing b, and bs 
Qı’ H = Go * H 


and on account of the symmetry we obtain (9). 
It may be of interest to observe that more special associative laws are 
implied in (11). 


THEOREM ?. The associative law A, implies 
l (a-b)-c=a-d 


where d belongs to the groupoid © = {euv, b,c} generated by b, c and the 
element egy defined by 
(ab) ea» = ab. 


The proof of this theorem follows by identifying the last relation with (10). 


4, The second associative law. The associative law A, gave the neces- 
sary and sufficient condition for the existence of left co-sets in a quasi-group. 
By imposing further conditions on the properties of the co-sets we are led to 
more special associative laws. 


THEOREM 8. The necessary and sufficient conditions that the co-sets shall 
have the property that any element in the co-set defines the same co-set is that" 
. the quasi-group have the following associative law: 
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As. For any set of elements a and b one has 


(12) (a-b)-c=a-d 
where d belongs to {b, c}. 


Proof. In order that 
(13) a B— (a-b) 


for any groupoid $ containing b the condition (12) must obviously be satisfied 
and when (12) is satisfied (13) must also hold. The associative law 42 
implies the condition of associativity A (or 41). If namely (8) holds we 
find from (18) for any % containing b, and bz 


dy, B = (a 01) B = (ao ba) D =a, B 


and (9) is proved. ; 
When the associative law 4: holds one can deduce several other important 
properties of the quasi-group. 


THEOREM 9. For any sub-groupoid Y containing b one has 
(14) a-B== (ab) B= (a-B) b. 


These complexes are all contained in a-% and contain the same number of 
elements. Furthermore: 


THEOREM 10. Any co-set a: X remains the same when multiplied by an 
element of X on the right. The co-set contains its multiplier a. 


To prove the last property we observe that according to (14) we can 
determine an & in # such that 


a:b = (a: ea) bd 
and when 0 is cancelled one finds 
(15) | a=" la 


This proof gives another interesting property of the quasi-groups with the 
associative law A». In any quasi-group one can find a unique element ea 
satisfying (15). We shall call ea the right unit of a. The totality of right 
units generate a sub-groupoid which we shall call the right unit groupoid G. 
From ( 14) follows that in the case where 1. holds the unit ea is contained 
in any sub-groupoid of Y. 


Li 
a 
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THBOREM 11. In quasi-groups satisfying the associative law Aa the 
right-unit groupoid is a minimal groupoid contained in all other sub-groupoids. 


The existence of such a minimal groupoid not equal to a unit element is 
somewhat surprising. Let us illustrate its existence by the example of a quasi- 
group defined by the following multiplication table: 


D He or oo HE al me 
ox oH ww HR] à 
or mH MH w oo] oo 
Go HL WO o HB ol] 
wo M or © i] ox 
ww Où al aw 


EA 
2 
3 
4 
5 
6 


This groupoid is cyclic. Its minimal groupoid consists of the elements 
deh, Be 


THEOREM 12. In a quasi-group satisfying the associative law A let a 
and b be given elements. Then there exists a power b, of b such that 


(16) (a-b) -bı =a. 


The proof of this theorem follows from theorem 9 and 10 when applied to 
H = {b}. The relation (16) represents a weak form for inverses. 
Among the other properties of the right unit elements in such systems let 
us mention 
(a:b) +e, a: bi, (aa) c—=a 0 


where b, and c; are powers of b and c respectively. If a quasi-group satisfying 
A, contains an idempotent element 


e 2 
& =q 
then a is an absolute right unit since the minimal groupoid consists of a single 
element a. 


5. The third associative law. There exists other properties of the ordi- 
nary co-sets in groups which we cannot derive from As. In a group we have: 
Let V > © be two subgroups of a given group W. The co-set decomposition 
of W with respect to © may be obtained by first decomposing W witt respect 
to B and then substituting in the co-sets a- $ the co-sets of Y with respect to 
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©. This property may be called the transitivity of the co-set decomposition. ` 
If we want the co-set expansions in quasi-groups to have the same property we 
must have s 


(17) a: (b: 6) =a: C 


where a is a fixed element independent of the particular element chosen in €. 
Since we want the transitivity in addition to the former properties of the co-set 
decomposition we can assume that As holds. When © is taken as the right 
unit groupoid € we find from (17) | 


a(bes) = ab = (ab) ea = Me ° 


where e is some element of ©. Since € is contained in all sub-groupoids we 
find from condition A 
a(b: ©) = (ab)€. 


This shows, when © is taken as a cyclic group, that the necessary and sufficient 
condition that the co-set decomposition in a quasi-group A be transitive and 
have the property that every element of a co-set define the same co-set, is that 
the following associative law. be satisfied: 


As. ASSOCIATIVE LAW. For any three elements a, b, c 


a(bc) = (ab)c 
where c, is & power of c. 


In connection with the various associative laws which we have derived in 
the preceding one should mention the generalisations of the associative law 
considered by other authors. Most of these investigations differ from the 
present since they deal with associative laws in rings, hence with associative 
laws containing two operations. One of the most interesting purely multi- 
plicative associative laws is due to Suschkewitsch : 1 


In the relation 
(18) (a: b)-c=a-d 


the element d does not depend on a. 


This law is a special case of the second associative law A, as one sees by 
making a an element of the groupoid {b,c}. In this case there also exists an 
absolute right unit. To see this we write 


š (4° ea): c =a: c 
a 
PAREDE 


+ A. Suschkewitsch, “On a generalization of the associative law,” Transactions of 
the American Mathematical Society, vol. 31 (1929), pp. 204-214. 


THEORY OF QUASI-GROUPS. 993 


‘and according to (18) we have for any b 


~ (b-e)-e=b-e 
or 
b ‘== be 
‘This shows that e= e =e = - - is a right unit. On the basis of the 


associative law (18) Suschkewitsch proves the theorem of Lagrange for quasi-' . 
groups, i. e. the order of a sub-quasi-group divides the order of the quasi-group. 
This is of course true whenever co-set decompositions exist. Suschkewitsch 
al$o considers the associative law 


(19) (a:b) -c=a: (bc) 


where c, only depends on c. This is a special case of our associative law As. ` 
The most interesting result in his paper is that his quasi-groups may be 
obtained by certain substitutions from ordinary groups. 

Another system of associative laws was considered by Miss Moufang.? 
` She considers quasi-groups in which there exists a two-sided absolute unit .e, 
for every element a there exists an inverse a 


a’: a =a: a =e 
with the further property that 
a: (a:b) =b, (b-a) -a =b. 
In addition one shall have the associative laws 
(20) (a: (c-a)) -b =a: (c: (a: b)) 
(21) | (a:b): (ca) —a:((b-c)-a). 
It is then shown that when the associative law (20) holds any two elements a o 
and 6 generate an ordinary. group. If both (20) and (21) hold, then any 
three elements for which (a'b): c=a: (b+c) will also generate a group. 
Another method of studying the properties of quasi-groups is to consider 
those elements a which satisfy one of the relations 
(z:y) a =s: (y'a) 
(z-a) -y =e: (a-y) 
(a: £): y =a: (x: y) 
for all and y. Such investigations have been made by Schénhardt.? 
*Ruth Moufang, “ Struktur von Alternativkérpern,” Mathematische ‘Annaten, wol 
110 (1935), pp. 416-430. : 


3 E. Schônhardt, “Über Lateinische Quadrate und Unionen,” Journal für Mathe- 
matik, vol. 163 (1930), pp. 183-230. 


e- 
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Chapter II. Normal Quasi-Groups. 


1. Definitions and associative law. Since the structural properties of 
ordinary groups are closely connected with the properties of normal sub-groups, 
we shall consider the possibility of defining normal sub-groupoids of a quasi- 
group. ‘It is natural to define the transform b@ of an element b with respect 
to a as the solution of the equation 


a:b =b a, 


A normal sub-groupoid Ñ of À shall then be defined as a groupoid containshg 
the transforms of all its elements. This is equivalent to 


(1) a: NN: a 


or 
(2) a n =n a 


for all n and n’ in % and a arbitrary in Y. 


THEOREM 1. The cross-cut (W, N) of two normal sub-groupoids is 
normal or vacuous. 


For an element d in the cross-cut one has 


a:d=n'a=m'a 


and hence n = m == d’ is also in the cross-cut. Through a similar argument 
one finds: 


THEOREM 2. If N is normal and B any sub-groupoid then the cross-cut 
(B, N) is vacuous or normal in $. 


To obtain further properties of the normal 8ub-groupoids it is necessary 
to introduce some form of the associative law. We shall begin by assuming 
only: 


N: ASSOCIATIVE LAW. For any four elements we have 


(3): (ab) (cd) = (ab,)d — à (bid) 
+ where & and & are powers of a, d and d powers of d and b, and b, belong to 
the groupoid {b, c}. 
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By making 4 an element of {b, c} we find as a special case of N, 


(4) ; (ab)c =a- bı 


where & is a power of a and b, belongs to {p, c}. Similarly one finds 
(5) a(bc) =a, "à ; 


where & is a power of c and a. belongs to {a, b}. 

These laws are weaker than A. and they are not sufficient to obtain co-set 
expansions. ‘They are however already sufficient to prove several facts about 
normal sub-gronpoids. | 

We shall say that two sub-groupoids 8 and © are permutable if one always 
has for their elements 


b:c—c:0!. 
Hence a normal sub-groupoid is permutable with every other groupoid. 


THEOREM 3. Let Y and © be two permutable groupoids. Then the 
elements of their union 


(6) u= [B,C] 


have one of the forms 
(7) i u=b, u=c, u=b:'0. 


Proof. The union 1 consists of all elments of Y and © and elements 
obtained by repeated products of these. Hence the. theorem may be deduced 
` by induction from.the following relations which are all consequences of the 
associative laws (3), (4) and (5): 


bi: (b-c) =b- ë 
c: (b+ ¢) =c: (c2: ba) = cs be 
(Bic) (bc) = (œb2) (bc) = ča (b8) = Go (c4b4) — csbs. 





As à corollary it follows from theorem 3 that if 8 is normal and © arbitrary 
the union (6) will consist of elements of the.form (7). 
A fundamental result is the following: 


Tasorem 4. Let 8 and © be permutable groupoids and D some groupoid 
containing $. Then the three groupoids satisfy the Dedekind relation 
(8) > (D, [B, ©]) = 15, (9, €)]. T ee 


Proof. Obviously the tight-hand side of (8) is contained in the left. 
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To show the converse we observe that each element of [%, ©] has one of the 
forms (7). Hence the left-hand cross-cut consists of elements satisfying one 
of the relations z 


In the two first cases the element is contained in # or (Ð, ©). In the last 
case b belongs to D since D > B, and since D is a quasi-group the element c 
must belong to D, hence to (D, ©). Finally (8) also holds when one of the. 
cross-cuts is void. | 


e 
2. The law of isomorphism. Let X > © be two sub-groupoids of M. 
With each such pair we associate a quotient structure consisting of all sub- 
groupoids © of Y such that 


B2C26. 
Furthermore we shall say that two quotients are structure isomorphic 
B/ C~ B1/ [OA 


when there exists a one-to-one correspondence between their sub-groupoids 
© = €, preserving union and cross-cut. We can then prove: 


THEOREM 5. Let X and © be groupoids such that © is normal in the 
union [B,€] =U and the cross-cut (B, C) =D is not void. Then D is 
normal in B and there exists a structure isomorphism 


(9) o [B, ©]/C ~ B/(8, ©). 


Proof. From theorem 2 follows that D is normal in 8. Next let D and 
€ be any groupoids such that 


(10) B2D2z9, [BC] 2026. 
We shall then show that the correspondence 
(11) D—[E SI, E— (8,6) 


defines the structure isomorphism (9). One finds first from the Dedekind 
relation (8) that 


? 50 ‘that (11) gives a one-to-one correspondence between the two structures. 
From these relations one obtains 
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LD, Le] > [6, D, D] = [C:, ©] . 
(Bs, Be) — [C, (D, D2) ] = [C, (V, LE, ©])] = [G, ©] 
a 


completing the proof. 

Some other properties of these normal sub-groupoids may be derived. 
One finds that their properties correspond exactly to those of the semi-normal 
elements introduced by Ore* for an arbitrary structure. One can derive the 
same weak theorems for chains of normal sub-groupoids as for chains of semi- 
normal elements in structures. These properties are however not strong enough 
to derive a theorem of Jordan-Hélder, even in the weak form that two normal 
chains have the same length. 

From now we shall consider quasi-groups with both right and left co-set 
expansions. Hence we shall assume as in chap. I: 


As. ASSOCIATIVE LAW. For any three elements 
(ab)c =a: d, a(bc) =f'c 
where d belongs to {b, c} and f to {a,b}. ‘ 


This assumption has various consequences. We have seen that it implies 
the existence of a minimal sub-groupoid € contained in all other sub-groupoids 
and © is generated by all right and left units of the elements of W. In this 
case the cross-cut of two groupoids cannot be void. Theorem 3 takes the 
simpler form: If 8 and © are permutable then the union [B, ©] consists 
of the elements b- c. 


By making b = e, in (8) one finds that N, now implies: 


A4. ASSOCIATIVE LAW. For any three elements 


(ab)c = a(bc) 
where à, b, & are powers of a, b, c respectively. 
_In order to combine A, and À, we are led to: 


As. For any three elements a relation 
(12) (ab)c = a (bē) 


shall hold both ways, where b is a power of b-and conversely, & a power of c 
and conversely. Similarly we assume 


© 
t Oystein Ore, “On the theorem of Jordan-Hélder,” Transactions of the American 
Mathematical Society, vol. 41 (1937), pp. 266-275. 
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(13) at; (bıcı) = (à à D) * C4. 


This law shall be assumed to hold in the following. Obviously it implies 
A, and 44. It also implies N, as one sees from thg relations 


(ab) (cd) = (Rab)Z) -d = (a(bé)) - d. 
Let us now return to theorem 5. We expand $ in co-sets with regard to D 
(14) B = D + 029 +: - + D. 
We can then show that 
(15) U—E + 2,€ +: o HHE 


is a co-set expansion of Ul. First no two co-sets (15) can be equal because it 
would lead to the equality of two co-sets (14). Secondly every element b-c 
of U belongs to a co-set, because if one writes b = b;-d one finds 


b: c= (bi; d)e = bit c. 
Thus we have defined a one-to-one correspondence 
(16) l bD eb: 


between the co-sets of the two quotients (9). This correspondence is seen to 
define the structure isomorphism (11) between the two quotients because if 


D=—D+5D+4---4+5:D 
then one finds that the corresponding © in (11) is given by 
C=C+b.6+---+56. 


This shows furthermore that the indices of corresponding quotients D/D and 
©/€ are the same. Such a correspondence of structures may be called a strong 
structure isomorphism (2 = W). ° 


THEOREM 6. Let © be normal in [B, C]. Then (B, ©) is normal in Y 
and there exists a strong structure isomorphism 


[B, ©]/€ = B/(%, ©) 
defined by a one-to-one correspondence between the co-sets of the two quotients. 


+ 3.° Decomposition theorems. We shall continue to assume the associa- 
tive law A;. We prove first: 


we 
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where @ is a power of a and conversely. These quasi-normal groupoids corre- 
‘spond exactly to the quasi-normal groups introduced by Ore® in ordinary 
groups and a similar thagry may be developed. For a large part of the theory 
it is sufficient to assume the associative law A4 Let us observe that this law 
from the point of view of the theory of gtructures has similar properties to 
those of the ordinary associative law, since by the change of Re the 
elements are left in the same groupoid. 

One can also develop the theory of two-sided co-sets in quasi-groups. If 
$ and & are two sub-groupoids, then the totality of elements in the complex. 


ea) § (a8) 


is called a two-sided co-set. It is obvious that every element of a quasi-group 
belongs to some two-sided co-set (24). We shall say that 9 possesses a two- 
sided co-set expansion with respect to O and & if 


A= (ak) + GR) +: -- 


where any co-sets 


Uag), HOR) 


defined by arbitrary a and b are either identical or have no element in common. 

One can now derive necessary and sufficient conditions for the existence 
of two-sided co-set expansions, with given properties much in the same manner 
as we have done in chap. I for one-sided co-sets. We shall not specify the 
various associative laws which are necessary for the various properties. Most 
of them are associative laws on four elements. One is also led to: 


Ag ASSOCIATIVE LAW. For any three elements 
a(bc) = (ab) -é 
where & and & are powers of a and c and conversely. 


This law does not imply one-sided co-set expansions. If one wishes both 
one- and two-sided co-set expansions one is again led to the associative law 43. 


THEOREM 16. Let us suppose that the associative law As holds. Then 
the quasi-group À has two-sided co-set expansions with respect to any two 
sub-groupoids $ and À. Furthermore 


§ (ak) = ($a)8. 


- 
6 Oystein Ore, “Structures and group theory,” Duke Mathematical Journal, vol 3 
(1937), pp. 149-174. 
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Any element in a two-sided co-set defines the same co-set and & co-set remains 
the same by left multiplication with an element of -or right multiplication 
with an element of À. k à : A pn 


Anothet important problem is the study of the special theory of Abelian 
quasi-greups. Equally interesting is also: the question of the conditions for 
the validity of the Sylow theory of groupoids. All wee problems must however 
be reserved for a later occasion. a g 

Other problems of interest are the determination of all A groups with 
given associative laws and their relation to ordinary groups. By certain opera- 
tions one can derive quasi-groups from ordinary groups. A special case 8f 
such quasi-groups is given by the quasi-groups considered by Suschkewitsch. 
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CORRECTIONS. 





Orro Szász, On the partial sums of certain Fourier series. 


P. 705, 1. 3, the formula on this line should be numbered (31) 7 
P. 05, L 6 from bottom, read [K,(t— 2) AP instead ae 
[Ke(t—2) + Kalt + @1; 


P. 706, 1. 1, read © insteadof $>. 
i + OC Ansa O< AnS 


